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GLOBAL AND BLOW-UP SOLUTIONS
FOR A PARABOLIC EQUATION
WITH NONLINEAR MEMORY UNDER
NONLINEAR NONLOCAL BOUNDARY CONDITION

A.L. GLADKOV

Abstract. In this paper we consider parabolic equation with nonlinear memory and ab-

sorption
t

up = Au+a/uq(aj,7)d7—bum, zeQ, t>0,
0
under nonlinear nonlocal boundary condition

u(e.t) = [ptnd.0dy, zeoR t>0
Q

and nonnegative continuous initial data. Here a, b, g, m, [ are positive numbers, {2 is a
bounded domain in RY, N > 1, with smooth boundary 052, k(z,y,t) is a nonnegative
continuous function defined for z € 9, y € Q and t > 0. We prove that each solution
of the problem is global if max(q,!) < 1 or max(g,l) > 1 and | < (m+1)/2, ¢ < m. If
[ > max{1, (p+ 1)/2} and the function k(z,y,t) is positive for small ¢, the solutions blow
up in finite time for large enough initial data. The obtained results improve previously
established conditions for the existence and absence of global solutions.

Keywords: Parabolic equation, nonlinear memory, nonlocal boundary condition, global
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1. INTRODUCTION

In this paper we consider the parabolic equation with nonlinear memory and absorption
t
ut:Au—l—a/uq(x,T) dr—bu™, x€Q, t>0, (1.1)
0

under the nonlinear nonlocal boundary condition

u(z,t) = /k:(x,y,t)ul(y,t) dy, €0, t>0, (1.2)
Q
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and the initial data
u(z,0) = up(x), x€Q, (1.3)

where a, b,qg,m,l are positive numbers, €2 is a bounded domain in RY for N > 1 with a smooth
boundary dQ. Here k(x,y,t) is a nonnegative continuous function defined for z € 99, y € Q
and t > 0. The initial data ug(x) is a nonnegative continuous function satisfying the boundary
condition at ¢ = 0.

Various phenomena in the natural sciences and engineering lead to the nonclassical mathe-
matical models subject to nonlocal boundary conditions. For global existence and blow—up of
solutions for parabolic equations and systems with nonlocal boundary conditions we refer to
[1] — [15] and the references therein. A blow—up problem for parabolic equations with nonlocal
boundary condition (L.2) was studied in [16]-[25]. The problem (L.I)—(L.3) with a = 0 was
investigated in [18], [19].

A blow—up problem for - with a = 1 and k(z,y,t) = f(z,y) was considered in [21].
To formulate the results of [21] we introduce some notation. Let A; be the lowest eigenvalue of
the following problem

—Ap=Ap, z€Q, =0, x€df, (1.4)

and the associated eigenfunction ¢ = ¢(z) is fixed by the condition

/gp(a:) dr = 1.

Q
We denote

L =maxp(r),  mo= min f(z,y).
Q 0NxN

The main global existence and blow—up results of [2I] are as follows.

Theorem 1.1. Let ¢ < m and | < 1. Then the problem f has global solutions for
each f(x,y) and ug(x).

Theorem 1.2. Let g > m > 1. Then a solution of the problem f blows up in finite
time for each f(x,y) and ug(x) # 0.

Theorem 1.3. Letl > m > g > 1 and mg\; > bL. Then a solution of the problem —
blows up in finite time if the initial data uo(x) satisfies [ uo(x)p(x)dz > 1.
Q

The aim of this paper is to improve global existence and blow—up results of [21].

2. GLOBAL EXISTENCE AND BLOW-UP

We begin with the definition of the supersolution, subsolution and solution of ([1.1f)—(1.3]).
Let

Qr = x (0,7), Sy =00 x (0,T), Iy =SruQx {0}, T>0.
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Definition 2.1. We say that a nonnegative function u(z,t) € C*'(Q7) N C(QrUT7) is a

supersolution of f mn Qr if

t

w = Au+ a/uq(a:,T) dr —bu™, (z,t) € Qr, (2.1)
0
u(z, t) > /k(x,y,t)ul(y,t) dy, =€, 0<t<T, (2.2)
0
u(z,0) > ug(x), =€ Q, (2.3)

and u(z,t) € C*Y(Qr) N C(Qr UTr) is a subsolution of (1.1)-(1.5) in Qr if u > 0 and the
reversed inequalities hold in f. We say that u(x,t) is a solution of the problem f
in Qr if u(z,t) is both a subsolution and a supersolution of f n Q.

To prove the main results, we use the comparison principle which can be established as
in [19].

Theorem 2.1. Let w and u be a supersolution and a subsolution of the problem f
in Qr, respectively. Suppose that u(x,t) > 0 or u(x,t) > 0 in Qr U Ty if min(q,l) < 1. Then
u(z,t) = u(x,t) in Qr UTr.

The proof of global existence of solutions relies on the continuation principle and the con-
struction of a supersolution.

Theorem 2.2. Let at least one from the following conditions hold:
a) max(q,l) < 1;
b) max(q,l) >1 andl < (m+1)/2, ¢ < m.

Then each solution of f 15 global.

Proof. In order to prove global existence of solutions we construct a suitable explicit superso-

lution of (L.1)—(1.3]) in @7 for each positive T.

Suppose first that max(q,1) < 1orl < 1,1 < ¢ < m. We construct a supersolution as in [16],
[21]. Since k(z,y,t) is a continuous function, there exists a constant K > 0 such that

k(z,y,t) < K (2.4)
in 00 x Qr. Let ¢(x) be the eigenfunction of the problem (1.4]) corresponding the lowest
eigenvalue A\ such that

dy
K/— < 1. 2.5
EmE 2
We construct a supersolution of (1.1))—(1.3]) in @ as
C t
(e 1) = SO
o(x) +1
where constants C' and p are chosen to satisfy the inequalities
C > max {sup(gp(x) + 1) sup(ug(z) + 1), 1} : (2.6)
Q Q
Vel a
>14+ M\ +2sup———-"F—= + — for ¢ <1, 2.7
SR R A =0
> A\ +2su M+ifor1< <m (2.8)
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By (2.5)—(2.8)) we easily obtain
t

u

A1y [Vel?
S 2 hy)
_aCYexp(gut) aC? (2.9)
ap(p(x) +1)7  qu(p(x) +1)9
bC™ exp(myut)
(o) +1)™

ﬂt—Aﬂ—a/uq(x,T)dT—i—bﬂm :,uﬂ—( (
¥
0

for (x,t) € Qr,
u(z,t) = Cexp(ut) > C' exp(l,ut)K/ % > /k:(:v,y,t)ﬂl(y,t) dy (2.10)

Q Q
for (x,t) € Sy and
u(x,0) = up(z) (2.11)
for x € Q. By virtue of f the solution of f exists globally.

Suppose that 1 <1 < (m + 1)/2, ¢ < m. To construct a supersolution we use the change of
variables in a neighborhood of 02 as in [26]. Let T € 02 and n(Z) be the inward unit normal
to OS2 at the point T. Since 0f) is smooth, it is well known that there exists § > 0 such that the
mapping ¢ : 9Q x [0,0] — R" given by (7, s) = T + sn(T) defines new coordinates (T, s) in
a neighborhood of 9 in Q. A straightforward computation shows that, in these coordinates,
A applied to a function ¢(Z, s) = g(s), which is independent of the variable Z, evaluated at a
point (7, s) is given by

Ag(T,s) = %(z, 5) — Z_j %%(z, ), (2.12)

<

where H;(Z) for j =1,...,n — 1, denote the principal curvatures of 92 at Z. For 0 < s < § and
small 9 we have

s H@ _
;1—3Hj(z) <z (2.13)
Let
0<ée<w<min(d,1) max(li><ﬂ<L
T I'm—1 [—1
O<’y<é A > sup up(x) P>
2, - Q ’ bq

We modify the supersolution from [I8]. For points in Qsr = 9Q x [0,6] x [0,T] with the
coordinates (Z, s,t) we define

o, 1) = 0(@, 5),6) = ([(s+ )" —w™] 7 + A) explrt), (2.14)

where s, = max(s, 0). For points in Q7 \ Qs we let v(x,t) = Aexp(rt). We are going to show
that ©(z,t) is the supersolution of ([1.1)—(1.3)) in the set Q7. It is easy to verify that

o < pmin (D)™ [(5+) 7 =] (549) ) exprt), 21
2 <86+ Dmin (D] (5427 w17 (54 D) exprr), (2.16)




GLOBAL AND BLOW-UP SOLUTIONS FOR A PARABOLIC EQUATION ... 135

where
(s+¢e)

Dis) = (s+e) 7 —w

Then D'(s) > 0 and for each € > 0
1< D(s) <1+FE, 0<s<5, (2.17)
where
5=[F/(1+8)]"w—e¢, e < [E/(148)]"w,

We denote
t

Lv=uv — Av — a/vq(x,T) dr + bv™. (2.18)

0
By (2.12)(2.18)) we can choose € small and A large so that in Q5 r the inequalities hold

Lv > {r <[(3 +e)77 — w’”ﬁr + A) +5b ([(s +e)77 — w’”ﬁ + A)mexp[r(m — 1)t]

2(v+1)

— BB+ ) [DE) T [(s+e) —w] T + Be[D(s)]

~y+1 B+1

Y [(s +e)7 — w_'y] N

=2 ([ +7 =]+ 4) et~ 11 explot) > 0

Let s € [3,¢]. It follows from ([2.12)—(2.16]) that

B+2 B+1
14+8\ ~ 1+2\ ~
|AD| < {5(5 + 1w B2 (——_F 6) + Bew™ B+ (—i— 6) } exp(rt)
5 5

and Lv > 0 for large values of A. It is obvious that

Ad
Lt = rAexp(rt) — a—[exp(rqt) — 1] + bA™ exp(rmt) = 0
rq

in Qr \ Qsr for A > 1.

Let us prove the inequality

B(E,0,4) > / Ko7, s,4)dy, (v.1) € Sy (2.19)
Q

for a suitable choice of €. To estimate the integral [ in the right hand side of (2.19)), we use the
change of variables in a neighborhood of 02 as above. Let

T = sup /|J@,s>\d@,
o0

0<s<d

where J(7, s) is Jacobian of the change of variables. Then we have

sl
I <27'K / [(s+¢e)77 — ofﬂl dy + A'|Q| ¢ exp(rit)
Q

— Bl
LK J/ [(s+e) —w™] 7 ds+ A'|Q| 3 exp(rit)
0

<K {ﬁlj - [5’('3”1) _ w*(ﬁlfl)} + Al\Q|} exp(rlt),
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where the constant K was defined in (2.4). On the other hand, since

(7,0,t) = <[€’7 — w”ﬁ + A) exp(rt),
the inequality holds if € is small enough. At last,
u(z,0) < ov(x,0) in .
Hence, by Theorem [2.1] we get

u(z,t) <o(x,t) in Q.
The proof is complete. O

Now we prove finite time blow—up result. We shall suppose that
k(rx,y,t) 2 ky >0, €0, yeQ, 0<t<p (2.20)

for some positive kg and .

Theorem 2.3. Let [ > max{l,(m + 1)/2} and hold. Then the solutions of problem
f blow up in finite time for large enough initial data.

Proof. We observe that each solution of (|1.1] . 1.3]) is a supersolution of the same problem with

a = 0. Then by Theorem 2.2 and Theorem 2.6 of [18] the solutions of the problem ([L.1)- .
blow up in finite time for large enough initial data.

Remark 2.1. In the case g < m, = (m+1)/2 > 1 the global existence and blow—up results
depend on b and k(z,y,t).

Remark 2.2. We note that the proof of Theorem 1.2 in [21] is valid also for ¢ > 1 > m. So,
a solution of the problem — blows up in finite time for each ug(x) # 0 if ¢ > max(m, 1).
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