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ON BASIC SUMMABILITY IN R

B. SARIC

Abstract. The paper deals with the concept of basic summability of residue function of
interval function, which is a synonym for its differential form. As one comprehensive concept,
it includes not only all known concepts of integrability, such as Newton’s, generalized
Riemann and generalized Riemann — Stieltjes integrability, but also arithmetic series.
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1. INTRODUCTION

In the middle of the last century, the concept of Riemann integral was slightly redefined,
which led us to the concept of generalized Riemann integrals [1], [2], [4]. At the same time,
the notion of absolutely continuous function (AC) was redefined to the concept of functions of
negligible variation (NV') [3], [6], [L0]. The connection between the indefinite integral and the
generalized Riemann integral, in the form of the Newton — Leibniz formula, can be established
only in the case that the primitive function F' of the integrand f is an NV function on every
null subset E of the compact interval of integration I. Otherwise, if the function F' is a function
of bounded variation (BV') on I and is not an NV function on every null subset E of I, the
cumulative change in the value of the primitive F' on I (the value of the associated interval
function AF on the interval I [12]) differs from the value of the generalized Riemann integral
of the function f over the interval of integration I. The difference of those values is equal to
the sum of the residue function Rapr of the interval function AF on the singularity set S,
and the sum of the values of the generalized Riemann integral and the sum of the function
Rapr on the set S is the total value of the generalized Riemann integral of the function f
over I, which is obviously equal to AF(I), unconditionally [7], [8], |9]. In other words, the
Newton — Leibnitz formula, in which the total value of the Riemann integral figures, is valid
unconditionally. The value of the residue function Rap of interval function AF at the point
x € [ is the limit }1_13910 AF(I), so that the limit }1_{1316 fiur is the value of the residue function Ry,

at the point x € I of the point-interval function fur, where p; is the Lebesgue measure on the
interval I [9]. Clearly, only in special cases, for the class of ACG functions F' [4], the sums of
values of functions Rar and Ry,,, on the compact interval I, are equal and the total integral
of derivative f of primitive F' over [ is equal to the generalized Riemann integral of function
f over I. Accordingly, the paper presents the concept of basically summable functions, which
is comparable to the concept of functions of bounded variation, see [3|, with its peculiarities,
which lead us, in case the sum of the residue function exists on a compact set, to the concept
of total integrability.

The paper is organized as follows. Section 2 is preliminary. Section 3, as the main one, begins
with the definition of the differential form, which is renamed to the residue function, in the
second part of this section. Finally, after defining the concept of basic summability, at the end
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of this section the necessary and sufficient conditions are given, in the form of a theorem, for
the residue function to be basically summable.

2. PRELIMINARIES

Given a compact interval [a, b] in R, let Z ([a, b]) be a family of all compact subintervals I of
[a,b] and let P ([a,b]) be the power set of [a,b]. We set R, := [0, +00) and N := {1,2,3,...}.
The interior, closure and boundary of a set E € P ([a,b]) are denoted by F, E and JF,
respectively, and the characteristic function (the indicator) of E is denoted by xg : R — {0, 1};
it is equal to 1 if x is in E, and to 0 if = is not in E. A set function & on P ([a, b]) is said to be
a countably additive if it satisfies the condition

& (UicnEn) = > S (E,),

1<n

for each countable collection { £, },_,, of pairwise disjoint sets £, such that U<, E,, € P ([a, b]).
Any countably additive set function & on P ([a,b]) is in fact a finite signed measure. In the
theory of measures a signed measure is sometimes called a charge. Accordingly, by a charge on
P ([a, b]) we mean a countably additive set function on P ([a, b]). Non-negative measures can be
thought of as making precise a notion of "size'"for sets. The Lebesgue measure on R is denoted by
, however, for any I C Z ([a, b]) we sometimes write Ax (I) or |I] instead of u;. If null set is a set
of Lebesguemeasure zero, then the point function f on [a, b] is said to be null function on [a, b],
if the set {z € [a,b] | f(x) # 0} is a null set, see Definition 2.4 in [1]. If {z € [a,0] | f (x) # 0}
is an empty set, then f is a zero function on [a, b]. A function, which is a finite combination of
set and point functions, connected by elementary operations, all the way to a composition of
functions, is called the set—point function. Given § > 0 on [a, b], named a gauge, an interval—
point pair (I,z) is called d—fine if I C (z — § (x),x + 0 (z)). A countable partition P [a,b] of
some compact interval [a,b] € R is a countable set of interval-point pairs ([ay, by], 2n), <, such
that the subintervals [a,,b,| are non-overlapping, Ui« [an,b,] = [a,b] and z,, € [an,b,]. The
points {7,},., are the tags of P[a,b] [1]. It is clear that there are many different ways to
arrange the position of the tags x,, with respect to [a,, b,]. Each of these positions leads to one
of a Riemann type definition of the generalized Riemann integral. If £ € P ([a,b]), then the
restriction of P [a,b] to E is a countable collection of ([a,,b,],x,) € P [a,b] such that all z,
are tagged in E :
Pla,b] |g = {([an, bn],zn) € Pla,b] | x, € E}.

Let h be an interval-point function on Z ([a, b]) X [a, b] and let E € P ([a, b]). In what follows, a
set of values and the sum of the values of h on Pla,b]|g C P [a,b] are denoted by h (P [a,b] |g)
and s (h, Pa,b] |g) instead of (hxg) (P |a,b]) and s ((hxg), P|a, b]), respectively:

h(Pla,b]|g) = {h (([an, bn] s 20)) | ([an,bn],70) € Pla,b] £},

as well as

s(h, Pla,b]|g) = > h(([an, byl , 2)) -
([an,bn),zn)EPlab]| &
By p (z,y) we denote the distance between two points z and y in R, then

p(z, E) :==inf{p(z,y) |y € E}
is the distance between z and a set £ € P ([a,b]). For a point function f on [a,b] and the

Lebesgue measure pu, throughout the rest of the paper, the interval-point function (uf) is
denoted by §.

Definition 2.1. Given a compact interval [a,b] in R, let E € P ([a,b]). A countable §-fine
partition P([a,b]) is said to be fully tagged in E if a gauge 6 > 0 on [a, b] satisfies the condition
d(x) < p(x,0F) on [a,b] \ OF.
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The following lemma is a form of the well-known Vitali Covering Lemma (VCL) related to
a countable d—fine partition of a compact interval [a,b] in R fully tagged in a measurable set
E € P ([a,b]) with Lebesgue measure pug < (b — a).

Lemma 2.1. For a compact interval [a,b] in R let Vi,p be a Vitali cover of [a,b] and let
E € P ([a,b]) be a measurable set having Lebesgue measure pup < (b —a). Then for every e €
(0,b—a — pg) there exist a gauge d. > 0 on |a,b] and a countable sequence {[n | I, € V[a’b]}1<n
of non—overlapping intervals I,, such that B

s (1, Pla,b] lappp) > (1 =€) (b—a), (2.1)
where &' (b—a) = e+ pg, Pla,b]|,ope C Pla,b] and P la,b] is a countable 6. fine partition of
[a,b] fully tagged in E.

Proof. Let Vo5 be a Vitali cover of [a,b] and let E C [a,b] be a set of Lebesgue measure
pe < (b—a). For every e € (0,b— a — pug) there is an open set O,, such that £ C O. and
1 (0:) < e+ pg. Then for every € € (0,b —a — ) we choose a gauge 6. > 0 on [a,b] such
that 0. (r) < p(x,0F) on [a,b] \ OF and 4. (z) < p(z,0CO.) on OF, where CO. is the closure
of O.. For the relative complement [a, b] /E of E, Wlth respect to [a, b], we take a collection of
intervals I € V), which paired with « € [a, b] / FE form §.fine interval-point pairs for every
e € (0,b—a— pg), to be a Vitali cover Vi, y\ g of [a,b] \ E. If Vg € Vi is a Vitali cover of E,
which means that for every ¢ € (0,b — a — ug) there is a collection of intervals I € Vg, which,
paired with z € E, form 6.-fine interval-point pairs, then each countable set

{(In, l‘n) | I, € V[a,b]\E UVe AUy, = [CL, b]}

is a countable §.—fine partition P [a,b] of [a, b] fully tagged in E.
Since

s (:u’ P [avb]) - S (:u’ P [aab] |[a,b]\E) =S (M?P [a’ b] |E) < p (Oa) <&+t pp,

where s (1, P [a,b]) = b—a, it follows that for every € € (0,b — a — pug) there exists a countable
d.—fine subpartition P [a,b] |,z consisting of the non-overlapping intervals I, € Vi,y\g C
Via,p such that

S (/L? P [(I, b] |[a,b]\E> > (1 - 8/) (b - a’) )
where ¢’ (b — a) = € + pg. The proof is complete. O

If £ € P ([a,b]) is a measurable set having Lebesgue measure ugp < (b — a), then for every
e > 0 there exists a gauge J. > 0 on [a, b], such that any §.—fine partition P [a, b] of [a, b] consists
of two countable subpartitions, one of which is P [a, b] |, 4 7 consisting of, generally speaking,
countably many countable §.-fine partitions, and the other is P [a, b] | fully tagged in E. Thus,
in what follows, unless otherwise stated, without loss of generality, a set E is supposed to be
closed.

3. THE CONCEPT OF BASIC SUMMABILITY

For some compact interval [a,b] in R, let E € P ([a,b]) and let h and k be two interval-point
functions on Z ([a,b]) X [a,b]. We begin with the definition of the differential form on E of
(h — k) denoted by 6(h — k).

Definition 3.1. Given a compact interval [a,b] in R, let E € P ([a,b]) and let h and k be two
interval-point functions on Z (|a,b]) X [a,b]. The point function 6(h — k) on E is a differential
form on E of (h — k) if for every e > 0 there exists a gauge 6. > 0 on |a,b] such that

[((h = k) = 6(h — k) (Pla, bl|)| <, (3.1)
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whenever Pla,bl|g C Pla,b] and Pla,b] is a countable d.—fine partition of [a,b] fully tagged in
E. Here 6(h — k) = lim (h— k).

—0t

€

In the case |0(h — k)| < +00 on E we say that h and k are differentially comparable on FE.
If, in addition, §(h — k) is identically zero on E, then h and k are differential equivalents on E.
For E € P [a,b], let ¢ be a strictly positive charge on Z [a, b] such that its differential form o< is
identically zero on [a,b]. If the set of values on E of the point function é.(h — k), as the limit
61irr01+<(h —k)/s), is a set of defined values, which means that |d.(h — k)| < 400 on E, then

£

h and k are derivatively comparable on E with respect to . For a measurable set £ C [a, b]
having Lebesgue measure ugp < (b — a) the next definition is that of derivative equivalence on
E for h and k, with respect to <.

Definition 3.2. For a compact interval [a,b] in R, let E C [a,b] be a measurable set having
Lebesgue measure g < (b —a), let h and k be two interval-point functions on I ([a,b]) X [a, b])
and let < be a strictly positive charge on T [a,b] such that its differential form ds is identically
zero on [a,b]. Then the interval-point functions h and k are said to be derivative equivalents
on [a,b] \ E with respect to s if for every ¢ > 0 there exists a gauge 6. > 0 on [a,b] such that

[(h = k) (Pla,]lasne) | < es(Pla, b]ljame), (3.2)

whenever Pla, ]|y e C Pla,b] and Pla,b] is a countable d.—fine partition of [a,b] fully tagged
i E. Here
dc(h — k) = 6811_r){)1+<<h —ky/s) =0.
It is clear that for each interval-point function h the point function d,h on [a,b], as the
limit lim+(h/ ), is the derivative function on [a, b] of h. Of course, the point function f is a

derivative on [a,b] of h if f is the derivative of h at every point x € [a,b]. The interval-point
function h is said to be differentiable on [a, b] to the point function f if h has f as a derivative
on [a, b].

On the other hand, it is obviously possible that on some subset of [a, b], where h and k are
or are not, it is irrelevant, differential equivalents, but are not derivative equivalents, they are
differentially comparable, which means that the limit 6(h — k) is defined on this subset. Such
a set is a set of singularities defined below.

Definition 3.3. For a compact interval [a,b] in R, let S C [a,b] be a measurable set having
Lebesgue measure g < (b —a), let h and k be two interval-point functions on I ([a,b]) X [a, b])
and let < be a strictly positive charge on T [a,b] such that its differential form &< is identically
zero on [a,b]. The set S is said to be a set of singularities of (h — k), with respect to < if for
every € > 0 there exists a gauge 6. > 0 on [a,b] such that

es(Pla,b]ls) < [(h — k) (Pla, b][s)], (3.3)
whenever Pla,bl|s C Pla,b] and Pla,b] is a countable 6.—fine partition of |a,b] fully tagged in
S.

As previously stated, if the point function ¢ (h — k) is identically zero on the set S, then h
and k are differential equivalents on S. However, if h and k are not derivative equivalents on
S, the previous inequality (3.3) becomes the double inequality

es(Pla,b]ls) < [(h = k) (Pla, b][s)| <e. (3.4)

In case the point function 0 (h — k) is a nonzero function on the set S, and h and k are
differentially comparable on S, then the following double inequality is satisfied

es(Pla, b]|s) < [{(h = k) = 6(h — k) (Pla, bl|s)| <&, (3.5)
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and the singularity set S is a set of removable singularities of (h — k) with respect to <.

For an interval [a, b] in R let h be an interval-point function on Z ([a, b]) % [a, b]). The absolute
sum o4)p/([a, b]) over [a,b] of the point function 0 |h|, which is a limit on [a,b] of ||, is defined
to be 6lir£1+ s(|h|, Pla,b]). If the set E is a set in [a, b] with indicator xg, then oy, ([a, b))

is the absolute sum of éh over E. In what follows we write o4, (£) instead of osinjy,) ([a,b]).
If 45 (E) has a finite value, then we say that dh is absolutely summable (AS) over E. Hence,
6h € AS([a,b]) if g ([a,b]) < 400, and if o4 ([a, b]) < +00, then h is said to be absolutely
extendedly summable (A.,S) over [a,b]. Define

6h|las = d || + o ([a,0]) .

One can show that with the usual operations of addition and scalar multiplication of functions
that (AS ([a,b]), +, ) is a vector space and || - || 45 is a norm on it, so that (A4S ([a,b]), +, -, || -
|las) is a normed vector space. Therefore, the space AS ([a,b]) is the space of absolutely
summable functions. If o5 (E) = 0, then 0h is negligibly absolutely summable over £. Now,
let 0h € AS([a,b]). Then 6h is a null function on [a,b]. If, in addition, dh is negligibly
absolutely summable either over each set E € P ([a,b]) or over [a, ], then dh is identically zero
on [a, b].

Definition 3.4. For a compact interval [a,b] in R, let h be an interval-point function on
Z ([a,b]) x [a,b]) and let E € P ([a,b]). The real number o, (E) is a basic sum over E of the
limit 0h of h, if for every e > 0 there exists a gauge 5. > 0 on [a,b] such that

|s (h, Pla,bl|g) — osn (E)] < e, (3.6)

whenever Pla,bl|g C Pla,b] and Pla,b] is a countable d.—fine partition of [a,b] fully tagged in
E. Here,

oo (E) = lim s (h, Pla,b|g) = (B) Y _ (Shxp) (z).

Je—0t
z€|a,b]

Obviously, if s (|h|, Pla,b]|g) replaces s (h, Pla,b]|g) in (3.6), then Definition 3.4 becomes
the definition of the absolute sum o4, over E of ¢ |h|. In the case o5, (E) has a finite value,
which means that |os, (E)| < 400, we say that 0k is basically summable (BS) over E. We
define

16h 55 := [6h] + |osn ([a, b])] -

Then, the space (BS ([a,b]), 4, - ) of basically summable functions is a vector space and || - || gs
is a norm on it, so that (BS ([a,b]),, +, - || - ||ss) is a normed vector space. If |os, (E)| < 400,
then 0h is basically extendedly summable (Be,S) over E. In the case g, (E) = 0 we say that
0h is negligibly basically summable over E. The differential form dh is said to be negligibly
basically summable on [a, 8] if and only if o, (F) = 0 for every E € P ([a,b]).

Some point functions may be negligibly basically summable over a set, but not negligibly
absolutely summable over that set. A point function, which is negligibly absolutely summable
over a set, is also negligibly absolutely summable over all its subsets; this does not apply to a
function, which is negligibly basically summable over a set, but not on a set.

Two differential forms dh and Jk are absolutely (basically) summable equivalents over a set if
d(h — k) is negligibly absolutely (basically) summable over that set. If 6h and Jk are absolutely
summable equivalents over [a, b], then §(h — k) is identically zero on [a,b] and this means that
h and k are differential equivalents on [a,b]. In the general case the opposite is not true.

A statement is absolutely (basically) true dh—almost everywhere if it is true everywhere
except in a set F, with

osin (B) =0, o5 (E)=0.



146 B. SARIC

Such a set is said to be absolutely (basically) a dh—negligible set. If h is replaced by u, then
FE is a negligible set. Clearly, each negligible set is a null set. Theabove defined notion of the
basic sum g, of the limit dh of h, leads us to the identity

li h(Pla,b =1 h, Pla,b

1m Z ( [a> ”E) 513(%_ S( ) [av ]|E)

6—0+
(I,z)€Pla,b]|E

=osn (E) = (B) Y (0hxp) (x) (3.7)

zeE
which explicitly shows us that the limit of the sum of the values of h is equal to the sum of the
values of its limit dh.

The next thing we are going to look at is the Cauchy criterion for the basic sum. This
theorem is important because it allows us to prove that a certain interval-point function is
basically summable without knowing the value of the basic sum. It will be used in some proofs
later on.

Theorem 3.1. For a compact interval [a,b] in R, let h be an interval-point function on

7 (la,b]) x |a,b]). The differential form Sh, as a limit on [a,b] of h, is basically summable over
la,b] if and only if for every e > 0 there exists a gauge 6. > 0 on |a,b] such that

|s (h, Pi[a,b]) — s (h, Pyla,b])] < e, (3.8)

whenever Py [a,b] and Py [a,b] are countable 6.—fine partitions of [a,b].

Proof. Let 0h be basically summable over [a,b]. Accordingly, for every ¢ > 0 there exists a

gauge 6. > 0 on [a, b], such that
€
| (h, Prla, b]) = osn ([0, D)) < 5,
whenever P [a,b] and P, [a,b] are countable d.—fine partitions of [a, b]. Hence,

|s (h, Pila, b]) — s (h, Pola, O)| <[s (h, Pala, b]) = asn ([a, B])| + |s (h, Pa[a, b]) — osn ([a, b]))|

s (h, Pofa.B)) — o, ([a,B)] < 5.

<€+€<5
2 2 '

And vice versa, assume that for every £ > 0 there exists a gauge 6. > 0 on [a, b] such that
|s (h, Pila,b]) — s (h, Ps[a,b])| < e,

whenever P [a,b] and P;[a,b] are countable d.-fine partitions of [a,b]. For each n € IN we
choose a gauge d,, > 0 on [a, b] such that

|s (h, Pila,b]) — s (h, Psfa,b])] < %,

whenever P [a,b] and P, |a,b] are d,~fine. Let the sequence {d,} be non-increasing and let
P,[a,b] be a countable §,,~fine partition of [a, b] for each n € IN.

If m >n > N, then oy > 6, = 6,,. Now, P,[a,b] is d,~fine and thus also Jy—fine. The same
holds for P,,[a,b]: Pyla,b] is §,,—fine and thus also dy—fine. It implies that

|s (h, Pala, b]) = s (h, Pula, 0])] < =,
for m > n > N. So, the sequence {s (h, P,[a,b])} is a Cauchy sequence. Further, let o4, ([a, b])
be the limit of this sequence and let € > 0. Choose an integer N such that % < 5 and

|5 (h, Pula,b]) — osn ([a,b])] < g
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for all n > N. Therefore, for each countable d.—fine partitions Pla, b] of [a, b]

s (h, Pla,5]) = o ([as )| <ls (h, Pla,8]) — s (b, Pala, )| + + |3 (b, Pala,b]) — oan ([a,B])
Jlie_ee
N 2 2 2
The proof is complete. O

If we have a differential form 0h basically summable over an interval [a, b, then intuitively
we suppose that it is also basically summable over every subinterval I € Z ([a, b]). It turns out
that this statement is indeed true. This is the content of the following lemma. Of course, we
are going to use the previous theorem, the Cauchy criterion, to prove this.

Lemma 3.1. For a compact interval [a,b] in R, let h be an interval-point function on
7 (la, b)) x [a,b]). If the differential form oh, as a limit on |a,b] of h, is basically summable over
[a,b], then dh is basically summable over every compact interval I € T ([a,b]).

Proof. Let € > 0. Choose a gauge 6. > 0 on [a, b] such that
£
|5 (h, Pala, b]) = s (h, Pola, B)] < 5,

whenever P [a, b] and P, [a, b] are countable d.—fine partitions of [a, b]. We can do this owing to
the Cauchy criterion. For arbitrary points ¢ and d in (a, b), choose countable d.—fine partitions
P.la,c] and Py[d,b]. Let P [c,d] and P [c,d] be two countable §.fine partitions of [¢,d]. We
define

Py [a,b] :== P.[a,c]U Py [¢,d] U P;[d, b]
and

Pya,b] := P.la,c]U Py[c,d] U Py [d,b].

Obviously, P [a,b] and P, [a, b] are countable d.—fine partitions of [a, b] and
s(h, Py [c,d]) — s(h, Py [c,d])| = |s (h, Pi[a,b]) — s (h, Ps]a,b))| < e.

By using the Cauchy criterion again, we conclude that dh is basically summable over I =
[c,d]. The proof is complete. O

If h is a charge & on P ([a,b]), we need to define a total differential form (briefly, a total
differential) on a set E € P ([a, b]) of &.

Definition 3.5. For a compact interval [a,b] in R, let & be a charge on P ([a,b]). The
differential form 86, as a limit on [a,b] of &, is said to be a total differential on [a,b] if it is
basically summable over [a,b] and o5 = & on P ([a,b]).

The next lemma, as a logical link in the chain, points to the fact that summation and
differentiation are, in general, two inverse operations, for the reason that dos, and dh are
basically summable equivalents on [a,b] . It is an alternative form of the well-known lemma in
the theory of the generalized Riemann integrals called the Straddle Lemma [1].

Lemma 3.2. For a compact interval [a,b] in R, let h be an interval-point function on
7 (la, b)) x [a,b]). If the differential form 0h, as a limit on |a,b] of h, is basically summable over
[a,b], then dos, and Sh are basically summable equivalents on [a, b].

Proof. Let h be an interval-point function on Z ([a, b]) X [a, b]), the limit dh of which on [a, b]
is basically summable over [a,b] and let I € Z ([a,b]). Since

S (0‘5h, P]) = O§h (I)
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for any countable partition P; of I, it follows, from Lemma 3.1 that for every € > 0 there exists
a gauge d. > 0 on [a, b] such that

|s ((h = aun), Pr)| = [s (h, Pr) — osn (I)] <,

whenever P is a countable J.—fine partition of I. Therefore, os5p—gy,) (1) = 0 for every I €
7 (|a, b)), and this means that dos, and dh are basically summable equivalents on [a, b]. O

As was noted above, the limit of an interval-point function is a point function. A Baire class
consists of functions, which are limits of convergent interval functions [4], [5]. Thus, if & is
an interval function AF, associated to a point function F', being continuous and has bounded
variation, then oy 7| is the total variational measure induced by F = AF', more precisely, the
Lebesgue-Stieltjes measure [10], [11]. Accordingly, we can take the absolute value of the basic
sum |os,| and the absolute sum o4, to be the basic summary measure induced by h and the
absolute summary measure induced by h, respectively. We recall that by a charge on P ([a, b])
we mean a countably additive set function on P ([a, b]). Hence, both |os| and o), are charges
on P ([a,b]). Additionally, the signed summary measure oy, induced by h is also a charge on
P ([a,b]). Let E € P ([a,b]). If a charge F on Z ([a, b]) has the property: each negligible subset
of E is at the same time absolutely a dF-negligible set too. Then 0F is a zero function on
E, and F is an absolutely continuous (ACjs) function, that is, F satisfies theStrong Lusin SL
condition [5] on the set E. If, in addition, the set F is a countable union of sets, on each of
which F is ACj, then F is generalized absolutely continuous (ACGy) on the set E, [4], [11].
Due to the Straddle Lemma, if 0F, as a limit on [a, b] of F, is basically summable over [a, b],
then the limit §(F — osx) is identically zero on [a, b].

The following lemma is a slightly modified form of the well-known lemma in the theory of
the generalized Riemann integrals called the Saks — Henstock Lemma [4].

Lemma 3.3. For a compact interval [a,b] in R, let E C [a,b]. If two differential forms
Oh and Ok are basically summable equivalents on |a,b|, then the set E is both basically and
absolutely a 6(h — k)-negligible set.

Proof. Let dh and dk be basically summable equivalents on [a,b] and let E C [a,b]. Then, by
Definition 3.4, for every € > 0 there exists a gauge 6. > 0 on |[a, b] such that

[s ((h = k), Pla, b])| <e,
whenever Pla, b] is a countable §.—fine partition of [a, b] fully tagged in E.
Let
Py = {([aﬁ,bﬁ] ,.’Eﬁ) S P[a, b] ’ Ty € E} = P[CL, bHE
The set [a,b] \ Uz (an, bs) consists of a countably many pairwise disjoint closed intervals Sj.
Since 6h and 0k are basically summable equivalents on [a,b], they are basically summable

equivalents on each S;, too. Hence, there exists a countable d.—fine partition P; of each S;
such that

s ((h — k), 6., P5)| < 2%

Then, the partition P = PpU P, ... U P; U ... is a countable d.—fine partition of [a, b] fully
tagged in E. Accordingly, we have

s ((h— k), Po)| = |s ((h— k), Po) + > _ s ((h— k), Pa) = > _ s ((h— k), Py)

1<n 1<n
s ((h—= k), P)|+ 3 [s ((h — k), Pr)| < 5+22% < 2.
1<n 1<n

By Definition 3.4, 050, (E) = 0.
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To address the second part of the lemma, let Py be the collection of the interval point pairs
([an, bl , z7), fully tagged in E, such that

(h — k) (([as, ba] , 2a)) = 0
since B, < 0. Then
0<s((h—k)F) = Y [h=K)I((an ba],7a)) < 2e,

([aﬁ,bﬁ},mﬁ)EPg’_

~[s(h—R P = X = k)] (anba]  7a) < 2.

([az,bal,zm)EPy

Therefore,
sUh=RLPY = S0 1= k)| (an. b 0)) < de,
([aﬁrbﬁ]zxﬁ)epo
that is, os—r)| (£) = 0. The proof is complete. ]

We recall that if some point function is negligibly absolutely summable over a set, it is
negligibly absolutely summable over all its subsets, too. Accordingly, it follows from the Saks —
Henstock Lemma that if §h and dk are basically summable equivalents on [a, b], then dh and dk
are absolutely summable equivalents over [a, b]. Hence, a corollary of Lemma 3.3 is as follows.

Corollary 3.1. Let [a,b] be a compact interval in R. Differential forms dh and 5k are
basically summable equivalents on [a,b], if and only if they are absolutely summable equivalents
over |a, b].

The next two lemmas are also very important in the theory of the generalized Riemann
integrals.

Lemma 3.4. For a point function f on [a,b], let E C [a,b] be a set on which f # 0, and let
Oh be a differential form on |a,b] of h. The set E is absolutely a h—negligible set if and only
if E is absolutely a §(fh)-negligible set.

Proof. Let f be a finite-valued point function, which does not vanish on E C [a,b]. Then, for
eachn € N, let B, ={z € E| |f| > 1/n}. Fixn and let ¢ = ﬁ > 0. By the Archimedean
property of R we have

+oo
E=|]JE;.
n=1

If F is absolutely a dh—negligible set, then each Ej is absolutely a dh—negligible set and there
exists a gauge d. > 0 on [a, b] such that

5,

whenever Pla, b]|g, C P([a,b]) and P([a,b]) is a countable d.—fine partition of [a, b], fully tagged
in F, that is, there exists a gauge . > 0 on [a, b] such that

s (M), Plab]|e) < Y as(lh], Plab]|g,) < Z;—; <é,

1<n 1<n

whenever Pla,b]|g C P([a,b]) and P([a,b]) is a countable d.—fine partition of [a, b] fully tagged
in £. Hence, o5/(sn)) (E) = 0. Secondly, let E be absolutely a §(fh)-negligible set. Then there
exists a gauge d. > 0 on [a, b] such that

s ([(FM, Pla, b]|s;) <

S (|h| ’P[a’7b]|Eﬁ) <

8l
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whenever Pla,b]|g. C P([a,b]) and P([a,b]) is a countable é.~fine partition of [a, b] fully tagged
in F, that is, there exists a gauge 6. > 0 on [a, b] such that

s(|h], Pla,b]|p) <Y as ([(fh)], Pla,b|g,) <Z—<5
1<n 1<n
whenever Pla,b]|p C P([a,b]) and P([a,b]) is a countable d.—fine partition of [a,b] fully tagged
in £. This implies o4 (£) = 0. The proof is complete. O

The proof of the next lemma is based on the trivial inequalities

as/(n—r)| ([a,b]) < oopn ([a; b]) + oo ([a, b])
and

asin ([, b]) < osnry ([a; b]) + ooy ([a, b])
and is trivial. This is why we formulate the lemma without the proof.

Lemma 3.5. Let [a,b] be a compact interval in R and let E € Pla, b] be absolutely (basically)
a dh-negligible set. The set E is absolutely (basically) a 6k-negligible set if and only if the set
E is absolutely (basically) a §{h — k)-negligible set.

We are now able to redefine the previously defined concept of basic summability through a
basic summable primitive (a BS primitive). This is how we come to one comprehensive concept
that includes within itself not only all the most well-known integrabilities such as Newton’s
and generalized Riemann and Riemann — Stieltjes integrability, but also arithmetic series.

Definition 3.6. For a compact interval [a,b] in R, let f be a point function on |a,b] and let
¢ be a strictly positive charge on T ([a,b]) such that its differential form s is identically zero on
[a,b]. Then, a charge & on P ([a,b]), whose limit §& is the total differential on |a,b], is said to
be the BS primitive on P (|a, b)) for f, with respect to s, if & and (f<) are basically summable
equivalents on |a,b]. Here

S(E)=(B) Y (8(f)xn) (x)
z€la,b]

for each E € P ([a,b]).

Despite the fact that the result our next theorem is trivial, as can be seen from its proof, this
theorem is important because it offers us opportunities to analyze special cases important in
the theory of the generalized Riemann integrals, which will be presented in the second paper.
First, the differential form dh will be renamed to the residue function, denoted by ®,. Then
the limit of h will be denoted, as needed, by either dh or R,.

Theorem 3.2. For a compact interval [a,b] in R let f be a point function on [a,b] and let
S be a charge on P ([a,b]), whose limit §& is the total differential on [a,b]. Then, the residue
function Ris_z) is basically summable over [a,b] if and only if there is a charge € on P ([a,b]),
whose limit 6€ is the total differential on |a,b], and (& — €) is the BS primitive on P [a,b] for
f, which means that

(B) Y (8xe) (x) = (6 — &) (E), (3.9)
z€a,b]

whenever E € P ([a,b]).

Proof. Let f be a point function on [a,b] and let & be a charge on P ([a,b]), whose limit
06 is the total differential on [a,b]. If R(s_g is basically summable over [a,b], then by the
Straddle Lemma Toong 3 = ORa_g O1 P ([a,b]). Hence, o _,,, whose limit dop ., is the

total differential on [a, b], is a charge € on P ([a, b]) such that (& — €) is the BS primitive on
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P la,b] for f. Now, let € be a charge on P ([a,b]) such that its limit J€& is total differential on
la,b] and (& — €) is the BS primitive on P [a,b] for f. Then,

ORe 5 = Ose =€
on P ([a,b]). The proof is complete. O

Hence, if 0h is basically summable over [a,b], with the sum og;, ([a,b]), then dh is said to
be basically integrable over any compact interval I € Z ([a,b]) and oy, (I) is a signed integral
measure of I, that is,

T

Let us now return to the beginning of this section, where we have stated indirectly that it is
possible that at a point of the interval [a,b], at which the derivative f = §,h of an arbitrary
interval-point function A is not defined, the residue function R}, is defined. Accordingly, suppose
that £ € P ([a, b]) is a measurable set of Lebesgue measure ug < (b — a), on which the interval—-
point function h is not differentiable. In this case we can extend the function f from the set
[a,b] \ E to the set [a, b] so that the extended function f., is defined on [a, b]. If the differential
forms 0h and 0§, as limits on [a, b] of h and Fer = (ferpt), respectively, are basically summable
over [a, b, then

B) [ o) - <>/m —(B) Y blh— §u) (a), (3.10)

z€a,b]

that is,

b
B) [ 6h=5.) (1) = (B) 3 Rurge (0) = omy oy (ab). (311)
a z€[a,b]

Accordingly, we conclude that if 0h and 0§, are not basically summable equivalents on
[a,b], then the charge OR,_s.., 81Ves us the difference between the integral value of d,h and
the BS primitive for f.,. Namely, according to the Straddle Lemma, if there is a charge &
on P ([a,b]), whose limit 0& is the total differential on [a,b], such that & and §., are not
differential equivalents on [a, b], but they are derivative equivalents on [a,b] \ E, with respect
to u, then R(s_z.,) does not vanish on [a,b], more precisely on the set E, and & # 045, on
P ([a,b]) and 6,6 = 0,Fe, on [a,b] \ E. Thus, if the charge & is a primitive for f, then by
integrating the extended function §., and taking that integral value, which is the BS primitive
for f.., to be the primitive for f, we make an integral error. According to Theorem 3.2, the
sum of the residue function R(s_z.,) on the set £, gives us an estimate of the made integral
error.
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