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ON HOMOCLINIC POINTS AND
TOPOLOGICAL ENTROPY OF CONTINUOUS MAPS
ON ONE-DIMENSIONAL RAMIFIED CONTINUA

E.N. MAKHROVA

Abstract. Let X be a dendroid, f : X — X be a continuous map, p be a periodic point
of f and let x be a homoclinic point in X to the periodic point p. We study the properties
of the homoclinic point x and the unstable manifold of the point p. We investigate the
local structure of X under which the existence of a homoclinic point implies the positive
topological entropy of f. We also present differences in the properties of homoclinic points
and the unstable manifolds of periodic points for continuous maps defined on dendroids,
dendrites and finite trees.

Keywords: dendroid, dendrite, finite tree, continuous map, unstable manifold, homoclinic
point, topological entropy.

Mathematics Subject Classification: 37B40, 37B45, 37E25, 54F50

1. INTRODUCTION

By continuum we mean a non—empty compact connected metric space. Let X be a continuum,
p be an arbitrary point from X. If the connected components of boundaries of an arbitrary
neighbourhood U(p) of the point p in X are singleton sets, then X is called the one-dimensional
continuum, see, for example, [3, Ch. 2, Sect. 25, I.

At present, there is an increasing interest in dynamical systems on one-dimensional ramified
continua with a complex topological structure. This is due to the fact that these continua
appear, for example, as Julia sets in complicated dynamical systems [21], as limit sets of
dynamical systems with phase spaces of dimension not less than two [9], [10], as global attractors
of skew products and integrable mappings [15], [16], in problems of mathematical physics [7],
[13], etc.

In this paper we study homoclinic points, first discovered by H. Poincaré in problems of
celestial mechanics [6, Ch. XXXIII|, for continuous mappings on one-dimensional ramified
continua such as dendroids; dendrites and finite trees are their special cases, see Definition 2.2.
The existence of homoclinic points for continuous mappings of a closed interval or finite trees

is equivalent to the positivity of topological entropy [2], [L1]. At the same time, the presence
of homoclinic points in continuous mappings of dendrites, which are not finite trees, does not
imply that the topological entropy is positive or vanishes [2], [5], [14], [19], [21]. Moreover, the

complexity of the structure of one—dimensional ramified continua leads to the fact that even
homeomorphisms and monotone mappings defined on them exhibit properties not specific for
continuous mappings of a closed interval, see, for example, [21], [22]. This is why, an effective
approach to studying the dynamics of mappings on these continua is one that establishes such
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features of their topological structure that the mappings under consideration exhibit properties
similar to the properties of continuous mappings of closed intervals or finite trees. A similar
approach was first implemented for continuous mappings of dendrites in [12], as well as in |21],
23],

Since the dendroids have a more complicated topological structure than dendrites, in this
paper we study conditions on the local structure of dendroids under which the existence of a
homoclinic point implies the positivity of topological entropy of mappings defined on them. In
addition, we study the properties of unstable manifold of a periodic point, which also depend on
the structure of the dendroid. We note that the properties of unstable manifold of continuous
mappings on finite trees were studied in [17].

2. PRELIMINARIES AND MAIN RESULTS

We denote by IN the set of natural numbers, by C the set of complex numbers and by i the
imaginary unit.

Let X be a one—dimensional continuum with metric d, and A be a subset of X. We denote
by diam A the diameter of set A, by card A the cardinality of set A; by 9(A) the boundary of
set A. By A we denote the derived set, which is the set of all limit points of set A.

Following [2], a connected subset of the continuum X whose closure is homeomorphic to the
segment [0; 1] on the real line R! is called the arc.

The symbol [z; y] denotes the arc with endpoints at the points z and y, which contains these
points; we let (z;y] = [z;y] \ {2}, [z;9) = [z;9] \ {y}, (z;9) = [z y]\{z;y}.

We shall employ the definition of the order of a point in the sense of Menger — Urysohn [/,
Ch. 6, Sect. 51].

Definition 2.1 (|1, Ch. 6, Sect. 51|). Let X be a one-dimensional continuum, z be a point
mn X.

1) We say that the order of z is finite if there exists n € IN such that for each neighborhood
U(z) of z in X there exists a neighborhood Uy(z) C U(z) such that card (U, (z)) = n, and
there is no subneighborhood Usy(z) C Uy(z) such that card d(Uy(2)) < n'. In this case, we
say that the order of z is equal to n (ord z = n).

2) The order of a point z is called infinite if for each number w € IN there exists a neigh-
borhood U(2) of the point z in X such that for each neighborhood Uy(z) C U(z) we have
card O(U(z)) > n.

Points of finite order exceeding 2 and points of infinite order are called ramification points
of the continuum X. Points of order 1 are called endpoints of the continuum X. By R(X)
(E(X)) we denote the set of ramification points (endpoints) of the continuum X.

A continuum X is called unicoherent if for each subcontinua A and B in X satisfying the
condition AU B = X, the intersection A N B is connected.

We note that each segment on the real line R! is unicoherent, and a circle is not a unicoherent
set.

A continuum X is hereditarily unicoherent if each subcontinuum Y in X is unicoherent.

A continuum is called arcwise connected if any pair of its points can be connected by an arc.

Definition 2.2. A continuum X is called a dendroid if X is arcwise connected and heredi-
tarily unicoherent.

A locally connected dendroid is called a dendrite.

A dendrite with a finite set of endpoints is called a finite tree.

We mention the following properties of dendroids.

!Concerning the order relation on the set of cardinal numbers, see, for example, [1, Ch. 3]
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Lemma 2.1 ([20]). Let X be a dendroid. Then

1) X is a one—dimensional continuum;

2) X contains no subsets homeomorphic to a circle;

3) each two distinct points x, y in X can be connected by a single arc [x;yl;
4) each subcontinuum of a dendroid is a dendroid.

Let p be an arbitrary point in a dendroid X. Then X \ {p} consists of one or more connected
components, which are called components of p.

It follows from the definition 2.1 that if the order of a point p in a dendroid X is finite, then
the number of components of p is finite. The converse is not true for dendroids that are not

dendrites (see, e.g., [20]). For instance, in a dendroid
X—[O'i]U[O'l]UO i'i+i !
- ) ) ~ 2717 2n )

which is not a dendrite, each point p from |[0; i] is by Definition 2.1 a ramification point of infinite
order, but the point p has either one component (if x = i) or two components (if p € [0;1)).
But if a dendroid X is a dendrite, and the number of components of a point p in X is finite,
then it coincides with the order of the point p, see [1, Ch.6, Sect. 51, VIJ.

Let f: X — X be a continuous mapping of X. A point p in X is called a periodic point of
f if there exists a natural number m > 1 such that f™(p) = p; the smallest m satisfying this
condition is called the period of periodic point p. If m = 1, then p is called a fixed point of f.

The set of periodic (fixed) points of f is denoted by Per(f) (Fix(f)).

Definition 2.3 ([11]). An unstable manifold of a periodic point p of period m of a continuous
mapping f : X — X is a set of points W"(p, f™) of a dendroid X such that for each point
z € W™(p, f™) and an arbitrary neighborhood U(p) of the point p in X, which does not contain
the point z, there exists a natural number i > 1 such that z € f™(U(p)).

Definition 2.4 ([11]). A stable manifold of a periodic point p of period m of a continuous
mapping f: X — X is a set of points W*(p, f™) of a dendroid X such that w(z, f™) = {p} for
each point z € W*(p, f™), where w(z, f™) is the w-limit set of trajectory of point z with respect
to the mapping f™.

Definition 2.5 ([6]). A point z € X s called a homoclinic point of the mapping
f: X = X if there exists a periodic point p € X of period m such that p # =z, and
ze Wp, ™) W*(p, f™).

We recall the definition of topological entropy introduced first in [8].

Let X be a compact topological space, f : X — X be a continuous mapping, and U be an
open cover of X. Since X is compact, there exists a finite subcover of X. Denote by N(U) the
cardinality of the smallest subcover extracted from U. For any two covers U, V of X, we let

UvV ={ANB, where AcU BeV}.

Definition 2.6 ([3]). The topological entropy h(f,U) of a mapping f with respect to a cover
U s

lim log N(UV fYU) V...V f7TH(U))

n—00 n
where f~I(-) stands for the jth complete preimage of a set ().
The topological entropy h(f) of mapping f is sup h(f,U).
U

Y

!The notation of a segment coincides with the notation of an arc since each segment on a plane is an arc
according to the previously introduced definition of the arc.
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We proceed to the main results of the work. The first theorem is a generalization of the
known properties of unstable manifold of a periodic point of continuous mappings defined on a
closed interval and a finite tree [L1], [17].

Theorem 2.1. Let f: X — X be a continuous mapping of a dendroid X, p € Per(f), m be
a period of the point p. Then

1) W(p, f™) is invariant under f™, that is, f™(W*(p, f™)) C W*(p, f™);

2) if in addition ord p is finite and p ¢ RV (X), then W¥(p, f™) is arcwise connected.

The next statement was proved in [17].

Lemma 2.2 ([I7]). Let f : X — X be a continuous mapping of a finite tree X, point

p € Fix(f). If W*(p, )\ W"(p. f) # 0, then W*(p, f) \ W"(p, f) C Per(f).

In this paper we show that Lemma 2.2 fails for continuous mappings defined on a dendroid,
see Example 3.2.

In the next theorem we obtain local conditions on the structure of a dendroid, which ensure
an analogue of the assertion proved for continuous mappings of a closed interval [11].

Theorem 2.2. Let f : X — X be a continuous mapping of a dendroid X and let a fixed
point p € X satisfy the following conditions:

1) p ¢ RV(X);

2) ordp is finite.
Then for each point x € W*(p, f), x # p, and for each neighborhood U(p) of the point p in X
there exist a point y € U(p) N W"(p, ) and a natural number n > 1 such that f"(y) = x.

In the paper we also show that the violation of at least one of Conditions 1) or 2) of Theo-
rem 2.2 destroys the statement of the theorem, see Examples 4.1 and 4.2.

Since each point of a finite tree satisfies Conditions 1), 2) of Theorem 2.2, we obtain the
following statement.

Corollary 2.1. Let f : X — X be a continuous mapping of a finite tree X, p € Fix(f).
Then for each point x € W¥(p, f), x # p, and for each neighborhood U(p) of p in X there exist
a point y € U(p) N W™ (p, f) and a natural number n such that f*(y) = x.

Since each homoclinic point to a periodic point p of the mapping f belongs to the unstable
manifold of the point p, by Theorem 2.2 we obtain the following statement.

Corollary 2.2. Let f : X — X be a continuous mapping of a dendroid X, f have a ho-
moclinic point x € X to a periodic point p € X of period m, and the following conditions
hold:

1) p¢ RW(X);

2) ordp is finite.

Then for each neighborhood U(p) of the point p there exist a homoclinic point y € U(p) to the
periodic point p and a natural number n > 1 such that fm"(y) = x.

Thus, if the assumptions of Corollary 2.2 are satisfied, in an arbitrary neighborhood of a
periodic point p there exist an infinite number of homoclinic points of the mapping f, which is
not true if at least one of the conditions 1) — 2) of this corollary is violated, see Examples 4.1
and 4.2 below.

In the next theorem we obtain local conditions on the structure of a dendroid, under which
the existence of a homoclinic point of the mapping f implies the positivity of the topological
entropy.
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Theorem 2.3. Let f: X — X be a continuous mapping of a dendroid X, and there exists
a homoclinic point © € X to a periodic point p € X, where the point p satisfies the following
conditions:

1) p¢ RV(X);

2) ordp is finite.
Then the topological entropy of the mapping f is positive.

3. PROOF OF THEOREM 2.1

To prove the theorem 2.1 we need the concept of an n—od, where n > 3. The set of points
in the complex plane, the n—th power of which belongs to the segment [0; 1] is called the n—od.
We note that the n—od has a single ramification point 0.

Lemma 3.1. Let f: X — X be a continuous mapping of the dendroid X, p € Fix(f). Then
FW*(p, f)) € W*(p, f).

Proof. Let = € W¥(p, f) be a point. By Definition 2.3, for each neighborhood U(p) of p there
exists a natural number n > 1 such that @ € f"(U(p)). Then f(x) € f*(U(p)), that is,
f(z) € W*(p, f). The proof is complete. ]

Lemma 3.2. Let X be a dendroid and a point p in X satisfy the conditions
1) p¢ RW(X);
2) ordp =n, where n € IN.
Then for each neighborhood U(p) of a point p in X there exists a neighborhood Uy (p) C U(p)

such that Uy(p) is either an arc (for n =1 or 2) or is homeomorphic to the n—od (for n > 3).

Proof. Let U(p) be an arbitrary neighborhood of p in X. Since the order of p is finite, it
follows from Definition 2.1 that the number of components of p is n. We denote by X;(p) the
components of p, where 1 < i < n. Since p ¢ R (X), for every 1 < i < n there exists a point
a; € X;(p) NU(p) such that

(p;cu] N R(X) = 0.

%

We let Y = |J[p; ;). Then Y is either an arc (for n = 1 or 2) or is homeomorphic to the
=1
).

n—od (for n > IfY C U(p), then we let Uj(p) =Y, and this case we arrive at the desired
statement.

We consider the case Y ¢ U(p). Since Y is an arc or is homeomorphic to the n—od, then Y’
is a locally connected continuum. Therefore, there exists a connected neighborhood U;(p) C

Y NU(p). Then Uy(p) is either an arc (for n = 1 or 2) or is homeomorphic to the n—od (for
n > 3). The proof is complete. ]

Lemma 3.3. Let f : X — X be a continuous mapping of a dendroid X, p € Fix(f), ordp
be finite, and p ¢ RV (X). Then W(p, f) is arcwise connected.

Proof. Since p € W*(p, f), it is sufficient to show that for each point x in W*(p, f) \ {p} there
exists an arc [p; x] such that [p;z] C W*(p, f).

Since X is a dendroid, by Property 3) of Lemma 2.1 there exists a unique arc [p;x] C X.
Let us show that each point z in (p;z) belongs to W*(p, f).

Let U(p) be an arbitrary neighborhood of p in X that does not contain z. Since ord p is finite
and p ¢ RM(X), by Lemma 3.2 there exists a neighborhood U, (p) C U(p) such that U, (p) is
an arc or homeomorphic to the n-od.

Since x € W¥(p, f), by Definition 2.3 for a given neighborhood U;(p) of p there exists a
natural number k£ > 1 such that = € f¥(U;(p)). Then there exists a point y € U;(p) such that
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f¥(y) = x. Since y € Uy(p), by the choice of the neighborhood U;(p) we have [p;y] C U;(p).
On the other hand, it follows from the continuity of f that the set f*([p;y]) is connected and
contains the points p and z. Therefore, [p; ] C f*([p;y]). Since z € (p; ), we obtain

z € fMpy)) € fH(UL(p)).

Since Uy (p) C U(p), and U(p) is an arbitrary neighborhood of the point p, we have z € W*(p, f).
The proof is complete. O

Theorem 2.1 is implied by Lemmas 3.1 and 3.3. If ord p is not finite, then Lemma 3.3 fails.
The idea of the next example belongs to the referee.

L i + i] , where n > 0. On the dendroid

E le 3.1. Let I, = | —;
xample e [2n om

X:[O;i]U[O;l]UGIn

we define the mapping f : X — X as follows

1) f(x) =a if v € [0;i] U Iy;
flz)=2xifz € [O; %},
flx)=1ifz e [%, 1];
f il — 1, is a linear homeomorphism with the following property: for each point x in
Iy, the identity Imx = Im f(z) holds, where Im(-) is the imaginary part of (-). Then
f(Iny1) = I, for every integer n > 0.

)
2)
3)
4)

The constructed mapping f is continuous, the unstable manifold of any fized point x from (0, i]
is mot connected. We note that according to Definition 2.1 the order of each point x € (0;i] s
infinite.

In conclusion of this section, we show that Lemma 2.2 fails for a continuous mapping defined
on a dendroid.

Example 3.2. Let
+oo
. .
X =1[0;1]uU U I;, where I;= [O;exp (2—31>] , j=0.
=0

At each point x of (0;1], the continuum X is not locally connected. Therefore, X is a dendroid,
which s not a dendrite.

To define the mapping f + X — X, we need two auziliary mappings. The first of them,
h; = 1; = [0;1] (j > 1), is defined by the formula

hj(il?) =X -exp (—%i) for any point x € I, j =1L

We note that h; is a homeomorphism, and h;(1;) = [0;1].
We define the second auziliary mapping g; - I; — I; (j = 1) by letting

gj(x) = h]-’l( h;(x)) for any point vel, j>1

We note that
T

Per(g;) = Fix(g;) = {0; exp (2—]1>}
for each number j > 1 and for any point x in I; \ {O,exp <%1>} the w—limit set w(x,g;) of
T

-i).
23

trajectory of point x with respect to the mapping g; is the fived point exp (
We define the mapping f : X — X as follows:
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1) f(z) =z ifx €[-1;0];

2) f(x) = g;(z) - exp (;T—]1> ifxel; forall j > 1;

3) flx) =z if v €0;1].

The constructed mapping f is continuous and Per(f) = Fix(f) = [-1;0] U {1}.

We are going to show that each point y in I; \ {O,exp (%1)} (7 = 1) belongs to W*(0, f).
Let U(0) be a neighborhood of 0, which does not contain y, and let x be an arbitrary point in
U0) N (L; \{0}). Since w(x,g;) = {exp (11> }, there exists a natural number n > 1 such that

2
g;(z) € (y;exp (;T—]l)) Then ]
y € g7 (U(0) N I).

Item 2) of the construction of mapping f implies that y € f*(U(0) N Ij4,). Therefore,
y e fM(U(0)). Thus,

oS T .
X\ U {exp <2—jl>} C W*(0, f).
j=1
Since f(I) = Iy, by Lemma 5.1 (—1;0] C W*(0, f). Since for each neighborhood U(0) of the
point 0 obeying U(0) N E(X) = 0 and any natural number n > 1 the condition
fHU0)NEX) =10
is satisfied, we find W*(0, )N E(X) = 0. Summarizing the above facts, we obtain the identity
W0, f) = X \ E(X).
Then Wx(0, f)\W*(0, f) = E(X), and each point exp <%1> ,j =1, in E(X) is not a periodic
point of the mapping f.

4. PRrROOF OF THEOREM 2.2

Suppose that the statement of Theorem 2.2 is false. Then there exist a point z € W*(p, f)
and a neighborhood U(p) of p in X that does not contain x satisfying the condition

A Up)nW*p, f))Nn{z} =0 foreach neN. (4.1)

Let 7 = ord p, where » € IN. Since the order of p is finite and p ¢ R("(X), by Lemma 3.2
there exists a neighborhood Uy (p) C U(p) such that Uy (p) is either an arc (if r = 1 or 2) or is
homeomorphic to the r—od (if r > 3). Put Y = U,(p).

Since p,z € W*(p, f), by Lemma 3.3 we have [p; x] C W*¥(p, f). Therefore,

[p;z]NY C W*(p, f). (4.2)

Hence, there exists at least one component of the point p in Y that contains points from
W*(p, f).

On the other hand, since z € W¥(p, f), it follows from (4.1), the condition Y C U(p) and
the connectivity of W*¥(p, f) that there exists at least one component of p in Y that does not
contain points from W*(p, f). Taking into consideration (4.2), we obtain that the order of p is
greater than 1, that is, r > 2.

Let s be the number of components of p that do not contain points from W*"(p, f). Then
1 < s <r—1. Denote by Y;,(p),...,Y:.(p) the components of p in Y, for which

Vo)W f) =0, 1<i<s, (43)
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and Y; ., (p),...,Y; (p) are the components of point p, for which
Yi,(p)) N W (p, /) #0,  s+1<j<r

Since W*(p, f) is connected, Y;,(p) NW*(p, f) is also connected (s+1 < j < r). This is why
without loss of generality we suppose that

Y, () SWi(p. f),  s+1<j<r (4.4)

Otherwise, using the local connectivity of Y and connectivity of W*(p, f), we choose a connected
subneighborhood Uy(p) C U;(p) such that all components of the point p in Uy(p) containing
points from W*(p, f) belong entirely to W*(p, f).

By continuity of f and the local connectivity of the continuum Y, there exists a connected
neighborhood Us(p) of the point p such that Uy(p) C Ui(p), and

f(Ua(p)) C Ui(p). (4.5)

Since Us(p) is a connected neighborhood and Us(p) C Uy(p), then Us(p) is either an arc (if
r =1 or 2) or is homeomorphic to the r—od (if r > 3). Therefore, Y;, (p) N 9(Uz(p)) a singleton
set for each 1 < j <r. Welet a; =Y;;(p) N 9(Ua(p)) for 1 < j < 5. By (4.3), a; & W(p, ),
1 < j < s. Therefore, there exists a nelghborhood Us(p) of the point p such that Us(p) C Us(p),
and

FUs(p) N{ar,...,as} =0,  j=>1. (4.6)

We are going to show that f™(Us(p)) N {z} = 0 for each number n > 1. We suppose the

contrary, then there exist a point y € Us(p) and ng € IN such that f"(y) = x. Since z ¢ U(p),

and Us(p) C Us(p) C Ui(p) C U(p), we have x ¢ Us(p). Thus, y € Us(p), and = ¢ Us(p).
Therefore, there exists a natural number £ > 1 such that

{v, W), ....fF W)} CUs(p),  f*(y) & Us(p).

Then by the embedding Us(p) C Us(p) and (4.5) we obtain f*(y) € U;(p). Hence, taking into
consideration that U (p) C U(p), = ¢ U(p), we get k < no.
Thus,

FH(y) € Ui(p) \ Us(p UY )\ Us(p

Then, in view of the conditions: p € Fix(f), and f is continuous mapping, we obtain

FE([p; y]) N OUs(p) # 0.
By (1.6),
oy y) n{an, ..., o} = 0.

Therefore,

UYz] )\ Us(p).

j=s+1
Then, taking into account (4.4), we obtain that f*(y) € W%(p, f). Hence,

z e [T Us(p) " WH(p, f)),

which contradicts (4.1) since Us(p) C U(p). Thus, f"(Us(p)) N{x} = 0 for each n > 1. The
latter contradicts the condition x € W*(p, f). The proof of Theorem 2.2 is complete.

The following two examples show that the statement of Theorem 2.2 fails if at least one of
Conditions 1), 2) is not satisfied. In Example 4.1 we construct a continuous mapping on the
continuum X3, on which Condition 1) is not satisfied, and in Example 4.2 we do a continuous
mapping on the continuum Xj, on which Condition 2) is violated.
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Example 4.1. 1. Construction of the continuum X;.

1
For each integer k > 0, let I}, = + Lk} be vertical segments, whose lengths tend to 0

2k 9k 2
as k — +oo. We define the dendroid

zZ=[0;1]uJ L,
k=0

which is a dendrite. The dendrite Z has a countable number of ramification points, the order of
each ramification point is 3, and 0 € RV (Z). The segment [0;1] is called the base of dendrite

Z.
For each j € N, we denote by Z; the dendrite obtained from dendrite Z by contraction in all

1 1
directions by o times and shifting along the segment [0; 1] by > to the right. As a result, the

1 3
base of dendrite Z; coincides with the segment {2—], ﬁ] (j = 1). Fach vertical segment of

dendrite Z; obtained by the contraction and shift of segment I, is denoted by I,gj), where j > 1,
k> 0. We observe
lim diam Z; = 0. (4.7)

J—00

Let
1 T,
Jk — |:17 1 + ﬁexp <2_kl>:| ;

where k > 1, and Y = |J Jx. The continuum Y is a dendrite and has a single ramification
k=1
point 1 of infinite order.

We define the continuum
X =[0;1]ulJz vy,
j=1
see Figure 1. By (4.7), the continuum X, is locally connected, therefore X1 is a dendrite. We
note that the dendrite X, has a countable number of ramification points, and 0 € RW(X,).

J

1

®
I 0
@ I®

I(;)

+
0
£

3 @
19 T4

= -||| S| |
0 1 1

|
EN Y]

1 3
8 4 8
FIGURE 1. Dendrite X,

2. Define the mapping [ : X1 — X; as follows:
1) £(0) =0.
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1
2) For each j > 2, welet f(z) =+ 2 for x € Z;. As a result, each dendrite of Z; (j > 2)

1 .
is shift by % units to the right along the interval [0;1], and f(I, 1Y ) = ijﬂl) for all k > 0.
Thus, f(Z;) C Z;—y for each j > 2. We note that each segment

13
1 5

which is the base of dendrite Z;, is mapped onto the segment {F’ %] (7 = 2).

3) For each number j > 1 we define the linear homeomorphism

3 1 5 1 3 5 1 1

4) f2)=1ifze El}
5) We define f: Zy — Y such thal

()

f: I,gl) — Ji11 18 a linear homeomorphism with the property: f([,gl)) = Jri1 for each
k>0. Then f(Z)) =Y.
6) For each number k > 2, we define a linear homeomorphism f : Jy — Jy_1 such that

f (1 + 21—kexp (%1)) — 2,3_1 (5=i).  fO)=0.

Then f(Jk) = Jk—l-
7) Let f:Jy — [0;1] be a linear homomorphism such that

f)y=1, (1+%exp (;)) — 0.

The mapping f is continuous, Per(f) = Fix(f) = {0; 1}. It follows from Item 2) of con-
structing the mapping f that

f] 1([(] ) _[()

ktj—1> j=2 and k=0.

Then, taking into account Item 5) of constructing the mapping f, we obtain the identities

FAP) = (P A) = FIY), ) = Jesg, where j>1, k>0
They yield

| Ji,  j=1 (4.8)
U

We are going to show that the unstable manifold W*(0, f) of the point 0 is the set [0;1] U Y .
It follows from Items 2) — 3) of the construction of mapping f that each point x € (0; 1] belongs
to W*(0, f). Let us show that each point e from Y \ {1} belongs to W*(0, f). Let U(0) be an
arbitrary neighborhood of the point 0 in X that does not contain the point 1. By (4.7) there
exists a natural number jo > 1 such that Z;, C U(0). According to the construction of the
dendrite Y, there exists a natural number ko > 1 such that e € Jy,. If ko = jo, then, by (4.8),
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e € f(U(0)). If ko < jo, then by the choice of jo, (4.8) and Item 6) of the construction of
mapping [ we obtain

FARTRRU0) D TR (Z5)) D (| ) o () = Jk e
1=jo

Thus, e € W*(0, f). Therefore,

0;1]UY C W0, f). (4.9)
It follows from Item 2) of constructing the mapping f that f*kfl(llgj)) =0 forj>1,k>0.
Hence, by (4.9) we obtain

W0, f) = [0;1]UY.

Thus, for each neighborhood U(0) of the point 0 in X that does not contain the point 1 we

have U(0) N W*(0, f) C [0;1). But for each point x € Y \ {1} and each natural number n > 1
we have f~"(x) N [0;1) = 0. Hence, for an arbitrary point x € Y \ {1} we have

L £ (@) N (U(©0) n w0, f)) = 0.

Thus, if Condition 1) of Theorem 2.2 is violated, then the statement of Theorem 2.2 fails.
In conclusion, we note that by Item 7) of the construction of the mapping f, each endpoint

1
1+? exp <%1) , k=1, of the continuum Y s a homoclinic point of the mapping f to the fized
point 0. But none of them has homoclinic points among their preimages in the neighborhood

U(0) of the point 0. Thus, Corollary 2.2 fails if its Condition 1) is violated.

Example 4.2. Let us construct the continuum Xo. For each natural k > 1 we let

1 .

As in Example /.1 we define

1 .
Jp = {1; 1+ ?exp <?1)} ,
where k > 1. We observe that
lim diam I, = klim diam J; = 0. (4.10)
—00

k—o00

We let

X2 = [0, 1] U U(Ik U Jk),
k=1

see Iigure 2.

By (4.10) the continuum Xy is locally connected. Therefore, X5 is a dendrite with only two
ramification points 0 and 1 of infinite order.

1
We denote Y = |J J, and let e, = 1+ o exp (%1) be the endpoints of the continuum Y,
k>1

kE>1.

We proceed to constructing the mapping f : Xo — Xo.

1) Let f(z) =z if 2 € [0;1].
2) Let f: [0; %} — [0; 1] be a linear homeomorphism such that

0y =0, f (%) 1



E.N. MAKHROVA

FIGURE 2. Dendrite X5

i 1 1
3) To define the mapping [ : [%, i] — Y, we denote z, = (5 + ?> i, k > 1. We note that
I !
fima=g

For all k > 1, we define a linear homeomorphism f : [z zpe1] — [ex; exr1] such
that f(zr) = ek, f(zk11) = exs1- Then f([zk; zk11]) = Jp U Jry1, (K = 1). Therefore,
i,
(]s]) -
4) To define the mapping f : Iy11 — I (k > 1), we divide each segment Iy, into 2 equal parts

and denote by I,gl) the half that contains the point 0, and by [,52) the other half. We let
mo. .
£(2) = 22 - exp <%1> Cif 2eID forall k> 1. (4.11)

Then f(Ilgi)l) = I,El) for k> 1. On each segment

s ™

@ _ | 1 AR :
LY = {2“1 exp(2k+11> ,?exp (Wlﬂ (k>1)

we define the linear homeomorphism

9 1 T, 3 T,
f: I,ng)l — {ﬁ exp <?1) ;Wexp <2—kl>:|

such that
1 ™ . 1 T, 1 T . 3 T
f(grre (i) ) = e (561) . 7 (grooe (5d) ) = g o (55)

and the distance between any two points from ],i)l s preserved, that is, for all points x, y

in ],gi)l the identity d(x,y) = d(f(x), f(y)) holds. Then f(I,gi)l) C ],gQ), or, more precisely,
the segment ],gi)l 15 mapped only into the half of segment I,gQ). Then for each endpoint
1

2h1 ©XP (%1) belonging to I, the condition is satisfied:

a1 .
fhet (le exp <ﬁ1>) = Z, k> 2. (4.12)
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Thus, by (4.11) and (4.12) we obtain the identity
L) =02, k=2 (4.13)

5) For each k > 1, we define a linear homeomorphism f : Jy11 — Ji such that f(exs1) = ex,

f(1)=1.
6) Let f:Jy — [0;1] be a linear homeomorphism such that f(e1) =0, f(1) = 1.

The constructed mapping f is continuous, Per(f) = Fix(f) = [0;1].
We are going to show that

w0, f)=[0;1]uy ul 1"
k=1

First let us show that each point e of the continuum Y belongs to W*(0, f). Let e € J (k > 1),
and U(0) be an arbitrary neighborhood of 0 that does not contain 1. By (4.10) there ezists a
natural number jo > k such that I;; C U(0). Applying (41.13), we obtain the identity

F7H L) = 105 250].
Then, by virtue of points 2) and 3) of the definition of the mapping f, we have
. o i i °o
P = ) = 10 5 = £ ([os 3] 5] ) =10 U g o 0
k=jo
and by Item 5)
fzjo_k<1jo) = fjo_k(fjo([]b)) ) fjo_k(ljo) = J.
Therefore, f*°=%(U(0)) N{e} # 0. The above reasoning yield

o;1uyu Y cwo, f).
k=1

Let us show that (%, i} N0, f) = 0. Let x be any point from %; i|. Then there exists a

natural number ko > 1 such that x € (zx,+1; 2k,]. We choose a neighborhood U(0) of the point
0 such that

Uo)yniZ, =0. (4.14)
By (4.13) and Item 3) of the definition of mapping f
FI) N (zhgrrs 2] =0, E=ke+1, j>1 (4.15)

It follows from the condition (4.14) that U(0) N I,Ez) =0 for 1 <k < ko. Then, by (4.11),

Y Uo)nI) c [0; %} for 2 < k< k.

Hence, by Item 2) of the definition of mapping f we obtain
FHU) N L) N (2hgs1; 20 ) = 0, j=>1, 2 < k < k. (4.16)
Since U(0) NI C [0;i], according to Items 1) and 2) of the definition of mapping f
FHUO)NI) N (Zrgats 2ko) = 0, j>1. (4.17)
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It follows from (4.15), (4.16) and (4.17) that f7(U(0)) N{x} = 0 for each point x € (%, i}.

Thus, (%, i} NW™ 0, f) = 0. Therefore, for all j > 1

Fi ((% ID NW*(0, f) = 0.

Hence, by Item 3) of the construction of mapping f, for each point e € Y\ {1} and an arbitrary
neighborhood U (0) of the point 0 that does not contain 1, the following condition is satisfied:

U@ n v (0, ) nu() = 0.

Thus, if Condition 2) of Theorem 2.2 is not satisfied, the statement of this theorem fails.

We also note that each endpoint e of the continuum Y is a homoclinic point to the fized point
0, but among the preimages of the point e there are no homoclinic points to the fized point 0,
that is, Corollary 2.2 also fails if its Condition 2) is violated.

5. PROOF OF THEOREM 2.3

To prove Theorem 2.3, we need the notion of a horseshoe adapted to the considered case,
which goes back to Smale [25], as well as auxiliary statements.

Definition 5.1. We say that the mapping f : X — X of a continuum X has a horseshoe if
there exist disjoint subcontinua A, B C X such that

F(A)Nf(B) > AUB.

The following theorem is a direct consequence of Definitions 2.6 and 5.1, see, for example,
2]

Theorem 5.1 ([2]). Let f : X — X be a continuous mapping of X, and let f be a horseshoe.
Then the topological entropy of f is positive.

We shall need the following property of topological entropy.

Lemma 5.1 ([8]). For each continuous mapping f : X — X of a compact topological space
X and each natural number n > 1 the identity

W) = - h(f)
holds, where h(-) is the topological entropy of the mapping ().

Proof of Theorem 2.3. To prove the positivity of topological entropy of f, we use Theorem 5.1
and Lemma 5.1. Let us show the existence of a horseshoe for some iteration of f.

Let = be a homoclinic point to a periodic point p of period m, U(p) be an arbitrary neigh-
borhood of p in X that does not contain x. Denote by r = ord p, where r € IN. Since ordp
is finite, p ¢ RM(X), by Lemma 3.2 there exists a neighborhood U, (p) of p in X such that
Ui(p) € U(p), and Uy(p) is either an arc (for r = 1 or 2) or is homeomorphic to r—od (for
r>3).

By Corollary 2.2 there exist a homoclinic point z; € U;(p) to a periodic point p and a natural
number n; such that f"(zy) = z. Since U;(p) is a locally connected continuum, there exists
a connected neighborhood Us(p) C U;(p) of p such that z; ¢ Us(p). Again by Corollary 2.2
there exists a homoclinic point xs € Us(p) to a periodic point p and a natural number ny such
that f™"2(z5) = x;. We repeat the above reasoning (r + 1) times. As a result, we construct
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connected neighborhoods Uy (p) of the point p (1 < k < r+ 1), homoclinic points {z1, ..., 2,41}
and natural numbers {n,...,n,,1} with the following properties

1) Uk1(p) C Ug(p) for each 1 < k <1
2) w11 € Upsa(p), but 2y & Upy1(p) for all 1 < k < r;
3) [t (zgyy) = oy for 1 < k<.

Since the order of p is r, there exist distinct homoclinic points z;, z; € {x1,..., 2,41} that
lie on the same component of p. Let i < j for the sake of definiteness. Since U;(p) and U;(p)

are connected neighborhoods, and U;(p) C U;(p) C Ui(p), then U;(p) and U;(p) are either arcs
or homeomorphic to 7—od. Then by Properties 1) — 3) we obtain

x; € (p;x;), and  frentedmebetngd ) — 0 where i+ 1<k <
Let g = fmuwtedmctdn) oy = 2. Then g(p) = p, y € (p;9(y)). Therefore, by the
continuity of the mapping ¢
9([p;9l) 2 l9(p); 9(y)] = [p; 9(y)] O [p;w]. (5.1)

Since y is a homoclinic point to a fixed point p, by definitions 2.4 and 2.5 w(y,g) = {p}.
Therefore, for any neighborhood U(p) of p that does not contain y, there exists a natural
number s > 2 such that ¢°(y) € U(p). Then

v € (9°(); 9(v))- (5.2)
We denote by V' the component of y that contains g(y). Then it follows from (5.2) that

gy) €V, 9°(y) ¢ V.

Therefore, there exists a natural number 2 < jy < s such that
@) eV forany 1<j<j 1, g°(y) € V.
Then the points ¢’°(y) and ¢g?°~!(y) lie on different components of y, that is,
y € (6" (v): 9" (). (5.3)

It follows from the continuity of the mapping g that

7y 9@ 2 (6 (®); g Haw)] = 6 (v); g ().
Taking into account (5.3), we obtain that

gy 9@)]) 2 ¢ (y):y)-

This inclusion yields

9(g™ (s 9w)]) D g(lg” " (w); v)),
that is,
9 (ly; 9(W)]) 2 9" (v); 9(w)]-
Hence, by (5.3),
g (ly; 9W)]) 2 [¢"° (W) 9W)] D ly; 9(v)].
Let h = g’. Then A([y; g(y)]) D [y; g(y)]. But then

W(ly;9w)) D o), 5> 1. (5.4)
It follows from (5.1) that there exists a point y; € (p;y) such that g(y;) = y. Then

g(lpsw]) 2 syl D [psw)-

Therefore, there exists a point ys € (p;y1) such that g(y2) = ;. We repeat the above reasoning
Jo times. As a result, we construct a set of points {yi,...,y;,} with the following properties:

9(v1) =v,9(y;) =yj—1, and y; € (pyj—1) for 2<j < jo.



94 E.N. MAKHROVA

We let u = y;,, v = yj,—1. Then [u;v] N [y; g(y)] = 0 and

h(lu; v]) = g% ([us v]) 2 [¢7 (w); g™ (v)] = [y: 9(y)], (5.5)

Since y is a homoclinic point of f, by Definition 2.4, w(y, f™) = {p}. Since p € Fix(f™),
we have w(y,h) = {p}. Therefore, for each neighborhood U(p) of p satisfying the condition
U(p) N {u} = 0, there exists a natural number j; such that for each j > j; the condition
hi(y) € U(p) is satisfied. Therefore,

ue (W (y)sy),  J=h

Then, taking into consideration (5.4), we get

W (ly; 9(w)) D [ g(y)] D [wsv] Ulysg(y)l, 5= (5.6)
Therefore, by (5.5) we obtain
B (us 0]) D B (g 9(9)]) D s o] U [y; 9(9)). (5.7)

It follows from (5.6) and (5.7) that the mapping h?*™! has a horseshoe ([u; ], [y; g(y)]).
According to Theorem 5.1, the mapping h has a positive topological entropy. By Lemma 5.1
the topological entropy of f is also positive. The proof is complete. O

The author expresses her gratitude to the referee of the careful reading of work and made
cominents.
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