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NONLINEAR INTEGRABLE LATTICES
WITH THREE INDEPENDENT VARIABLES

I.T. HABIBULLIN, A.R. KHAKIMOVA

Abstract. We suggest an algorithm for deriving nonlinear integrable equations of the form

. . . 4 o
uz:-; = F(U%’I, U‘ZL+17 uiLJrl’ ugw Ufltl)

with three independent variables; the algorithm uses the known list of Toda type inte-
grable equations. The algorithm is based on the Darboux integrable finite field reductions,

construction of a complete set of characteristic integrals and dicretization via integrals.
Keywords: characteristic integrals, integrability in sense of Darboux, Lax pairs.
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1. INTRODUCTION

Nowadays, the problem of classification of integrable nonlinear partial differential equations
and their discrete analogues in 141 dimensions is well-studied. Within the framework of the
symmetry approach, there was obtained a complete description of integrable representatives of
a number of classes of equations that are interesting from the point of view of application, see
[17], [34], |26], [2]. The problem of exhaustive classification of integrable equations containing a
large number of independent variables remains less studied due to its extreme complexity. The
symmetry approach, which has proven to be the most effective tool for classifying equations of
dimension 1+1, is not quite suitable for integrable classification of multidimensional equations.
As it is noted in [27], in this problem the symmetry approach loses its efficiency due to problems
with nonlocalities involved in higher symmetries.

Various alternative approaches to the problem of searching and classifying integrable multi-
dimensional equations are known in the literature. A description of these approaches, as well
as the current state of arts in this area, can be found in the papers [7], [8], [4], [28], [3], [35]
and references therein.

The following important conclusion follows from the results of the papers [12], [29], [13], [21],
[15], [14], [19] devoted to the study of integrable nonlinear differential-difference equations with
three independent variables, where at least one of the variables is discrete (such equations are
usually called lattices). Any integrable equation in this class admits a special boundary con-
dition in one of the discrete directions, which, when imposed at two arbitrary non—coinciding
points, reduces the three—dimensional lattice to a two—dimensional system of hyperbolic equa-
tions admitting complete sets of integrals in each of the characteristic directions. Recall that
systems admitting complete sets of characteristic integrals are referred to as integrable in the
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NONLINEAR INTEGRABLE LATTICES 109

sense of Darboux. In fact, the existence of a hierarchy of Darboux integrable reductions is a
criterion for the integrability of a nonlinear three-dimensional lattice.

This assumption was convincingly confirmed for all three types of lattices: for the class of
equations of two—dimensional Toda chain type in [12], [29], [13], for semi-discrete lattices with
one continuous and two discrete variables in [21], [15] and, finally, for fully discrete Hirota type
equations in [14], [19].

The first examples of a hierarchy of integrable reductions of nonlinear lattices were considered
in the nineteenth century by G. Darboux. For example, he investigated finite reductions of the
equation

(log )2y = 2Up — Upt1 — Up—1
obtained by imposing the cutoff conditions uy,; = 0, up = 0, for which he found general
solution in an explicit form.

An interest in this topic was revived at the end of the 20th century in the studies of
A.V. Mikhailov, A.B. Shabat, A.N. Leznov, M.A. Olshanetsky and others in connection with
the discovery of the inverse scattering transform method. Particular attention was paid to non-
linear chains corresponding to Cartan matrices of simple Lie algebras, see, for example, [30],
[25], [23]. The concept of characteristic algebra, introduced in [30] by A.B. Shabat and R.I.
Yamilov, has become an effective tool for studying Darboux integrable systems. It was proved
in the mognography [36] that the criterion for the existence of a complete set of integrals of
an arbitrary hyperbolic system is a finite dimensional of its characteristic algebras. Integrable
semi-discrete models related to the Cartan matrices were studied also in [10], |31].

Below we investigate the relationship between the following two classes of nonlinear integrable
lattices with three independent variables

Un,zy = f(un,xaun,y7un+17unaunfl) (11)
and . ‘
ultl = F(u ult ), wl ). (1.2)

In [29], [13], [20] the problem of complete description of integrable cases of equation (1.1) with
a linear dependence on the derivatives u,, ,, u,, was solved. More precisely, it was assumed
that (1.1) has the form

Un,zy = Anun,mun,y + Bnun,x + Cnun,y + En7 (13)

where the coefficients A,,, B,,, C,, E, depend on the dynamical variables u,1, u,, u,_1. To
the best of our knowledge, in the literature there are no examples of integrable equations of the
form (1.1), which are nonlinear in the derivatives. Up to point changes of variables, the list of
g
integrable lattices of the class (1.3) has the form
(El) un’zy — eun+l_2“n+un717
(EQ) Un,zy = etrtt — et + 6un717
(E?)) un,xy — eun+1*un _ eunfun—lj
(E4) Up, gy = (unJrl - 2Un + unfl) Up,z5
(E5)  tpay = (e“”“_“" — e“”_“”*l) Up, 2,
1 1
E6) wu = QpUpolUpy, Oy = —
( ) n,TyY nWUn,xUny n Uy — Uy 1 Un1 — una
() tnay = 0 (tine +1up — 1) (Ung + t — 1) = 200 (tn g + tny + u — 1).

To classify the lattices of form (1.3), the aforementioned method of Darboux integrable reduc-
tions was used. In the special case A, = B, = C,, = 0 all integrable lattices of the form (1.3)
were previously listed in the paper [30]. The problem of classifying chains of the form (1.2) by
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the same method of Darboux integrable reductions using characteristic Lie algebras turned out
to be more difficult, and remains unsolved. Some intermediate results were obtained in [21],
[15].

In this paper, we propose a method for obtaining integrable equations of the form (1.2) by
discretizing integrable representatives of the more thoroughly studied class (1.1). To test the
method, we derive discrete versions of several quasilinear equations presented in the list above
(equations (E1)-(E3)). The discretization algorithm consists of the following steps. First, for a
given equation from the list, we seek its finite field Darboux integrable reduction in the form of a
system of partial differential equations, and construct complete sets of characteristic integrals in
the x and y directions for it. Next, we assume that all involved dynamical variables depend on
an additional discrete variable, and for each set of constructed characteristic integrals, we seek a
finite system of a different type, namely, a system of differential-difference equations, for which
this set is also a set of integrals. It is curious that for each of the two sets of integrals under
consideration, such a system is uniquely determined, with the exception of some degenerate
cases. Then, using the found system of differential-difference equations, we find the explicit
form of the desired lattice of class (1.2). For scalar 1+1 dimensional Liouville type models
method of discretization via integrals was suggested in [11]. Some important properties of
characteristic integrals of Liouville type equations were noted in [33].

Let us briefly outline the contents of the paper. In the second section, we give the definition
of a complete set of characteristic integrals of a hyperbolic system and present a completeness
criterion. We discuss methods for constructing integrals. In Section 3, we explain in detail
the proposed algorithm for discretizing Toda type lattices using finite field reductions and
characteristic integrals. In Section 4 and Section 5, we apply the discretization algorithm to
the lattices (E3) and (E1). In Section 6, we obtain a discrete version of the chain (E2) using
a nonlocal Lax pair. In this case, for the equation (6.6), we constructed a Lax pair that also
depends on a nonlocal variable.

2. COMPLETE SETS OF CHARACTERISTIC INTEGRALS
We consider a hyperbolic system of the form
ui,xy:E(u1>'-~7uNau1,xa~--7UN,x7ul,ya~--auN,y)a i:1,27...,N, (21)

where Fj are analytic functions defined on a domain in the space C3V.
We recall some basic definitions (see, for example, [36]). Denote w5 := Z-uy. Then a
smooth function of the form

IT=1(up, . . UN ULy UN gy Wz - s UN s - o s Uiy - - oy UN) s

is called an z-integral of order r of system (2.1), if D,/ = 0, where D, is the derivative with
respect to y by virtue of (2.1). In other words, for the z—integral we have the relation

0 0 0
D,I = ive— + F,—— + D, (F; - | I=YI=0.
v Z (U Y 0uZ * E%Lm * ( )8uz7m * )
A set of z-integrals {I;}'= with the orders 7; for (2.1) forms a complete set of independent
x—integrals if the condition

ol ol ol
a[ aul,rl 8’U42,r1 e auN,rl
det( =1 ... R 2 (2.2)
i _OIy  _OIn _OIy

8u17TN 8u2,,«N 6UN,7‘N
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holds. Let us formulate an effective algebraic criterion [36] for the existence of a complete set
of integrals of system (2.1).

Theorem 2.1. System of equations (2.1) admits a complete set of independent x—integrals
if and only if the characteristic Lie algebra over the ring of locally analytic functions of the

variables Gy, U, Uy, Uyy, ..., where U = (uy, ug, ..., uy), generated by the characteristic opera-
tors
0 0 0 0
X = , j=1,...,N; Y = Uiy=— + Fi—— + D, (F; +--
J 8Uj7y J ; Y (9uL (9uL’l ( )aul,m

18 finite—dimensional.

Remark 2.1. In Theorem 2.1, stating that «Lie algebra is finite—dimensionals, we mean its
dimension as a left module over the ring of locally analytic functions.

Integrals and characteristic algebra in the direction y are defined similarly. Alternative
methods for constructing characteristic integrals were discussed in [32], [6], [16]. Below, to
construct complete sets of characteristic integrals, we use an algorithm based on the concept
of Lax pair.

3. ALGORITHM FOR DISCRETIZATION OF LATTICES IN 3D USING INTEGRALS

Let us consider the rule for finding a differential-difference equation for a given integral of
a partial differential equation using a simple example. As a touchstone, we take the Liouville
equation

uwy = eu‘ (31)
As it is known, the Liouville equation has characteristic integrals of the form
1 1
I =y, — §ui, J =y, — Eui (3.2)

It is easy to verify the identities D,/ = 0, D,J = 0, where the derivatives D, and D, are
calculated by virtue of Equation (3.1). We assume that the dynamical variables u, wu,, Uz,
... depend on an additional discrete variable n. By discretization of Equation (3.1) using the
integral (3.2) we mean an equation of the form

Un+1,0 = H(unma Un+1, un) (33)
such that the function

L,

]_(n) = Unxx — 3
u 2Unx

is an integral in the direction n for this equation. In other words, the relation
D,I™ = [™ (3.4)
holds, where the shift is due to the equation (3.3). It is easy to verify (see [11]) that the function
H is uniquely determined from the condition (3.4). The desired equation has the form
Upt1e = Ung + Clez(untitun) (3.5)

where C' is an arbitrary constant. Note that Equation (3.5) admits an integral in another
direction as well

J — eé(unﬂ_“n) + e%(un+1_un+2)‘
To verify this, we check that the identity D,.J = 0 holds, where the derivative is taken by
virtue of Equation (3.5). The example shows that the discretization by means of the integral
preserves integrability in the sense of Darboux.
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Based on this and many other similar examples, we propose the following discretization
algorithm in the class of integrable lattices with three independent variables. Consider an
integrable nonlinear lattice of the form (1.1). Take its finite field reduction

(Ul,z,y = f1 (ul,m7 Uy, U2, Ul) )
U2, zy = / (UQ,z, U2y, U3, U2, Ul) )

(3.6)
U1,y = [ (Um—1,25 Un—1,y, Um, Umn—1, Um—2) ,

kum,x,y = f2 (um,ma Um,y s Um,, umfl) )

where the functions f; and f,; are chosen so that this system is Darboux integrable, i.e., it
has complete sets of characteristic integrals in both directions. Boundary conditions for the
chains (E1)—(ET), which ensure the Darboux integrable reductions, were found in [29], [13],
[20]. Suppose that set of functions Iy, I, ..., I, constitutes a complete set of characteristic
integrals of minimal orders in one of the directions (the definition of minimality can be found
in [36]); for definiteness, we will assume that these are z—integrals, i.e. they have the form

Iy = Ii(0, Uy, Uy, .. .), k=1,m.

Here we use the notation u = (uy,us, ..., u,). Recall that the xz—integral satisfies the relation
D, I}, = 0, where D,, denotes the total derivative operator, and D, I} is calculated due to (3.6).

In what follows, we assume that the dynamical variables i, us, ..., u,, depend on an
additional discrete variable, and we introduce the superscript ugj ), uéj ), ey u%). The dynamics
with respect to this variable is determined by means of the differential-difference system

(W = 1 () ).

W2 = F (1 ), i)
. (3.7)
ug:i?x,y =F (ug)fl,m7 U,(;Z:P, u%)’ ug)*l’ ug:é)) ’
i = P (2 07 0. 1870)
\ 5 5 b

Then we look for a specific form of the functions F, F5, and F' by assuming that the functions
I, = (a9, @y a) )

are z-integrals of the system (3.7), i.e., they satisfy the condition D;I; = Iy, where operator
D; is the operator, which shifts the variable j. Note that under the discretization we have to
adhere to another requirement, which excludes a trivial result: it is as follows.

(A). The functions Iy, I, ..., I,, provide a complete set of independent integrals of minimal
orders for (3.7).

From the found system, we reconstruct a semi—discrete 3D chain of the form (1.2). Examples
show that the solution to the discretization problem is independent of the choice of m > 3.
Therefore, we can limit ourselves to considering the case m = 3.

Let us consider the linear systems associated with the lattices (E1)—(E3), the discrete versions
of which will be presented below. We start with (E2), which has a Lax pair of the form (see |24])

¢n,x = un,mwn + 77Z)n+17 wn,y = _eun_unill/}n—l‘ (38)
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The function u,, = u,(x,y) in the coefficients of this linear system solves the lattice (E2) if and
only if system (3.8) is consistent. Recall that Equations (E1)—(E3) can be rewritten as

(E1> Un,ay = GU”H*%’HF”%—I’
(E2) un,xy = gWnt17Un _ 6un—un,17
(EB) Wnzy = eWntl — 2eWn | gWn-1
are mutually related by the linear transformations
Wy = Upy1 — Un, Up = Upt1 — Un- (39)

The linear systems associated with (E1) and (E3) can be obtained from (3.8) by using the
substitutions (3.9). For example, for (E1) we have

¢n,x = (UnJrl,m - Un,xﬁpn + ¢n+17 7~pn,y = _evn+172vn+vn,1¢n71. (310)

However, the compatibility condition of the system (3.10) is only necessary, but not sufficient
for the fulfillment of Equation (E1).
For the lattice (E3) we obtain the system

wn,z = un,an + 1/%—0—17 wn,y = _ewn711/)n—17 (311)

which contains a nonlocal variable u,, determined by the equation

Un41,z — Ungz = Wne,

where the compatibility of the system is a necessary and sufficient condition for the fulfillment
of Equation (E3).

4. DISCRETIZATION OF EQUATION (E3)

In this section we discretize the lattice (E3) by using integrals of finite field systems of equa-
tions, which are obtained from the considered lattice by imposing special truncation conditions.
By setting ug = 00, uy = —oco in (E3) we obtain the following integrable in the sense of Darboux
hyperbolic system

v—u
Upy = €71,
Vgy = V7Y — €7, (4.1)
w—v
Wyy = —€¥77,

where ©u = uy, v = ug, W = uz.
Let us find a complete set of characteristic y—integrals of the system (4.1). To this end we
use the generating function of integrals defined by the operator [32]

B = (D, —w,) (Dy — v2) (D — ).
The coefficients of polynomial
B=D—-1,D}- LD, — I
form a complete set of indepedent y-integrals of the system (4.1). Obviously, they have the

form
A = Uy + Uy + Wy,
Iy = 2Uzp + Vpz — UgVp — UgWy — Vg Wy,

IS = Uggy — UgVUgy — Uglgy — Walgy + Uy Vg Wy -
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Note that the completeness of set of integrals is easily verified by calculating the determi-
nant (2.2)

on on on

duy vz Owy 1 11

Ol 1) Ol _ _

i o o | = 2 1 0l=1#0.
Ol 0l3 0l3 1 00

Ougaa OVgaa OWgx

Our next goal is to find a system of differential-difference equations of the form
ugc—&-l — fl (Ugca uj+17 uj7 Uj) ,
Wit = fy (wi, witl, wi, vt
for which functions Iy, I, I3 are j—integrals, i.e. they satisty the conditions
(D;—1)I; =0 for i=1,2,3. (4.3)

In what follows we assume that the variables u, v and w depend on the continuous variable z
and discrete variable j, therefore we set u = v/(x), v = v/(x) and w = w’(z). Then we rewrite
Equation (4.3) in an enlarged form and obtain three equations

u Mol wl =) — vl —wl =0,
2uitt oyt — el — g el — ol el

—2ul, — vl +ulvl + ww! + viwl =0, (4.4)
uhty =l ol — oMl — el el el

W Jyd il i i =

to find the unknown system (4.2). In Equations (4.4) we replace the derivatives of variables u/ ™,
v/ and w/t! with respect to z due to the system (4.2). For example, after the replacement,
the first equation of system (4.4) becomes

fl (ujg'caujJrlauja/Uj) + f2 (’Ug::ijrla’UjawjaujJrl)

VY o S e e J J J —
+f3(wx,w , W v —u) —vl —wl =0.

x x

(4.5)

We shall not write the remaining two equations of the system (4.4) explicitly since they are
quite cumbersome.

Let us concentrate on the study of Equation (4.5). Differentiating Equation (4.5) with respect
to variables v/, v and w?, we respectively obtain three equations

E%Zcfl (ufc,ujﬂ,uj,vj) —1=0,

0 J oo Jtl g 0 0+ _

8—%]‘2 (vx,v , ol w? u ) —-1=0,

0 P ) S R R _

8_w%f3 (wx,w ,w! v )—1—0,

from which we have
fi (ui,ujﬂ,uj,vj) =ul + fi (ujH,uj,vj) ,
Fo (v, 0740 of il w YY) = ol 4 fy (07 07w ) |
fs (Wi, Wt w? V) = wl 4 fyy (W w07

where f11, fo1, f31 are new sought functions.
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Due to the found values of functions fi, fa, f3, Equation (4.5) becomes
fll <Uj+1a uja UJ) + f21 (Uj+17 Uja wja uj+1) + f31 (wj+17 wjv Uj+1) =0. (46)
Note that in the above equation the variables u/ and w/*! are involved only in functions
fii (W w? 7)) and f3p (w T w? w7 1)) respectively. This fact implies
fll (uj+17 uj7 U]) = fll (uj+17 Uj) ’
f31 (wjﬂa wj, UjH) = fa1 (wja UjH) .
Further analysis of equation (4.6) makes it clear that the function fo; (v/*1 07 w? w/*1) can be
eliminated

Jo1 (Ujﬂavj,wjaujﬂ) =—fn (Uj+17vj) — fa1 (wjavjﬂ) .
We proceed to studying the second equation in (4.4), which, in view of the above calculations,
casts into the form

( 0 Ji1 (UjH,Uj) + fu (Uﬁla“j)) (Ui + /i (Uj+1>vj>)

Oui+1
0 AN 0 j o+l J+1 g J o J+1 J
+ %fn(u ,U)—ﬁvj+1f31(w,’l] )—fu(u ,v)—fgl(w,v ) vl

- (85} f31 (wj,UjH) — fa (wjyij)) wi}

N ( 0 fur (wj7vj+1) 1 (wj,l)j+1)) (fn (uj“,vj) + fa (wj7vj+1)> —0

avj-f—l

Collecting the coefficients at the independent variables in the latter equation, we obtain the
following four equations

0 , . , .
s (W) iy (w7 ) =, (47)
%fiﬂ (wj,vjﬂ) — f31 (wj,UjH) =0, (4.8)
0 . . 0 o 4 . o
%fll (UJ+17 U]) - 8Uj+1 f31 (wj,'UJJrl) — f11 (’U/j+1, ’UJ) — f31 (U)j, UJ+1) = O, (49)

(szﬂ (wj7vj+1) + fa1 (w]ﬂ)ﬁl)) (f11 (UJH,UJ) + fa1 (MJ,UHI)) = 0.
By Equations (4.7) and (4.8) we find

Ji1 (ujHa Uj) = fi2 (Uj) e, fa1 (wj’ Ujﬂ) = fao (vj+1) e’

where f15 (v7) and f3, (/1) are some functions to be determined. We rewrite Equation (4.9)

as
0 , , j 0 , , j
(%flz (v7) = fiz (U])) e <W‘f32 (V) + fa (U]+1)> e =0,
and it can be easily integrated
fiz (V7) = Cre”, foo (V1) = Coe™"",

where (', C5y are arbitrary constants.
Thus, we finally obtain the sought system of equations

i 1 J_qd+1
wtt =l + Cre?”’ v
i i J i+l J_pit+1
v%+1 — U% _ Olev w _ 02611) v , (4_10)
wi —pitl

witt = wl + Cye
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This system is completely determined due to the first two equations in (4.4). The third equation
is satisfied immediately.
We assume that the system (4.10) is obtained from a three-dimensional lattice

J+1 _ J g+l .3 .30 Jj+1 o .
un,x - f(un,x7un 7un7un+17unfl)7 0 < n,J < 00,

by imposing truncation conditions and we then conclude that the lattice reads

. . i g+ j i+1
u]+1 = uiL:E + Ceu%—“iﬂ — C@uzﬂrl_u%

n,T )

where C} = —Cy =: C'. We can put C' = 1, since C' can be removed by the dilatation x = Cz.
Thus, we have obtained the discretization of the lattice (E3)

, , J g+l j j+1
ut =l + T g

This lattice is known to be integrable, see [5].

5. DISCRETIZATION OF EQUATION (E1)
We consider the lattice
Uy, 2y = elUnt+1—2untUn_1 (51)

The finitefield reduction of the lattice (5.1) is

_ uv—2u
U:By € )
w—2v+u
Vgy = € , (5.2)
_ uv—2w
’Lny =€ 5

where u := uy, v := ug, w := ug. It is obtained by imposing the truncation conditions uy = 0,
Uy = 0.

The system (5.2) was previously studied in [30], and it was shown that the system admits
complete sets of integrals in both characteristic directions. Let us construct in explicit form a
complete set of the y—integrals of the system (5.2). To this purpose, we use the linear system

Pn,xz = (un—l—l,x - un,z) ©Pn + @n+1,
_ —2 _
spny — _6Un+1 Un+Un 19071_17

associated with the lattice (5.1). Terminating the linear system in accordance with the bound-
ary conditions ug = 0, us = 0 of the chain (5.1), we obtain

Yo,z = UzPo + 1, Poy =0,

1z = (Vz — Ug) P1 + P2, p1y = —€" 'y, (5.3)
P22 = (Wz — Vz) P2 + 3, oy = —€ Ty, '
P30 = —Wsp3, P3y = —€ 2Ty,

where u = uy, v := up, w := uz. System of equations (5.3) is compatible if and only if its
coeflicients satisfy the system (5.2), i.e. (5.3) is a Lax pair for (5.2).
From (5.3) we obtain the operator

B = (D, +w;) (Dy —wy +v;) (Dy — vy + ug) (Dy — uy)



NONLINEAR INTEGRABLE LATTICES 117

that can be used as a generating function of the y—integrals. We expand the operator B in the
polynomial form and get three y-integrals

2 2 2
Il =Ugy + Vgz + Weg + U, + (o + W, — UgpVUyp — VgpWy,

]2 :2U/:E:I?:E + (o + 4Umu:cm — UgUgy — Qurvxm + 27}1”11‘ — Vg Wy
2

2 2 2
T+ ULV — UV, + VW — VW,
Iy = +2 — +2 — VUge +

3 _U/SCI:EI uxuxmz uxvmx:ﬂ uxvxuzz /Uxumz U:rwxumx

2 2 2 2
— Wyllgy + Uy Uzy — UyWay — 2UgUzUsg + UgUpWey + 2Uy,

T
2,2 2 2

2
— UggVUpz — UggWzp + UV Wy — UL W, — UgV, Wy + UgUp W,

Let us check whether the integrals I;-I35 form a complete set of independent integrals.We
calculate the determinant (2.2)

o0l 251 o6

gy Ovzz QW 1 1 1

Ols ols Ols _
813 8[3 813 1 0 0

Ouzzza OVzzza OWzzaa
We look for a system of equations of the form
. o
Wt = fy (ud, w Tl vd),

vg;rl — f2 (U%, UJ'Jrl7 Uj, wj7 uj+1) 7

Wit = fy (wd, wit wi | pith)
for which the functions Iy, I, I3 are j—integrals, i.e. relations of the form
(D; —1)1; =0, 1=1,2,3, (5.4)
hold. We present one of these equations explicitly
(D= 1) Ty =l +odt" bl + () + (L) (07— — o g
— (uy + vly + wl, + (W))* + (v1)* + (w])? — wlvl — viw])
= ((fl)u; - 1) ul, + ((fl)vg - 1) vl + ((fl)wg - 1) wl,
+ (f3)wiw], + (fa)uier fo + (f2)uitr fo + (f2)uier fr + (f)uwir fo

+ (f3)wer fs + (f)wd + (1wl + (f2)uitd + (f2)wwl + ulv]
— fufa = fofs + [T+ f3 + f3 + vlwl — (u))? = (v])? = (w])® = 0.

Since the variables u/

T’

(f)y —1=0,  (fi)y—1=0, (fi),; —1=0

vl and w’ are independent, it follows from (5.5) that

or, what is the same,
.fl (U]z, uj+17 U'jv Uj) = U'g; + fll (uj+1a uja Uj) )
fo (U, 07T 07 w? T =0l + for (VT 0w T

f3 (ngﬂ wj+17 wjv Uj+1) = U}; + f31 (wj+17 wja Uj+1) .
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Afterwards we analyze Equations (5.4) in a way similar to the previous case. As a result we
find that the desired functions fi, fo, f3 read

BTSN I A NS S
fi (ui,u] ,u],vj) =ul + Che ,

DGl G ; it i i i+
fa (vi,vﬁ T ) = v 4+ Che ,

j j ] 1 1 It g Jj+1
fs (w;,w”l,w],vﬂl) _ w; + Cye™™ w’ oIt

Finally, we get a three—dimensional lattice

Wl Jj+1

ultl =l , + Cpetna i Tt (5.6)

where C,, # 0 is an arbitrary function of n. Apparently, this lattice is integrable in a sense, it
is associated with the linear system
Gl = e g
+1 J 1 uj +uj+1 7uj+17uj 3
P = Ppgr et g,
In this article we are interested only on autonomous lattices in the class (1.2), therefore we
set C,, = C' = const in (5.6); the nonautonomous case requires further investigation. We put
C =1, since C' can be removed by the change x = C'z, and we get

. : j+1 J+1_J J
J+1 _ w T —ud T —ud
un,m - Un,x +emn s )

that was found earlier in [1]. It is obvious that the above lattice is related with the lattice

» , j +1 J it
g1 wl o —whT wh—wl T
wn,:p - wn,x +ent € "

by means of the substitution w/*" —w_, = witt.

6. DISCRETIZATION OF THE LATTICES IN 3D VvIA LAX PAIRS

Discretization of Equation (E3) via integrals formally leads to a lattice of the trivial form
wit! = w] . However, in this case one of our requirements is violated (see Condition (A)). The
employed complete set of integrals of minimal orders defined by (E3) is not a set of integrals
of minimal orders for the obtained lattice. This shows that difficulties arise when discretizing
the lattice (E3) using characteristic integrals. Apparently, they are related to the presence
of a nonlocal variable in its Lax pair, see (3.11). An alternative approach to the problem of
discretizing integrable equations was proposed many years ago in [22]. This approach can be

called discretization by Lax pair. We follow the ideas of [22] to discretize the lattice (E3)
Wy gy = €71 — 2" 4 €1, (6.1)
Let us recall that the Lax pair for this equation is

dj?%y = _ewn_lwn—la Qz]ngc = Qn,x¢n + ¢n+17 (62)

where the additional (nonlocal) variable g, is determined by the condition

Wpn = Gn+1 — 4n-
We look for a lattice of the form

J+1 J J J+L g+l g
Un,y - F<,Un,y7vn+17vn717vn 7vn>

and at the same time determine a Lax pair for it by specifying its structure

g = el It = eyl ATyl (6.3)
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Here the sought function v/ = v/ (y) depends on two discrete variables n, j and one continuous
variable y. The unknown functional parameters b/ and A’ are supposed to be found from the
compatibility condition of the system (6.3)

Djd)ZL,y = Dywzj_lv

where D; and D, denote the operator, which shifts the variable j, and the operator of the total
derivative with respect to the variable y. The compatibility condition implies the equation

—Dj(e"n-1gd ) = Dy(eh g + Al ).

By this equation we easily obtain three relations

9 .

G_Ai‘ =0 = Al = const,
Yy

b, +wh_y = by +wlh,

gbj — ewgl*bj e zLJrllibJ

ady "

The first relation yields that the function A’ is independent on the dynamical variables and we
can set A7 = 1 without loss of generality. The second relation is reduced to

(Do = 1),y = (D; — Lw,

n—1*

The latter allows us to introduce a new function X/ as a solution to the equations
b= (D= 1)X],  w_y = (D~ 1)X].

As a result, the third relation becomes the semi-discrete Toda lattice from the class (1.2)

Xt Xj _ eXZw+1 -xit eXi;—thl (6.4)
derived in Section 3, see also [9]. We obtain the well-known Lax pair for Equation (6.4) by

substituting the above representations for the parameters A7, b/ and w? into (6.3), see [9],

J = —6X£+1*X7jl J
" n-b (6.5)
1/; —e n+1 n+1¢3 + ¢n+1

Under substitution v/ = XJ — X?*1 Equation (6.4) becomes

n—1»

J J+1 j+1 7
vt — ] = el et — e — et (6.6)

It is easy to verify that the obtained equation is a discretization of Equation (6.1). Equation
(6.6) was first derived in [5], and then it was studied in a series of papers, see, for example,
[18]. However, to the best of our knowledge, the Lax pair for it has not been constructed yet.
Our goal in this section is to present the Lax pair for (6.6). In the system of linear equations
(6.5) we make a discrete substitution by assuming

_ i1 J
- dj] - ¥n+l-

Then it follows from the second equation of the system that the relation
wgl — €X7jz+1 ijz+1(pn

holds, which allows us to exclude the function 7 from the system (6.5). As a result, (6.5)

becomes _ ‘
{@j = gl G
G+l X2 _ xitl —j ) ;
B = XHTNRG] 4 e
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We simplify the system using a point change of the variables
. ydtl
Pryp = €D

As a result, we obtain the desired Lax pair for Equation (6.6)

Py = (€ — et — XI1) Ypd — @l
P = ol e

As it has been expected, it contains the nonlocality Xf;riy, which, however, occurs only in one

of the Lax equations, as in the original Lax pair (6.2) for the chain (6.1). The nonlocal variable

is defined by the equation v/ = X7 — X7*1,

CONCLUSIONS

The problem on finding an exhaustive list of integrable chains of the form (1.2) is extremely
difficult and remains open. Therefore, it is relevant to expand the list of integrable represen-
tatives of this class and to study their specific features in detail. In this paper, we discuss two
methods for obtaining integrable examples of (1.2) by discretizing the equations of the Toda
lattice type (1.1). The first discretization method is based on the Lax pair, and the second
one is based on Darboux integrable reductions and discretization with respect to characteristic
integrals. Using discretization of Equations (E1)-(E3), we obtain three chains of the form (1.2)

. . j j+1 j j+1
U,Z{;l = ugt . —+ e“£l*“fi1 — 6“3L+1*“¥L+ ,
uﬁj;l _ Ufm i euz;tll_uglﬂ_uzﬁu{;H,
: ; J j+1 j+1 j
wtl =yl 4 eMnit 4 etnmt — gt etn, (6.7)
The corresponding Lax pairs are
; . iy ’
Prp1 =~ e gl
j uj_lfuj ]71. (6'8)
Pz — —€ " "on
, j Iyl ;
Vi I 7) —2un+ul ., ]
Pa = —CT T O, (6.9)
i+1 _ . J udpul b —ud T g i . :
ngz - (pn—l-l e ing n+1§0¥u

. j j i1 . .
i (oud  ou It V|
gpn,z - (6 " e.n ! Xn—l,x)gon -1,
j+1 g ud, J i j Jj+1
SO% _SOZL—i_e " Onr1s u‘171 _XVJL_anl'

The Lax pairs (6.8) and (6.9) were found earlier in [9], while the Lax pair for (6.7) is new.
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