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CAUCHY PROBLEM AND INVERSE PROBLEM
FOR INTEGRO-DIFFERENTIAL EQUATIONS OF
GERASIMOV TYPE WITH REGULAR KERNEL

V.E. FEDOROV, A.V. NAGUMANOVA, A.0. SAGIMBAEVA

Abstract. We study the unique solvability of the Cauchy problem for a linear regular
integro—differential equation of Gerasimov type in a Banach space. This allows us to obtain
a well-posedness criterion for the corresponding linear inverse problem with a constant
unknown coefficient in the right—hand side.

The abstract results are used to consider direct and inverse initial boundary value prob-
lems for a class of equations with a Gerasimov type integro—differential operator in time
and polynomials of the Laplace operator in spatial variables, as well as to study the unique
solvability of the Cauchy problem and the linear inverse problem for a system of ordinary
integro—differential equations. The regular kernel of the integral operator in the system un-
der consideration is essentially operator—valued and defines linear combinations of various
integro—differential operators in the equations of the system.
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1. INTRODUCTION

In recent decades, the problems for equations with various fractional derivatives, which are
used in modeling phenomena and processes in physics, chemistry, biology, and in the technical
and social sciences and humanities (see the monographs [1|-[7], [18], [22] and the references
therein), have attracted sustained interest from researchers. Most fractional derivatives are
integro—differential operators, in which first an integral convolution operator acts on a function,
and then the ordinary differentiation operator does, as in the Riemann — Liouville fractional
derivative, or vice versa, as in the Gerasimov—Caputo fractional derivative. In this case, the
kernel in the integral operator is singular. The works of various authors are devoted to the
study of both direct and inverse coefficient problems for fractional differential equations, see,
for instance, [1], [2], [10], [12], [20]-

Initial value problems for linear equations in Banach spaces resolved with respect to an
integro—differential operator (of Riemann — Liouville type or Gerasimov type, depending on
the order of action of the convolution operator and the differentiation operator in them) with
an abstract singular integral kernel, in the case of a bounded operator at the unknown function,
were studied in [14]. In [8], [13], the unique solvability was studied of initial value problems for
integro—differential equations of Gerasimov type and Riemann — Liouville type, respectively,
with an unbounded linear operator generating an analytic resolving family of operators of the
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corresponding linear homogeneous equation in the sector. Linear inverse problems for such
Riemann — Liouville type equations were studied in [9].

Recently, integro—differential operators with a regular integral kernel have become objects of
study, in particular, the so—called Caputo — Fabrizio derivatives |1 1], see also the discussion on
the validity of classifying such integro—differential operators as fractional derivatives [12], [17],
[21], [23]. We note that the present paper remains outside this discussion and does not use the
term “fractional derivative” in relation to such integro—differential operators.

In [3] there were studied the issues on unique solvability of direct and inverse coefficient
problems for evolutionary equations in Banach spaces with the Caputo — Fabrizio derivative,
and in [16] there were addressed for equations with an abstract regular integro—differential
operator of Riemann — Liouville type and a bounded operator at the sought function. The
present work continues the studies of |3], |16] and is devoted to studying direct and inverse
problems for equations in Banach spaces with an abstract regular integro—differential operator
of Gerasimov type.

Let Z, U be Banach space, by L(U; Z) we denote the Banach space of linear continuous
operators from U into Z. For U = Z this notation is shortened to £(Z). We consider the
Cauchy problem

2(0) = 2o (1.1)

for the evolutionary equation
t
/K(t _ §)D'2(s)ds = A=(t) + Btyu+ g(t), te[0,T), (1.2)
0

where D! is the differentation operator, A is a linear closed operator, K € C'(Ry;L(Z2)),
B:0,T] - LU;Z),u e U, g:[0,T] - Z. We obtain the conditions ensuring the unique
solvability of the Cauchy problem (1.1) for Equation (1.2) with a known right hand side. This
allows us to study the inverse coefficient problem for such equation. The overdetermination
condition in this problem reads

T

/z(t)dy,(t) = zr (1.3)

in the case of an independent of time uknown coefficient u; here u is a given function with a
bounded variation, and zy € Z.

In the second section of the present work we obtain the conditions guaranteeing the unique
solvability of the Cauchy problem for a linear homogeneous integro—differential equation. The
third section contains a similar result for a linear inhomogeneous integro—differential equation.
In Section 4 we obtain the well-definiteness criterion of the linear inverse problem (1.1)—(1.3).
The obtained general results are applied for studying direct and inverse initial boundary value
problems for a class of partial differential equations with an integro—differential operator of
Gerasimov type and polynomials of the Laplace operator. For the system of ordinary integro—
differential equations we also study the Cauchy problem and the inverse problem with an
unknown constant element. The kernel of the integral operator in the considered system is
essentially operator—valued and defines linear combinations of various integro—differential op-
erators in the equations of the system.

2. CAUCHY PROBLEM FOR HOMOGENEOUS EQUATION

Let Z be a Banach space, CI(Z) be the set of all linear closed operator densely defined in
the space Z, the domain D, of an operator A € CI(Z) be equipped with the graph norm
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[N, =1-llz+ Az,

p(A) = {p e C: (ul — AL € £(2))}
be the resolvent set of the operator A, and o(A) = C\ p(A) be its spectrum, Ry = {a € R :
a > 0}, Ry =R, U {0}, K(t) € L(Z) for t > 0. We define the convolution operator

_ /K(t — )a(s)ds = (K # 2)(t), >0,
and the integro—differential operator of the Gerasimov type
(D12 (1) := (JED'2)( /K (t —s)D'2(s)ds, t>0,

where D! is the operator of the usual first derivative.
For Ae Cli(Z), K € C([0,T); L(Z)), z0 € D4 we consider the Cauchy problem

2(0) = 2o (2.1)
for the equation
(D12 (t) = Az(t),  te]0,T). (2.2)
A solution to the Cauchy problem (2.1), (2.2) is a function z € C([0,T]; Da) N W(0,T; Z)
satisfying the condition (2.1) and identity (2.

2)
2).
Lemma 2.1. Let A€ Cl(Z2), K € C([0,T]; L(Z)). Then if the solution to the problem (2.1),
(2.2) exists, then zy € ker A.

Proof. For z € W}(0,T; 2)

/K(t—s)plz(s)ds < max | K(s) Hﬁ(z/npl (5)lzds — 0, -0+,

s€[0,T7]

By the definition of the solution z we have
t

T T K,1 T . 1 _
Azg = tl—l%}i- Az(t) = tl_lg}r(D 2)(t) = 151_1)101@r K(t—s)D z(s)ds = 0.
0

The proof is complete. O
Theorem 2.1. Let
AecCl(Z), K € CY([0,T); L(2)), (K(0)—A)teL(2), 2o € ker A.
Then the function z(t) = zy is the unique solution to the Cauchy problem (2.1), (2.2).

Proof. Tt is easy to confirm that z(t) = 2 solves the problem (2.1), (2.2). Let us prove the
uniqueness. Suppose that z; and zy are solutions to the problem (2.1), (2.2), then the function
y = 21 — 2z solves the Cauchy problem y(0) = 0 for the equation

(DFYy)(t) = K(0)y(t) — K(t)y(0) — (J*y)(t) = Ay(1).
This yields y(t) = (K (0) — A~ (JX y)(t).
We consider the operator
By(t) = (K(0) = A) ' (J¥y)(t)
in the space L;(0,7y; Z) for some T; € (0,7). If K’ =0, then
y(t) = (K(0) — A)~'o=0.
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If |K'\|leo.m);ccz)) # 0, for ¢ € (0,1) we take
Ty = q||(K(0) — A)_1||Z(12)||K/||6z[O,T1};L(Z))

and we get

1Byl 0.2) < (K©) = 4) gz / / K/t = s)y(s)ds| s
z
< Th[[(K(0) — A)” 1||.C(z>||K'||C([0,T1];z:(z)>||?/||L1(0,T1;21) = qllyll.0.1152)-
Therefore, the operator B is a contraction in the space L1(0,77; Z), and this is why the unique
equation of the equation y = By in this space is the function y = 0 almost everywhere on
(0,7Y).
If T < T, we consider the space
L1(0,2Ty; 2) := {y € L1(0,2T1; Z) : y(t) = 0 almost everywhere on (0,77)}.
Then
HBH[:( 710,21y i2)) < (277 = T)[[(K(0) — A)_lHE(Z)||K/”C([072T1];E(Z)) =q<l1,

which implies the uniqueness of the trivial solution to the equation y = By on (0,277). If
217 < T, we take the space
L31(0,3Ty; 2) := {y € L1(0,3T1; Z) : y(t) = 0 almost everywhere on (0,27})}

and prove the uniqueness of the trivial solution to the equation y = By on the segment [0, 377].
Repeating the arguing, in finitely many steps we completely cover the segment [0,7]. Hence,
the solution to the problem (2.1), (2.2) is unique on [0, 7]. The proof is complete. O

3. CAUCHY PROBLEM FOR INHOMOGENEOUS EQUATION

Let A€ Cl(Z), K € CY([0,T); L(Z)), f € C([0,T); Z), 20 € Da. We consider the Cauchy
problem
2(0) = 2o (3.1)
for the linear inhomogeneous equation
(DFI2)(1) = A=(0) + F(0). € [0.T). (3.2
A solution of the Cauchy problem (3.1), (3.2) is a function 2z € C([0,T]; Da) N W}(0,T; 2Z)
satisfying the condition (3.1) and identity (3.2).
Similarly to Lemma 2.1 we obtain the following statement.

Lemma 3.1. If a solution to the problem (3.1), (3.2) exists, then Azy+ f(0) =

For a function h: Ry — Z, by h we denote its Laplace transform.
In what follows we suppose the following condition.

(K) For a function K € C'(R,;L(Z)) the Laplace transform K ()) is well-defined and it can
be continued to the univalent analytic function on the set

Qo ={A€C: |\ >ax}.
Lemma 3.2. Let A€ Cl(Z), K € CY(Ry;L(2)), (K(0) — A)~' € L(Z), and the condition

(l?) be satisfied. Then for some r > ay the operator—valued function

1 ~
Z(t) = 5 (AK(\) — A)~teMdN, teC, (3.3)
(A|l=r
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15 well-defined and analytic.
Proof. By the initial value theorem [19], lim AK () = K(0) in £(Z). Since (K(0) — A)~! €
L(Z), in view of the condition (K) this means that the operators
(AK(N) — A)~" = (K(0) — A+ AK(\) — K(0))~"
— (T4 (K(0) = A) (AR (V) — K(0))) " (K(0) — A)~!
are well-defined for sufficiently large |A\| > r¢ > ag, for which
IAK ) = K(0)]lecz) < 1(K(0) = A) 7|z,
At the same time there exists C' > 0 such that for all |A\| > g > ax we have
IAK ) = A) e < C.
We also note that

(MK (A) = A) (R () = A) ™ = T+ AR (V) = s () (K () = A)

(K (1) = )7 = AK() = A) 7 = AK () = AT AR () = pK (1)) (K (1) — A) 7",

(A () = A) 7" = AK(N) = A) ez

< CIAEQ) = oK (021K (1) = A) ez = 0. A= pu

Moreover,

R~ A = R () = A [ LR (R - )7

Hence, the integrand in (3.3) is analytic in ,,, and since the contour {|\| = r > r¢} is bounded,
the function Z(t) is analytic in ¢ € C. The proof is complete. ]

Theorem 3.1. Let
AeCl(2), K € CY R ; L(2)), K(0) - At eL(2),
the condition ([?) be satisfied,
fewi(0,T:2), Az + f(0)=

Then the function
t t

2(t) = 20+ (K(0) — )M (f(t) — £(0)) - / 2(s)(0)ds + / Z(t - 9)f(s)ds,  (34)

is the unique solution to the problem (3.1), (3.2).

Proof. Tt is clear that the initial condition z(0) = z is satisfied and
D'z(t) = (K(0) — A)"'D' f(t) — Z(t)f(0) + /D1 (t —s)f(s)ds € Li(0,T; Z),
D™1a(t) = (K(0) — A)T' D (1) — TR [Z(6) £(0)] + J*[Z(0) f(t)]
+ JK/DlZ(t — §)f(s)ds € C([0,T): 2),

A(K(0) — A) ™ = K(O)(K(0) — A)' — T € L(Z),
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132
1 ~
AZ(t) = — [ ANK(\) — A)~teMax
211
[A|=r
1 . .
= 5= AK(A) (MK (N — A7 teMa € C([0,T); L(2)),
m
\=r
t

Ax(t) = Azo + AK(0) — A) () — F(0)) — / AZ(s)1(0)ds

t

+ /AZ(t —38)f(s)ds € C([0,T]; 2).

0

For Re i > r by Cauchy integral formula we have
. 1 1 - 1 1 [(1~/1 “dn
Z(u) = — ——(AK(\) = A) A= — -K|-)—-A —
(1) 2 ,u—)\< ) ) 2mi p—1 (77 (77) ) n?

Al=r m=t "
1 1 1 (1 ! A _ _
= 5 (R (5)-4) =R - a7 = 0) - )
T (?7 - ;) AT

[nl=+
We define the function f in a continuous bounded way for ¢ > T" and denote z; := Z x f, then

Zp(p) = Z() f(p) = [(uK () — A7 — (K (0) — A) 7Y f(w)
Therefore,

— A Y (),
- A% %f<o> + Flu) = Flw.

DEAz(p) = Az(p) = (nK (1) — A)Z() — K(1)z0
Applying the inverse Laplace transform, we obtain (3.2).

The uniqueness of the solution can be established as in the proof of Theorem 2.1. The proof

m

is complete.
INVERSE PROBLEM WITH CONSTANT COEFFICIENT

4.
Let Z, U be Banach spaces. We consider an inverse problem for the evolutionary equation
(4.1)

(DF12)(t) = Az(t) + B(t)u + g(t), t€0,T],
where D! is an integro—differential operator of Gerasimov type,
Kecl(ﬁ—k;ﬁ(z))v AGCZ(Z)a B e Wll(ovT;‘C(u;Z»a g€ Wll(O,T;Z),
(4.2)

with the initial condition
2(0) = 2o

and the overdetermination condition
T
/ ()dv(t) = =0 € Do, (4.3)
0
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where the function v : (0, 7] — R has a bounded variation; shortly v € BV ((0,T]; R). Here we
take into consideration the fact that Az € C([0,7]; Z), and this is why

A /T 2(t)dv(t) = /T Az(t)dv(t) and /T 2(t)dv(t) € Da.

At the same time, the additional unknown element u in Equation (4.1) is to be found by means
of the additional condition (4.3).

An element u € U a solution to the problem (4.1)—(4.3) if for this u there exists a solution z
to the Cauchy problem (4.1), (4.2), which satisfies the condition (4.3). The problem (4.1)—(4.3)
is called well-posed if for all zy, 27 € D4, g € WH(0,T; Z) there exists a unique solution u € U
to the problem, and this solution satisfies the estimate

lully, < C (Iz0llz + l2zllz + llgllcqoryz) - (4.4)

where C' > 0 is independent of zy, zr, g.

By the representation of solution (3.4) in the case of existence of a solution to the Cauchy
problem (4.1), (4.2) the element w is a solution to the problem (4.1)—(4.3) if and only if it
satisfies the equation

Vu =1, (4.5)
where ¥ and v are defined by the formulas

t

U ::/(K(O) — A)"Y(B(t) — B(0))dv(t) — //Z(S)B(O)dsdu(t)

- /T / Z(t — s)g(s)dsdv(t) € Z.

Theorem 4.1. Let
AeCl(Z), KeC (R L(Z)), (K(0)—A)t e L(2),

~

the condition (K) be satisfied,
B e Wll(O,T,C(Z/l,Z)), B(O) :07 g€ W11(07T;Z)7
20, 27 € Da, Azg+g(0) =0, v € BV((0,7T];C).

Then the inverse problem (4.1)—(4.3) is well-posed if and only if there exists the inverse operator
Ul e L(Z;U). At the same time the solution to the problem reads u = W1,

Proof. By Theorem 3.1, for a given element u € U, a solution to the Cauchy problem (4.1),
(4.2) exists and it reads
t
2(t) =20 + (K(0) = A) 7 (B(t)u + g(t) — B(0)u — g(0)) — / Z(s)(B(0)u +g(0))ds
0



134 V.E. FEDOROV, A.V. NAGUMANOVA, A.O. SAGIMBAEVA

+ /Z(t — $)(B(s)u+ g(s))ds.

Substituting this solution into the overdetermination condition (4.3), we obtain the identity
(4.5), which implies the required fact. At the same time by the identity B(0) = 0 we have

T Tt

U= [ (K(0)— A)'B(t)dv(t) + Z(t — s)B(s)dsdv(t),
/ /]

lullee < N ezanllvllz < NP ez (lorllz + V' ()20l 2

+ 2TV ()[[(K(0) = A) Mz llglleqon;z) + 2T°VE @)1 Zllcqor )19l cqo.rz)
< C (llzollz + 2zl z + glleqomz))
for
C = max{1, V{ (v), 2TVy ()[[(K(0) = A) |2z + 2T°Vy W1 Z ]l cqoyiz))} > 0

Here V' (v) is the variation of the function v on the semi-interval (0, T]. The proof is complete.
m

5. ONE CLASS OF INITIAL BOUNDARY VALUE PROBLEM

Let

n

Pu(N) =D XN, Qu\) =) _d;V,

=0 j=0
¢j,d; € C,j=0,1,...,n € Ny : NU{0}, d,, # 0. Let Q C R be a bounded domain with a
smooth boundary 0f), in this domain the Laplace operator

is defined on the domain D = HZ(Q)) := {w € H*(Q) : w(§) =0, £ € 9N}. As it is known, the
spectrum o(A) of the operator A is negative, discrete, of finite multiplicity and accumulates
at —oo only. Let {1 k € IN} be an orthonormalized in Lo(£2) system of eigenfunctions of the
operator A associated with the corresponding eigenvalues {\; : k € IN} taken in the ascending
order counting the multitplicities.

We consider the inverse problem with a time-independent element

U(gv S) = ?}0<§), § € Qv (51)
Aky(g,t) =0, k=1,2,...,n—1, (6,1) € 0Q x [0,T], (5.2)

P8) [aBL bt = )5 (6 )

0

(5.3)

= Qu(A)v(&,t) + c(u(§) + h(& 1),  (&1) € 2x[0,T],
v, T)=vr(§), €€, (5.4)

where the functions vg,vr : Q@ = R, ¢: [0,7] = R, h: Q x [0,T] — R are given.
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In Equation (5.3), the kernel of integro—differential operator is the generalized Mittag—Leffler

[14]

o0 bktak
Kop(t) = aBS (bt)I L b N
as(t) = a 2; fak il “PER\0) afeN
where (), is the Pochhammer function [18]. Its Laplace image
R a)\aﬁ—l
Kopg(A) = ——=1
:5( ) ()\a _ b)@

is a univalent analytic function on the set
1
Q1 ={neC:lul>[bf},

and this is why the condition (K) holds for this function with ax = |b|«. We note that for
a =8 =1, Kii(t) = ae’ the integro-differential operator D®! is the Caputo — Fabrizio
derivative |1 1], while for « € N\ {0}, 8 =1, K,1(t) = aE,(bt®) is the one—parametric Mittag—
Leffler function [18], while D%! is the so—called Atangana — Baleanu derivative.

We let

no :=max{j € {0,1,...,n} : ¢; # 0},
Z={we H"(Q): AFw(€) =0, k=0,1,...,n0— 1, £ € 9Q}.

The operator P,(A) € L(Z; Ly()) is continuously invertible if and only if P,(\z) # 0 for all
k € IN. In this case, on the Banach space Z we define the linear operator A = P,(A)™1Q,(A),
which is bounded in Z if ny = n, that is, ¢, # 0. If ¢, = 0 and ny < n, we have A € CI(Z)
with the domain

Dy={we H™Q): A*w(€) =0, k=0,1,...,n—1, £ € 0Q}.

The problem (5.1)—(5.3) is reduced to the problem (4.1), (4.2).

We denote

1 eMd\
C]{;(t) = 2—m VY ~ Qn(Ak) 5 t < C, k € ]N
A 0O T PG

Theorem 5.1. Let
a, b € R\ {0}7 Ck,ﬁ € ]Na Pn(Ak) 7é 07 Qn()\k:)/Pn()‘k> 7é a fOT' CLH k € ]N7

vy € Da, u€ Ly(Q), ceW0,T;R), heW(0,T;Ly(Q)),
@n(A)vo (&) + c(0)u(§) +h(&,0) =0 in Q.
Then the problem (5.1)—(5.3) has the umque solution

Ju(:) + h(-,t) — h(-,0), or)er(§)
)+ Z @Pn()\k) — Qn( k)

_ /i GHEAD() + (. 0) ex)enld)

v(&,t) =vo(€

k=1 Pu(Ae)

[ Gult— ) (e(s)u() + h(-, ), o) o (€)
—i—O/; Iz ()\k) ds.

Proof. The spectrum of operator A = P,(A)7*Q,(A) is the set

o(A) = {Q”(A’“), ke ]N} .
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Therefore, the inequality
Qn(Ax)
Po(Ak)

means the existence of the inverse operator (K(0) — A)™' = (al — A)™' € L(Z).
For a sufficiently large » > 0 we have

,\ o)
s PR d/\
sz/ axfﬁ 3 ZCk Serer(), teR.

Nor D)7 P (,\k

#aq forall kelN

In Theorem 3.1 we take f(t) = P,(A)" (c(t)u(-) + h(-,t)) and get the required statement. The
proof is complete. O

For the inverse problem (5.1)—(5.4) with the unknown element w in the case ¢(0) = 0 we
respectively obtain the operator and vector

S D) [N Gl = )l oenld)
\Ij_zlan(k Qn()‘k)+0/z !

b =vp — g — Z (h(-,T) = h(-,0)){-, pr)or(§) n /Z Ck(S)h('ﬁ)(i{:)%%Pk(f)ds

Theorem 5.2. Let
a,b € R\ {0}, a,peN,  P,(\) #0, Qn( M)/ Pu(Ag) #a  forall ke,
ce WHO0,T;R),  ¢(0) =0, vo,vp € Dy, h € WH0,T; Ly(Q)),
Qn(A)vg(&) + h(€,0)=0 in Q.

Then the inverse problem (5.1)—(5.4) is well-posed if and only if there exists d > 0 such that,
for all k € N,

T

o(T) / Ce(t — s)c(s)
+ ds| > d.

aly(Ar) — Qn(Ak) (k)
At the same time, u = V1),

Proof. Here v is the function of the unit jump at the point ¢t = T'. We take the space U = Lo(£2)
and the operator function

B(t) = c(t) (&)~ € W0, T L(La(Q): 2))-

Thus, the problem (5.1)—(5.4) is reduced to the inverse problem (4.1)-(4.3). The assumptions
of the theorem imply
1l ozia@n < 47

The proof is complete. O
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6. SYSTEM OF ORDINARY INTEGRO—DIFFERENTIAL EQUATIONS

We consider the Cauchy problem

2;(0) = 205, j=1,2,...,n, (6.1)
for the system of integro—differential equations
z”: DFirlzi(t) = z”: ai;z;(t) + zm: b (H)ug, + hi(t), i=1,2,...,n, te0,T], (6.2)
j=1 j=1 k=1
where
a; €C, by [0,T]=C,  weC,  hi[0,T] =€, kyt) = ayEal  (bit*),
ai;j,bij € R\ {0}, a;j, Bij € N, , i,7=1,2,...,n, kE=1,2,...,m.
We take

Z=R" U=R", Z(t) = (zl(t)az2(t)7”'azn(t))T : [OuT] — Z,
g(t) = (gl(t)792(t)a s >gn(t))T : [O7T] - Z? U= (u17u27 s 7um)T eu.
The actions of the operators A € L(Z), K(t) € L(Z) fort > 0 and B(t) € L(U; Z) fort € [0,T

are given by same—named matrices of sizes n X n, n x n and n x m, respectively:

a;r a1 ... Q1n k’u(t) klz(t) e kln(t)
A _ a21 Q29 ... Qon : K(t) _ kgl (t) k’gz (t) e k‘zn(t) :
Ap1 Ap2 ... Qpp knl (t) k’ng (t) Ce knn(t>
bn(t) blg (t) Ce blm(t)
By = | @) bal) bt
but(t) bua(t) ... Dum(t)
At the same time,
ajgA*11P811 -1 ajaA*12P12—1 aipA\*1nfin—1
(AT —b )T (AM2—bp)P12 " (A%In—by,)Pin
. a9 A\*21P21—1 ago\¥22P22—1 asp A*2nP2an—1
K(/\) — (221 —bgy)B21 (A¥22 —bgg)P22 """ (A2n —bay, )P2n
anl,\‘;7;1.5n1*1 an2/\(;7;2.6”271 an,n)\a"’l’nﬂnn—l
()\D‘nl—bnl)ﬁnl (\en2 —an)BWQ T W

Thus, we have obtained the direct problem (4.1), (4.2).
Theorem 6.1. Let
det(K(0) —A) #0,  det K #0, by e W' 0,T;C), weC,

hi € Wll(O, T; C), 20i € C, Z Q205 + Z bzk(O)uk -+ hl(O) = O,
j=1 k=1
1=1,2,...,n, k=1,2,...,m.
Then there exists a unique solution of the problem (6.1), (6.2).

Proof. We note that the function det K is the quotient of two polynomials and this is why it
possesses finitely many poles, and hence, the condition (K) is satisfied. By Theorem 3.1 we get
the required statement. O
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We note that the solution to the problem (6.1), (6.2) is of the form (3.4) for f(t) = B(t)u+h(t)
(in the vector notation).

Under the assumption that ux, £ = 1,2,...,m, are unknown, we consider the overdetermi-
nation conditions

Zj(T) = 215, ] = 1,2,...,n. (63)
Theorem 6.2. Let
det<K<O) o A) 7£ 07 det [? 7_é 07 bzk € W11(07 T, C)? blk(o) = 07
h; € Wll(O,T; C), 20iy 2T € C, ZCLUZO]' + hZ(O) =0,
j=1
i=1,2....n, k=1,2.....m.
Then the inverse problem (6.1)—(6.3) is well-posed if and only if
T
det | (K(0) — A)"'B(T) + /Z(T —5)B(s)ds | # 0.
0

At the same time the solution of the problem in the vector notation reads
T —1
u=|(K(0)—A)"B(T)+ /Z(T — s)B(s)ds

0
T

= s (K(O) = 4 (0(D) ~ 9(0) + [ Z(s)gl0)ds — [ 2(7 = 9)g(s)as |

0
where the matrices Z(t) are of the form (3.3).

Proof. By Theorem 4.1 we obtain the required statement. O]
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