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ON BEST APPROXIMATION OF FUNCTIONS
IN BERGMAN SPACE B,

D.K. TUKHLIEV

Abstract. In the paper we study extremal problems related to the best polynomial ap-
proximation of functions analytic in the unit disk and belonging to the Hilbert Bergman
space By. We find exact inequalities for the best approximation of an arbitrary function
f € Ba, analytic in the unit disk, by algebraic complex polynomials p, € P, by means of
the averaged value of the modulus of continuity w(f("),#)p, of the rth derivative f(") in the
space Bp. We introduce the class WQ(T) (w, @) of functions analytic in the unit disk whose
averaged value of the modulus of continuity of the derivative f(") satisfies the inequality

/w2(f(r),t)32 sin “tdt < ®2(u), 0<u<or.
u
0

For certain restrictions for majorant ®, we calculate exact values of various n—widths for
the introduced class of functions. To solve the mentioned problems, we use the methods of
solving extremal problems in normed spaces and we use the method for estimating n—widths
developed by V.M. Tikhomirov.

Keywords: extremal problems, approximation of functions, modulus of continuity,
suprema, n—widths, Bergman space.
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1. INTRODUCTION AND PRELIMINARY RESULTS

Extremal problems of best polynomial approximation of analytic in circle functions in various
spaces were studied, for instance, in the works [1], [3]-[7], [9]-[13], [15], [16], [19], [20], [22]-]29],
[31] and many others. In this work our aim is to find the suprema of best approximations of
functions by complex algebraic polynomials in the Bergman space Bs.

Let IN, Z, be respectively the set of natural and nonnegative integer numbers. Let C be the
complex plane, U := {z € C : |z| < 1} be the unit circle in C, A(U) be the set of functions
analytic in the circle U.

Definition 1.1 ([6]). We say that an analytic in the unit circle U function

f(2) :ch(f)zk, z=pe", 0<p<1, 0<t<2nm, (1.1)
k=0
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belongs to the Bergman space B if

1

|mn:mm:(%ﬁw@Ww)<m. (1.2
)

The derivative of rth order of a function f € A(U) is defined as usually

df(z) < -
()(5) .= 2\ 1) (k— k—r
fU(z) = = kg k(k—1)---(k—r+1c(f)z"", rel. (1.3)
For the sake of brevity, we introduce the notation
k!
apr i =k(k—1)---(k—r+1) = =1k k,re N, k>r. (1.4)

In what follows by the symbol B (r € Z., B) = B,) we denote the set of functions
f € A(U), belonging to the space B,, whose derivative of rth order f("(z) also belongs to By,
that is,

Bér) ={feB,: 1£72 < 00 }.

Let P,, be the subspace of complex algebraic polynomials of degree n of form

pn(z) = Zakzk, a, € C.
k=0

The quantity

En(f>2 = E(f, Pn)Bz = inf {”f - pn||2 1Pn € Pn} (15)
is called the best polynomial root-mean-square of the function f € By by the subspace P,.
It is well-known [11] that an arbitrary function f € By satisfies the relation
1
o c f 2 2
Endbﬁﬂv—Thmﬂhz{E:%%%L}’ (1.6)
k=n

where T,,_1(f) is the (n — 1)th partial sum of series (1.1).
We write the norm (1.1) in a more convenient form

2

1 27
1 .
1]l = g//uw%W@w ,
0 0

and by the symbol

AL (pe') = f(pe'™) — f(pe™)
we denote the first order finite difference of a function f € By in the variable ¢ with the step h.
By the identity

w(f,7)p, = = sup {[| A, ()5, : bl < 7}

1 27

1 ) .
:am;//UWNW—ﬂwmwwt
0 0

|hl<T

we define the first order modulus of the function f € B,. Using the relations (1.3) and (1.4),
for each r € Z we have

Ailz (r) (peit) _ Z ak7rck<f)pk_rei(k_r)t (1 _ 67L(k—r)h) )
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By the Parseval identity we get

Ik
AL FT2 =2 Z (1 — cos(k — r)h) (1.7)
k=r+1
and therefore,
o0 2
GA(f , = 2 su &2M1—COS]€—Th. 1.8
(f )B |h|<13- k;ﬂ k,rk —r 4+ 1( ( ) ) ( )

2.  MAIN RESULTS
In this section we present main results obtained in this paper. The next theorem holds true.
Theorem 2.1. For an arbitrary function f € By and a given n € N for each h € (0, ;_r] the
wnequality holds

h
/w (f,1) stmhtdt
0

(2.1)
2 %—/cosntsinztdt
T h

0

For the function fyo(z) = 2™ € By the inequality (2.1) becomes the identity for all h € (O, ﬂ

Proof. Using the definition of the modulus of continuity we write
1 27

W (f ) 2 I +8) = ), = //plf (pe' ™) = f(pe')[* dp dx

—23 1o

k=1

(2.2)

1 —coskt) =2 Z |Ck — cos kt).

Supposing that h € (0, E] , we multiply both sides of the inequality (2.2) by the function sin 7t
and integrate in ¢ from 0 to h. As a result we get

h . h
/ (f,t)p, sin — t (1 — cos kt) sin %tdt
0 =n 0
Y h . leu(f)P h (2.3)
Ck . Cr .
:2; E 1 smﬁtdt—QkZ: 1 /cosk‘tsmﬁtdt.
=n 0 =n 0

We now mention that the function of natural variable
h

o(k) = /cos kt sin %t dt
0
decreasesin k€ INas h € (O 1} since

h
/tsmktsm —tdt < 0.
0
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This is why for h € (0,%],t € (0,h) and k > n

h h
/cos kt sin %t dt < /cos nt sin %t dt. (2.4)
0 0
As h e (%,Z], t € (0,h) and k > n the inequality (2.4) again holds since
h h kh
2
/cos kt sin %t dt = m cos? o5 <0,
0
h h h
. 2m oM
cos nt sin %t dt = m COS 7 2 0.

[e=]

Thus, for all h € (0,Z], ¢ € (0,h) and k > n
h h
/COS kt sin %t dt < /COS nt sin %t dt.
0 0
By (2.3) this implies

h h
4h
/w (f,t)B, sin ht E2 (s, —2E2 (( /cosmfsm —tdt
0 0

h
4h .
=E% (f)g, ?—2/cosntsmﬁtdt )
0

which yields the inequality (2.1). The identity for fy(z) = 2™ € By can be verified by direct
calculations. The proof is complete. O]

Remark 2.1. Since for h = =

/cos ntsinnt dt = 0,
0

by (2.1) we obtain

us 2
n

E. 1(f)B, < % g/WQ(f,t)B2 sinntdt | . (2.5)

0

The inequality (2.5) is an analogue the well-known Chernykh inequality |21] proven for the class
of periodic functions Ly := Ls[0,27] to the case of analytic in the unit circle functions in the
Bergman space B,.
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Theorem 2.2. For each function f € B , r € Z, and each n € N, n > r, the inequality
h

/uﬂ(f(”, )5, sin %tdt

1 /n—r+1 1 0
E? < =4/ 2.6
n—l(f)B2 2 n + 1 Ofn,r h ( )

/(1 — cos(n — r)t) sin %t dt

0

holds.

Proof. 1t was proved in [30] that for an arbitrary function f € B Vforalln e N, r € Zio,n>r

the inequality holds
n—r+1 1
E,_ <A —————FEp i (f7),. 2.7
1(f)B, W1 o 1(f") B, (2.7)

By Theorem 2.1 we have

N

h
/w t)p, sin htdt
Enfrfl(f(T))Bz < 0 %
2h T
2| —— —r)tsin -t dt
- /cos(n r)tsin .
0
. (2.8)
h 2
/w t) B, sin ht dt
_ 0
- T
h 2
T
2 /(1 — cos(n — r)t) sin Et dt
In view of the inequality (2.8), by (2.7) we obtain
h 3
/w t)p, sin — Ty at
In—r+1 1 h
E,_ < 2.9
1(f)B2 n+ 1 Oy 1 ( )

0
h
T
2/ 1—Cosn—r)t)smﬁtdt
0

and thus, the inequality (2.6) is proven. It is easy to verify that the inequality (2.6) for the
function fo(z) = 2" € Bér), n>r,n € N, r e Z, becomes the identity. The proof is
complete. O

s

Corollary 2.1. Under the assumptions of Theorem 2.2 for h = oy N> the inequality
holds

1
ut 2

(n—r)

/ WAHf ) g, sin(n —r)tdt p . (2.10)

0

1 n—r+1 1 n—r

En— < =
]-<f)B2 \/§ n + 1 Oényr 2




120 D.K. TUKHLIEV

Corollary 2.2. For an arbitrary function fo € Bér) for allm € N, r € Z,, n > r, the
Jackson type inequality holds

1 n—r—+1 1 T
Ep 1 (f)p, < —={/ ————— —w (f(”"), ) . (2.11)
27 V2 n+1l am, n—r/)g

The inequality (2.11) is implied by the monotone increasing of the modulus of continuity

w(f" t)p, on the segment [O, (nﬂj} But if the modulus of continuity w(f),t)p, is convex

on the segment [0, (“—)] , that is, for all t € [O, (n—T_“T)} it satisfies the condition

n—r

wQ(f"”),t)Berw?(f(’“), T —t) < 2w? <f<’”>, T ) : (2.12)
B2 BQ

n—r n—r
then the inequality (2.11) can be specified.

Corollary 2.3. On the set of functions f € Bg), the function w(f") t)p, of which satisfies
the condition (2.12), the inequality

1 n—r+1 1 T
E,_ < —y/ —— ) — 2.13
1(f)32 \/5 n+1 Oén,rw (f ’2<n—7’))32 ( )

holds. There exists a function f, € Bér), which turns (2.13) into the identity.

)

Proof. In view of the inequality (2.12), for an arbitrary function f € Bér we have

2(n—r)

(n

—)
/ W(fM 1) g, sin(n — r)tdt = / WA f™ ) g, sin(n — r)tdt
0

0

3

=)
+ / W(f™ ), sin(n — r)tdt

2(n—r)

2(n—

)
/ WA f™ ) g, sin(n — r)tdt
0

+ / w? (f(T),L—t> sin(n — r)tdt
n—r B,
0

= / [gﬂ(f(r)’t)& + w? (f(r)’ n7—r7“ - t)BJ sin(n — r)tdt
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which implies immediately that
1 n—r+1 1 T
E,_ </ (ry __°
1(f)B2 \/5 n+ 1 an’rw <f 72<n_r)>32

and this proves the inequality (2.13).

Let us show that for the function fy(z) = 2" € B{" the inequality (2.13) becomes the identity.
For this function we have

1
E,_ = ;
1(f0)32 \/H—H
and since
ér)(z) =a,,.2"7", n>r,

by the formula (1.8) we obtain

N|=

T 2 n,r
w <f0( )’t>32 = \/;/__—Lm (1 —cos(n —r)t)?,

W (f(r) Q) ) _ \/ﬁan,r
*2n-r))p Vn—r+1

Using these identities, we write

n—r+1 1 1 ( >
\ o —w fo,
n+1 anr 2(n—r)
n—r+1 1 1 an,, 1
— : =F,_
Va1 nr V2N —r+1 \/n—i-l 1lo)z,

and this completes the proof. ]

3. EXACT VALUES OF n—WIDTHS OF CLASSES OF FUNCTIONS Ws(w, ®) IN By

To formulate the results of this section, we recall needed notions and notation. Let S :=
{f : |If]| <1} be the unit ball in By; 91 be a convex centrally symmetric subset in By; £,, C By
be a n—dimensional subspace; L" C By be a subspace of codimension n; A : B, — L, be a
continuous linear operator; At : B, — £" be a continuous operator of linear projection. The
quantities

b (M, By) = sup{sup{e >0:eSN L1 CM}: L1 C Bo},

d, (M, By) = inf {sup {inf {||f —¢llp, : ¢ € L} : f €M} : L, C Ba},

0, (M, By) = inf {inf {sup {||f — Af||B2: f € M} : ABy C L,} : L, C Bs},
d"(OM, By) = inf {sup{||fllg, : f €MNL"} : L™ C By},

I1,(9M, By) = inf {inf {sup{”f — A flls, i f € Dﬁ} cAB, C En} L, C Bg},

are respectively called Bernstein, Kolmogorov, linear, Gelfand, projecting n—widths of the set
M in the space B,.
Since B, is a Hilbert space, the aforementioned n—widths satisfy the relations [17], [32]:

b, (9N, By) < d"(IM, By) < dp (M, By) = 0,,(M, By) = 11,,(IM, By). (3.1)

We recall that the calculations of exact values of n—widths in the space Bs of classes of analytic
in the unit circle functions defined by means moduluses of continuity and other characteristics
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was studied in works by Vakarchuk [1]-[7], [9], Shabozov and his pupils [22]-[21], Pinkus [32],
Farkov [19], Langarshoev [12], [13], Vakarchuk and Shabozov [] and many others.

Using the definition of modulus of continuity, we consider the following class of functions.
Let ®(u), where 0 < u < 27, be a continuous increasing function such that ®(0) = 0.

By the symbol W\ (w, ®) we denote the class of functions f € B\, r € Z., which for all
u € (0, 7] satisfy the inequality

u

/ GO 1) g, sin b < B2 (u).
u

0

We are going to calculate the exact values of aforementioned n-widths under some restrictions
for the majorant ®2(u).

We note that similar classes of functions appeared first in works by Taikov [15], [16] and his
pupil Ainulloev [I| while calculating exact values for widths of classes of periodic functions in
Ly := L,|0, 27| and analytic in the unit circle functions belonging to the Hardy space H,, ¢ > 1.

A natural idea arises to employ these classes of functions in solving a series of extremal
problems in the Bergman space.

Theorem 3.1. If for a given A € (0,1) and all p > 0, uw € (0, 7] the majorant ® satisfies
the condition

T T

t t
P2 (EA> /(1 — cost), sin — dt < ®*(u) /(1 — cost)sin X dt, (3.2)
by a 0
where
. 1 —cost, t<m,
— cost), =
(1 — cost) 0. -

then for alln € N, r € Z.,, n > r the inequality

MW (@, ®), By) = Ep 1 (Wi (w, ®)) 5,

: CID( 7r)\)
_ In—r+1ln—r n-—r : (3.3)
n+1 an//‘ TA 2

t
V2 /(1 — cost) sinxdt
0

holds, where \,(-) is any of the aforementioned n—widths, while for N C By we let

En1(M)p, 1= sup {En_1(f)p, - [ € B} (3:4)

Proof. In the right hand side of (2.9) we let h = ﬁ, A€ (0,1),ne N, re€”Z,, n>rand

employ the definition of class WQ(T) (w, ®). Then by the relation (3.1) we obtain the upper bound
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for all n—widths and the quantity (3.4):

MW (w0, ®), By) < En 1t (W3 (w, @),

o TA
< In—r+1 1 n—r
h n+1 A r A/ (n—r) %
0

NG} Ty a

(1 — cos(n — r)t) sin
(3.5)

<I>( 7r)\>
_L\/mm n—r
V2 n+1l  au, A 3
(1 — cost)sin % dt
0

In view of (3.1), to prove the relation (3.3), it is sufficient to estimate the Bernstein n—width
by the right hand side of (3.5). In order to do this, for an arbitrary polynomial

n

pa(2) = Zakzk cP,

k=0

we estimate w(pg’), t)p, for t € (0, ﬁ} . By the Parseval identity we have
r i(x r i - |ak|2
I (pe" ) — p (pe) |1, = Q;Qi,rk_—m(l — cos(k —r)t)
n (3.6)

L k)—f—l |ak|2
=2 2 1 —cos(k —r)t).

Since
s k41 5 n+1
kr7. 1 Q1
r<k<n ’Tk—T—Fl ”’Tn—r—l—l

and for all k,n € N, r € Z, and all t > 0 and k < n, cos(k — r)t > cos(n — r)t, by (3.6) and
the definition (1.8) of the modulus of continuity we have

n+1 "L |a?
1-— —7r)t).
( cos(n — r)t) 2 ]

W (pl), 1) p, < 2ai,rn_—m

< 942 n+1

ne oy (1= cos(n = r)t)llpall,

T
We multiply both sides of the obtained inequality by the function sin —¢ and integrate in ¢ from
u

0 to u; this gives

u 1 u
/wQ(pgz")7 t)p, sin %t dt <202, nr [pnl B, /(1 — cos(n — 1)t), sin gt dt. (3.7)

"n—r+1
0 0
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We introduce the sphere of (n + 1)-dimensional polynomials

( 3\

o TA
n—r+ln—r ¢ <n—r>

n+l o2, 2 , ’
2/(1—cost)sinxdt

\ 0 ),

Sni1 = Pn € Pn: Han2B2 =

and we are going to show that this sphere is contained in the class WZ(T) (w, ®). We take an

arbitrary polynomial p,, € 5,11 and let us show that p, € W(T)( ,®). Let p, € S,+1. Then by
(3.7) we get

u

y (n—r) /(1 — cos(n — 1)t), sin %t dt
, . T TA
/wz(Pg),t)BQ sm;tdtg P? (n—r) 02)\ . (3.8)
t
’ /(1—cost)sinxdt

0
Letting u = (TL”—_“T), i > 0 in the right hand side of (3.8) and making the change of variable, by
the condition (3.2) we find

t
Y (1 — cost),sin — dt

. T 2 a 2
/ 2(p™) 1) g, sin Etdt (— ) — < D% (u).

0 t
1 — t —dt
/ CcOS sm 3
0

Therefore, Spi1 € Wi (w, ®) and by the definition of Bernstein n—width
bn(W2(r) (w7 CI))) BQ) 2 bn(Sn—i—la BQ)

o A
n—r+1lyn—r n—r
- = (3.9)
n+1 an7r 71')\ 2
V2 /(1 — cost) sin%dt

0

In view of the relation (3.1), the required identity (3.3) is obtained by comparing the upper
and lower estimates (3.5) and (3.9). The proof is complete. O

It was shown in [2] that the function ®2(u) = u® satisfies the inequalities (3.2) for a ranging
in % +1l<a<3.
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