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ON RECOVERING PROBLEM FOR STURM — LIOUVILLE
OPERATOR WITH TWO FROZEN ARGUMENTS

M.A. KUZNETSOVA

Abstract. Inverse spectral problems consist in recovering operators by their spectral char-
acteristics. The problem of recovering the Sturm— Liouville operator with one frozen ar-
gument by one spectrum was considered earlier in works by various authors. In this paper,
we study the uniqueness of recovering the operator with two frozen arguments and different
coefficients p, ¢ by the spectra of two boundary value problems. This case is significantly
more difficult than the case of one frozen argument since the operator is no longer a one—
dimensional perturbation. We prove that the operator with two frozen arguments can not
be recovered by two spectra in the general case. For the unique recovery, one has to impose
some conditions on the coefficients. We assume that the coefficients p and ¢ are zero on
some interval and prove the uniqueness theorem. We also obtain formulas for regularized
traces of two spectra. The result is formulated in terms of the convergence of a certain
series, which allows us to avoid smoothness conditions for the coefficients.

Keywords: inverse spectral problem, frozen argument, nonlocal operator, Sturm — Liou-
ville operator, regularized trace formula, uniqueness theorem.
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1. INTRODUCTION

We consider the inverse spectral problem for the Sturm — Liouville operator with two frozen

arguments

ty = —y"(z) + p(x)y(a) + q(z)y(b), = € (0,m),

where p,q € Ly(0, ) are complex—valued, and the parameters a,b € (0, 7) are fixed and called
the frozen arguments. In contrast to pure differential operators studied in the framework of
classical theory of inverse spectral problems [3], [5], [14], [21], [34], the operator fy is non—local.
Non-local operators possess specific spectral properties, see [9], [L0], [12], [18], [28], [31], [33],
and require to develop methods different from ones in the classical theory of inverse spectral
problems.

In previous works, there were studied the Sturm — Liouville operators with one frozen argu-
ment, that is, in the case ¢ = 0, and with various boundary conditions, see 2], [9], [I 1], [13],
[L5H17], [19], [25]H128], [30], [32]. There was considered the inverse problem, which consisted
in recovering the coefficient p by the spectrum of the operator. The most complete results were
obtained for the boundary conditions

y@(0) =y (m) =0,
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where a, 3 € {0,1} denote the order of derivatives. In the rational case ¢ € Q a part of the
spectrum can degenerate (since it is independent of p) and for the unique recovering of p we
need additional data apart of the spectrum, see [13], [15], [I6]. In the irrational case ¢ ¢ Q
the degeneration phenomenon does not appear, and p is uniquely recovered by the spectrum,
see [32]. Thus, for almost all a € (0, 7) we have the unique recovering of one coefficient by one
spectrum.

A general approach to both cases was developed in [25] and [26], and later it was generalized
for the operators

ty = —y"(z) + p(z)y(a) + r(z)y(z),

see [27]. It was observed in [19] that the Sturm — Liouville operator with one frozen argument
is a one—dimensional perturbation of the differential operator foy = —y”, and there was studied
the inverse problem for the corresponding class of one—dimensional perturbations. Recently
there arose an interest to the operators with several frozen arguments taken with the same
coefficients [29]:

by =—y"(x) + Zy(ak)p(x), m € IN.

They are one—dimensional perturbations of the type, which was studied in [19]. These operators
do not lead to a situation, which differs essentially from the case of a single frozen argument,
and the inverse spectral problems can be studied by the methods of the works [19], [25]-]27].
At the same time, the operator fy is not a one—dimensional perturbation, and for this operator
there are no known methods in the theory of inverse spectral problems.

We introduce the boundary value problem £;(p, ¢) with the index j =0, 1

ty = My(x), (1.1)
y9(0) = y(m) =0, (1.2)
and by {\,;}n>1 we denote its spectrum. We consider the following inverse problem.
Inverse problem 1.1. Given the spectra {Ano}n>1 and {\n1}ns1, find p and q.

First of all, we are interesting in the uniqueness of solution to this inverse problem, that is,
whether different pairs (p,q) always produce different pairs of spectra ({A\o}ns1, {1 tns1)-
We immediately note that for a = b only the sum of p and ¢ makes sense, and in this case
the solution to Inverse problem 1.1 is not unique. To exclude this situation, we impose the
restriction

O<a<b<m. (1.3)

We shall show that for all a and b obeying (1.3), the solution to Inverse problem 1.1 is not
unique. For the unique determination of p and ¢ we have to specify the formulation of the
inverse problem by prescribing an additional information. We suppose that the coefficients p
and ¢ simultaneously vanish on [0,b] or [a,7]. Under this condition we shall prove a theorem
on the unique recovering of p and g by two spectra.

We shall also obtain the formula for the regularized traces of the spectra {\,;}n>1,j = 0, 1. By
the regularized trace we mean the series of differences between the eigenvalues of two operators,
one being a perturbation of the other. From the physical point of view, this notion reflects the
measure of energy defect of a quantum system, see [1]. The basic results of theory of regularized
traces were provided in the survey [7].

The formulas for regularized traces of operators with a single frozen argument were obtained
in [20], [22]-24] for an absolutely continuous coefficient p. In [22], under the conditions p €
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W0, 7] and ¢ = 0 it was proved that

e}

3 (An]- ~(n- %)2) —pla), j=0,1.

n=1

Here we obtain the formulas for the regularized traces under more general conditions p,q €
Ly[0, 7] :

g (A”ﬂ' N <" - %>2> - i% 7=0.1L (14)

n=1

where s,,; are expressed in terms of the Fourier coefficients of the functions p and ¢ over the
system of eigenfunctions of unperturbed operator —y”. The formula (1.4) is treated so that
either both series diverge or they converge to the same number. If p is absolutely continuous in
the vicinity of the point a, and ¢ is absolutely continuous in the vicinity of the point b, then we
have the convergence to the number p(a) + ¢(b). The formulas for the regularized traces of the
operators with two frozen arguments can be also obtained from the results of works [6] and [8],
but this requires stronger restrictions for the coefficients.

The paper is organized as follows. In Section 2 we construct characteristic functions and
obtain asymptotic formulas for the spectra, see Theorem 2.1. In Section 3 we construct an
example of distinct pairs (p,q), which lead to the same pair of spectra, see Theorem 3.1. In
Section 4 we specify the formulation of inverse problem and prove the uniqueness theorem,
see Theorem 4.1. In Section 5 we obtain the formulas for regularized traces of the spectra
{Anj}n>1, see Theorem 5.1. In Appendix we provide the details of proof of formula (2.3) for
the characteristic functions.

2. CHARACTERISTIC FUNCTIONS

Let us obtain the characteristic functions for the boundary value problems L;(p,q) with
j = 0,1. It is known that for f € Ly(0,7) each solution of the equation —y"(z) + f(z) = Ay(x)
can be represented as

T

sin px /
+ Zo COS px +

sin p(x — t)

) ft)ydt, p*=X 1, zy€C.

y(z) = a1

Letting f(t) = z3p(t) + x4q(t), we obtain

xT T

1 —t ' —t
+ 9 cos pr + T3 / %p(t) dt + x4 / %q(t) dt. (2.1)
p p
0 0

sin px

y(x) =21

This function is a solution to Equation (1.1) if and only if y(a) = z3 and y(b) = z4. This

solution is non—trivial if and only if the vector (z;)}

j=1 1s non-zero.
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Substituting the expression (2.1) into the conditions (1.2) with 7 = 0,1 and the identities
y(a) = x3, y(b) = x4, we arrive at the system of linear equations

To—j = Oa
sin p sin p(m — t) sin p(m — t)
1 + X9 COS P + 3 Tp(t) dt + x4 Tq(t) dt =0,
i [ sin p(a — t [ sinp(a — t 2.2
Ty = T COS pa + T3 / %p(t} dt + x4 / %q(t) dt = x3, (2:2)
0
b / b / b
: : _y : _y
) i X9 cos pb + x5 / Mp(t) dt + x4 / Mq(t) dt = x4.
p p
0 0

This system possesses a non—zero solution (xx)i_; if and only if

™

P

0
a

o /—smpw—w

b

/smp b—t

0

where we have employed the notation

o3(p, ) /ﬂﬁ@i%

(t) dt

p_l sin pz,
vi(p, 2) =
oS pZ,

™

]

a

Lty -1 /

b

/smpb—t (1) dt — 1

0

J

sin p(m — t)

P

sin p(a —t)
p

=0,

j=1.

q(t)dt

q(t)dt

In what follows we indicate the dependence on p and ¢ by the variables after the colon; thus,

Aj(A) =
p and q.

A;(A;p,q). This dependence can be omitted if we do not focus on particular values of

For j = 0,1 the function A;(A) is the characteristic function of the boundary value problem
L;(p,q) : the zeroes of this function coincide with the spectrum of the boundary value problem.

Since the Taylor expansions of entire functions p
of p, the functions Ay and A; are entire in \.

Expanding the determinants, after calculations we obtain the representations

Aj(A)

where

™

Ajo(A) = Ajo(Aip) = v;(p, a) / Wp(t) dt + ————/

a

™

AMMZ&@@Z%W@/%ﬂ%j%@ﬁ+

b

= j(p,m) + Ajo(A) + A (A) + B;(A),

sin p(m

sin p(m — b)

0

J=01,

/% p;1)

~Lsin pz and cos pz involve only even powers

(2.3)

(2.4)

b
/%MﬂWWt
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and Bj(\) is defined as

B,(\) = B;(xip, q) =mem =) ( [eoona | SInp€ =) o) ae

p p
—/w(/),&) q(¢) dé/Wp(t) dt)
+W(/w(pﬁ (t) dt/waf) d¢

/% p.& d&/smp i) )dt> (2.5)

0

sinp(m — & sin p(b — t)
wj(p,a)(/ il df/ P00y a

b
T b

sin p(m — t) sin p(b — &)
_b/Tp(t) dtQ/TQ(f) df)

+ iyl T [ PIE0,6) ) v

for more detail see the Appendix. The representation (2.3) shows that A;(\) are entire functions
of order % and type 7. By means of the standard method based on applying the Rouché theorem,
see [21], we prove the following theorem.

Theorem 2.1. For j = 0,1 the asymptotic formulas hold
N
>\nj = (n - %) + Anj, {%nj}n21 € EQ.

In what follows some properties of the terms in the representation (2.3) play an important
role. The terms A;o(A\;p) and A;1(A;¢) depend linearly on p and g, respectively. The term
B;(X;p, q) depends bilinearly in p and ¢. The formula (2.5) shows that this dependence is anti-

symmetric: Bj(\;p,q) = —Bj(\; ¢, p); the pairs of antisymmetric terms are united in brackets
n (2.5). Because of this, if p = ¢, then B;(\;p,q) = 0. By the bilinearity this implies
B;(X\;q,aq) =0, ac€C. (2.6)

By (2.5) we also see that B;j(\;p,q) =0 if

p(z) =0, ¢g(x) =0, =z € la,7),
p(z) =0, ¢(x) =0, x€]0,b].

The construction of characteristic function for the boundary value problem £, was considered
in [29] in the particular case p = ¢. Under this condition, B;(\) = 0 and our representation (2.3)
is consistent with the obtained there formula. One more case when B;(\) = 0is ¢ = 0. Under
this condition we also have A;;(\) = 0, and the formula (2.3) gives the representation for the
characterstic function of the operator with one frozen argument, which is consistent with the
one obtained earlier, see [13], [15], [L6].

(2.7)
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3. NON—UNIQUENESS OF SOLUTION TO INVERSE PROBLEM 1.1

In this section we construct different pairs of coefficients (p, ¢), which produce the same pairs
of spectra ({Ano}n>la{)\n1}n>l>- This will prove the non—uniqueness of solution of Inverse

problem 1.1.
We continue the functions p and ¢ to R\ [0, 7] by zero. Following the lines of proof of
Lemma 1 in [16], we obtain the representations

1 r cos pt
Ao(Asp,q) i= Ago(N) + Ao (A) = 5/ pr Wo(t)dt,
0

(3.1)

1 [ sinpt
AN pyq) = Ap(\) + A (M) = = / RO (#)dt,

2 P
0

where
Wi(t;p,q) =(=1)" 'p(t +a — ) + (=1)p(x — t + a)
+ (=1)p(r —a+t)+p(r —a—t)
+ (=1 gt +b—7) + (=1 g(r —t +b)

+ (=1)q(m —b+1t) +q(m —b—1), t € 0,7, j=0,1.
Lemma 3.1. We let T'= min{a,b — a,m — b}. Let G(t) € La(R) be an arbitrary even non—
trivial function, which vanishes identically outside the segment [—T,T). Then for the functions
s(t)y=G((b—1), r(t) = —G(a —1t) (3.2)
we have A;j(A;s,r) =0, j=0,1.
Proof. For t € [0, 7] we introduce the functions

w(tipg) o= OO o) gtr ),
Wo(t) — Wi(t)

2

=—plt+a—7)—plr—t+a)+pr—a+t) (3:3)

ui(t;p, q) =
—qt+b—m)—q(mr—t+0b)+q(mr—b+1).
We note that s and r vanish identically outside [0, 7], and this is why in (3.3) we can formally

replace p by s and ¢ by r. We are going to prove that ug(¢;s,r) = uy(t;s,r) = 0.
P b by q by gomg to p
Indeed,

up(t;s,r) =s(m—a—t)+r(mr—b—1) (1) Gb—nmn+a+t)—Gla—7m+b+1t)=0.

In uy(t; s,7) we group the terms as follows
w(t;s,r)=— (s(t+a—m) +r(r—t+b))
—(s(r—t+a)+r{t+b—m)) + (s(r —a+1t)+r(r —b+1)).
Applying (3.2) to each pair of terms and using the parity of the function G(t), we arrive at the
identity wy(¢;s,7) = 0.

The identities ug(t; s,7) = ui(t;s,r) = 0 imply Wy(t;s,7) = 0 and Wi (¢;s,7) = 0. By (3.1)
we obtain A;(\;s,7) =0 for j =0, 1. ]
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Theorem 3.1. Different pairs of coefficients
(p7 Q) = (—T,S+T) and (p7 q) - (_S _T’S)

produce the same pairs of spectra <{)\n0}n21, {/\nl}n>1>. Thus, Inverse problem 1.1 can not have

a unique solution.

Proof. Since G in Lemma 3.1 is a non—trivial function, the same is true for s and r, and this
is why (—r,s +7r) # (—s —r,s). Let j = 0, 1. By the linearity of A;o(X\;p) and A;;(\;¢q) with
respect to p and ¢ we have

AN =rys+1r)—Aj(N—s—r,s) = Ajo( N —r) + AN s+ 1) — Ajp( N —s — 1) — Aj1 (A s)
=Ajo(A;s) + An(A\r) = A;(N;s,1) =0,
where the latter identity holds due to Lemma 3.1. Thus,
AN —r,s+1) = A;(N;—s —1,5).
Using the property (2.6) and the bilinearity of B;(\;p, ¢) with respect to p and ¢, we obtain
B;(\;—r,s+71) = Bj(\;—r,5) = B;j(A\; —s — 1, 5).

By the formula (2.3) we have A;(X\;—r,s + 1) = A;(A\;—s —r,5). This means that the pairs
(p,q) = (—r,s+7r) and (p,q) = (—s —r, s) give the same spectrum {\,;},>1. O
If we choose some function G obeying the assumptions of Lemma 3.1, then in Theorem 3.1 we

obtain particular pairs of the coefficients (p, q).

Example 3.1. Let a = 7 and b = 7. Then the function

ISR

. T 1, tels,

t) = x— t = — t) :=

() X] T,T]< )7 4’ XS() 07 t¢57

obeys the assumptions of Lemma 3.1. We find s(t) = X[%;%}(t) and r(t) = —xp.z)(t). By
Theorem 3.1 the following pairs of coefficients (p, ¢) produce the same pair of spectra

p(t) = xo:z1(),  q(t) = Xqz,3m) () — Xp0:21 (D)5
p(t) = —X[g;%{](t) + X[o;g](t)a q(t) = X[g;%{](’f)-

The direct substitution of each pair (p, ) into the formulas (2.3)—(2.5) justifies that the char-
acteristic functions coincide

1 1 3
Ao(A;p,q) :;sinpw+2—p3<—381npﬂ+5sin% —2sin%+sin%)

1 2
+—(sinp—ﬂ[cosp—7r—1} +2sin%[cosp—ﬂ—1} [cosp—ﬂ—cosp—ﬂ]),

p° 2 4 4 2 4
A\ p,q) +1( 3 + 308 LT 4 cos T 1)
: =cos pm + —|( — 3cos prw COS —— + coS — —
1
+E<sinp§sin%[l—cos%}+sin2%[cos%—cosp§}

o o ] 1 -
COS — | COS — — COS — — COS — .
4 4 2 4
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4. INVERSE PROBLEM WITH ADDITIONAL CONDITIONS
We consider Inverse problem 1.1 under additional conditions for p and q.

Inverse problem 4.1. [t is known that the pair of functions (p,q) satisfies the condi-
tons (2.7). Given the spectra { A\ }ns1 and {1 tns1, recover p and q.

We are going to prove the uniqueness of solution to Inverse problem 4.1. Apart of the bound-
ary value problems Ly(p, q) and L1(p, ¢), we consider the boundary value problems Ly(p, ¢) and
L1(p, ) with some coefficients p, § € Lo(0, 7). For j = 0,1 by {\,;},>1 we denote the spectrum
of the boundary value problem £;(p, ).

Theorem 4.1. Let the functions p, q, p and G obey one of the following two conditions:

1. Each function vanishes on [a, 7];
2. Fach function vanishes on [0, b].

Then the identities { Ao tn>1 = {5\”0}@1 and {1 tns1 = {5\,11}@1 imply that p=1p and ¢ = q.
We shall need the next lemma.

Lemma 4.1. The characteristic functions are uniquely recovered by the spectra

T Anj— A
AN=r71]2L—— j=01
J() Q IH(”_%)Q J

The proof of the lemma is standard, see the proof of Theorem 1.1.4 in [21]. In the proof, the
asymptotic formulas of Theorem 2.1 are applied as well as the formulas

i |7|m |7|m
. Sin p7m e . (& .
Bo() == +0( 5 ) A = cospr+ O ; ), r=Imp,

which are implied by (2.3)—(2.5).
Proof of Theorem /.1. Tt follows from Lemma 4.1 that
Aj(Nipa) = AN p,), j=0,1

Since B;(A\;p,q) = Bj(A;D,q) = 0, in the representation (2.3) we have A;(\;p,q) = A;(\; p, ),
and in (3.1) we obtain W;(t;p, q) = W;(t;p,G), j = 0, 1. This yields

ui(t;p,q) = w;(t;p,q), j=0,1. (4.1)
We denote p =p — p and ¢ = g — . It follows from (3.3) and (4.1) that

pr—a—1t)+qgr—b—1t) =0,

—plt+a—m)—pr—t+a)+p(r —a+t) (4.2)

—qt+b—m) —q(mr—t+b)+q(r—b+1t) =0,

where t € [0,7]. Considering the first identity in (4.2) for ¢ € [0, 7 — a], after the change of
variable z =7 —a — t we get

p(z)+q¢(z+a—b)=0, ze€[0,m—al (4.3)
For the sake of definiteness we suppose that p, ¢, p and ¢ are zero on [0,b]. Considering the
second identity in (4.2) for ¢ € [0,a], in view of the identity p = ¢ = 0 on [0,b] we obtain
p(m—a+t)+q(mr —b+t) =0. The change of variable 2 = m — a — t gives the identity (4.3) for
z € [m — a,7]. Thus, we arrive at the formula

p(z2)+q(z+a—>b)=0, z€[0,n] (4.4)
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Similarly, the second identity in (4.2) for t € [b, 7] gives p(m —t + a) + (7 — t + b) = 0, and
after the change of variable we obtain

plz+a—>b)+q(z) =0, z¢€lbmnl|. (4.5)

Since p = ¢ = 0 on [0, b], considering b < z < min(2b — a, ) in the formulas (4.4) and (4.5), we
arrive at the identities p(z) = ¢(z) = 0. Repeating this step, by the induction we prove

p=4=0, b+((k—1)b—a)<z<min(b+k(b—a),n), k=1,...,n,

where n € N is the smallest number such that b+ n(b — a) > 7. These identities mean that
p =G4 =0on [b7], and this proves the theorem. The case, when p, ¢, p and ¢ vanish identically
on [a, 7], is considered in the same way. The proof is complete. O

5. FORMULAS FOR REGULARIZED TRACES

Forn > 1 we let

2 T 2 [ 1
Qno = — sin na/sm nt p(t) dt, Qn1 = — co8 (n - §>a/cos <n - §>tp(t) dt,
0 0
2 T 2 1N, | 1
bno = —sinnb [ sinntq(t) dt, by1 = — cos <n - —>b Ccos (n - —)tq(t) dt
T T 2 2

and introduce the numbers s,; = a,; + b,;, 7 =0, 1.

00 A 2
Theorem 5.1. Let p,q € L1[0,7] and j = 0,1. The series Y ()\nj — (n — %) ) converges
n=1

oo

if and only if the series Y s,; does. In the convergence case the formula (1.4) holds.

n=1

To prove this theorem, we shall need the following lemma.

Lemma 5.1. Let ¢ < d and [ € Ly[c,d]. Then
d d

(ﬂWﬂmmh4MW%7 /MMWWWMMW”%p%ma (5.1)

Cc c

where T = Im p.

Proof. By the change of variable both identities in (5.1) are reduced to the asymptotic formula

z

I(p) = /ei’)tg(t) dt =o(e™?), p— o0, (5.2)

where z =d — ¢ > 0 and g € L]0, z]. To prove (5.2), we consider an arbitrary ¢ > 0. There
exists a continuously differentiable function § € C(V[0, z] such that

[ 13t = gty < 5.

Denoting

z

Li(p) = / e'g(t) dt,

0
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we find

[erawdd < [ 1130 - g@lde+ @) < ne) 63)
0 0
Integrating by parts in I1(p), we obtain

L) < I 0, M =2 s 1)+ / 7(6) dt.
te z

T|Z€

For sufficiently large |p| > 2e 7M. we have |I;(p)| < . Applying this estimate to the right
hand side in (5.3), for an arbitrary € > 0 we obtain the 1nequa11ty

11(p)| < eel™, lp| > 271 ML,
which implies (5.2). The proof is complete. O

Proof of Theorem 5.1. For the sake of definiteness we consider the case j = 0; the arguing for
j =1 is similar. We denote

_sinpm B . B 1 2
S() ==, FN_{/\E(D.|/\|_<N+2> } N eN.
Then
a 1 Ao(N)Y'
o 2y —
Iy = ;(Am n?) 2m,/>\<ln S(A)) d. (5.4)

I'n

For A € I'y we estimate

Ao(N) Ago(N) + Agi(N) + Bo(N)
=1 A A) = .
SO + N, fN) SO0
In the standard way, see |21], it can be proved that
|7|m
1S(V)] = C€|7|’ AeTDy. (5.5)
Since
elps — e_ipg eng _'_ e_ipg
sinp{ = ————, cos p§ = ———,
21 2

we can apply Lemma 5.1 to each integral in (2.4) and (2.5). This leads us to the asymptotics

Ao =o(5). Anth) = o(i;'”)? Bo() = o). (56)

Thus, by (5.5) and (5.6) we have f(\) = o(p™'), A € T'y, and for large N the increment of

the argument of Ag(\)/S(A) on the contour I'y is equal to 0. Integrating by parts in (5.4), w
arrive at the formula

Iy = _QLM, /m (14+70)
'n

Applying the Taylor expansion to In(1 + f())), in view of the identities

Bo(N) o
SN =o(p™7)

fA)=o(p™") and
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we obtain
1 AN An(N) 1 M AN o= Ag())

Iy =—— — )| d\=— — 1

N T o ( sy T sy T <p2> B S0 ;AnQ soy tew

FN n n=
Calculating
Ago(A Api(N)
=-b
R soy) - e Regny T e
we arrive at the formula N
IN = ZSnO +0(1)
n=1

Sending N to oo, we complete the proof. n

The trigonometric systems of functions {,/% sinnt},>1 and {,/5 cos(n — 3)t}n>1 are or-
thonormalized bases in L (0, ) since these are the systems of eigenfunctions of the unperturbed
operator —y” with the boundary conditions (1.2) for j = 0 and j = 1, respectively. The series
oo [e.e]
> ay; is the Fourier series of function p at the point a, the series ) b,; is the Fourier series of

n=1 n=1
function ¢ at the point b. There are several convergence tests at a point for the Fourier series

of function f, see [!]. In particular, it is sufficient to claim the absolute continuity of f in
the vicinity of a point to ensure that the series converges to the value of f at this point. If
p€ ACla—¢€,a+¢] and ¢ € AC[b — €,b + €] for some £ > 0, then

Z Upj = p(a')7 Z bnj = q(b>7
n=1 n=1

and
o

3 <Am- ~(n- ‘%)2) = p(a) + q(b),

n=1

which agrees with the results of the previous works [20], [22]. We note that the convergence of
[e.9] o

series in (1.4) can hold even if the series ) a,; and > b,; diverge.

Example 5.1. Let j =0, a = £ and b = 7 — a. We take functions p, g € Ly(0,7) such that

™

/p(t) sinnt dt = gsgn (sinna), n>1, q(t) = —p(m —t).
n
0

Then a,g = ‘2/—3 for n, which is not a multiple of 3, and a,0 = 0 otherwise. At the same time,

Za"0_72<3k—2+3k—1) >723_k:’

n=1

and the series diverges. On the other hand, using the properties b =m—aand q( ) = —p(m—t),

we obtain b,g = —a,o and s, = 0, n > 1. Thus, the series Z (o and Z bno diverge and
n=1 n=1

> Spo = 0. By Theorem 5.1 we arrive at the formula
n=1
> (Ano —n?) =0.
n=1

The latter identity holds once b = 7 — a and ¢(t) = —p(7 — t).



For the sake of definiteness we consider the case j = 0. Expanding the determinant along the
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APPENDIX: PROOF OF FORMULA (2.3)

third column and then along the second column, we obtain

Ao(X) = Doo + Do1 + Do + D1,

where

DOO =

It is clear that Dgg

Doy

sin p7
simpr P
P
sin pa sin pa
—1 0 ) -Dll =
p p
sin pb
P 0 -1 sin pb
P
. n . _t
sin pr /51np(7r )p(t) i 0
p p
Oa
sin pa /sinp(a—t) ()t 0
p p
0
inpb [ sinp(b— 1)
sin p /smp( ot dt —1
P P
0
__ sinpm

s

™

O/Sin p(;r - t)p(t) gt
/sin p(;z - t)p(t) gt

0

sin p(b — t)p(t) it

P

/b

0

sin pr
p

sin pa
p

sin pb
P

sin p(a — t)

sin pa / sin p(m — t)p(t) g sin pr
P P p
0
sinpa [ sinp(m —1
/ ( )p(t)
P P

a

P p(t)dt

/

In what follows we shall need the trigonometric formulas

sin p(;r 0 i
Slnp(;z S
sin p(;) S
sin p(;r 0
P (Z — 8 ) at
o p(pj} =ty ar

= 2227, which gives the first term in (2.3). We consider Dy, :

1 a
dt + — / [ sin pa sin p(m — t) — sin prsin p(a — t)]p(t) dt.
P
0

sinasin(f — ) — sin Ssin(a — v) = sinysin(f — a),

(5.7)

sin acos(f — ) — cos Bsin(a — 7y) = siny cos(f — «).

Applying the first formula from (5.7), we obtain

sin pa sin p(m — t) — sin prsin p(a — t) = sin pt sin p(7 — a),

and we arrive at the identity Dy = Ago(A). In the same way we find Do = Ag1(N).

We let By(A) = Dy and reduce By(\) to the needed form (2.5). We expand the determinant

D1, along the second and third columns by splitting the integrals into the sums

/

0 0 a
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We write out the term, which contains the integrals of the functions p and ¢ only on the
segments [0, al :

sin pm /smp(w—t b dt /smpw—t (1) dt
0 0

sin pa sin p(a — t) sin p(a — t)
/Tp(t) dt O/—q(t) dt|. (5.8)

p ) p
sin pb / sin p(b — t)p(t) " / sin p(b — t)q(t) 5
p p p

From the first row we deduct the second one multiplied by cos p(m — a), and from the third row
we deduct the second one multiplied by cos p(b — a). Denoting

: B (b —
o — sin p(m (z)’ vy — sin p( a)7
p p

we obtain

T1Cospa Ty /cos pla—t)p(t)dt x; /cos pla —t)q(t)dt
0

i — 1) —t)
sin pa /smp(a /smp a dtdt | =0,
0

p p
0 a

T3CoSpa T3 / cos p(a —t)p(t)dt x5 / cos p(a —t)q(t) dt
0

0

since the first and third rows are linearly dependent. Thus, the determinant (5.8) is equal to
zero and in (2.5) there is no term involving as factors the integral of the function p over [0,
and the integral of the function ¢ over [0, a].

We write out the term, which involves as factors the integral of p over [0, a] and the integral
of ¢ over [a,b] :

a b
sin pr /sinp(;r —t)p(t) it /sinp(w - t)q(t) it
0 a

sin pa /smpa—t (1) dt 0

b
in pb (b—1) inp(b—t
sin p /smp o(t) dt /Slnp( )q(t) 0
0 a

o
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We multiply the third row by cos p(m — b) and deduct it from the first one, then we multiply
the second row by cos p(b — a) and deduct it from the third row. We obtain

a b
cos pb /COS p(b—t)p(t) dt /COS p(b—t)q(t) dt
Oa a
sinp(m —b . .
% sin pa /sm pla —t)p(t) dt 0
’ b
sin p(b — a) cos pa  sin p(b — a) /COS pla —t)p(t) dt /sin p(b—1t)q(t)dt
0 a

b

:S.mp(p+b) </C°Sp(b—£)q(€) dfo/ [sin pasin p(b — t) — sin pbsin p(a — t)] p(t) dt

— /sin p(b—E&)q(&) dﬁ/ [ sin pa cos p(b — t) — cos pbsin p(a — )] p(t) dt) :

Applying the formulas (5.7) to the terms in square brackets, we arrive at the expression
a b

sin p(p?; —b) O/Sm ptp(t) dt/ (sinp(b — a) cos p(b — §) — cos p(b — a) sin p(b — £))¢(&) d¢
_ “W(p+b> 0/ sin pt p(t) dt / sin p(¢ — a) ¢(€) d€

that gives the first term in the first brackets in (2.5). The other terms in the expansion of the
determinant Dq; can be considered in the same way.
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