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DIMENSIONS OF RIESZ PRODUCTS
AND PLURIHARMONIC MEASURES

E.S. DOUBTSOV

Abstract. On the unit sphere in C", n > 2, we consider the Riesz products generated by
the Ryll — Wojtaszczyk polynomials. We obtain the lower bound for the energy dimension
of such Riesz products. The obtained inequality implies immediately an estimate for the
Hausdorff dimension of the considered products. This results is also obtained in another
way, by means of known one-dimensional estimates and decomposition into slice—products.
These decompositions are employed for sharp estimating of the Hausdorff dimension of
pluriharmonic measures on an n—dimensional torus, n > 2.
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1. INTRODUCTION

The present work is motivated by the following general question: how does the spectrum
of a measure p influence the size of support of measure p? We first of all consider the Riesz
products and related objects on the unit sphere

S=5,={CeC":|(] =1}, n>=2,
and we begin with the definition of the spaces H(p,q), (p,q) € Z3.

1.1. Complex spherical harmonics. Let U(n) be the group of unitary operators on the
Hilbert space C", n > 2. We note that S,, = U(n)/U(n—1), and therefore, S, is a homogeneous
space. The general constructions of an abstract harmonic analysis are explicitly realized on the
sphere S, in terms of the spaces H(p,q), (p,q) € Z3.

Definition 1.1. Let us fix the dimension n, n > 2, and let H(p,q) = H(p, q;n) be the space
of all homogeneous harmonic polynomials of bi-degree (p,q) € Z2.. By the definition this means
that the considered polynomials have the degree p in the variables z1, zo, ..., z,, the degree q
wn the variable Z1, Zo, ..., Z,, and also have the total degree p + q.

For the restriction of space H(p,q) to the sphere S we use the same symbol. The elements
of the space H(p,q) are often called complex spherical harmonics.

1.2. Riesz products on spher. The Zygmund dichotomy [15] hints that the homogeneous
holomorphic polynomials introduced by Ryll and Wojtaszczyk [14] can be used for constructing
singular products of Riesz type on the sphere.

We say that {R;}32, is the Ryll — Wojtaszczyk sequence with a constant ¢ € (0,1) if

1. R; € H(4,0), that is, R; is a homogeneous holomorphic polynomial of degree j;
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2. ||RjHLoo(S) = 1;
3. |Rjl|z2(s) = 6 forall j =1,2,....

Definition 1.2. Let R = {R;}32, be a Ryll — Wojtaszczyk sequence,

WV

J={in}iz1 C N, @—+1 3 and  a={a}, CD.
k
Then (R, J,a) is called the Riesz triple.

Each Riesz triple (R, J,a) generates a (standard) Riesz product II(R, J,a) by means of the
formal identity
s akﬁjk CLkRjk
(R, J,a) _H <T+HT) :
where the product converges in x-weak sense, see |7] for more detail.

There exists a rather rich set of singular Riesz products on the sphere. Indeed, if (R, J, a)
is a Riesz triple and a ¢ ¢2, then by Corollary 1 in [(] there exists a sequence U = U1,
U; € U(n) such that the product II(RoU, J, a) is singular with respect to the Lebesgue measure
on the sphere S,,. Here by the definition

RolU ={R;oUj}3Z,.

For a singular Riesz product, it is natural to ask the question about its dimension. In
the present work we provide the estimates for the energy and Hausdorff dimensions of Riesz
products on the sphere. To the best of the author’s knowledge, the problems of such kind were
not studied earlier.

Let dimyII denote the Hausdorff dimension of a measure II. In particular, we obtain the
following result.

Theorem 1.1. Let (R, J,a) be a Riesz triple. Then

k—1
1
dimylII(R, J,a) > 2n — 1 — limsu , ar* | .
Il ) k—mp (210g]k;| d )

1.3. Structure of work. Auxiliary results including the definitions and basic facts in the
harmonic analysis on the sphere S,, are collected in Section 2. The estimates for energy and
Hausdorff dimensions of Riesz products on the unit sphere are obtained in Section 3. The
related problem on Hausdorff dimensions of pluriharmonic measures on the torus is considered
in Section 4. We note that Lemma 2.1 on the disintegration of Riesz products serves as a link
between the results of Section 3, in which this lemma is used directly, and Section 4, where
analogues of Lemma 2.1 are applied.

1.4. Notation. For F,G > 0 the writing F' < G means that F' < CG with some constant
C>0. If F<Gand G < F, we use the notation F' ~ G.

2. AUXILIARY RESULTS

2.1. Basic facts in harmonic analysis on sphere S,. Let 0 = o, denote the normalized
Lebesgue measure on the unit sphere S,,. We note that

L*o)= @& H(pq). (2.1)

2
(pa)ezs
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The features of harmonic analysis on the sphere S are well illustrated by the following multi-
plication rule for the spaces H(p,q): if f € H(p,q) and g € H(r,s), then

L

ngZH(p+r—€,q+s—€),
=0

where L = min(p, s) + min(g, ). The proofs of the formulated facts and of further results are
provided in [13, Ch. 12].

Let M (S,,) be the space of all complex Borel measures defined on the sphere S,,. Let K, ,(, ()
be the reproducing kernel of the Hilbert space H(p,q) C L?*(S). The polynomial

Hp.q(2 /qu u(¢), z€5,

is called the H(p,q)—projection of the measure p € M(S). For p € M(S), in terms of the
spaces H(p, q), the spectrum spec(p) is defined by the identity

spec(i) = {(p,q) € Z7 : pipq # 0} .

2.2. Desintegration in terms of slice—products. Let T = S} be the unit circle. For
¢ € S, the slice—product

(R, J,a)(\) := TI(R(\), J,a), AeT,

is the classical Riesz product defined by the formula
> [ N 4 Jk
11 (—akR“Q(g)A 14 R (&3 > . AeT. (2.2)

2
k=1

The convergence of the product (2.2) is to be treated in *weak sense. In particular,
Il (R, J,a) is a well-defined probability measure.

Let CP"! be the complex projective space of the dimension n — 1, that is, the set of all
one—dimensional linear subspaces of the space C". Let m = m, be the canonical projection
from S, to CP"~'. We observe that I ¢(w) = Il¢(Aw) for £ € S,, \,w € T. Therefore, the
probabilistic slice-measure Tl; is well-defined for ( € CP™ ' as an element of M, (S,), the
support of which is the unit circle 771(¢) C S,,.

Let &, be the unique probabilistic measure on CP" ™!, which is invariant with respect to all
unitary transformations of the space C". The next lemma shows that the product II(R, J, a) is
the integral of its sections.

Lemma 2.1 (|6, Lm. 1]). Let (R, J,a) be a Riesz triple on the sphere S,, n > 2, and let
II(R, J,a) denote the corresponding Riesz product. Then

(R, J,a) = / (R, J, a) 5, (C)
cpn—t

in the following weak sense

/deRJa / /deCRJadon(C)

Sn cp™—1 Sp

for all f € C(S,).
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3. DIMENSIONS OF RIESZ PRODUCTS

3.1. Energy dimension. Let M, (S,) be the set of all positive Borel measures on the sphere
Sy. For a measure € M, (S), its t—energy I;(u), t > 0, is defined by the identity

// Ix—ylt

We say that d is the energy dimension of the measure 1 and use the notation dimgp = d if
d=sup{t: L;(n) < oc}.
To estimate the energy dimension of the product II(R, J,a), we need the next theorem.

Theorem 3.1 ([12, Thm. 3.1]). For each t, 0 <t < 2n — 1, there are constants C7,Cy > 0
such that

Cili(p) !!uoo\\2+2jt TN litpall3 < Cali(p)

p+q=j

for all p € M, (S,,), where n > 2.

In the work [11], an analogue of Theorem 3.2 for the unit sphere was used to calculate the
energy dimension of the classical Riesz product on the circle T. In the next result we apply
Theorem 3.1 to estimate from below the energy dimension of the Riesz product on the sphere.
The used arguing is similar to the corresponding arguing in the proof of Theorem 3.1 in [11],
however, the technical details differ.

Theorem 3.2. Let (R, J,a) be a Riesz triple. Then
dimeII(R, J,a) = 2n — 1 — «y,
where
2 k-1 2
1og%+ > log (1+‘a%|>

. =1
ap = max [0, limsup _
k00 log jk

(3.1)

In particular,

k—1
1
dimeII(R, J,a) > 2n — 1 —1i §j 2.
imeII(R, J, a) n im sup (QIOgjk 2 |ag|>

k—o00
Proof. Let 11 :=1I(R, J,a). For k =1,2,... we denote

k—1
I'y = {:l:jk + ZEgjg Ly = O,ﬂzl} .

=1
Let v € T'x,. Without loss of generality we suppose that v > 0. Then there exists exactly one
representation

k—1
Y=kt Y e
(=1

By the multiplication rule for the spherical harmonics, see Section 2.1, we have

Z g = RJkHRJZ £0),

p—q=7
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where

Rj[(aEg) = 1, &y = 0,

&y = —1.

Applying the property (2.1), we obtain

k—1
Z L, 413 = RijRje(55>
(=1

pP—q="
where the empty product is equal to one.
Now we fix a number o > «ay. Since p+ g > p — g, we have

Dolprad™ YD Il < ) T Y Il (3:2)

Y€ P—q=7 Y€l P—q=7

i || ||2
Qg Qy
<5 I 5 )
) (2 2)

£: 8[#0

If v € Ty, then || & ji. Hence,

DI SRS E e (RS} 33)

V€L P—q=7 (=1
Combining the properties (3.2) and (3.3), we obtain

9 k—1

D1 (M) < 14 joo % I1 4 ol (3.4)
2 2

(=1

by Theorem 3.1.
We have log ji, > (k—1)log 3, and thus, choosing the number A, 0 < A < 1, sufficiently close
to one, by means of the inequality a@ > g we obtain that

k=1
log% + > log (1 + %) + kllog A|
=1

o= ,

log ji

in other words,

i 'TH( Lot ) <A

Combining the latter property and (3.4), we conclude that
Ip1-o(IT) < 0.
Since the quantity a > ag is chosen arbitrarily, we finally have
dimgll > 2n — 1 — ),

and this completes the proof. O
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3.2. Hausdorff dimension. For a Borel set £ by the symbol dimy E we denote its Hausdorff
dimension. The Hausdorff dimension of a measure u € M, (S,,) is defined by the identity

dimyp = inf{dimyx F : E is a Borel set suuch that u(E) > 0}.

The properties of Hausdorff dimension of a measure are presented in [9, Ch. 10].
For the Riesz product IT = TI(R, J, a) direct calculations show that there exists a sufficiently
small € > 0 such that II, , = 0 under the condition

§—1]<a, (.4) # (0,0)

This is why the application of Theorem 1.1 from [3] to the product I ensures that dimyIT >
2n — 2. In fact, a sharper estimate can be obtained by means of Theorem 3.2.

3.2.1.  Application of Theorem 3.2. If I,(u) < oo, then dimyp > ¢, cf. [8, Sect. 4.3]. This is
why the Hausdorff dimension of a measure is always not less than its energy dimension.

Corollary 3.1. Let (R, J,a) be the Riesz triple. Then
dimylIl(R, J,a) = 2n — 1 — ay,
where the quantity aq is given by the identity (3.1).
Proof. Since dimyII > dimgll, it is sufficient to apply Theorem 3.2. n
Remark 3.1. It is clear that Theorem 1.1 is a particular case of the above corollary.

3.2.2.  Reduction of problem to slice—products. An alternative approach to Corollary 3.1 is to
consider slice—products II(R, J,a). We need the following theorem, which follows from Sections
[10, Sects. 2.10.2, 2.10.17].

Theorem 3.3. Let K C CP" ' x T be a compact set and K; = {w € T : (¢,w) € K}.
Suppose that dimy K; > B for ( € X C CP"'. If 5,(X) > 0, then

dimy K > 2n — 2+ .
We fix some number a > ag. It is sufficient to prove that
dimyI(R, J,a) > 2n — 1 — a. (3.5)
Suppose that the needed estimate fails. Then there exists a compact set £ C S, such that
II(E) > 0 and
dimy F <2n —1— a.
We identify the sphere S, and the product CP"~! x T. We consider the sets
Ec={weT:(¢,w)e E}.

We state that
dimyEr <1 —a for G,-almost all ¢ € CP"*. (3.6)

Indeed, if the formulated property fails, then
dimyE; >1—a for (€ X, where 07,(X)>0.
Applying Theorem 3.3, we obtain
dimyE >2n—1— a,

that leads to a contradiction. Thus, the property (3.6) holds.
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Since II(E) > 0, Lemma 2.1 ensures that
H:(E;) >0 for (€Y, where o,(Yy) >0.
Combining this fact and (3.6), we obtain
dimyll, <1—a for (€Y, where 7,(Y)>0. (3.7)

Now we recall that II:(R,J,a) is the classical Riesz product defined by the formula (2.2).
Therefore,

dimyll:(R, J,a) 21 —ap>1—«

by Theorem 3.1 in [11]. This contradicts the property (3.7). Thus, the property (3.5) holds for
each number o > «y.

In other words, the consideration of slice-—products allows us to obtain Corollary 3.1 by means
of Theorem 3.1 in [11]|, which is a corresponding result on classical Riesz products.

4. HAUSDORFF DIMENSIONS OF PLURIHARMONIC MEASURES

This section is motivated by analogues of Lemma 2.1 and their applications in studying the
pluriharmonic measures.

4.1. Pluriharmonic measures on unit sphere. A measure p € M(S,) is called plurihar-
monic if

spec(u) C {(p,q) € Z3 : pq = 0}.

An analogue of Lemma 2.1 is known for pluriharmonic measures on the sphere S,. Tt follows
from this fact that dimyp > 2n — 2 for each pluriharmonic measure p € M(S,,); further details
can be found in [1], [3]. However, to the best of the author’s knowledge, the sharpness of this
estimate remains an open question.

4.2. Pluriharmonic measures on torus. A measure y € M(T") is called pluriharmonic
if f(k1,... ky) =0 for (ki,...,k,) € Z™\ (Z" UZ7). It is well-known that p € M(T") is
a pluriharmonic measure if and only if the Poisson integral of measure p is a pluriharmonic
function in the polydisk ID™. Therefore, an analogue of Lemma 2.1 holds for each pluriharmonic
measure g on T™; see the proof of Proposition 2.1 in [2] for a measure p on the unit sphere S,,,
as well as 5], where the pluriharmonic measures are considered on the Shilov boundary of a
circular bounded symmetric domain. Arguing as in the case of sphere S,,, we conclude that

dimyp > n —1, (4.1)

see also [5, Cor. 3.3]. For n = 2 the estimate (4.1) and its sharpness were established in work
[1]. Simple examples show that the estimate (4.1) is sharp for all n > 2. Indeed, we let

= 01(&) ®m(&) © - @m(&n),

where §; is the Dirac measure at the point 1 € T, and m = o; is the normalized Lebesgue
measure on the circle T. It is clear that p is a pluriharmonic measure and

dimyp =n — 1.
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