ISSN 2074-1871 Ydbumcknii matemaTuyecknii xypHan. Tom 17. Ne 3 (2025). C. 100-112.

ON MULTIPLE INTERPOLATION OF PERIODIC
COMPLEX-VALUED FUNCTIONS

A.l. FEDOTOV

Absract. We obtain fully constructive results on construction of trigonometric interpolation
polynomials with multiple nodes. We construct polynomials interpolating periodic complex—
valued functions of a real variable. The polynomials are represented in general form and
in the form of expansions over fundamental polynomials. We provide examples and discuss
unresolved problems.
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1. INTRODUCTION

Algebraic interpolation polynomials with multiple nodes, called Hermite polynomials, are
well studied and successfully applied in practice to solve a wide range of problems. Their
trigonometric counterpart is much worse investigated. First studies of such polynomials began
apparently since the late 1930s. Lozinsky [1] considered the approximation of complex variable
functions regular within the unit circle and continuous on its boundary by Hermite — Fejér
interpolation polynomials with multiple nodes located on the unit circle.

Zeel |2], 3], summarizing the results of predecessors 4], |5], |6], |7], proved the existence
of trigonometric interpolation polynomials of arbitrary multiplicity m > 0 on the system of
equidistant nodes for real-valued 2r—periodic functions and indicated the way of threading the
corresponding fundamental polynomials. In addition, he obtained the conditions for uniform
convergence of such polynomials to the interpolated function depending on its smoothness and
the parity of m. Despite the fact that Zeel announced in his works the explicit construction of
trigonometric polynomials for multiple interpolation, the coefficients of such polynomials were
not calculated explicitly, but only equations for the coefficients were given.

In the deep and informative article [8] for an arbitrary permissible system of nodes (not
necessarily equidistant) Trigub provided an algorithm for finding, in finitely many steps,
trigonometrical polynomial with given values of function and the values of all its derivatives
at these nodes. These values can be complex or real numbers. Moreover, the number of given
values in different nodes can vary. For the particular case when the number of nodes is m and
the number of values in all these nodes are the same and equal to r+ 1, in [8, Lm. 2| there was
proved the existence of a unique interpolation trigonometric polynomial with the spectrum on
[p,n], where n —p=m(r+1) — 1.

In this work we prove the existence of interpolation polynomials with multiple nodes.
These polynomials are represented as a power decomposition of the variable and as a
fundamental polynomial decomposition. All the results are completely constructive, that is,
all the coefficients of the polynomials are calculated explicitly. We note that trigonometric
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interpolation polynomials with multiple nodes were applied for the approximate solution of
singular integro-differential equations only in the works of the author [9], [10].

2. FORMULATION OF PROBLEM

As usually, by IN and R we denote the sets of natural and real numbers, and the symbol N
stands for the non—negative integer numbers.

We fix numbers m, n € INy and denote by C™ the set of 2r—periodic complex—valued functions
having continuous derivatives of orders up to m. For m = 0 by C' = C° we denote the set of
2m—periodic continuous complex—valued functions.

The problem of constructing a trigonometric interpolation polynomial with multiple nodes
consists in finding a polynomial z,,,, for a given function z € C™ such that at grid nodes

2rk
Apity=—"" k=0,1,...,2n,
T on 1 "
the conditions
W () =2W(t), p=01,....m, k=0,1,...,2n, (2.1)

are fulfilled.

3. EXISTENCE

We seek the required polynomial in the form
(2n+1)m+2n
Tmn(t) = Y de™, tER, (3.1)
1=0
and the coefficients d;, [ = 0,1,...,(2n 4 1)m + 2n, are determined by the system of equations

(2.1).

Theorem 3.1. For all m,n € Ny and each function x € C™ there is a unique polynomaial
(3.1) obeying (2.1).
Proof. We fix m,n € Ny and a function z € C™. We rewrite the system of equations (2.1) as
(2n+1)m+2n
> dire™ =2W(ty), p=0,1,...,m, k=0,1,...,2n. (3.2)
1=0
It is clear that for m = 0 the system of equations (3.2) becomes the system of equations

2n
Z die™™ = x(ty), k=0,1,...,2n. (3.3)
1=0
The matrix of the above system reads
1 1 . 1
.27 - 4mn
1 e'2n¥1 ... e'2ntl
SO =
. Ann <87rn2
1 e'2n+1 ... e'2nt1

The determinant of this matrix is the Vandermonde determinant
1 1 ... 1 ok
«Q ... Qo )
|50’:V(0507O[1’,__7042n): .O .1 . 2 7é0, ak:€2n+1, k:O,l,...,27’L,
04(2)” oz%” . agz
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therefore, for m = 0, the system of equations (3.3) is uniquely solvable for each function z € C'.
For m > 0 the matrix of equation (3.2) has the block structure

m m m
0,0 0,1 - 0,m
m m m
gm Sl,O Sl,l s 1,m
m m m
m,0 m,1 Sm,m
with the matrices
1 BM . 1
v,0 v,1 v,2n
I 1 I
gm v,00 Bu,lal T ﬁy,QnOéQn
12 : : . 9
no2n ©wo 2n 14 2n
BV,O&O /Bl/,].al Tt 1/,2na2n

where
Bv; =1((2n+ 1)v + j), j=0,1,...,2n, w,v=0,1,...,m,

and we adopt 0° =1. Their determinants are equal to
2n
|SZ?V|:V(ao,al,...,a%)Hﬁl’fJ, w,v=0,1,...,m,
5=0
therefore, the determinant of S™ is equal to
2n
1S™ = V™ ag, a1, ..., 200)V (Y0, Y15 - -+ s Yim) 7 O, %:H@/,j’ v=0,1,...,m.
=0

The arbitrary choice of the numbers m, n and the function x implies the statement of the
theorem and completes the proof. O

4. EXPLICIT FORM

Theorem 3.1 is a generalization of Theorem 1 from [3] to the case of complex—valued func-
tions. Moreover, although in [3] the explicit form of the desired polynomial was declared, the
coefficients were not calculated explicitly, but only their existence was proved. Here we find
explicitly the coefficients of the polynomial (3.1). In order to do this, we denote

BM,V<7707771a'-'777m)7 wv=201,...,m.

The Viete’s formulas express the coefficients of reduced polynomials

H(n - nﬂ) = Z(_l)m_uBu,u(%,Ula s 777m)77uv V= 07 17 s,y
n=0 n=0
nFV
in terms of its roots 7, = 0,1,...,v =1, v+ 1,...,m. Here the parameter v specifies, which
of the root from the list g, n1, ..., Ny is skipped. In particular, for p = 0,
Bo,(Mosm1y -+ ) :Hng, v=0,1,...,m, (4.1)
£=0
Etv

for p =m — 1 for we have

Bm,17l,(?70,771,...777m):Zn§’ 1/20,1,...7771’
£=0

v
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Using the Viete’s formulas, we find particular determinants of the system of equations (3.3).
In order to do this, we need the next lemma.

Lemma 4.1. For each number m € Ny and each Vandermonde determinant

1 1 ... 1
Tlo T Nm
V(770,7717--~,77m)= . . :
' n" M
the identities hold
1 1 1 o 1
Tlo NM—1 T+t Nm
a :—1 — _ (=)™ "V (no,m -, 0m)
776:_1 775111 775—_1{-_11 51 ' = W (77 ) BIMV(nOvnl?"'vnm)v
775 77571 775+1 1;%+1 ma
" My Mt [/
where
wm(TI):H(n_nV)v M7V:071a"'7m'
v=0
Proof. We expand the determinant (4.2) along the vth column
1 1 1 ng 7715—1 7715-&-1 Nim
Mo ™ Thm Mo - T Mg TIm
: : : =(=1) : : : : :
o N M s My Mk Nm
1 ... 1 1 1
2 2 2 2
41 77:0 - 7711'71 7711‘+1 TI:m .
U My M N
1 o 1 1 . 1
Mo cee M1 Mo+ N
+ (_1)m+y . . : . ' . 7]277‘7
' s ! !

(4.2)

(4.3)

(4.4)
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and we get a polynomial of order m in the variable 7,. On the other hand, the determinant
(4.2) is equal to

11 ... 1
v—1 m
Mo m oo Mm
- = 1 eemd=110w =90 1T G —n) TT 0 —n0)
) : ' ) 0<g<p<m q=0 p=v+1 Oéqsv
Mo Mt T e
v—1 m
=" 1T —=m) T] =m0 T] (o —n0)
q:0 p:]j+1 0<g<y
v<gs<m
=" o =) TT 0 —ma) (4.5)
p=0 0<g<y
pF#V v<g<m
:<_1)miuv(7707 e =1 Mot 1,y - - - 777m)
Y (=D By (o s N
n=0

NE

:V(n0> s Mu—15Mu+1, - - - 777771) (_1)M+VBM7V(T]07 My 7nm)nﬁ

o

=

Equating the coefficients in the polynomials (4.4) and (4.5) at the like degrees of 7,,, we get the
identities

1 . 1 1 .. 1
Mo e My 7]y+1 e Nm
'flg: s 775% 7]5%_11 s 77%1_1 = V(noa s Mu—15 M1, - - 777m)Bu,V<77077717 <o 777m)7 (46)
Mo e Ml Mg e
o' Wy M o M
where pu,v =0,1,...,m. Since
v—1 m
V(UOa m,--. 777m) IV(an s =15 Moty - - - 777m) H(nu - 771)) H (771) - 771/)
p=0 p=v—+1

=(=1)" "W, )V (M0 - =1, Mogts - - ), v =0,1,...,m,
we have
(=" "V (o, m1s - - -, Mm)
Wi (1)
Sudstituting (4.7) to (4.6), we arrive at the identities (4.3). O

V(n07'"anu—lanu—i-la-“ynm) - s V:0,1,...,m. (47)

To calculate explicitly the coefficients d;, [ = 0,1,...,(2n 4+ 1)m + 2n, we need to solve the
system of equations

Sde — a_T7 d= <d07 dl, e 7d(2n+1)m+2n)7 (4 8)

a—= ((L‘(to), J](tl), e ,I(tgn), ZL'/(to), Ce ,ZL‘m(th)), '

with respect to the vector d.
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We denote by |S]"| the partial determinant of the system of equations (4.8), which is obtained
from the determinant |S™| by replacing the column number [ of the matrix S™ by the vector
a”. Let us calculate first the necessary parameters by [

[
V:[ ]a O<v<m, r=Il—-02n+1ly, 0<r<2n,

2n +1
where [-] denotes the integer part of a number. The v parameter indicates that the right
hand side vector a’ goes through the matrices 0wy 10y -+, Sy, of the matrix 5™, and the

parameter 7 indicates that in these matrices the rth column is replaced by the column

af = (z(to), 2(t1), ..., 2 (te))"

in the matrix S7,,, j = 0,1,..., m. The resulting modified matrices are denoted by ~67?V, ~’ffy,
, Sn"il,. The explicit form of coefficients d;, I = 0,1,...,(2n + 1)m + 2n, is provided by the

next theorem.

Theorem 4.1. For all numbers m,n € Ny and each function x € C™ the coefficients dj,
1=0,1,...,(2n+ 1)m + 2n, of the polynomial (3.1) are equal to

2n
1
d; = ( > (=1 a(te) Bralao, ai, . - any),
Waop () :H(a—al), [=0,1,...,2n,
1=0
form=0,n >0,
1 m
dp = m Z( 1)m+u$(u)(t0) 11(B0,0s B0 - -5 Bmo),
B (4.10)
Wi () :H(ﬁ—ﬂu,o), [=0,1,...,m,
p=0
form >0, n=0;
m  2n
) S Y
’ Hﬁi‘,kBu,y(vo,%, ooy Ym) B (@0, s 2) (4.11)
T
wa() =[] =1), 1=0,1,...,@2n+ 1)m+2n,
n=0

form >0, n>0.

Proof. For m =0, n > 0 the determinant |S°| is equal to

|SO| = V(Oéo,al, e ,agn),



106 A.l. FEDOTOV

and the determinants |SY| are equal to

L ... 1 z(t) 1 ... 1
Qg ... Oj_1 .’I?(tl) A1 ... Qop
|S7| = . . _
g” oot x(tan) Ay .. a%ﬁ
—Z Hk (0407---704171,(11:17-~-,Oé2n)Bk,l(06070417~--
V(ao, a 2p) 2
0, &1y -+ ., X2n I+k
= (—1)""x(ty) Bri(ag, aa, - . ., o).
win (1) kzo
Hence,
SPL_ 1 Sy
d, = = —1)%zx(ty) Bri (g, a1, ..., aa,),
! 150~ wan(av) kz_%( )"%(tk) Bea(ao, n 2n)
2n
w(a):H(a—al), [=0,1,...,2n.
1=0
For n =0, m > 0, the determinant |[S™] is equal to
1 1 ... 1
Boo Bio - Bmo
|Sm| = . . : : = V(60,0751,07 Tt 75771,0)7
50,0 571770 jnn,o

and the determinants |S;"| are equal to

11zt 1 ... 1
s Boo --- Bicio Z(to)  Birio - Bmo
A : : : : :
5(7)7,10 e Blnzl,o x(m)<t0) /Bln}rl,o oo Bmo
IZ( 1) 28 (t0)V (Bo,s - - - Bi=1.0, Bi+1,01 - - - » Bm0) Bui(Bo,0: Bros - - -
n=0
,0 oo Bmo) e ym
4G BIO -+ Bno) Z T2 (1) Bt (B0.0s 51,0, 0 )-
7 (Bio) >
M_
Therefore,

d; =
‘T <5l ) =0
wn(B) =T[(B=Bi0), 1=01,....m
=0

For m > 0, n > 0 the determinant |S™] is equal to

|Sm| = Vm+1<040,061, . ,Oégn>V(’}/o,’}/1, e

Z 1)+ (t0) By (Bo o, Bros - - -

7’Ym>7

757710)

) Ck2n)

) Bm,O)
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and the determinants |S;"| are equal to

SE - ]S ol oo STl
B 1 N 73 U T
STl = : : : : :
[Smol oo ISmul o 1Sl
V(O{(),O./l,...,a/gn) |‘§’(T)),11/| V(ao,al,...,agn)
o V(@0,0él,...,agn)’)/o ’STI/ V(O[o,O&l,...,Oégn)")/m
V(ag, gy ..oy a0yt - ]S’m oo Vg, aqy ..oy aop)ym
. Yo o |S’ cee Ym
=V (Oéo,alw--,%n) . . . .
Yoo |5’Ty R il
:Vm(Oéo,Ctl,... Oégn)

Z V+,U| 1/|V(/VO7'"a’yV—lv’YV—l—la"'a’ym)Bu,I/(’YO;’yla"'7,7m)

n=0
Vm(ag, a1, - 020)V (50,715 - Ym)
= ( 1)m+u| V|B V(’yoa’yla"-afym)
Wy, (V) Mz% a
We proceed to calculating the determinants IS/TVL w,v=0,1,...,m,
50 . $(”)(t0) e lVI;Qn
g = | oo oo T Bl
fod Wt . Bl
2n
V(Ozo, A, ... ,Oézn) (413)
_ Z(—l)kx(u)(tk) H " RS By, (g, a1, ..., o)
i—0 2n T
it
1% .. n
T I1o Z 2 (1) B (00,0, - 20).
w2n Oér 3=0
J#r
By these identities and (4.12) we get
S| :VmH(Oéo, at, . @)V (%, Y155 Ym)
: Wi, (Yo )why, ()
m  2n 2n
* Z Z(_l)m+#+k$(u) (tk) HﬁijBy,y('yOJ Y1y - - 77m)Bk,'r(Oé07 Qaq, ... 7a2n)7
and this means that coefficients d; are equal to
m  2n
1
dl = (_1)m+u+k mu> 61} B v ’YO ,717"'7lym)Bk,r(a07a17"'7a2n)v
G 2 2 W,

]#7“
where [ =0,1,...,(2n+ 1)m + 2n. The proof is complete. ]
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5. FUNDAMENTAL POLYNOMIALS

The polynomial x,, ,,, written as (3.1), is inconvenient for applications. It is better to rewrite
it via fundamental polynomials, that is, the polynomials u,, p = 0,1,...,m, k=0,1,...,2n,
of form (3.1) satisfying the conditions

(l,)() L, (H_V)z"‘(k_r)Q:O?
ik o, (p—v)*+ (k—r)*>0,

In terms of these polynomials, the polynomial z,,, can be written as

T (t in (th) i ( t e R. (5.2)

=0 k=0

p,v=01,....m, k,r=0,1,...,2n.  (5.1)

Theorem 5.1. For all numbers m,n € Ny and each function x € C™ the coefficients
diye, 1=0,1,...,2n+1)m+2n, p=0,1,....m, k=0,1,...,2n,

of the fundamental polynomials

(2n+1)m+2n

upk(t) = Z dy ke, t e R,
=0

in the interpolation polynomials (5.2) are equal to
(—D)F

10k =
wh, ()

By (o, o1, ..., o), [=0,1,...,2n; (5.3)

form=0,n>0;
(_1 m+p

d = 7
0 (Bo)

Bu,l(ﬁﬂ,OaBl,O;-"75m,0)7 [ = O,l,...,m, (54)

form =0, m = 0;

(_ 1)m+u+k’ 2n

dl“u’k N Wy (f)/ll)wé (057*) HBZJ‘BM’V(’}/O’ REEERE ’Fym)Bkﬂ"(a()a aq, ... 7a2n)7
o (5.5)
l
:|:2n+1}, r:l—(2n+1)u, l:O,l,...,(2n+1)m+2n7

form >0, n>0.

Proof. The polynomials u, are special cases of the polynomials (3.1) under the conditions
(5.1). These conditions mean that for each pair, (u, k), p = 0,1,...,m, k = 0,1,...,2n, the
vector in the right hand sides of the system of equations (4.8) consists of (2n + 1)m + 2n zeros
and one unity located at the (2n + 1)u + k-th place.

According to Theorem 4.1 with m = 0, n > 0, we have u = 0, and the parameter k is fixed
by location of the unity in a vector of right hand sides of the system of equations (4.8). At the
same time, [ ranges as [ = 0,1,...,2n. Fixing the value of parameter k in the identity (4.9),
we get the formula (5.3).

For n = 0, m > 0, we have k£ = 0, and the parameter u is fixed by location of the unity in
the vector in the right hand side of the system of equations (4.8). In this case, the parameter
[ ranges as [ = 0,1,...,m. Fixing the value of parameter p in the identity (4.10), we get the
formula (5.4).

For m > 0, n > 0, both the parameters u and k are fixed by the position of the unity in
the vector in the right hand side of the system of equations (4.8), and parameter [ ranges as



ON MULTIPLE INTERPOLATION 109

l=0,1,...,(2n+1)m+2n. Fixing the parameters p and k in the identity (4.11) and calculating
the parameters v and r by [, we get the formula (5.5). The proof is complete. O

6. EXAMPLES AND DISCUSSION OF RESULTS

In Theorems 4.1 and 5.1, the formulas (4.9), (5.3) for m = 0, n > 0 and the formulas (4.10),
(5.4) for n = 0, m > 0 are provided separately. These cases are interesting due to the facts
that the formula (4.9) generalizes the Lagrange trigonometric interpolation polynomial to the
case of complex—valued functions of real variable, while the formula (4.10) allows to construct
periodic analogues of the partial sums of the Maclaurin series for the same functions.

Let m = 0. We fix n € INy and we are going to construct the fundamental polynomials for
different values of the parameter & = 0, 1,...,2n. By the formula (5.3), the coefficients of the
polynomials ugj are equal to

lek: (_1)kBkl(OzoOél...042) [=0,1,....2n
O o) RO o)

hence,
2n
uo(t) = Z dy 01", kE=0,1,...,2n.
1=0

This allows us to write the interpolation polynomial z, for the values of the function x € C
at the nodes A,
2n
Ton(t) =D x(ti)ugr(t), tER. (6.1)
k=0
Let us calculate explicitly the polynomials ugg, £ = 0,1,...,2n. Using the formula (5.3), we
find

1 2n o 1 — ef@n+1)(t—ty) L R
t) = Ult—te) — : =0,1,...,2n, teR. (6.2
vonlt) = 5 ; ‘ (2n + 1)(1 — eilt—t))’ n (6.2)

The expression (6.2) is a complex analogue of the Dirichlet kernel in the periodic Lagrange
interpolation polynomial. Substituting (6.2) into (6.1), we get

2n ;
1 1 — ez(2n+1)(t—tk)
Ton(t) = o+ 1 ;x(tk) 1 — eilt—te) 7 teR.

A more interesting case is for n = 0, m > 0. In this case, the polynomials
Tmo(t) =Y 1P (t)uuo(t), meN,  teR, (6.3)
pn=0

are partial sums of the Maclaurin—type series for periodic functions x € C'*°. The term “Maclau-
rin type” means here that the polynomials u, o, p = 0,1,...,m, are not algebraic, but periodic,
like the function x € C™.

Let n = 0. We fix m € Ny and we are going to construct the fundamental polynomials
for different values of the parameter u = 0,1,...,m. By the formula (5.4), the coefficients of
polynomial w, o are equal to

(_1 m+p

)
dl,u,o = WBM,I(@),& 51,07 s 75m,0)7 [=0,1,...,m,
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and hence,
uuo(t) = Z dy 0™, p=0,1,....,m.
1=0
Let us calculate the explicit form of polynomials (6.1) for several values of m.
Let m =0, then | = u =0, w(Boo) = Boo(foo) =1, hence, ugo(t) =1, and
zo(t) = x(to), te R
For m =1 we find
ﬁo,o = 07 BI,O - ia w/1<60,0> = _i7 wi(ﬁLO) = i’
Boo(Bo0; Br0) =i,  Bio(Boo, B10) =1,  Boi(Boo;B10) =0,  Bi1(Boo,Bro) =1,
and therefore,
dopo =1, dipo0 =0, do10 = i, di, 1,0 = —i.
The polynomials u, o, u = 0,1, read as
Uo’o(t) = 1, ul,O(t) =17 — ’i€it7
and the polynomial g is
z10(t) = z(to) + 2 (to)(i —ie™),  t€R.
For m = 2 we get
Boo =0, Bro =1, P20 = 21,
wy(Bo0) = —2, wy(Br0) = 1, wy(B20) = —2,
Bo,o(Boo, Br0, B20) = —2, Bo,1(Bo,0, B1,0, B20) = 0 Bo2(Bo,0, B1,0, B20) = 0,

Bl,O(ﬁO,O)ﬁl,OaBZ,O) = 327 Bl,1(50,0761,07ﬁ2,0) 2Z7 Bl,2(50,0751,07ﬁ2,0) = i?
Bs.o(Bo0, 1,05 B20) = 1, Bs1(5o0, 81,0, B2,0) = 1, Bs5(Bo,0s 51,0 B2.0) = 1,

and therefore,

3. .

do oo =1, di00 =0, d2 0,0 =0, do1,0 = b di10 = —21,
d ' d, L d 1 d L
= —1 = —— = = ——,
2,1,0 2 ? 0,2,0 2 ? 1,2,0 ? 2,2,0 2

The polynomials u, o, = 0, 1,2, read

3. PV 1 T
Uo’o(t) = 1, ULO(t) = 52 — 226” + 5@62%, u270(t) = —5 + €Zt — §€l2t

and the polynomial x5 reads

3 T P
$270(t) = $(t0) + .I/(to) <§Z — 2Z'€n + §i612t> — l’//<t0) (— — ezt + 5612t> s teR.

Now we take m = 3. Let us find the values of parameters in the formulas (5.4). The
coefficients 3,0, 1 = 0,1, 2, 3, are equal to

Boo =0, Bio =1, Ba,0 = 24, B30 = 3i,
thus,
ws(Boo) = 64, wy(B10) = —21, wy(B2,0) = 2i, wy(Bs0) = —6i.
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Let us calculate the values of the functions B,, ;(50.0, 81,0, 82,0, 830), i, = 0,1,2,3. For the sake
of brevity, we shall omit the vector (8o, 81,0, 520, 3,0) in the variables of the function B,,;

By = —061, By, =0, By =0, Bz =0,
By = —11, By = —6, By = -3, B3 = -2,
By o = —61, By = 51, By o = 41, By 3 = 31,
B3o =1, B3 =1, B3s =1, B3z =1.
This allows us to calculate the coefficients d; 0, p,0 = 0,1, 2,3,
dooo = 1, di,00 =0, da0,0 =0, dz 00 =0,
11 3 1
0,1,0 = Ei, di10 = —3, dy10 = 51} dsi10 = —gi,
d = -1 d _? d = -2 d _ 1
020 = —1, 120 = 3 220 = —2, 320 = 3
1 1 1
doso = —Ei, di 30 = 52} dyzo = —§i, ds 30 = 61

The fundamental polynomials w, o, 1 = 0, 1,2, 3, read

11 L3 1. .

U(),Q(t) = 1, U170<t) = EZ — 3i€1t + 57;62% — gielgt,

5 ‘ 1. 1 1 1 1. .
Ugp(t) = —1+ 56” —2e" 4 §el3t, ugo(t) = —6@ + 5@6 t— 5t e 4 6ie’3t,

and the polynomial x3 reads
11 3 1 . 5 . 1.
230(t) =x(to) + 2'(to) | —i — 3ie™ + Zie™ — Zie™ ) — 2" (to)(1 — —e + 2™ — ™)
’ 6 2 3 2 2
1 1 1 1
2" (to) (61 — 561 + iie 2 _ gie 3t) : teR

The given examples show that in contrast to the non—periodic polynomials of the usual
Maclaurin series, in the periodic series of the Maclaurin type, the addition of one more term
requires the recalculation of all previous terms.

We proceed to the case m > 0, n > 0. In [10], the author has already used the interpolation

polynomials 1, n = 0,1,..., of the first multiplicity as an approximation aggregate for the
exact solving of singular integro—differential equations with the Hilbert kernel. Here, we give
an example of a Hermite — Fejér type polynomial of order m = 2. By Hermite — Fejér

polynomials, we mean trigonometric polynomials with multiple nodes, the derivatives of which
at the interpolation nodes may, unlike traditional Hermite — Fej’er polynomials, be non—zero.

We fix n € INg and m = 2 and construct the polynomial x5 ,. Using the results of constructing
such polynomials for the cases m = 0, n > 0 and n = 0, m > 0, one can immediately write out
the explicit form of such polynomials:

3. il 1. o
Ton = 2n+ 32( (tr) + ' (tr) (52—226 (t t’“)+§262(t tk))

i(2n — 3
e (et L)) (Lo e
2 2 (1 — ellt—to)

The results of this paper can be developed in different directions. First of all, it is natural to
generalize the construction of multiple interpolation polynomials to the case of fractional order
derivatives. For this purpose, we can use fractional derivatives defined by the author in [9]. The
results of constructing trigonometric polynomials of multiple interpolation over unequal nodes
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is also of interest. It is important to establish the approximative properties of such polynomials
in different functional spaces.

It was shown in [3] that in the case of multiple interpolation of periodic real-valued functions,
the interpolation polynomials converge to the interpolated function in the space C™ for odd
m and do not converge for even m. This property is likely preserved for the complex—valued
functions considered in this paper. Finally, it is interesting to consider the problem of multiple
interpolation over an even number of nodes. Due to the multiplicity of interpolation polynomials
of this type for the same function, we expect interesting results in this case.
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