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GENERALIZATIONS OF LINDELOF CONDITIONS FOR
DISTRIBUTION OF ZEROS OF ENTIRE FUNCTIONS

E.G. KUDASHEVA, E.B. MENSHIKOVA, B.N. KHABIBULLIN

Abstract. The Lindel6f condition is the first example of a nonradial condition for the
distribution of zeros of entire functions of finite integer order. Its further development is
used in the classical Rubel — Taylor theorem. It also involves negative integer powers of
the complex variable. We generalize the Lindel6f condition by replacing the power test
functions by arbitrary harmonic functions on concentric annuli. In particular, from this
generalization, we easily deduce the necessity of the Lindeldf conditions in Rubel — Taylor
theorem.
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1. CLASSICAL LINDELOF CONDITION FOR DISTRIBUTION OF ZEROS

In what follows the symbols N = {1,2,...}, R and C stand for the sets of respectively
natural, real and complex numbers in all their algebraic, geometric and topological versions
with the extensions

Ny := {0} U N, Np:=N U{—l—oo}, R:= IRU{:I:OO},

the positive semi-axis R* := {z € R | > 0} and its extension R =R+ U{+oc}.

Let D be a domain, that is, an open connected domain in the complex plane C. A function
Z on D with values Ny := {0,1,2,..., 400} is called the distribution of points on D with the
multiplicities Z(z) € Ng of points z € D in Z [6, Sects. 0.1.2-0.1.3], [7, Sect. 1.2.3]. If f is a
holomorphic function on the domain D, then the distribution of points with the multiplicities
at each point, which is equal to the order of zero of the function f at this point is denoted by

limsupM < —1—00} € Ny, (1.1)

Leros: z —> sup{p e N,
1= ep rtw—z W — Z[P

and is called the distribution of zeros of holomorphic function f on D.

The following classical result was established in the beginning on XX century [11], [3, Ch. T,
Sect. 11, Thm. 15|, [9, Ch. 2, Sect. 2.10, Lindelof theorem|, [10, Lect. 5, Sect. 5.2, Thm. 3,
4].
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Theorem 1.1 (Lindel6f [11]). Let 0 < p € R, Z be the distribution of points on C, the radial
counting function of which satisfies

Z5(t) = Z Z(z) < 400 forallt € RT. (1.2)
|z]<t
The existence of an entire function f with the distribution of zeros Zeroy = Z and the condition

In[f(2)]

limsup ———— < +00
C3z—00 |Z|p

15 equivalent to the finiteness of upper density at the order p

Zt
lim sup (r)
0<r—+oco T

< 400 (1.3)

of distribution of points Z completed by the Lindeldf condition

Z(z)

zP

sup < 400 for peN. (1.4)

1<ReR*

1<|z|<R

The sufficient part of the Lindel6f theorem is easily deduced from estimates for the Weier-
strass — Hadamard representation for entire functions with the distribution of zeros with a
finite upper density (1.3), with the proof of necessity of Lindel6f condition (1.4) for natural
p € N required nontrivial lower bounds for polynomials and entire functions in the original
approach.

For a radial function M (z) = M(|z|) on C, which increases on radial rays, and a class of

entire functions f with restrictions of form
In|f(z)] < CyM(cslz]) forall zeC, (1.5)

where ¢; > 0 and Cy > 0 are some numbers, depending on the function f, the final results on
description of distributions of zeros for such classes of entire functions were obtained jointly by
Rubel and Taylor by the method of Fourier series [13], [14], which comes back to the studies
by Akhiezer |1, Sect. 7] and was developed in works by Kondratyuk [2], Malyutin [!] and many
others.

Theorem 1.2 (Rubel — Taylor [13], [14, Ch. 14, Lm. |, [I, Sect. 7, Thm. 2|). Let Z be a
distribution of points on C with Z(0) = 0 and (1.2), and M > 0 be an increasing conlinu-
ous function on R*. An entire function f with the distribution of zeros Zeroy = Z and the
condition (1.5) exists if and only if there exists a number C € R, for which

R
Z5(t
/ t< ) dt < CM(CR) forall R >0, (1.6)
0
and for each k € IN the general Lindeldf condition holds
Z(z) M(Cr) M(CR)
—=| < . .
Z o \C< e + T ) forall 0<r<R< 400 (1.7)
r<|z|[<R
In the particular case of the power function M(r) = r? the Rubel — Lindel6f theorem 1.2

reR+
immediately gives the classical Lindel6f theorem 1.1, in which the condition (1.7) for non-integer

p is reduced to the only first condition in (1.6), which the simplest implication of Poission —
Jensen formula. For a natural p we however need the second condition only for k := p [13],
[14], [1, Sect. 7]. In the original proof of Rubel — Taylor theorem 1.2 by the methods of Fourier
series the main difficulties were concentrated in the deducing the necessity of the generalization
(1.7) of Lindel6f condition (1.4).
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In the present paper, on the base of one of the integral formulas in the recent work [5] by the
second coauthor, we consider a version of further developing and generalizations of analogues
of Lindelof conditions (1.4) and (1.7). Here the particular power function Z in the right hand
sides of (1.4) and (1.7) is replaced by rather arbitrary harmonic functions in concentric annuli
centered at zero. As the same time our generalizations in the case of power function allows us
to obtain a simple proof of the necessity of Lindel6f condition (1.7) in Rubel — Taylor theorem
1.2. The proofs and original formulations of the main results are provided in the subharmonic
version for the functions on a disk.

2. MAIN RESULT FOR ENTIRE FUNCTIONS

ByD:={ze€C||z] <1} and D:={z € C| |2] <1}, and by OD := 9D := D\ D we
denote respectively the open and closed unit disks, as well as the unit circle centered at zero.
Then rD and rD, as well as 70D = 79D for » € R* are respectively open and closed disks and
the circle of radius r centered at zero. For the supremum of a function v on the circle roD we
employ the notation

Vr

v’ = sup v(z), (2.1)

|z|=r

while the integral v°" of the function v over the circle 0D is denoted by

1 b @D
v = — [ u(re”)dd < v, (2.2)
2m
0

where an appropriate integrability is assumed.

In the next section we provide the results only for entire functions in traditional notation of
the Nevanlinna theory. For a holomorphic in a neighbourhood of the closed disk rID function
[ by

M@, £) 21 A sup | £(2)| (2.3)

|2|=r

we often denoted by maximum of modulus |f| of the function f on the circle 70D,

2.2)

27
T(r, f) = m(r, ) &2 (n*|f))”" © % / In*|f(re®)| d6 (2.4)
0

is the integral mean of the positive part In™ |f| := sup{In|f|,0} of the modulus |f| over the
same circle, which defines the Nevanlinna characteristics T'(-, f) of the function f.

For k € N and S C C by C*)(S) we denote the class of all functions with the values in R or
in C with continuous partial derivatives of order k£ in some open set S depending on the choice
of function.

Given a function L on a neighbourhood of a point re? of the circle 70D with the values in
C, its derivative in the radius, once it is well-defined, is denoted by

) L(t AN L 0
L.(re) ;= lim (te”) = Lire )
r#&t—r t—r

(2.5)

Theorem 2.1. Let 0 <r < R € RY and a function L € C(l)(RTQE\r]D) with the values in
C be harmonic in an open annulus RTQ]D \ 7D. Then for each entire function f with the value
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f(0) =1 the inequality holds

Z Zeros(z)L(z)

r<|z|<R<+o0

2 R2 2
<A(ILP + 1L 47|+ =L )T (er, )

(2.6)
+8(IL)Y 4 L)Y+ RILY ) T(eR, f).

Theorem 2.1 is immediately implied by Theorem 3.2 on subharmonic functions in the end of
the paper. Let us demonstrate Theorem 2.1 by a very short comparison with [13], [1 4] proof of
the necessity of Lindelof condition (1.7) in Rubel — Taylor theorem 1.2.

Proof. We apply Theorem 2.1 to harmonic on C \ {0} functions
1
L:z — —€C, kel
0#z€C 2
Under such choice of L elementary calculations for 0 < r < R < 400 give
v VB VAR Ry B B ko R* krktt 4k
|L| +|L| § +T|Lt| +T|Lt| ' _T_k+R2k +T7°k+1 7R2(k+1) <7n_k’
k
vE VR rwwr T 1 k 2k
|L|Y ™ +|L| +R|Lt| <ﬁ+ﬁ+RW<ﬁ
By the inequality (2.6) for the entire function f with the distribution of zeros Z = Zero; and
the value f(0) = 1 we obtain

>
Zk:
r<|z|<R<+o0

Under the condition (1.5) on f this immediately gives the Lindel6f condition (1.7) for £ € IN.
It is trivial to get rid of the condition f(0) = 1. The proof is complete. O

Tler,f) T(eR, f)\ 23
(67]; ) T(e ))

: . A 16,€<M(e:,f) +M(6R,f>).

< 16k( o
;

3. VERSIONS FOR SUBHARMONIC FUNCTIONS
The positive part of extended scalar function v: X — R is the function
I =+
ST 0 R .
CAEE R sup{v(x), } €

In what follows, we consider the Laplace operator A on the plane also in the sense of theory
of generalized functions. If a function u # —oo is subharmonic on a domain D C C, then the
Riesz mass distribution of the function u is the positive Radon measure [12], [9]

A, = A (3.1)
2w

For a subharmonic in a neighbourhood of the disk rID function u the radial counting function
of its Riesz mass distribution is denoted and defined as the function

Ab:t — A, (tD).

te[0,r]
In particular, for an entire function f and respectively a subharmonic function In|f| we have
Zeroj(r) (2 App(r) forall reRT, (3.2)
since for each bounded function v and a subset S C C [12, Thm. 3.7.8] we have

/vdAlnf| = Z Zeros(z)v(z). (3.3)

S z€S
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The function is subharmonic on S C C if it is a restriction on S of some subharmonic on an
open neighbourhood of the set S function.

Theorem 3.1. Let 0 <r < R € R* and a function V € CY (RE \ 7"]D) be harmonic on an
open annulus RD \rD, and also vanish on the circle ROD. Then for each subharmonic on the
closed disk RD function u withe value u(0) = 0 the inequality

/ Vda,
RD\rD
holds, and for each holomorphic on RD function f with f(0) =1 the inequality

Z Zeros(2)V(2)| <

r<|z|[<R

< VITAL() + 4r [V (uF)7 + ARV (ut)" (3:4)

VI"" Zeroy(r) + 4r|V/[""T(r, f) + 4R|V/[""T(R, f) ~ (3.5)

holds.

Proof. By (3.2), (3.3), (2.3), (2.4), it follows immediately from (3.4) that (3.5). This is why
it is sufficient to show (3.4). We consider the symmetric continuation of the function V' with
respect to the circle r0D, which is denoted and defined by the inversion

Ve v(ﬁ) (3.6)

z
as the glued continuous function

V(z) for 2 € RD \ rD,
VO(z) =

2 ) 3.7
cerp\2p | ViE(z) = V(%) for z € 1D\ =D (3.7)

on the annulus RD \ %]D and we employ just a partial “harmonic” case of one integral formula
for concentric annuli in work [5].

Lemma 3.1 (|5, Thm. 2|). For each subharmonic on some neighbourhood of the annulus
RD \ %ID function v £ —oo the identity

21 21
R | 2 |
/ Veda, =~ / w(re® V! (re®) do — == [ (u(Re®) + u(r—ew> V/(Re'®) dg
T 2 R
RDVED 0 0

holds.
By this lemma, in view of vanishing on the function V on the circle ROD in the notation
(2.1), (2.2) and (3.7) we obtain the identity
/ VdA, = / VEdA, + 2r(V!) — RV)YR + RV
|\/r

According to (2.2) and the obvious inequality |(uv)°"| < |[v|Y"|u|°" this gives the inequality

/ Vda,

RD\rD

< sup VAL (r) + 2r (VI |ul™ + RIVI R [ul*® + RIVI g™ (3.8)
r]})\%ﬁ

For the harmonic on rD'\ %E function V,*, which vanishes on the circle %E by the construction
(3.6), by the maximum principle the inequality
sup [V < [V
TD\%E
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holds, while by the definitions (3.6) and (2.2) we have |u*|°® = |u|o§ Thus, by (3.8) we obtain

/ VdA,

Lemma 3.2. For each subharmonic on rD function u in view of the obvious identity |u| =
2u™ — u, and by the inequality u(0) < u°" we have

2
< AVITAL) + 20 [V ul™ + RIVI Y ul ™ + RV ul 7. (3.9)

(2.2)
Jul]*" = 2(u")™ = u” < 2(uh)” = u(0) < 2(uF)"" — u(0). (3.10)

By the inequality (3.10) for u(0) = 0 we obtain |u|*" < 2(u™)¥", which by (3.9) gives

/ VdA,

RD\rD

M)

r

< VIAL(r) + 4|V ()7 + 2RIV (uh)* + 2R|V! | (u™)° R

This implies the required inequality (3.4) since for the second factor with the subharmonic
2

function u* in the latter term we have (u™)°® < (u™)°%. The proof is complete. O
Theorem 3.2. Let the assumptions of Theorem 2.1 be satisfied. Then for each subharmonic
on C function u with the value u(0) = 0 the inequality
vr \/R—2 ! |Vr R2 / \/R—2 —+\oer
LA (117 4 LI 4+ 4r L + 45|17 ) ()
KB\rD (3.11)

+ <|L|VRT + |L|VR + 8R|L;|VR> (u-i-)oeR

holds.
Proof. We consider the vanishing on ROD function

Viz L(z)—L(R;) O L) - L(2), (3.12)

r<|z|<R z

which is obtained by deducting from the function L its inversion L} with respect to the circle
ROD. Since the inversion preserves the harmonicity, by the construction (3.12) this function V'
satisfies the assumptions of Theorem 3.1. Thus, the concluding inequality (3.4) of Theorem 3.1
holds, which by construction (3.12) can be rewritten as

/LdAu /L}dAu+(|L|W+\L§|V’")A;(r)
RD\rD RD\rD (3.13)
o dr (1L + (LRl ) @)+ AR (1LY + (L)) ()R

For the first term in the right hand side by minimum-maximum principle for the harmonic
functions and the properties of inversion we have

/ Ly, dA,

RD\rD

<

< (IL5]V + |L3] B AL (R) = (LI + |L"R) A%(R),

Hence, by elementary relations,

eR eR 2
At At (t 1 ,
AZ(R) :/ uISR) dt g / 1;( ) dt = % /u(€R€ZG> dt = uoeR g (qu)oeR7 (314)
R 0 0
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/ Ly, dA,

RD\rD

which gives the inequality

2
< (ILP + L)) (uh)eer, (3.15)

Similarly for the second term in the right hand side of (3.13) we have

T * T T (31/1) T R72 oer
(L™ + LR AL < (L7 + L) (uh) (3.16)
The definition (3.6) of inversion for the radial derivative yields the identity
Y R? R?
L] = (3.17)
We use this with ¢ := r for the third term in the right hand side of (3.13) and we get
r : R? 2
ar (1Y + L] ") @) O a(rlmal Y+ =2 ) ) (3.18)
Similarly, by (3.17) with ¢ := R for the latter term in the right hand side of (3.13) we have
AR(ILU™ 4+ (L] ™) () O SRILY At ym (3.19)

The inequalities (3.15) and (3.16), as well as the pairs of identities (3.18) and (3.19) together
with the obvious inequality (u)® < (u™)°® for each ¢ > 0 by (3.13) we obtain (3.11). The
proof is complete. O
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