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INTEGRATION OF LOADED NONLINEAR SCHRÖDINGER

EQUATION IN CLASS OF FAST DECAYING FUNCTIONS

G.U. URAZBOEV, I.I. BALTAEVA, I.D. RAKHIMOV

Abstract. We show that the inverse scattering transform technique can be applied to
obtain the time dependence of scattering data of the Zakharov — Shabat system, which is
described by the loaded nonlinear Schrödinger equation in the class of fast decaying func-
tions. In addition we prove that the Cauchy problem for the loaded nonlinear Schrödinger
equation is uniquely solvable in the class of rapidly decreasing functions. We provide the
explicit expression of a single soliton solution for the loaded nonlinear Schrödinger equa-
tion. As an example, we find the soliton solution of the considered problem for an arbitrary
non–zero continuous function 𝛾(𝑡).
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1. Introduction

Integration nonlinear differential equations with soliton solutions is of a permanent interest
since many physical processes are described by nonlinear evolutionary differential equations.
Initially, in 1967, Green, Kruskal, and Miura integrated the Cauchy problem for the Korteweg —
de Vries equation using the method of the inverse scattering problem in the class of fast decaying
functions [1]. In 1968, Lax [2] showed that the method of the inverse scattering problem was
universal. Using this idea, in 1972, Zakharov and Shabat [3] showed the complete integrability
of the nonlinear Schrödinger equation

𝑖𝑢𝑡 ± 2𝑢2𝑢̄+ 𝑢𝑥𝑥 = 0.

Apart of this method, there are several methods for finding solutions to nonlinear differential
equations: Hirota direct method [4], [5], [6], the binary Darboux transformations [7], (𝐺′/𝐺)–
expansion method [8], [9], [10]. The term “loaded equation” was introduced by Nakhushev [11].
After this, the interest in loaded differential equations increased [12], [13]. Many mathemati-
cians studied loaded nonlinear differential equations in the different functional classes [14], [15],
[16], [17], [18].

We consider the Cauchy problem for a loaded nonlinear Schrödinger equation

𝑖𝑢𝑡 + 2|𝑢|2𝑢+ 𝑢𝑥𝑥 − 𝑖𝛾(𝑡)(𝑢(0, 𝑡) + 𝑢*(0, 𝑡))𝑢𝑥 = 0, (1.1)

𝑢(𝑥, 0) = 𝑢0(𝑥), (1.2)

where 𝛾(𝑡) is bounded continuous non–zero real function, and the real function 𝑢0(𝑥) possesses
the following properties:
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1. The inequality ∫︁ ∞

−∞
(1 + |𝑥|) |𝑢0(𝑥)| 𝑑𝑥 <∞

holds.

2. The equation

𝐿(0)𝑦 ≡ 𝑖

(︂
𝑑
𝑑𝑥

−𝑢0(𝑥)
−𝑢*0(𝑥) − 𝑑

𝑑𝑥

)︂(︂
𝜙1

𝜙2

)︂
= 𝜉

(︂
𝜙1

𝜙2

)︂
, 𝑥 ∈ R,

can have𝑁 number simple eigenvalues and has no spectral singularities. Here, the function
𝑢*0(𝑥) is a complex conjugation of 𝑢0(𝑥).

In this work, we are consider the solutions of the above Cauchy problem in the class of
functions defined by the condition∫︁ ∞

−∞

(︃
(1 + |𝑥|) |𝑢(𝑥)|+

3∑︁
𝑗=1

⃒⃒⃒⃒
𝜕𝑗𝑢(𝑥, 𝑡)

𝜕𝑥𝑗

⃒⃒⃒⃒)︃
𝑑𝑥 <∞, 𝑡 ⩾ 0, (1.3)

via the inverse scattering problem. Our approach allows us to find the solution of the above
Cauchy problem for an arbitrary non–zero continuous real function 𝛾(𝑡).

2. Uniqueness

Theorem 2.1. The problem (1.1)–(1.3) can have at most one solution.

Proof. Let 𝑢 = 𝑢(𝑥, 𝑡) and 𝑣 = 𝑣(𝑥, 𝑡) be two solutions of (1.1)–(1.3). We denote 𝜔(𝑥, 𝑡) =
(𝑢(𝑥, 𝑡)− 𝑣(𝑥, 𝑡))𝑥 and obtain

𝑖
𝑑

𝑑𝑡
|𝜔|2 + 4

(︀
(𝑢𝑥|𝑢|2 − 𝑣𝑥|𝑣|2)𝜔̄ − (𝑢̄𝑥|𝑢|2 − 𝑣𝑥|𝑣|2)𝜔

)︀
+ 2

(︀
(𝑢2𝑢̄𝑥 − 𝑣2𝑣𝑥)𝜔̄ − (𝑢̄2𝑢𝑥 − 𝑣2𝑣𝑥)𝜔

)︀
− 𝑖𝛾(𝑡)

(︀
(𝑢(0, 𝑡) + 𝑢̄(0, 𝑡))𝜔̄𝑢𝑥𝑥 + (𝑢(0, 𝑡) + 𝑢̄(0, 𝑡))𝜔𝑢̄𝑥𝑥

− (𝑣(0, 𝑡) + 𝑣(0, 𝑡))𝜔̄𝑣𝑥𝑥 − (𝑣(0, 𝑡) + 𝑣(0, 𝑡))𝜔𝑣𝑥𝑥
)︀
= 0

and hence,

𝑖
𝑑

𝑑𝑡
|𝜔|2 + (𝑢𝑥 + 𝑣𝑥) ((𝑢− 𝑣)(𝑢̄+ 𝑣) + (𝑢+ 𝑣)(𝑢̄− 𝑣)) 𝜔̄

− (𝑢̄𝑥 + 𝑣𝑥) ((𝑢− 𝑣)(𝑢̄+ 𝑣) + (𝑢+ 𝑣)(𝑢̄− 𝑣))𝜔 + (𝑢+ 𝑣)(𝑢− 𝑣)(𝑢̄𝑥 + 𝑣𝑥)𝜔̄

+ (𝑢2 + 𝑣2)(𝑢̄𝑥 − 𝑣𝑥)𝜔̄ − (𝑢̄+ 𝑣)(𝑢̄− 𝑣)(𝑢𝑥 + 𝑣𝑥)𝜔 − (𝑢̄2 + 𝑣2)(𝑢𝑥 − 𝑣𝑥)𝜔

+ 𝜔𝑥𝑥𝜔̄ + 𝜔̄𝑥𝑥𝜔 − 𝑖𝛾(𝑡)𝜔̄

2
(𝑢(0, 𝑡) + 𝑢̄(0, 𝑡) + 𝑣(0, 𝑡) + 𝑣(0, 𝑡))(𝑢𝑥𝑥 − 𝑣𝑥𝑥)

− 𝑖𝛾(𝑡)𝜔̄

2
(𝑢(0, 𝑡)− 𝑣(0, 𝑡) + 𝑢̄(0, 𝑡)− 𝑣(0, 𝑡))(𝑢𝑥𝑥 + 𝑣𝑥𝑥)

+
𝑖𝛾(𝑡)

2
𝜔(𝑢(0, 𝑡) + 𝑢̄(0, 𝑡) + 𝑣(0, 𝑡) + 𝑣(0, 𝑡))(𝑢̄𝑥𝑥 − 𝑣𝑥𝑥)

+
𝑖𝛾(𝑡)

2
𝜔(𝑢(0, 𝑡)− 𝑣(0, 𝑡) + 𝑢̄(0, 𝑡)− 𝑣(0, 𝑡))(𝑢̄𝑥𝑥 + 𝑣𝑥𝑥) = 0.

Integrating with this identity in 𝑥 over (−∞,∞), we find

𝑖
𝑑

𝑑𝑡

∞∫︁
−∞

|𝜔|2 𝑑𝑥+
∞∫︁

−∞

(𝑢𝑥 + 𝑣𝑥) ((𝑢− 𝑣)(𝑢̄+ 𝑣) + (𝑢+ 𝑣)(𝑢̄− 𝑣)) 𝜔̄ 𝑑𝑥
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−
∞∫︁

−∞

(𝑢̄𝑥 + 𝑣𝑥) ((𝑢− 𝑣)(𝑢̄+ 𝑣) + (𝑢+ 𝑣)(𝑢̄− 𝑣))𝜔 𝑑𝑥

+

∞∫︁
−∞

(𝑢+ 𝑣)(𝑢− 𝑣)(𝑢̄𝑥 + 𝑣𝑥)𝜔̄ + (𝑢2 + 𝑣2)(𝑢̄𝑥 − 𝑣𝑥)𝜔̄ 𝑑𝑥

−
∞∫︁

−∞

(𝑢̄+ 𝑣)(𝑢̄− 𝑣)(𝑢𝑥 + 𝑣𝑥)𝜔 − (𝑢̄2 + 𝑣2)(𝑢𝑥 − 𝑣𝑥)𝜔 𝑑𝑥+

∞∫︁
−∞

(𝜔𝑥𝑥𝜔̄ + 𝜔̄𝑥𝑥𝜔) 𝑑𝑥

− 𝑖𝛾(𝑡)𝜔̄

2

∞∫︁
−∞

(𝑢(0, 𝑡) + 𝑢̄(0, 𝑡) + 𝑣(0, 𝑡) + 𝑣(0, 𝑡))(𝑢𝑥𝑥 − 𝑣𝑥𝑥) 𝑑𝑥

− 𝑖𝛾(𝑡)𝜔̄

2

∞∫︁
−∞

(𝑢(0, 𝑡)− 𝑣(0, 𝑡) + 𝑢̄(0, 𝑡)− 𝑣(0, 𝑡))(𝑢𝑥𝑥 + 𝑣𝑥𝑥) 𝑑𝑥

+
𝑖𝛾(𝑡)𝜔

2

∞∫︁
−∞

(𝑢(0, 𝑡) + 𝑢̄(0, 𝑡) + 𝑣(0, 𝑡) + 𝑣(0, 𝑡))(𝑢̄𝑥𝑥 − 𝑣𝑥𝑥) 𝑑𝑥

+
𝑖𝛾(𝑡)𝜔

2

∞∫︁
−∞

(𝑢(0, 𝑡)− 𝑣(0, 𝑡) + 𝑢̄(0, 𝑡)− 𝑣(0, 𝑡))(𝑢̄𝑥𝑥 + 𝑣𝑥𝑥) 𝑑𝑥 = 0.

We denote

𝑚1 = max |𝑢+ 𝑣| , 𝑚2 = max |𝑢𝑥 + 𝑣𝑥| , 𝑚3 = max
⃒⃒
𝑢2 + 𝑣2

⃒⃒
,

𝑚4 = max |𝑢𝑥𝑥 + 𝑣𝑥𝑥| , 𝑚5 = max |𝑢(0, 𝑡) + 𝑣(0, 𝑡) + 𝑢̄(0, 𝑡) + 𝑣(0, 𝑡)| .
By the Cauchy — Bunyakovsky — Schwarz inequality we obtain

𝑑

𝑑𝑡

∞∫︁
−∞

|𝜔|2 𝑑𝑥 ⩽4𝑚1𝑚2max |𝑢− 𝑣|

(︃ ∞∫︁
−∞

|𝜔|2 𝑑𝑥

)︃ 1
2

+ 2

⎛⎝𝑚1𝑚2max |𝑢− 𝑣|

(︃ ∞∫︁
−∞

|𝜔|2 𝑑𝑥

)︃ 1
2

+𝑚3

∞∫︁
−∞

|𝜔|2 𝑑𝑥

⎞⎠
+ 2𝛾(𝑡)𝑚4max |𝑢− 𝑣|

(︃ ∞∫︁
−∞

|𝜔|2 𝑑𝑥

)︃ 1
2

.

Here we have used the fact that 𝜔 and its derivations tend to zero as 𝑥 → ±∞. It was shown
in [19] that there exists a constant 𝑘1 > 0 such that

|𝑢(0, 𝑡)− 𝑣(0, 𝑡)| ⩽ max
𝑥

|𝑢(𝑥, 𝑡)− 𝑣(𝑥, 𝑡)|,(︃ ∞∫︁
−∞

|𝑢− 𝑣|2 𝑑𝑥

)︃ 1
2

⩽ 𝑘1

(︃ ∞∫︁
−∞

|𝑢𝑥 − 𝑣𝑥|2 𝑑𝑥

)︃ 1
2

,

max |𝑢− 𝑣| ⩽ 𝑘2

(︃ ∞∫︁
−∞

|𝑢𝑥 − 𝑣𝑥|2 𝑑𝑥

)︃ 1
2

.
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We hence get

𝑑

𝑑𝑡

∞∫︁
−∞

|𝜔|2 𝑑𝑥 ⩽4𝑚1𝑚2𝑘1

∞∫︁
−∞

|𝜔|2 𝑑𝑥+ 2

⎛⎝𝑚1𝑚2𝑘1

∞∫︁
−∞

|𝜔|2 𝑑𝑥+𝑚3

∞∫︁
−∞

|𝜔|2 𝑑𝑥

⎞⎠
+ 2𝛾(𝑡)𝑚4𝑘2

∞∫︁
−∞

|𝜔|2 𝑑𝑥.

Denoting

𝐸(𝑡) =

∞∫︁
−∞

|𝜔|2 𝑑𝑥, 𝐶(𝑡) = (6𝑚1𝑚2𝑘1 +𝑚3 + 2𝛾(𝑡)𝑚4𝑘2),

we rewrite the obtained inequality as

𝑑𝐸(𝑡)

𝑑𝑡
⩽ 𝐶(𝑡)𝐸(𝑡).

This differential inequality yields

𝐸(𝑡) ⩽ 𝐸(0) exp

𝑡∫︁
0

𝐶(𝜏)𝑑𝜏 ,

which implies that if 𝐸(0) = 0, then 𝐸(𝑡) ≡ 0 and therefore

∞∫︁
−∞

|𝜔|2 𝑑𝑥 =

∞∫︁
−∞

|𝑢𝑥(𝑥, 𝑡)− 𝑣𝑥(𝑥, 𝑡)|2 𝑑𝑥 = 0, 𝑢(𝑥, 𝑡)− 𝑣(𝑥, 𝑡) = 𝑐.

Letting 𝑡 = 0, we get 𝑐 = 0.

3. Scattering problem

We consider the system of equations{︂
𝑣1𝑥 + 𝑖𝜉𝑣1 = 𝑢(𝑥)𝑣2,

𝑣2𝑥 − 𝑖𝜉𝑣2 = −𝑢*(𝑥)𝑣1,
(3.1)

Here 𝑢(𝑥) satisfies the fast decay condition

∞∫︁
−∞

(1 + |𝑥|) |𝑢(𝑥)| 𝑑𝑥 <∞, 𝑡 ⩾ 0. (3.2)

The present section contains an information on the direct and inverse scattering problem
for the problem (3.1)–(3.2), which is necessary for our further exposition. The condition (3.2)
ensures that the system of equations (3.1) possesses the Jost solutions 𝜙(𝑥, 𝜉) and 𝜓(𝑥, 𝜉) with
the asymptotics

𝜙(𝑥, 𝜉) ∼
(︂
1
0

)︂
𝑒−𝑖𝜉𝑥, 𝜙(𝑥, 𝜉) ∼

(︂
0
−1

)︂
𝑒𝑖𝜉𝑥 as 𝑥→ −∞, (3.3)

𝜓(𝑥, 𝜉) ∼
(︂
0
1

)︂
𝑒−𝑖𝜉𝑥, 𝜓(𝑥, 𝜉) ∼

(︂
1
0

)︂
𝑒𝑖𝜉𝑥 as 𝑥→ ∞;

here 𝜙 (𝜓) is not complex conjugation of 𝜙 (𝜓).



INTEGRATION OF LOADED NONLINEAR SCHRÖDINGER EQUATION 153

The Jost solutions 𝜙(𝑥, 𝜉) and 𝜓(𝑥, 𝜉) admit an analytic continuation in 𝜉 into the upper
half–plane Im 𝜉 > 0. For each 𝜉 ∈ (−∞,∞) the pairs of functions {𝜙(𝑥, 𝜉), 𝜙(𝑥, 𝜉)} and{︀
𝜓(𝑥, 𝜉), 𝜓(𝑥, 𝜉)

}︀
are linearly independent solutions of (3.1), and the identities{︃

𝜙 = 𝑎(𝜉)𝜓 + 𝑏(𝜉)𝜓,

𝜙 = −𝑎̄(𝜉)𝜓 + 𝑏̄(𝜉)𝜓.

hold, where the functions 𝑎(𝜉) and 𝑏(𝜉) are independent of 𝑥 and

𝑎(𝜉) = 𝑊 {𝜙, 𝜓} ≡ 𝜙1𝜓2 − 𝜙2𝜓1 (3.4)

Moreover, for real 𝜉 we have
𝑎(𝜉)𝑎̄(𝜉) + 𝑏(𝜉)𝑏̄(𝜉) = 1.

Hence, the function 𝑎(𝜉) can be analytically continued in the upper half–plane Im 𝜉 > 0. The

function 𝑎(𝜉) has the asymptotic 𝑎(𝜉) = 1+𝑂
(︁

1
|𝜉|

)︁
as |𝜉| → ∞, Im 𝜉 ⩾ 0. Besides, in the half–

plane Im 𝜉 > 0 the function 𝑎(𝜉) has finitely many zeroes at the points 𝜉𝑘 (𝑘 = 1, 2, . . . , 𝑁),
and these points are the eigenvalues of the operator

𝐿(𝑡) = 𝑖

(︂
𝑑
𝑑𝑥

−𝑢(𝑥, 𝑡)
−𝑢*(𝑥, 𝑡) − 𝑑

𝑑𝑥

)︂
in upper half–plane. We observe that the operator 𝐿 can have spectral singularities in the
continuous spectrum. However, we suppose that, the operator 𝐿 has no spectral singularities,
and the zeroes of the function 𝑎(𝑘) are simple:

𝜙(𝑥, 𝜉𝑘) = 𝐶𝑘𝜓(𝑥, 𝜉𝑘), 𝑘 = 1, 2, . . . , 𝑁

Definition 3.1. The set {𝑟(𝜉) ≡ 𝑏(𝜉)
𝑎(𝜉)

, 𝜉𝑘, 𝐶𝑘}, 𝜉 ∈ R, Im 𝜉𝑘 > 0, 𝑘 = 1, 𝑁, is called the

scattering data of the system of equations (3.1).

The solution 𝜓(𝑥, 𝜉) can be represented as

𝜓 =

(︂
0
1

)︂
𝑒𝑖𝜉 𝑥 +

∞∫︁
𝑥

𝐾 (𝑥, 𝑠) 𝑒𝑖𝜉 𝑠 𝑑𝑠,

where

𝐾(𝑥, 𝑠) =

(︂
𝐾1(𝑥, 𝑠)
𝐾2(𝑥, 𝑠)

)︂
is independent of 𝜉 and is related with the potential function 𝑢(𝑥) by the identity

𝑢(𝑥) = −2𝐾1(𝑥, 𝑥)

The components of the kernel 𝐾1(𝑥, 𝑦) in 𝑦 > 𝑥 are the solutions of the Gelfand — Levitan —
Marchenko system of equation

𝐾1 (𝑥, 𝑦)− 𝐹 *(𝑥+ 𝑦) +

∞∫︁
𝑥

∞∫︁
𝑥

𝐾 1(𝑥, 𝑧)𝐹 (𝑧 + 𝑠)𝐹 *(𝑠+ 𝑦)𝑑𝑠𝑑𝑧 = 0,

where

𝐹 (𝑥) =
1

2𝜋

∞∫︁
−∞

𝑏(𝜉)

𝑎(𝜉)
𝑒𝑖𝜉𝑥 𝑑𝜉 − 𝑖

𝑁∑︁
𝑗=1

𝐶𝑗𝑒
𝑖𝜉𝑗𝑥.

It is easy to verify that the vector functions

ℎ𝑛 (𝑥) =

𝑑
𝑑𝜉
(𝜙− 𝐶𝑛𝜓) |𝜉=𝜉𝑛

𝑎̇ (𝜉𝑛)
, 𝑛 = 1, 2, . . . , 𝑁, (3.5)
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are solutions to the equations 𝐿ℎ𝑛 = 𝜉𝑛ℎ𝑛. By the identity (3.4) we obtain the asymptotics

𝜓 ∼ 𝑎(𝜉)

(︂
0
1

)︂
𝑒𝑖𝜉𝑥 as 𝑥→ −∞,

𝜙 ∼ 𝑎(𝜉)

(︂
1
0

)︂
𝑒−𝑖𝜉𝑥 as 𝑥→ ∞,

which are valid for Im 𝜉 > 0. By these estimates and the identity (3.5) we obtain the asymptotics

ℎ𝑛 ∼ −𝐶𝑛

(︂
0
1

)︂
𝑒𝑖𝜉𝑛𝑥 as 𝑥→ −∞, ℎ𝑛 ∼

(︂
1
0

)︂
𝑒−𝑖𝜉𝑛𝑥 as 𝑥→ ∞. (3.6)

In particular,
𝑊 {𝜙𝑛, ℎ𝑛} ≡ 𝜙𝑛1ℎ𝑛2 − 𝜙𝑛2ℎ𝑛1 = −𝐶𝑛,

where 𝜙𝑛 ≡ 𝜙 (𝑥, 𝜉𝑛), 𝑛 = 1, 2, . . . , 𝑁 .

4. Evolution of scattering data

Let the function 𝑢(𝑥, 𝑡) in (3.1) be a solution to the loaded nonlinear Schrödinger equation

𝑖𝑢𝑡 + 2|𝑢|2𝑢+ 𝑢𝑥𝑥 = 𝐺(𝑥, 𝑡), (4.1)

where the function 𝐺(𝑥, 𝑡) is sufficiently smooth and 𝐺(𝑥, 𝑡) = 𝑜(1) as 𝑥 → ±∞, 𝑡 ⩾ 0. The
following main lemma [20] is valid for Equation (4.1) and initial condition (1.2).

Lemma 4.1. If the function 𝑢(𝑥, 𝑡) is a solution of Equation (4.1) in the class of functions
(1.3), then the scattering data of the system (3.1) with the function 𝑢(𝑥, 𝑡) depend on 𝑡 as
follows:

𝜕𝑟+

𝜕𝑡
= 4𝑖𝜉2𝑟+ − 1

𝑎2

∞∫︁
−∞

(𝐺𝜙2
2 +𝐺*𝜙2

1) 𝑑𝑥, Im 𝜉 = 0,

𝑑𝐶𝑛

𝑑𝑡
=

⎛⎝4𝑖𝜉2𝑛 −
∞∫︁

−∞

(𝐺ℎ𝑛2𝜓𝑛2 +𝐺*ℎ𝑛1𝜓𝑛1) 𝑑𝑥

⎞⎠𝐶𝑛,

𝑑𝜉𝑛
𝑑𝑡

=

−𝑖
∞∫︀

−∞
(𝐺𝜙2

𝑛2 +𝐺*𝜙2
𝑛1) 𝑑𝑥

2
∞∫︀

−∞
𝜙𝑛1𝜙𝑛2 𝑑𝑥

, 𝑛 = 1, 2, 3, . . . , 𝑁.

Here 𝜙𝑛(𝑥, 𝑡) are normalized eigenfunctions, which correspond to the eigenvalue 𝜉𝑛 of the system
of equations (3.1).

We apply Lemma (4.1) with

𝐺(𝑥, 𝑡) = −𝑖𝛾(𝑡)(𝑢(0, 𝑡) + 𝑢*(0, 𝑡))𝑢𝑥 (4.2)

and we get the representation

𝑑𝑟+

𝑑𝑡
= 4𝑖𝜉2𝑟+ − 𝑖𝛾(𝑡)(𝑢(0, 𝑡) + 𝑢*(0, 𝑡))

𝑎2

∞∫︁
−∞

(𝑢𝑥𝜙
2
2 + 𝑢*𝑥𝜙

2
1) 𝑑𝑥, Im 𝜉 = 0.

Using the system (3.1) and asymptotic formulas (3.3), we find

𝜕𝑟+

𝜕𝑡
= 4𝑖𝜉2𝑟+ − 𝑖𝛾(𝑡)(𝑢(0, 𝑡) + 𝑢*(0, 𝑡))

𝑎2
𝑃, (4.3)
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where

𝑃 =

∞∫︁
−∞

𝑢𝑥𝜙
2
2 𝑑𝑥+

∞∫︁
−∞

𝑢*𝑥𝜙
2
1 𝑑𝑥 = −2

∞∫︁
−∞

(𝑢𝜙2𝜙
′
2 + 𝑢*𝜙1𝜙

′
1) 𝑑𝑥

=− 2

∞∫︁
−∞

[𝜙′
2(𝜙

′
1 + 𝑖𝜉𝜙1) + 𝜙′

1(𝑖𝜉𝜙2 − 𝜙′
2)] 𝑑𝑥

=− 2𝑖𝜉

∞∫︁
−∞

(𝜙′
2𝜙1 + 𝜙′

1𝜙2) 𝑑𝑥 = −2𝑖𝜉

∞∫︁
−∞

𝑑𝜙1𝜙2 = −2𝑖𝜉𝑎(𝜉)𝑏(𝜉).

(4.4)

We substitute the expression (4.4) into the expression (4.3) and we get

𝑑𝑟+

𝑑𝑡
=
(︀
4𝑖𝜉2 − 2𝜉𝛾(𝑡)(𝑢(0, 𝑡) + 𝑢*(0, 𝑡))

)︀
𝑟+, Im 𝜉 = 0. (4.5)

Using Lemma(4.1) and (4.2), we obtain

𝑑𝜉𝑛
𝑑𝑡

=
𝛾(𝑡)(𝑢(0, 𝑡) + 𝑢*(0, 𝑡))𝑄

2
∞∫︀

−∞
𝜙𝑛1𝜙𝑛2 𝑑𝑥

where

𝑄 =

∞∫︁
−∞

(𝑢𝑥𝜙
2
𝑛2 + 𝑢*𝑥𝜙

2
𝑛1) 𝑑𝑥 = −2

∞∫︁
−∞

(𝑢𝜙𝑛2𝜙
′
𝑛2 + 𝑢*𝜙𝑛1𝜙

′
𝑛1) 𝑑𝑥

=− 2

∞∫︁
−∞

[𝜙′
𝑛2(𝜙

′
𝑛1 + 𝑖𝜉𝑛𝜙𝑛1) + 𝜙′

𝑛1(𝑖𝜉𝑛𝜙𝑛2 + 𝜙′
𝑛2)] 𝑑𝑥 = −2𝑖𝜉𝑛

∞∫︁
−∞

𝑑𝜙𝑛1𝜙𝑛2 = 0.

Now we know that

𝑑𝜉𝑛
𝑑𝑡

= 0, 𝑛 = 1, 2, 3, . . . , 𝑁. (4.6)

Using the system (3.1) and asymptotic formulas (3.6), we arrive at

𝑑𝐶𝑛

𝑑𝑡
=

⎛⎝4𝑖𝜉2𝑛 −
∞∫︁

−∞

[𝐺ℎ𝑛2𝜓𝑛2 +𝐺*ℎ𝑛1𝜓𝑛1] 𝑑𝑥

⎞⎠𝐶𝑛

=
(︀
4𝑖𝜉2𝑛 + 𝑖𝛾(𝑡)(𝑢(0, 𝑡) + 𝑢*(0, 𝑡))𝐻

)︀
𝐶𝑛

(4.7)
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where

𝐻 =

∞∫︁
−∞

[𝐺ℎ𝑛2𝜓𝑛2 +𝐺*ℎ𝑛1𝜓𝑛1] 𝑑𝑥

=

∞∫︁
−∞

[𝑢𝑥ℎ𝑛2𝜓𝑛2 + 𝑢*𝑥ℎ𝑛1𝜓𝑛1] 𝑑𝑥

=

∞∫︁
−∞

[𝑢ℎ′𝑛2𝜓𝑛2 + 𝑢ℎ𝑛2𝜓
′
𝑛2 + 𝑢*𝑥ℎ

′
𝑛1𝜓𝑛1 + 𝑢*ℎ𝑛1𝜓

′
𝑛1] 𝑑𝑥

=

∞∫︁
−∞

[ℎ′𝑛2(𝜓
′
𝑛1 + 𝑖𝜉𝑛𝜓𝑛1) + 𝜓′

𝑛2(ℎ
′
𝑛1 + 𝑖𝜉𝑛ℎ𝑛1)

+ ℎ′𝑛1(𝑖𝜉𝑛𝜓𝑛2 − 𝜓′
𝑛2) + 𝜓′

𝑛1(𝑖𝜉𝑛ℎ𝑛2 − ℎ′𝑛2)] 𝑑𝑥

=− 𝑖𝜉𝑛

∞∫︁
−∞

[︀
(ℎ𝑛2𝜓𝑛1)

′ + (ℎ𝑛1𝜓𝑛2)
′]︀ 𝑑𝑥 = −𝑖𝜉𝑛

(4.8)

Using (4.7) and (4.8), we find

𝑑𝐶𝑛

𝑑𝑡
=
(︀
4𝑖𝜉2𝑛 + 2𝑖𝜉𝑛𝛾(𝑡)(𝑢(0, 𝑡) + 𝑢*(0, 𝑡))

)︀
𝐶𝑛, 𝑛 = 1, 2, 3, . . . , 𝑁. (4.9)

By identities (4.5), (4.6) and (4.9), we have the following theorem.

Theorem 4.1. If the function 𝑢(𝑥, 𝑡) is a solution of the problem (1.1)–(1.3), then the scat-
tering data of the system (3.1) with the function 𝑢(𝑥, 𝑡) depend on 𝑡 as follows:

𝜕𝑟+

𝜕𝑡
=
(︀
4𝑖𝜉2 − 2𝜉𝛾(𝑡)(𝑢(0, 𝑡) + 𝑢*(0, 𝑡))

)︀
𝑟+, Im 𝜉 = 0,

𝑑𝐶𝑛

𝑑𝑡
=
(︀
4𝑖𝜉2𝑛 + 2𝑖𝜉𝑛𝛾(𝑡)(𝑢(0, 𝑡) + 𝑢*(0, 𝑡))

)︀
𝐶𝑛,

𝑑𝜉𝑛
𝑑𝑡

= 0, 𝑛 = 1, 2, 3, . . . , 𝑁.

The obtained relations determine completely the evolution of the scattering data for the
system (3.1), which allows us to find the solution of the problem (1.1)–(1.3) by using the
inverse scattering problem method.

5. Example

We consider the Cauchy problem

𝑖𝑢𝑡 + 2|𝑢|2𝑢+ 𝑢𝑥𝑥 − 𝑖𝛾(𝑡)(𝑢(0, 𝑡) + 𝑢*(0, 𝑡))𝑢𝑥 = 0, 𝑢(𝑥, 0) =
2

cosh 2𝑥
.

In order to find its general solution, we use the inverse scattering problem method. First of all,
we find a solution of the direct problem for the system of equations

𝐿(0)𝑦 ≡ 𝑖

(︂
𝑑
𝑑𝑥

−𝑢0(𝑥)
−𝑢*0(𝑥) − 𝑑

𝑑𝑥

)︂(︂
𝜙1

𝜙2

)︂
= 𝜉

(︂
𝜙1

𝜙2

)︂
.

In this case, we have the scattering data

𝑟+(0) = 0, 𝜉1(0) = 𝑖, 𝐶1(0) = 2.
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According to the theorem, we find the evolution of scattering data depending on 𝑡:

𝑟+(𝜉, 𝑡) = 0, 𝜉1(𝑡) = 0, 𝐶1(𝑡) = −4𝑖− 2𝛾(𝑡)(𝑢(0, 𝑡) + 𝑢*(0, 𝑡)), 𝜉 ∈ R.

We find a solution of inverse scattering problem using this scattering data.

𝑟+(𝜉, 𝑡) = 0, 𝜉1(𝑡) = 0, 𝐶1(𝑡) = −4𝑖− 2𝛾(𝑡)(𝑢(0, 𝑡) + 𝑢*(0, 𝑡)).

Solving the Gelfand — Levitan — Marchenko integral equations, we find

𝑢(𝑥, 𝑡) =
2𝑒4𝑖𝑡

cosh(2𝑥+ 2
𝑡∫︀
0

𝛾(𝑡)(𝑢(0, 𝜏) + 𝑢*(0, 𝜏))𝑑𝜏)

.

Letting 𝑥 = 0 and denoting

𝑓(𝑡) = 2

𝑡∫︁
0

𝛾(𝑡)(𝑢(0, 𝜏) + 𝑢*(0, 𝜏))𝑑𝜏,

we obtain the Cauchy problem ⎧⎨⎩
𝑓 ′(𝑡)

𝛾(𝑡)
=

4 cos(4𝑡)

cosh(𝑓)
,

𝑓(0) = 0.

Solving this problem, we get

𝑓(𝑡) = arcsinh(4

𝑡∫︁
0

𝛾(𝑡) cos(4𝜏)𝑑𝜏).

As a result, the solution of the considering problem reads

𝑢(𝑥, 𝑡) =
2𝑒4𝑖𝑡

cosh(2𝑥+ arcsinh(4
𝑡∫︀
0

𝛾(𝑡) cos(4𝜏)𝑑𝜏))

.
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