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BI-CONTINUOUS SEMIGROUPS OF
STOCHASTIC QUANTUM DYNAMICS

A.V. UTKIN

Abstract. This paper is devoted to the aspects of derivation of dynamics equation of
quantum system under a stochastic dynamics. We study the conditions, under which a
sequence of random variations of wave function can approximate a random diffusion pro-
cess in a Hilbert space. A random variation [ig) — Gty ... Gy, |[tho) = |ty ) is associated
with a transform of distribution of vector |¢), as well as with the variation of its charac-
teristic functional ¢(v) = Eexp(iRe(v|¢)). For a continuous random walk we study the
approximation of a Markov semigroup by the Markov operators of discrete random walk.
We pay a special attention to the cases, when the derivative of random operator F”(0) is an
unbounded operator. However, we restrict the consideration to the case when the Markov
operators of random walks with the operators Gy mutually commute.

The characteristic functional is transformed by the Markov operator of adjoint process,
and in contrast to the dynamics of wave function, it has a deterministic nature that allows
us to rely on the developed theory of semigroups in Banach spaces. The most illustrative ex-
amples are the process of continuous measurement, that is, the measurement of trajectories
of some observable, and the random control.
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1. INTRODUCTION

Let H be a separable Hilbert space, on which a family of random operators {G;} act. For
each t € [0,T], w — Gy(w) is a measurable mapping from the probability space (2, .%#,P) into
the space of bounded operators B(#H) on H. We suppose that in some sense, which will be
clarified later, as t — 0, the operators G; tend to the identity operator I. We are going to
construct a model of continuous process of random walk on a Hilbert space by using the model
of second wonderful limit. We partition the segment [0,¢] into N equal parts and on each of
them we define a random variation of vectors |1)) — Gy n|¢). We say that the total variation
on the segment [0,¢] is the sum of composition of independent transforms on each segment in
the chronological order, that is, the vector |¢) is transformed by the rule

) = Gy ... Gily), (1.1)

where the operators Gy, ..., Gy are independent and identically distributed in accordance with
the distribution G%. The question is whether it is possible, in the limit N — oo, to approximate
a time—continuous stochastic dynamics. The solution is made in accordance with Markov
semigroups approach. The above described stochastic process is Markov and for each ¢ € [0, T,
it is assigned with the system of Markov operators {F[G;]*,1 < k < N}. The operator F[G/]
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acts on the space of bounded Borel functions Bg(?) on the Hilbert space, and we study
the question under which conditions for each ¢ > 0 some Markov semigroup {T:} can be
approximated by the operators {F[G ]V} as N — oo. All the obtained below results are

N
true under the assumption that the commutation conditions [F[Gt],F[GS]}: 0 hold for all
0 < s,t <T. It should be said that while the condition is rather restrictive, it does not
imply that the corresponding random operators G;(w) and G4(w) commute almost surely, see
Example 3.1.

The main results are Theorem which establishes the conditions for approximation of T,
by Chernoff iterations F[G%]N on some closed subspace Fio C Bp(H), and Theorem , which
admits to continue the limiting semigroup on Bg(H) to a Markov semigroup.

We deal with the following functional spaces: Bg(H) is the space of Borel (with respect with
the topology of norm or weak topology, this is the same) bounded functions on the Hilbert
space with sup-norm: | f|| = sup|f(v)|, Cs(H) is the space of continuous bounded functions

veEH

on H with the sup—norm and an additional topology 7 of uniform convergence on bounded
sets, Cpws(H) is the space of bounded weakly sequentially continuous functions. For this
operator family F[G,| obeying [F[Gt],F[GS]]: 0, we define the subspace L5 C Cp(H) of
functions f, for which the uniformly bounded in norm and uniform on balls in H convergence

FlGlf -7

which are approximated uniformly on balls by the uniformly bounded sequence of functions in
L. Then under the condition that for all » > 0, € > 0 there exists R > 0, for which

of differential inclusions holds. The space Fg is defined as the set of functions,

sup{IP’(HthLmvH > R), o] <7, te[0,T], me 1N}< e, (1.2)

Theorem states that for each f € Fi; the identity T]\}im F[G%]Nf = T, f holds for some
—00

semigroup T; uniformly in ¢ on the segments of ray [0,+00). The symbol Gi™ denotes the
product of independent identically distributed random operators Gy, the total amount of which
is m.

It turns out that under the assumption that Cpws(H) C Fg, the semigroup T; can be
extended from Fg to the Markov semigroup Q; on Bg(H) (Theorem [5.2), and for all f €
Cp(H), v € H,t >0 we have A}im F[G%]Nf(v) = Q:f(v). Nevertheless, sometimes it is very

—00

non-trivial to verify the inclusion Cpws(H) C Fg. It is interesting that if F[Gy] is already a
semigroup on Cews(H), then the conditions

Ve >0,7>0 3R >0 suchthat sup sup P(HGtUH > R)< g,

te[0,T] [Jofl<r

Ve > 0,weH yn%p(H(G: — G| > 5>: 0

are sufficient to ensure that F[G,] is bi—continuous semigroup (Theorem [4.1)).

There exist semigroups represented explicitly (Proposition . The main attention is paid
to the diffusion processes, the generator of which is a second order differential operator. If the
homomorphism T : £ — B(H) is defined on subalgebra &€ C Cp(R) containing the functions
of form {gla,b] := e ****} then the family {F[G,]} for G,(y) = Y(g[at, yby/t]) with some
eV dy

NZa
instance, for a self-adjoint operator C' the family {exp(ybv/tC — atC?)} defines a semigroup.
Under some natural assumptions this semigroup is Markov and its restriction to Cpws(H) is

a >0, b e R forms a semigroup on Bg(H) with respect to the measure dP(y) = . For
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bi—continuous. The generator of this semigroup is the operator
2

flw) — — (a — bz) df (v)[Cv] + bZde(v)[Cv, Cvl, (1.3)

the domain of which has bi—dense closure containing the space Cgws(H).

The proposed method allows one to construct more complicated semigroups not writing
out explicitly the expressions for the operators. For instance, there arises a question whether
the operator—valued function obtained by averaging the above proposed semigroups {F[Gy]},
Gi(y, o) = exp(ybVtC, — atC?), with a random self-adjoint operator C' = {C,} satisfies the
conditions of Chernoff approximation. More precisely, let dv(«) be a probability measure and

(Fof)(v) :/dy(oz) \/%6_792 f(eyb‘/zc‘”_“ﬁcgv). (1.4)

However, it is not easy to answer this question in the general case. We introduce the operators
Al : 9(141) — H, A2 : 9(142) — H®2,
appearing in the limits
d G —
lim [ dv(«a) Y-’ iy, Jw = w
t—0 A /ﬂ'/r}/ t
d Gy, — w)®?
lim [ dv(«) Y_ e~ (Gily, 2w — w)

t—0 /7T/’}/ 2t

We give the positive answer if the commutation condition for Markov operators hold, A; and
Ay are bounded or possess in some sense consistent point spectrum. This example is described
in more detail in Section There we also provide a similar example of random control
characterized by the fact that instead of self-adjoint operators C,,, anti-Hermitian operators
iH, are used. The reason of difficulty is that for unbounded operators A;, A, it is non—trivial

= Alw, w € .@(Al),

= A2w®2, w®2 S 9(142)

to construct the functions f € Cg(#H), which remain in Cz(H) under the action %Ft .

Examples of diffusion and Poisson processes have long been known and are used in E)_}i)ysical
applications. Methods of white noise theory and stochastic processes are successfully employed
to analyze bosonic, fermion, nonlinear and open quantum systems ([I]-[4]). In particular, the
behavior of system under the influence of continuous measurement were studied in the works
([5]-[7]) theoretically and experimentally.

The paper consists of four sections. Sections [2| and [3] elucidate some issues of quantum the-
ory, Markov processes, and the theory of strongly continuous and bi—continuous semigroups and
their approximation. The study is based on an illustrative example of a continuous process of
inaccurate coordinate measurement ([8]-[10]), leading to a stochastic differential Schrédinger —
Belavkin equation. Its feature is in the commutativity of operators realizing the random walk,
which allows one to decompose the dynamics into independent processes in terms of the com-
ponents ¥ (x) of wave function [¢). This example is generalized to arbitrary processes in an
infinite-dimensional separable Hilbert space (Section [4). Section [f] contains formulations of the
main theorems and justification of examples of processes in the scheme of continuous
measurements and random unitary controls.

2. PRELIMINARIES

2.1. Process of quantum measurement. A fundamental feature of quantum mechanics
is that the measurement process is probabilistic. In addition, it makes a destructive effect on
the system, often called the collapse of the wave function, or the reduction of the wave packet



BI-CONTINUOUS SEMIGROUPS OF STOCHASTIC QUANTUM DYNAMICS 105

determined by the Liiders — von Neumann projection postulate [3], [II]. The most general
(for our purposes) definition of quantum measurement is formulated in terms of the completely
positive instrument introduced in [I2]. The measurement means obtaining the distribution
of measurement result in the measurable space (), %) for a given state p € G(H), and the
law of change of statistical ensemble (state) during measurement, if the information about
the obtained measurement event is available. For example, the result of a measurement can
be an element of the measurable space (X, %), then in the case of repeated measurements
the result already lies in the measurable space (Y,Y) = (X7, 8%/) of functions J — X (for
example, J C R is countable for a discrete measurement process and J = [0, T for a continuous
measurement process on the interval t € [0, TY).

We give the definition of a completely positive instrument [I3]-[I5]. The set of positive trace—
class operators on ‘H with the trace 1 is denoted by &(H) and is called the set of quantum
states. The space of trace—class operators on # is denoted by T(H).

Definition 2.1. The mapping M[B](p) : X x T(H) — T(H) is called the completely positive
wnstrument if the conditions hold:

1. for each B € ¥ the mapping p — M|[B|(p) is affine (can be continued to a linear mapping
on T(H));

2. M[B] is a completely positive mapping for all B € ¥;

3. M[B](p) is oc—additive in the sense of weak topology on T(H) for each p € T(H);

4. M[Y)| preserves the trace: Tr M[Y](p) = 1 for all p € S(H).

In what follows a completely positive instrument is sometimes simply called instrument.

In the concept of instruments it is supposed that when measuring by an instrument M, the
probability that the result is into the measurable set B for the initial state p € G(H) (which is
also called a priori) is equal to

1,(B) = T MIB] (). (2.1)
while the part of statistical ensemble for such events is described by the state
M[B](p)
/
p=c——r. 2.2
TeM(B](,) 22

According to the above definitions, under a successive measuring by means of the instruments
My, ..., M, at the times t; < ... < t,, with the space of events (X, %), the statistics is defined
by the probability distribution on (X", ®") associated with the instrument

Mtl,---ﬂfn [Bl X ... X Bn] (p) = Mtn [Bn]( . Mt1 [Bl](p) .. .), BZ < e@ (23)
2.2. Random processes corresponding to quantum instrument. For clarity, let us
consider an example of an instrument with a discrete set of events. Namely, let X = {x},

Y = 2% be the o-algebra containing all subsets and the instrument be defined in the form

M[B](p) = >. My(p), where My, are completely positive mappings of form
rr€EB

M. (p) = Z Grm PGl

We require > G, Gim = 1.
m,k

There is a ’state transformation rule for each obtained event x:
My (p)
Tr My(p)

We follow the interpretation that an ensemble in which a pure state with a unit vector |t;)
occurs with probability p, can be described by a quantum state of form p = > pi|tx) (V|-
k

(p, k) = (2.4)
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Therefore, the action of the instrument M can be written in terms of a random walk on H:
G l(w)m(w)| )
(l), w) = :
|G rwyme) D)

where k£ and m are random indices and only k(w) is the observable fixed by a measur-
ing device. The wave function in the right hand side is normalized and the probability
Promo (V) = P(k(w) = ko, m(w) = myg) is defined by the formula

pk0m0(¢) = ||Gkomo|¢>”2’ Vko, mo,

which in accordance with the axioms of quantum mechanics, gives a correct expression for the
state

(2.5)

| Gunlt) (016, Vo
R = 2 2in O T TG T (2:6)

The transition probabilities pg, depend on [¢), and this fact is due a restriction for the
normalization of wave functions. An attempt to remove the dependence of probabilities on the
initial state gives rise to a random walk on the Hilbert space, which can be characterized as
linear.

We consider the following transformation. Let {7y }rm be the probability distribution.
Then the mapping

Th(w)m(w) ’

(1)) s 2 @)

where g m, = P(k:(w) = ko,m(w) = m0>, defines the action of the instrument M in the sense
that

Grm|¥) (V|G

The distribution of random variables k:, m are independent of [¢) and this is why we can
choose a probability space with random elements [1), k, m, independent in total so that the
formulas and are satisfied.

We have described just a case of the single action of instrument. If several measurements
are made successively, the events form a random sequence (k;(w), ka(w),...). At the same
time, each outcome is assigned with a random process on the set of quantum states, so—called
quantum trajectory {pn, kn} (see, for instance, [5]), which can be described recursively

*
Z Gkn+lmpnGkn+1m
m
" .
Tr Z Gkn+1mpnGkn+1m
m

(pm kn) = (pn—l—la kn—&-l); Pn+1(w) = (29)

In the general case by a linear random walk on a Hilbert space we mean the following random
process.

Definition 2.2. Let (Q, % ,P) be a probability space, H be a Hilbert space. A linear random
walk on M is the set {Gys)(w) }ocs<t, t.5eq C B(H) if

1. w = Gs)(w) is measurable in the pair (¥, Bwor), where Bwor is the Borel o-algebra
of weak operator topology;
2. GuyGusy = Grs) almost surely for all 0 < s <t <7 and Gy = 1 almost surely.

The additional requirement

E [G?ﬂs)G(tls)} =
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in the sense of the Pettis integral allows us to relate this linear random walk with the system
of quantum channels

D) (0) = E[G(t\s)pG?ﬂs)], 0<s<t.

The above described example of discrete process of measurements is a particular case of linear

random walks when J = {t,t1,...,ty} C R, is discrete,
Ghr(wym(w)
G = ———
(teltet1) (w) Tr)m(@)
and

IP’(k:(w) =k,mw) = m): Them -

The main object of our study is the passage to the limit as the number of measurements
tend to infinite and the influence lessens ([5], [10], [16]). Here we obtain stochastic differential

equations for the density operator or for the wave function. Such approach is called unravelling,
see [3 Ch. I0], [4] for more detail.

2.3. Markov processes and semigroups. We should give some ideas about the Markov
processes, which we shall deal with ([I7]-[19]).

Definition 2.3. Let (Y, %) be a measurable space. A random process {X;: Q — Y, t > 0}
is called Markov if the identity E(X:|.%s) = E(Xi|o(Xs)) holds for all 0 < s < t. Here
Fs =0 (Xg, 0< 8 < 8) is the natural filtration of process X;.

Markov processes are associated with a transition probability that completely characterizes
their probabilistic properties (i.e., completely specifies their joint distributions). Note that
the existence of a transition probability is not trivial and the condition that ) is a separable
complete metric space is sufficient [I7, Vol. 2, Ch. I, Sect. 2|.

Definition 2.4. The system of functions P(B,t|z,s), where x € Y, 0 < s < t, B € ¥ is
called the transition probability of the process X if
1. for fized 0 < s <t and B € ¥ the function P(B,t|x,s) is measurable in x, and for fized
s, t and x € Y it is a probability measure of B;
2. P(B,tlz,t) = xp(x);
P(B,tlx,s) =P(X; € B | Xy =x) (for almost each x with respect to the measure Px._);
4. for Px_ —almost each x the Chapman — Kolmogorov equation

@0

P(B,t|z,s) = /P(B,t\y,r)P(dy,'r’\x,s), 0<s<r <, (2.10)

holds.

By the functions P(B,t|z,s) we construct Markov operators P, on the Banach space
Bg(Y) of Borel bounded functions with sup—norm

(Pys) f)(2) = /f(y)Pt(dy,ﬂﬂ% s) = E(f(Xy)|Xs = 2). (2.11)

If the transition probability P(B,t|x,s) depends only on the difference of times ¢ — s, that
is, P(B,t+ h|x,t) = P,(B,x), then the corresponding Markov process X; is called time homo-
geneous.

It follows from the Chapman — Kolmogorov equation that for a homogeneous Markov process
the family {P, := P, t > 0} forms a Markov semigroup with the generator

L = lim Piin — Py

t—0
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on the domain

Y

. Punf —Pif
P01~ {1 < |2y Pl
the limit is taken in the sense of the norm.
To a linear random walk on a Hilbert space, under which a random vector [¢)) € H is mapped
into the random vector G(t|s)|z/1) under the condition that the operator G ) is independent of

|4), the Markov operator

f(v) / AP (dif, 1[0, 0) (1) = / IP(w) f(Gup(w@)v), v e H, (2.12)

is related.

In this example, the process is defined on a separable Hilbert space, so the transition proba-
bilities are given.

The characteristic functional of a random vector £ with a value in an infinite—dimensional
Banach space X is defined by the formula ¢(v) = Ee'R¢49 ¢ € X* (see [I18, Ch. V, Def. 9],
where the definition is given for real-valued random vectors). The complex case is reduced to
the real one by the realification procedure X — Xg, in which, as it is easy to see, (Xg)* =
{z — Re{(z)}. The important for us example is X = H, in which any continuous functional
is a scalar product with a fixed vector v € H. In general, the Markov operator P, does not
map the characteristic functional of the random vector |¢,) into the characteristic functional
of the random vector [t/;). However, for a linear random walk {G )}, the variation

0s(v) = EetRewls) 0 (v) = Rt Re(vldr)

under the evolution on the interval (s, ) occurs under the action of Markov process of adjoint
linear random walk {G{; )} as the identity

EeiRetwle) — FetRe(Glystlve) — /dIP’(w) ©s(Glys)v)

shows.
We will be interested in random processes being the solutions to stochastic differential equa-
tions of a special type on a finite—dimensional space

dXt = AXtdt + Z BkXtde,t7
- (2.13)
XO = fa

where {A, By} are linear operators, W, = (W} ;) is a multi-dimensional Wiener process, and
their generalizations to the infinite-dimensional case. Such processes are called geometric Brow-
nian motions, and they play an important role in financial mathematics (see [18], [20], [21])
and quantum mechanics. These are Markov processes, and in finite-dimensional spaces they
are described by Markov semigroups with generators of the form

0 f(v)

(L)) = (Av.df () + 5 3 (B Buo) 20 (2.14)

The definition of infinite-dimensional analogues is non—trivial; the works [22]|-|24] are devoted
to them. This work also touches the issue of constructing processes, the Markov operators of
which have a generator similar to (2.14)).

The process X; with the initial condition X, = £ can be obtained by approximating by

discrete-time processes Xt(N)

XM = (1 +A(ty —tvo1) + Y Bi(Wiey — Wle))
k
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. (1 + Aty —tg) + Z By(Wit, — Wk,t0)> §.
k

In the next sections we implement the following idea: for a homogeneous linear random walk
on a Hilbert space we construct a Markov semigroup, calculate its generator, which will have a
form similar to the generator of diffusion process , and approximate the semigroup by a
family of Markov operators of a discrete linear random walk.

2.4. Process of continuous imprecise measurements of coordinates. As usually, the
set of states on a separable Hilbert space H is denoted by &(H), and the space of bounded
operators is denoted by B(H). However, we often deal with unbounded operators on a dense
domain. These are the coordinate operator z and the momentum operator p. Using the coor-
dinate representation, that is, the identification H ~ Lo(R, dx), [¢) — ¢ (x), we can develop a
functional calculus for the operator &. For each Borel bounded function f(x) on the line, the
operator f(z) € B(L2(R)) of multiplication by the function f is defined

(f(2))(x) = f(x)(x).

The measurement instrument corresponding to the simplest imprecise measurement of the
coordinate, see |25, Ex. 2|, [15], reads as follows

p > M(B](p) = / VoG — Dol @) dy, BeBR), peSMH).  (2.15)

Here [ is the identity mapping, & is the operator of coordinate, p is the density of some
probability measure. The random event of measurement g(w) has the distribution

/qu = /Trpp(y[ — ) dy = Tr M[B](p). (2.16)

Under an imprecise measurement of the pure state the a posteriori state is also pure. The
random walk of the normalized wave function reads

@) -
e T =D (217)

since the probability density for the random variable ¢(w) depends on the initial wave function

dPy(y) = [lv/p(yl — 2)[)||* dy.

Suppose that some probability measure p is absolutely continuous with respect to the
Lebesgue measure du(y) = 7(y)dy and 7(y) > 0. Then, in accordance with the arguing in
Section we can consider a random walk of the form

(1)) Vp(‘-’(jg(;)?"” (2.18)

with the event probability P(q € dy) = w(y)dy. In particular, if the density p(z) is strictly
positive, it can serve as m(x).

2
t)\x,t

T
For simplicity, we suppose that py(z) o< e~ =¥ 7(x) = py(z) for each fixed N (see

[9]). Here the constant A > 0 is interpreted as the degree of accuracy of measurements made
in a series.

The Schrodinger — Belavkin equation, which describes the limit evolution, contains a random
component in addition to the Hamiltonian part, and it represents the stochastic differential
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equation (SDE) given in the paper [9)

A A2
dlth) = —iH|y)dt — Zf2|¢t>dt + \/;f%|¢t>dm/1t~ (2.19)

The given example of a continuous quantum measurement process corresponds to a homo-
geneous linear random walk on a Hilbert space, where all random walk operators mutually
commute.

3. CHERNOFF THEOREM FOR BI-CONTINUOUS SEMIGROUPS

3.1. Bi—continuous semigroups. The concept of bi—continuous semigroups was formu-
lated and developed in the dissertation by Kithnemund (see [26]) and subsequent works. Bi-
continuous semigroups quite naturally generalize strongly continuous semigroups, for which
Chernoff approximation theorem [27, Thm. 5.2] is well-known. The possibility of approximat-
ing bi-continuous semigroups was studied in the works 28], [29], where an analogue of Chernoff
theorem was proved.

Let (X, ||-]|) be a Banach space dual for X* and equipped also with a locally convex topology
7, which possesses the properties

L. || - [[-bounded 7—closed sets are sequentially 7-complete (each fundamental in 7 sequence
converges),

2. the topology 7 is Hausdorff and coarser than the norm topology;

3. for each x € X

lzll = sup {|e(x)] = L€ (X,7)', [|¢]

X* <1}7

where (X, 7)" is the space topologically dual to (X,7), on which we consider the norm
| - ||x+ of the dual space X*.

Remark 3.1. In what follows such conditions on the topology of T with respect to the Banach
space (X, ||-]|) will be called bi-conditions. In addition, for a mapping f : M — X and a metric
space M we denote

bi lim f(a) = fo € X,

a—ag

if {f(a), a# ao} is| - ||-bounded and T lim f(a) = fo, and we call it the bi—convergence.
a—rag
We note that since 7 is coarser than the norm topology, we can treat (X, 7)" as a subspace
X* with the induced norm.
As (X, || - ||, ), the spaces of bounded continuous functions on a Banach space E with the
sup—norm and the convergence topology on some class of subsets of E are widely used (see
examples in [26]).

Example 3.1. Let E be a Banach space, X = Cg(F) with sup—norm. The topology of
uniform convergence on bounded sets T is generated by the sup—seminorms || - || g, where B is a
ball in E. Let us verify that such a topology satisfies the bi—conditions.

Let M C X be a uniformly bounded family of functions closed in the topology of uniform
convergence on balls, then the set M|g of functions from M bounded on B is closed in Cg(B).
If{fn} is a T—fundamental sequence of functions, then their restrictions to B converge in Cp(B)
to a function, which we denote by fr. Obviously, the balls B and B’ satisfy the compatibility
condition (fg)|pas = (fB')BrB, Which allows us to construct a function fg, which is continuous
at each point and bounded.

The second condition is obvious.
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Among the functionals from (X, )" there are all 6—functionals of the form

660(f):f<€0), €0€E.
Thus, the sup—norm of f is attained.

Remark 3.2. It also suggests itself to consider the topology of pointwise convergence (which
plays a large role in working with characteristic functions of random variables). But it does not
satisfy the first condition. Fven in the one—dimensional case, one can take a countable family
of functions

M = {f.(z) = arctg(nz), n € N},
which s obviously uniformly bounded and closed in the topology of pointwise convergence. If
each neighbourhood of the function f(x) € Cg(R) contains the elements of M, it is easy to
verify that it is also its element. But M is sequentially incomplete since for all x € R the
sequence { f,(z)} converges.

Definition 3.1. We say that a semigroup {T;} on (X,|| - ||,7) is bi—continuous if

1. there exist AM > 1, w € R such that ||T;|| < Me™ for all t > 0,
2. Tlir%Tta: =ux forallx € X,
H

3. for each bi-converging sequence {x,} to x the identity bi lim Tz, = Tix holds uniformly
n—oo

in t in each segment in R.

Definition 3.2. A generator of bi-continuous semigroup {1} is the operator L : D(L) — X
defined as the limit
Tix — Tix —
7 D(L):{ZL‘EX; Supw<oo,5|7'lim txt IGX}.

t€(0,1] t t—0

Tix —x

Lx = 7lim
t—0 t

We shall also employ the following definitions ([26]).

Definition 3.3. Let (L, D(L)) be an operator on X.
1. The subspace D C D(L) is called bi-core domain if for all x € D(L) there exists {x,} C D
such that {x,} and {Lx,} bi-converge to x and Lx, respectively.

2. L is bi—closable if it admits a bi—closed extension (the closure TV is the minimal closed
extension,).

Definition 3.4. The set M C X s called bi-dense if for each v € X there exists a bi—
convergent to a point x sequence {x,} C M.

Definition 3.5. The familly {Sa}aca of ||| -continuous operators is called bi—equicontinuous
if for each bi—converging to x sequence {x,} the identity 7 im S,z,, = x holds uniformly in a.
n—oo

Now we formulate the Chernoff theorem for bi—continous semigroups [29, Thm. 4.1].

Theorem 3.1. Let F' : [0,400) — B(X) be a function such that

1. FO = [7

2 ||E) < Mem,

3. {e7™H(Fy)™, t = 0} is locally uniformly bi—equicontinuous in m, that is, for each bi-
converging to x sequence {x,} the identity

TJLI&(@’WtFt)m(x —z,) =0

holds uniformly in m and t from segments in R,

Fix —x Fix —x

= Lx is well-defined on

is || - || -bounded on (0,T] and the limit TPI%
5
bi—dense subspace D C X.
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Let (Ml — L)(D) be bi—dense for some \g > w. Then the closure T s q generator of
bi-continuous semigroups {1} given by the approximation

— ; N
ﬂx—T]\}%O(F%) T

uniform on segments in R..

3.2. Semigroup related with process of continuous measuring. By the symbol 1 we
denote the normal random variable n ~ N(0,1/2).

In terms of random walks in the Hilbert space, in the simplest formulation, the wave function,
in accordance with the obtained result 7 (independent of ¢)(x)), «collapses» into (see the formula
(2.18]))

2
(x) — exp —M@ eézp(x) — e VI (). (3.1)

Remark 3.3. The formulas involve the combination tA and this is why in what follows we
can let A = 1.

When performing a sequence of measurements, at each step there arises a variation of the
same form independent of the previous moments of time. Thus, we can speak about the Markov
character of the vector random process |¢;), but in this section we consider a one-dimensional
real random process Re ¢,(z), since the random operators of the linear walk can be represented
as a function of the coordinate operator. In this example, we construct an approximation of the
Markov semigroup of a one—dimensional random process, and the derivation of the presented
result can be taken from the case of a walk on an arbitrary separable Hilbert space.

The single variation ({3.1)) with parameter ¢ corresponds to the Markov operator

o)) = [ Lo s (exp (~12 4 yav (32)
+f)(z) = ﬁe exp 5 TuT z ), .
which is obtained according the formula (2.12]).

Moreover, a simple calculation shows (see Proposition that T, is already a semigroup,
but it is not strongly continuous in the norm topology, and it is bi—continuous if the domain
is the space (Cg(R),| - ||,7) of bounded continuous functions with the sup-norm and the
uniform convergence topology on compact sets. Indeed, as t — 0, the function f(z) = sin(z) is
immediately approximated in a neighborhood of the origin, while in a neighborhood of infinity
the image of T, f can be well molified. The bi-continuity will be shown in the general case.

The generator L of the semigroup T; is easily calculated:

x? x?
L) = 22+ 22 7(2)
(its domain includes the Schwartz space), therefore, the random process 1;(x) satisfies the
stochastic Schrodinger — Belavkin equation

x? x
d = —— dt + — aw, 3.3
U(z) T Y(@)dt + ﬂwm t(z), (3.3)
where W;(z) is the standard Wiener process.

It is interesting that under the choice of other densities {p;} the semigroup property can fail
and we need to employ the theorem on approximation of bi—continuous semigroup.
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4. RANDOM WALKS IN HILBERT SPACE

Now we obtain some generalization of the established result for an infinite-dimensional non—
commutative case.

4.1. On weakly continuous and differentiable functions on Hilbert space. Let H
be a complex Hilbert space with the scalar product (|-) linear in the second argument. To
realify Hg as a vector space over R, the scalar product (u|v)gr = Re(u|v) is induced. The weak
topology of H coincides with the weak topology of Hp.

We consider the space Bg(H) of complex bounded Borel functions with respect to the weak
topology on H complete with respect to the norm

£ = sup|£(0)]. (1.0

The completeness of Bg(H) is implied by the fact that the pointwise limit of measurable
functions is measurable.

Among the closed subspaces Bg(H), we can distinguish the Banach subspaces of bounded
continuous Cg(H) and bounded weakly sequentially continuous Cpys(H) functions. There is
an embedding Cpws(H) C Cp(H) C Bp(H). By definition, f € Crws(H), if for each weakly

convergent sequence Ty lim v, = vy we have f(v,) = f(vg), and if the restriction of f to each
n—o0

ball B C H is uniformly approximated by weakly continuous functions, then f € Cpws(H).
Moreover, it is known that weakly continuous functions on bounded sets are uniformly weakly
continuous. For completeness, the proof of these facts and some other properties are given in
the Appendix.

Let F' C Cg(#H) be some || - ||-closed subspace. On F', we introduce the topology 7 of uniform
convergence on bounded sets H. We denote the corresponding seminorms by || - || if B is a
bounded subset. Note that 7 is metrizable since there exists a countable system of seminorms
generating 7, namely {Han = sup |f(v)], n€ ]N}.

lol|<2n
Proposition 4.1. The space (F,|| - ||,T) satisfies the bi—conditions.

Proof. 1t was noted (example that the bi—conditions are satisfied by the space
(Cp(H),|| - ||,7)- Then the result is also extended to the || - |[-closed subspace of F. First,
| - |[-bounded 7—closed M C F'is the same in C(H), and therefore it is also sequentially 7—
complete. Second, the topology 7 and 7—continuous linear functionals are induced from Cg(H),
preserving the stated properties. O

Remark 4.1. The bi—conditions are formulated in terms of sequential convergence in the
topology 7. For example, the bi—density assumes the existence of a sequence with certain prop-
erties. In our case, there is no difference between a topological and a sequential condition, since
bounded sets of a Hilbert space are metrizable in the weak topology.

Definition 4.1. Let (2, #,P) be a probability space. The mapping |10) : Q — H is called the
random vector if it is measurable in the pair (F,Bw). By Bw we mean a Borel o—algebra
with respect to the weak topology.

Definition 4.2. A random (bounded) operator is the mapping G : Q — B(H) measurable
with respect to the pair (F,Bwor), where Bwor stands for the o—algebra generated by the
weak operator topology.

Remark 4.2. The norm topology and the weak topology on a separable Hilbert space gener-
ates the same Borel o—algebra |30, Prop. 6.10.64|. In particular, the sets

{w: [Pl <R}, R>0
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are measurable, and this is why for each € > 0 there exists R. > 0 such that P(||¢(w)|| <
R.) > 1 —¢. The space of bounded Borel functions on H appearing in the definition of Markov
operators is denoted by Bg(H). The norm topology, SOT and WOT topologies on B(H) also
generate the same o—algebra |31, Prop. 2.11|. The random operator has a bounded norm with
a large probability.

The characteristic functional of random vector [¢) is the function
o(v) = Be'Wim .4 5 C. (4.2)

For a given v € H the mapping |w) — V"% is weakly continuous, and this is why the
composition w + eI is a random variable and the integral p(v) = Ee'"¥)r is well-
defined.

In the present work an important example of transformation of functions is the Markov
operator, which acts on the space Bg(H) by the rule

FIGINE) = [ ) FGwp) (43)

Proposition 4.2. For a random operator G : Q — B(H) the Markov operator F[G] :
Bp(H) — Bgp(H) is well-defined by the formula (4.3). The subspaces Cg(H) and Cpws(H)

are invariant with respect to the operator F[G].

Proof. For each v we define a probability measure P(B|v), where v € H, B € By, as the
distribution of a random vector G(w)v on H. Then the action of the operator F[G] has the
form f(v) — [ P(dy|v) f(v), it is Markov. It is easy to see that bounded weakly sequentially
continuous functions map Ay —Borel sets to Borel sets on C, and therefore lie in Bg(H).

Let {v,,} be a sequence weakly converging to vg and f € Cpws(H). This yields that {G(w)v,, }
converges almost surely weakly to G(w)vg. For € > 0, the union of measurable sets

Qe,N)={weQ: |f(Gw)v,) — fF(G(w)w)| <e, Vn> N}
=(N{weQ: [f(Gw)v,) — f(Gw)ro)| <&}

has the probability 1, this is why for some N. the inequality

P(a(50)) > 1- 1
holds and

5
[F[G]f (vn) — F[G]f (v0)] < MQIIfH + / dP(w) |f(G(w)vn) = f(G(w)wo)| <&, n> N,
Q(5,Ne)
hence, F|G]f € Cpws(H).
For Cg(H) the statement can be proved in the same way. O

The scheme of proof of weak sequential continuity for characteristic functionals of random
vectors [¢) is similar. Note that Sazonov theorem establishes necessary and sufficient conditions
on the characteristic functional [30, Cor. 7.13.8].

4.2. Semigroups related with linear random walk on . Before proceeding to the
general case, we present the explicit form of some important semigroups.
Proposition 4.3. Suppose that a subalgebra € C Cg(R) contains the functions

—ax?+bx

gla,bl(z) =e , a>0, beR,
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and a homomorphism YT : & — B(H) is given.  Then the family {F[G:} for
e‘yzdy

N3

Gi(y) = Y(glat, ybv/t]) with some a > 0, b € R with respect to the measure dP(y) =

forms a semigroup on Bg(H).

Proof. The identities

PIGIFIG () = [ P2eiet (Y (glat, yby/m) Vglata, 1bvEl)o)

™

:/@ey%eyi f(T(g[a(t1 +ty), b(yl\/t_1+y2\/g>])v>

hold.
If 19 ~ N(0,1/2) and the random variables 7y, 7, are independent, then

MVt + vty ~ N (0,11 + ),
and this is why

PIGWIFIGu1f(0) = [ e f(Xlalatts + b2, by/ir o) = FlGrvrnl ().
O

Remark 4.3. If for an operator C : 2(C) — H the functional calculus is developed, that
is, the homomorphism Yo : Lo(C) — B(H) is defined, then a semigroup is constructed by the

operators of form Gy(y) = Yc(glat, ybv/'t]) = exp(ybyv/tC — atC?).

The next result provides conditions, under which the operator—valued functions (OVF) F[Gy],
and in particular, the semigroups of such form on Cpy s(H) are bi-continuous.

Theorem 4.1. Suppose that we are given OVF {F[G]}ico1) of operators on Cg(H).
1. 1If

forall €>0, r>0 there exists R >0 suchthat sup sup IP’(HGth > R>< e, (4.4)
te[0,T] [lvf<r

then for each bi-converging to fo sequence {f,} the sequence F[Gy]f, bi-converges to
F(Gyfo uniformly in t € [0,T].
2. If

forall e>0, weH }L%MH(G: — G| > g)z 0, (4.5)
then for all f € Cpws(H) the convergence bi thr? F[G:]f = F|Gy,]f holds.
—to

Proof. 1) Let f, bi—converge to f. For all ¢ > 0 and r > 0 we find R. > 0 (depending also on
r) such that for all v € B, and ¢ € [0,T] the inequality

P(||Gelwpoll > R.)<

holds, where C' = sup || f,||. Employing the sets
nelN

Q(v) ={w: [Guw)vll < Re},

we obtain the estimate

IFGi]fn(v) = F[G] fo(v) ||, < EQC + / dP(w) [fu(Gr(w)v) = fo(Ge(w)v)] (4.6)
QL (v)
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Since || f, — follBz. — 0 as n — oo, we can estimate the right hand side of the inequality
by e for sufficiently large n. The arbitrariness of ¢ > 0 implies the first condition of
bi—continuity at the point ¢,.

2) As before, there are ¢ > 0, R. > 0. On the ball Bg_ the function f € Cpys(H) is uniformly
weakly continuous, that is, there exist § > 0 and wy, ..., w, € H such that |[(w|v' —v")| < §
implies |f(v") — f(v")] < e. By the assumption, for some neighbourhood U(ty) and for all
t € U(ty), € > 0,v € B, there exist sets Qf (v) C Q such that

4]
QL) > 1 =25, QL) ={¥ [(G; =Giwll <>, |Gl [Gryoll < . }.
Therefore, on QF(v) the inequality | f(Gi(w)v) — f(Gy(y)v)| < € holds as well as
|FlG) - FlGuD||| <4ellfll +=.

Since € > 0 is arbitrary, F[G,]f converges uniformly on bounded sets to F[Gy,]f and this
completes the proof. O

Corollary 4.1. If the semigroup {T;} on Cpws(H) is of form Ty = F[G,], which satisfies
the assumptions of Theorem then it is a bi—continuous semigroup on Cpws(H).

Of course, the convergence Ttlil? F[G:]f = F[Gy,]f can hold not only for f € Crws(H).
—to

Example 4.1. We define {Gi(w) = €'l}, f(v) = exp(—||v||?). Then
FIGi]f(v) = exp(—e*[v]]?),

and in this case the convergence F|Gy|f(v) — f(v) as t — 0 is uniform on H.

=

Moreover, if a function f € Cp(H) is such that H < C for all t € [0,T], then

F[G{]f(v) — f(v) as t — 0 uniformly on H.
We recall that the bi—closure £ C Cp(H) is the set of functions f € Cg(#H), which are
bi—approximated by sequences in L.

Proposition 4.4. Let OVF {F[G,|} satisfy the condition and
[F[GJ,F[GS]}: 0 forall tsel0,T)].
By Fg we denote the bi—closure of set of functions f € Cg(H) obeying
HMH< oo and there exists Tlim %

Sup t—0 t

te[0,7)
Then Fg is invariant with respect to all operators in OVF {F[Gy]}.

Proof. Let for f € Cp(H) and all t € [0,T] the relations

t t—0 t
hold. Then for an arbitrary operator A € B(H) the estimate
| oo At st

holds and this implies

| v | b HEAGEN = #GE
)

<
t

for the random operator ( @ P
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Let € > 0, B, be the ball of radius r centered at zero, (é, If”) be an arbitrary random operator.
As it has already been mentioned, there exists R. > 0 such that

P(|G] > R.)

Suppose that

_
4C°

5

< -

H/dP(w) f(Gt(w)?tf) —f(v) 9(,0)’ <

We observe that the boundedness in norm of the differential relations implies the estimate
16]] < C. Then

H/d}?(w) /d@(@) (f(Gt(w)é@):) — [(G@)) e(é(@)v))( LS i—%g +% <e.
Thus, the subspace
o= {1 € 0ut) | sup [[ZE < o 3 HE=1

is invariant with respect to the actions of each operator F[G] if [F[é], F[Gt]] = 0forallt € [0,T],
and in particular, {F[G;|}. We note that

t—0 t

€ CB(H>,

as the bi-limit of a sequence of functions in Cz(H).

Now we take f € Fg and an approximating it bi-sequence {f,} C Lg. We suppose that
sup || f»|l = C. Then for a random (G,P) we have
nelN

IFIG]f — F[G]fall < C,

and the 7-convergence F[G]f, € Lg to F[G]f is implied by the first assertion of Theorem
applied to the constant OVF {F|[G]}. Thus, F is invariant with respect to the action of operator
F[G]. O

In what follows we shall employ the subspace

Lo = {f € Cp(H) Eledr -4

a [ M9/, ey P

te(0,7)

} C Fg.  (47)

We introduce the linear operator

Lf:hmw

t—0 t

f

on a bi—dense subspace Lo C Fg.

4.3. Approximations of bi—continuous semigroups by operators F[G%]N. Chernoff
Theorem for bi—continuous semigroups allows one not only to prove the possibility of ap-
proximation of semigroups, but also to construct a bi-continuous semigroup if it is not given
explicitly. This section is devoted to verifying the assumptions of Theorem [3.1] for a given OVF

F[Gt]‘ . Namely, we need to verify that F[G,] is locally uniformly bi-equicontinuous, and

Fg
d

for the derivative L = EF[Gt] with the domain Lg the subspace (A\I — L)(Lg) C Fg is

=0
bi—dense for some )\ > 0. '

We denote the products of independent random operators as
(GH™ PO™) = ({Gy(wr) . .. Gy(wm)}, dP(w1) ... dP(wy,)).
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Proposition 4.5. The assertions hold.

1. Assume that we are given an operator—valued function {G} and for allr >0, ¢ > 0 there
exists R > 0 such that

sup{P(HGtMUH > R), o <r, t€[0,T), me 1N}< e (4.8)

Then the OVF F|Gy] on Bg(H) is locally uniformly bi-equicontinuous.
2. The condition

sup |Gty < oo, (4.9)
te[0,7)

where |Gy||l1 = E||Gy||, is sufficient for the assumptions of previous assertion.

Proof. We begin with showing the sufficiency of (4.9) for ensuring the inequalities (4.8)), and
then we shall prove the uniform bi-equicontinuity. Let B, be a ball in ‘H, ¢ >0 and M =

sup ||G¢||1. We introduce the function
te[0,T]

=1— inf P(Q%,) <
p(R) ant (%)

where Q% = {w: ||Gy(w)|| < R}. For ¢ € (0,1) we let R. = max(1, (M/e)'/¢), then for all R >
R., on one hand, for s € [0, ¢] by the Bernoulli inequality

M
R )

MY\°* M
and on the other hand, for s € [g,1],
M

Therefore, for all R > R., t € [0,T], m € N, v € B, the inequality
|Gi(wr) ... Gi(wm)v|| < TR:

holds with a probability at least 1 — €.

We proceed to verifying the condition. We suppose that the sequence {f,} in uniformly
bounded in the norm by a constant C' > 0 and converges uniformly to zero on each bounded
set. We denote

t () = (F[G])" fn(v) = /dIP’(wl) e dP (W) fro(Ge(wm) - .. Gi(wr)v).

Partitioning the events in «far» and «close», we estimate

| frm (V)] < €C + sup | fu(v)].
vEDB.
But on the bounded set B. = B,g_ the sequence {f,} uniformly converges to zero and this is
why by the arbitrariness of € > 0 the sequence {f! (v)} converges to zero as n — oo uniformly
intel0,7],meNandv e B,. O

Remark 4.4. The property of locally uniform bi-equicontinuity of {F[G,|} is preserved under
the restriction to each subspace Bg(H).

Remark 4.5. The finiteness of sup ||Gi|ly implies the first condition of Theorem uni-
te[0,T

formly for all compositions of independent operators Gi+™, m € IN, t € [0,T].
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We introduce the operators acting on Bg(#H) by the formula

Fiy= Y te ™F[G)", te[0,T], A>0. (4.10)

m=0

The general fact is that if {F,x, k¥ € N, o € A} is bi—equicontinuous operator family on a
closed subspace F' C Bg(H), then for the sequences {p, = (Pa.k)k}a satisfying the condition
> |pa| = 1 the family {F,}o, where Fo f = > paxFa i f, is also bi-equicontinuous for all f € F.

i %
Indeed, for a given £ > 0 by the definition of bi—equicontinuity, for each ball B C H, a sequence
fn bi-convergent to fy, the convergence sup ||Foi(fn — fo)llz — 0 holds as n — oo. This

a,k
inequality is obviously preserved while passing to the operators {F,}.
In our case the locally uniform bi-equicontinuity of {F[G;|} implies the bi-equicontinuity of
the family {F,,} for a fixed A > 0.

Proposition 4.6. Let a random OVF {G.} satisfies the conditions of first assertion of
Proposition and the commutation condition [F[Gt],F[GS]]: 0 for all t,s € [0,T]. The
subspaces C(H), Cpws(H), Fe and L are invariant with respect to Fy .

Proof. Using the invariance of Cg(H), Cpws(H) and Fg with respect to the Markov operators
F[G,], t € [0,T] (Proposition [4.4)), their closedness in norm and the absolute convergence of
series in the definition of F; 5, we obtain the invariance of the subspaces Cg(H), Cews(H), Fa
with respect to F; .

Then for € > 0 we employ the inequalities to find R. > 0, such that with the probability
at least 1 — ¢ a vector from the ball B, is mapped into the ball B, for all random operators
of the family {G™, t € [0,T], m € IN}. Suppose that f € L obeys the conditions

|2 =), <o P ke
Then
[P Tri)m||< e
for all ¢, m since
R e e
almost surely and, using the commutation condition,
H%F[Gt]mf ~LF(G]" || <=(C+1)

by the same reason. We note that the estimate is uniform in m and ¢ € [0,7]. We have

F[G,) -1 N CcT F[G,] -1 e(C+1)T
H S Ft’/\fug sz:()te S 1 — e AT’ H S Firf = LFt’Af‘ B,.< 1 —e AT
As a result we obtain that Fy,f € L for all ¢ € [0, 7. O

Proposition 4.7. Let a random OVF {G;} satisfy the conditions in the first assertion of
Proposition[{.5, the commutation condition and A > 0. Then the space (NI—L)(L¢) is bi-dense
mn Fg.

Proof. We observe an elementary relation

F[G -1 eM—1
—F =
¢ £

F,,—L (4.11)
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Let e > 0, f € Lg. There exists s. > 0 such that for all s € [0, s.]

F|G,] -1
RS |7« e
s
where R, > 0 is fixed by the requlrement
P(HG#%H >R, Yo:l|u| < 7")< e, Vtel0,T], meN, (4.12)
Then, according the estimates from the proof of Proposition , for all t,s € [0, s.] we have
F[G,] -1 eM— 1
[ Fuf—( Forf - f))|
F T
<[[FE= fH [Pl 2
—_ e_
F|G,| -1 eM—1 F|G,| -1
LOSMPEEAPTNTEE
F[G)] -1 e(C+1)T
i e VARV s e
Hence, the bi—closure (A\I — L)(Lg) contains a function f and it can be bi-approximated by
the functions {(A\I — L)F, ,f} for a sequence {¢;} converging to zero. O

4.4. On one class of differential operators. Some important examples of semigroups and
operator—valued functions are related with differential operators on the space of functions from
H to C, so we provide the necessary information about them.

The classical approach to differential operators in general is as follows. Let X, Y be linear
normed spaces, and F'(X,Y) be the space of all functions from X to Y. A function f € F(X,Y)
is Fréchet differentiable at x € X if the limit

i f@ 4 th) — f(@)

t—0 t

— df(z)h

is well-defined uniformly in A from a neighbourhood of 0 € X. At the same time, the Fréchet
derivative df(x) is an element of the space B(X,Y) of continuous linear maps from X to
Y. If f € F(X,Y) is Fréchet differentiable at each point, then its derivative df belongs to
the space F(X,B(X,Y)). Higher-order Fréchet derivatives are defined by induction. Let
Bi(X,Y) = B(X,Y), and the spaces B,1(X,Y) = B(X,B,(X,Y)), defined for all n € IN, be
normed spaces with respect to the operator norm; we denote d'f := df. If f has derivatives
df,d*f,...,d" ' f in some neighborhood of a point # € X, and the mapping z — d" ! f(x)
is Fréchet differentiable at x, then the derivative of order n > 1, d"f(z), at z is the Fréchet
derivative d(d"! f)(z) of the function d"~! f acting from the space X to B,_;(X,Y’). The space
B,(X,Y) is naturally embedded into the space £, (X,Y) of n-linear mappings X x...x X — Y,
where the values of derivatives define symmetric multilinear mappings.
Then differential operators are introduced.

Definition 4.3. [32] Def. 7.1.1] Let Z be a topological vector space and F, be some space
consisting of n times Fréchet differentiable functions X — 'Y at each point x € X. A mapping
D:F,— F(X,Z) is called the nth order differential operator if there exists a mapping

0:X — L(B.(X,Y),Z), x>0, (4.13)
such that for all x € X, f € F,, the identity
(Df)(x) = 0.(d" f(x)) (4.14)

holds.
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In what follows we consider the case, when X = Hp is the realification of the complex Hilbert
space H, Y = C, or Y = R. On Hp the scalar product is induced by the scalar product in H:
(w|v)r = Re{w|v). However, despite the difference between the spaces H and Hg, the spaces
of functions on them F(H,Y) and F(Hg,Y) are naturally isomorphic for any set Y. The scalar
product on the complexification of Hg and its tensor powers are denoted by the brackets (-|-)¢.

Example 4.2. Let A, : 2(A,) — Hg" be a (possibly unbounded) operator on the Hilbert
tensor product Hy", and let F be the space of real n times differentiable functions on Hg, for

which the derivative d"f at each point v € H as an n-linear function admits a continuous
extension to Hy", and d"f(v) € D(A,). The functional 0, : F — R defined by the identity

Oud" f(v) = (And" f (0)[V"")r, (4.15)

defines the action of a differential operator D(A,,) : FF — F(H,R).

Let A = (Ay,..., A,) be a family of operators Ay : D(A) — HEF, 1 < k < n. Let F be
a subspace of functions H — R having Fréchet derivatives of nth order at all points v € H,
each of which admits an extension to a linear continuous functional d"f(v) € (Hg")*, Yv and

d*f(v) € D(Ay) for all1 < k < n,v € H. We define the differential operator by the identity
D(A)f = > D(Ay)f, which maps F into F(H,R).
k=1

This scheme allows us to extend the differential operator D(A) to the case of complex func-
tions. If for f € F(H,C) the real and imaginary parts lie in the subspace F' specified in
Example then we let

(D(A)f)(v) = (D(A) Re f)(v) +i(D(A) Im f)(v). (4.16)

Let us demonstrate the action of the above differential operator D(A,,) using polynomials as
the example. Let the subspace F' C F(H,C) contain monomials

piv= (W) ... (Wn|V)R,

which obey the condition d"p(v) € Z(A,). It sufficient to suppose that for all injective mappings
j:{1,...,n} —={1,...,m} we have

Wiy ® ... @ Wjm) € D(Ayn).
In this case it is easy to find that
(D(An)p)(v) = Z (Ap(wo, ® ... ® W, ) V™" )R

ceS(m)

(W 1 [V)R - - (W, [V)R
(m —n)! '

(4.17)

Let us clarify the reasons why second—order differential operators will appear in what follows.
In general, we could consider averaging over any complex measures of finite variation. For a
measure v (v(£2) = 1) on a measurable space (2, .%#) with finite total variation, the structure of

V|
| | N LA
by averaging over the measure v we can obtain a probability function

RGH s f(0) = [ dulw) F(Gulw)e),

the derivative of which can be a differential operator of any order. But if v is positive, then
under sufficiently weak technical constraints only differential operators of order at most two
are possible.

Let A= (Ay,...,A,) be a set of densely defined operators

the probability space (£2,.%) is naturally defined by taking P = . As we shall see below,
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F C F(H,C) be the space of n 4 1 times Fréchet differentiable functions f, the derivatives
{d*f(v)} of which are continued by the continuation to the complex space C(H%*) under the
condition d*f(v) € CP(A) for all 1 <k < n, v € H, and sup ||[d" f(v)|| < oo.

vEH

Proposition 4.8. Assume that we are give a finite measure v (v(Q) = 1) on a measurable
space (2, F) and an operator—valued function ¥, [G:], for which

1. the limiting relations
0 \®k
i [ ey G0 =)
t—0 k't

hold;
2. for each v € H the convergence

/d|u|(w) ||(Gt(w> — I)UHn+ 0

t

= (Agwv®™) R, Yw € 2(Ay) CHEF, 1<k<n

holds as t — 0.
d
Then for f € F for each vector v € H the derivative E(F,,[Gt]f(v)) is equal to (D(A) f)(v).

t=0
If the convergences of Bochner integrals

lim | dv(w) (Gilw) = 1)w

t—0 Ll = Ayw, Yw € D(Ak), 1<k <n; (4.18)

F -1
hold in the sense of norm, then %f, f € F, tends to D(A)f as t — 0 uniformly on

bounded sets.

Proof. By the Taylor formula, see [30, Thm. 12.4.4]) we have
F(Gy(w) ) + Z A @)(Golw) = D0 )e + 1t w0, v),

v—almost everywhere and
1

rlto) = [as EE L@ )G - 0 ye,

n!
0

The estimate

ra(t,w, 0)] _ Man [[(Ge(w) = Dol"*
t S (n+1)! t
holds; averaging this estimate over |v| gives the uniform on balls estimate for the error term.
Applying the condition to the real and imaginary parts of f, we obtain that the difference

Z/ SO o) e Z/du ) (A (o) o)

tends to zero as t — 0 for each v € H. If this convergence is uniform in v on balls, then

F[G,] — 1
t

f—=D(A)f, f € F as t — 0 uniformly on balls and this completes the proof. ]

Let us consider the case when a random OVF {G;} has the analytic form

W) =T+ t+Gr(w), (4.19)
k=1
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and the convergence 2leil%(w]Gk’t(u})v) = (Li(w)w|v) holds v—almost everywhere for all w in the
—
dense subspace ¥ C ‘H and all v € H. Suppose also that the conditions hold

1. lim [ dv(w) ((Ly(w)w|v))! =0, j<k<m, weE D, veEH,

2. lim [ dv(w) ({Lp(w)w|v))* = (Agw® ™), we 2, veH.

t—0
Then it follows from [4.§ that for f € F' the identity
d
CF,[C1w)| = DA)7w)

holds for all v € H.
If v > 0, then the conditions of the previous point are satisfied only in the case L, = 0 for
all k > 2 v-almost everywhere. Indeed, if £ > 2, w € &, then

/EWMI@MMwMF=O

is equivalent to
(L (w)v) =0

v—almost everywhere, whence

/ dv(w) ({Lu(w)w]u))t = 0.

This argument illustrates the fact that among the generators of Markov semigroups, differential
operators of order higher than two do not arise.

5. MAIN RESULT

We proceed to the formulation of main result. For the brevity by the symbol (#) we denote
the condition of the first assertion of Proposition The condition [F[Gt], F[GS]} = 0 for all

t,s € [0, T] will be called the commutation condition.

The closed subspace F C C(H) is chosen as the bi—closure of the subspace L defined in
accordance with . It is the domain of the operator L.

The operators {F;,, t € [0,T]}, A > 0, are the discrete analogue of the resolvent and have
L as an invariant subspace under the condition (#).

Under these conditions, the main theorem is as follows.

Theorem 5.1. Let OVF {F[G,]} satisfy the condition (#) and the commutation condition.
Then for each function f € Fg the action of bi—continuous semigroup {T}i>o is defined in the
space Fg and

P N
th—TJ&g)r(l)OF[G%] f (5.1)
uniformly on the segments in Ry in the variable t > 0.

The choice of the space (Fg, || - ||, 7) already provides the desired properties of the differential

FlG

-1
relation ————f on a bi—dense subspace, and if we want to work with the dynamics of

characteristic functionals, we need to understand whether Cpys(H) is embedded into Fg.
However, one can weaken the functional properties of the semigroup by extending its action to
Borel bounded functions.
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Theorem 5.2. Let {T,;} be a bi—continuous semigroup on Cpws(H) and be approzimated
by the Chernoff iterates of an OVF {F|G,|} satisfying (#). Then it has a unique extending
semigroup {Q:} on Bg(H), which is Markov. Moreover, for each f € Cg(H) we have

Jim FIG ]V F(v) = Quf(v)
for allve M, t>0.

Proof. We recall that a family of random elements {z,}, on a metric space (.5, p) is called tight
if for all € > 0 one can find a compact K. C S such that P(z, ¢ K.) < ¢ for all «, see |18,
Ch. V, Def. 4]. In our case, the family of random vectors M,, = {G*™v} in the topology of
weak sequential convergence Ty g is tight for fixed v € H according to (#) (this topology is
generated by intersections of 7y —open sets with concentric balls in H with integer radii; Ty g
is metrizable, and the balls are compact).

By the Prokhorov theorem [I8, Ch. V, Thm. 5|) the set of measures of random vectors M, in
(H, Bw) is weakly relatively compact, that is, in each sequence in M,, one can choose a sequence
of random vectors converging in distribution. For example, there exists a sequence { Ny} C
IN such that GJiN"’v converges in distribution to some random vector ,, with distribution

N,

.
(probability measure on H) P, (this choice is not unique). Moreover, { Ny} can be chosen as a
subsequence from any prescribed sequence. Then we can define operators {Q;} of norm 1 from
Bg(#H) into the space of all functions,

@Jmﬁz/ﬂmWOﬂwafeBﬂH) (5.2)

However, we have not proved that the Borel function are mapped into the Borel ones. Let the
sequence {f,,} C Cpws(H) m—approximate fo € Bg(H) (that is, the sequence {f,,} is uniformly
bounded and converges to fy pointwise; this type of convergence was introduced by Priola in
his paper [33] devoted to m—continuous semigroups). By the Lebesgue theorem

mewhw%ﬁmwmm,

that is, T, f,, m—converges to Q, fo (the uniform boundedness is implied by fact that the measure
P, ; is probabilistic). The space of bounded Borel functions is the m—closure Cpys(H) (the
indicator functions of sets of form {v : (w|v) € [a,b]} are m—approximated by weakly continuous
functions), this is why the functions v — Q. f, f € Bg(H) are approximated pointwise by Borel
functions, and hence, Bg(#) is invariant with respect to the operators Q. Thus, the operators
Q; are Markov and extend T;, moreover, uniquely since they are approximated pointwise by
the actions of operator T,.

Let us show that the system {Q;};>¢ is a semigroup on Bg(#). For an arbitrary f, € Bg(H)
we find a sequence {f,} C Cpwg, which m—approximates fy. Then

QthfO = 7Tnh_££10 Tthfn = 77'7111_{20 Tt+8fn = Qt+sf0'

By construction, Qg = 1.
We choose an arbitrary sequence {n;} C IN. As it has been mentioned, we can choose a

subsequence { Ny}, for which the distributions of random vectors {G";"*v} weakly converge to
Ng

some measure PP, ;. However, due to the coincidence

/ AP, (1) f(¥) = / P, (¥) f(¥)

on Cpws(H), we obtain the identities I@w =P, and

lim FIG, [ () = Quf (v).
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Therefore,  lim FIG |V f(v) = Qif(v). O

2
N

— eby\/iC—atCQ

Example 5.1. A random operator-valued function {G(y) } with respect to the

dy
T/

e satisfies the condition (#) for each self-adjoint operator C' on

measure dP(y) =

2
H,a>0,v> o It can be easily verified taking into account the representation
a

2,2 by 2
G = e'Ta ex (—(C’ a ——) ),
+(y) P Vat 2/a
which implies

dP(y) 1 _(y_02\,2

Sl G < e U7
Using some class of OVF described in [5.1] there is a possibility to construct the Chernoff
approximations of bi—continuous semigroups. However, we separately need to verify the com-

mutation condition, which can be violated by the following operations. Namely, we can
1. average avaliable OVF: if for each o OVF {F|[G,.]} satisfies (#) and a quasiprobability
measure dv(a) of bounded measure is given, then {F,[G,] = [dv(a) F[G,.,.]} satisfies
2. Ei)a;rametrize the family: if the OVF {F[G,]} satisfies (#) on the segment [0,7], and
5:[0,T] = [0,5], then {F[Gyq)]} also satisfies (#), but on the segment [0, S].
The first option corresponds to the replacement of probability space (,.%,P) on

(A X 0,YR F, P.= ’ ‘]Zlél) ® ]P’). It is supposed that the necessary measurability conditions
v
with respect to (X ® .Z, Bwor) are satisfied for the random operators {G,+(w)} and

(@) = {te[ sup P(HGQJ(W)UH > R)}.

0,7, [lvll<r

The mapping o — ((«) is measurable and this is why for all £ > 0 there exist R. > 0 and a
measurable A, C A such that
v[(Ac)

v[(A)
and |¢(a)| < R. for all a € A.. At the same time,

Iﬁ(a € A, [|Gasw)v] < R€>> 1 — 2.

>1-—¢

The second option is obvious.

5.1. Examples.

5.1.1.  Quantum measurements. We consider a particular example of a quantum measurement
scheme that, in the limit of the interval ¢ > 0 between measurements with identical instruments
tending to zero, gives a continuous process in the state space admitting the description in
terms of linear random walks. Suppose that a measurable space with measure (A, X, v) and
measurable mappings a — (w|Cyv) for all w € H, v € Z (the subspace Z is dense in H) and
some self-adjoint operators {C,} are given. We consider a completely positive instrument

= [ dv(a ay e’ o
MIB)(s) = B/ o) [ e Cuuli)eGio) 5:3)

where B € &, Ga(y) = eViCa=0lCs 4> 0, b € R.
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A linear random walk with a parameter ¢ is defined by the family of random operators
{Gua+(y)}. As it has been already noted, the condition (#) is satisfied for v > %, so it remains
to verify that on some space Dy C Cp(H), the bi—closure of which contains Crys(H), we have

Gt

P 1o s, o
Let
d 2 Gy, -
2lsir% dv(a) \/y_e_w Gaslylw —w = Aw, weEY,
e
— )2
lim [ dv(« dy e’ (Goyw — w) = Auw® we 2,

t—0 W 2t

denote A = (A;, Ay) and let Ay € B(H), Ay € B(H®?).
Formally the relation of the operators A, A, with the random operator C, can be expressed
by the formulas

—<a — %)/du(a) (w|C2v) = (Ajwl|v), (5.5)
b? 2 _ ®2|, ©2
47 dv(a) (w|Cyv)” = (Aw®=|v®7). (5.6)

We form D, as a C—linear span of functions of form

F) =p((wilv)r, - -, (wa|w)r) R (]|v]*),

where p € Rxy,...,2,], n € N, 6 > 0, and the function h(z) : R — R obey the following
conditions

L. h(z) € S(R);
2 |hl = 1
3. h(z) =1for all x € [-1,1], and h(x) =0 for all x € R\ [-2,2].

Under these conditions the function f(v) has bounded derivatives of all orders, which are
non-—zero only inside some bounded set. We restrict ourselves by the case, when the operators
Ay and A, are continuous and hence, at each point v € H the action (D(A)f)(v) is well-
defined for A = (A1, Ay) and D(A)f € Cp(H). Since the condition of Proposition

i —

is satisfied, on the bounded sets the convergence f — Lf is uniform and therefore,

f € Lg. Tt remains to note that each weakly sequentially continuous function can be uniformly
approximated by polynomials on each bounded subset of H, and hence, for each f € Cpys(H)
there exists a sequence from Dy, which bi—converges to this function.

Thus, the Chernoff iterations of the constructed OVF {F[G,]} bi-approximate some bi-
continuous semigroup on Cpyg(H), which can be extended to a Markov semigroup on Bp(H)
if the commutation condition is satisfied; this conditions is to be verified separately.

The same conclusion can be made in the case, when A;, A, are self-adjoint (not necessarily
bounded) operators, where {ey} is an orthonormal basis of eigenvectors of A;, and {e;®ey } is an
orthonormal basis of eigenvectors of A;. Then, as Dy, we can take C, the linear span of functions
of the form f(v) = g({(ex|v)r), where g € S(R). Tt is easy to see that D(A)f € C(H) and the
bi—closure of Dy contains Cpys(H). That is, D(A) can potentially serve as a generator of a
bi—continuous semigroup. If we additionally require that hold for the OVF F[G,], then the
Chernoft iterations of the constructed OVF {F|[G;]} also bi-approximate some bi—continuous
semigroup according to Theorems [5.1] and [5.2]
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5.1.2.  Random control. Let the random Hamiltonian (H,, ) be bounded by the norm, that is,
the inequality |H,|| < M holds v—almost everywhere for some constant M > 0. We construct

the random OVF {G:}, Gat(y) = exp(iby\/fHa + atHa> with respect to the measure v ®
dy
T/
The condition (#) is obviously implied by the estimate for the norm ||G,.(y)|| < e

the boundedness of the Hamiltonians is employed essentially. The differential operators are
similarly defined on the family Dy and they read D(A), where A = (Ay, Ay),

b? 5

Ajw = (a - E)/du(a) H:w,
b2
4y

6_7927 for which the commutation condition is supposed to hold.

Ayw®? = dv(a) H2??*w®?, v e H,

and they generate the bi—continuous semigroup T; on Crys.

5.1.3.  Validity of commutation condition for non—commuting random OVF. It has been noted
more than once that although the commutation condition is essentially restrictive, it does not
require almost sure commutation [Gy(w), G5(w)] =0, t,s € [0,T]. Let us give an example when
the Markov operators corresponding to the random operators

G={HG)Ym G ={;, G}
commute, but [G;, Gy] # 0 for j # k.
We let n =2 (dimH = 2),

P1=DP2 =PpP1=P2 =

I

N —

Gl = Oy, GQ = 0z, Gl = Z'Uyy G? = _Z'Oya

where {6,,6,,5.} are the Pauli matrices. Then the random operators GG and GG have the
same distribution

{(pips, GiG5)} = {(pipy, G;G)} ~ {G,&x) 7 G, —?79:) , Gﬁz) , G, —@)}

Therefore, the commutation [F[G], F[G]} = 0 holds.

This example allows us to construct OVF {F[G,]} of mutually commuting Markov operators
on the base of non—commuting random operators: Gy(w) = I with the probabilityl — ¢, and
G(w) is equal to one of the operators {d,,6,,i5,, —id,} with the probability ¢/4.

CONCLUSION

It has been established that under the commutation condition and under the natural technical
assumption (#) on the bounded behavior of random operators, a discrete in time random
walk approximates a continuous Markov homogeneous process described by a semigroup, the
restriction of which to the space of bounded weakly sequentially continuous functions has the
bi—continuity property. The importance of such a space is that each bounded Borel function can
be approximated pointwise by its elements. Processes important for applications in quantum
mechanics can be approximated by discrete processes with the above property. This result not
only indicates a method of approximation that is certainly useful in modeling processes, but also
implicitly indicates the existence of a semigroup with a certain type of generator. In the general
case, the question of the existence of a semigroup with some unbounded operator as a generator
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was not resolved completely. The commutation condition of Markov operators of the family
{F[G4]} turns out to be the most restrictive in our analysis, but, as it is shown in Example 3,
is not equivalent to the commutation of random operators almost surely. In the framework of
this approach we have not succeeded to overcome the necessity of this requirement.

ACKNOWLEDGMENTS

The author is grateful to his scientific supervisor G.G. Amosov for a large attention to the
work, permanent discussion and support in preparation for publication. He is also grateful to
V.Zh. Sakbaev, B.O. Volkov for numerous and useful discussions and to Ya.A. Kinderknecht
for the idea to use the generalization of Chernoff theorem for the bi-continuous semigroup, that
played the crucial role in the analysis of problem, and for the attention to the work.

APPENDIX. SOME KNOWN PROPERTIES OF FUNCTIONS ON HILBERT SPACE

The weak topology T on H is generated by the intersections of the neighbourhoods of form
Ulw,a,e) ={v e H | (wv) € (a—e,a+¢)}

and it coincides with the weak topology. On the set K C H the weak topology is induced by
the weak topology on H. A weakly continuous function is one continuous with respect to the
weak topology. The each closed ball B C H the weak topology is metrizable, and B is a weakly
compact set. We recall that a function f : H — C is called weakly sequentially continuous if

w nh_{IOlo Up = Yo implies nh_{I;o f(vn) = f(U(]).

Proposition 5.1. A function f: H — C is weakly sequentially continuous at a point v € H
if and only if its restriction to each bounded neighborhood U of v is weakly continuous.

Proof. = Let U.(v) be a ball centered at v. The weak topology on this ball is metrizable.
Therefore, the weak continuity is equivalent to the weak sequential continuity.

< A weakly convergent sequence Ty lim v, = v is bounded, so it can be placed into
n— o0

a spherical neighborhood of U. The weak continuity of f on U then implies lim f(v,) =
n— o0

f(UQ). D

The spaces of bounded Borel functions (Bg(#)), bounded continuous (Cg(H)), bounded
weakly sequentially continuous (Cpws(H)) and bounded weakly continuous functions
(Cpw(H)) satisfy the following chain of inclusions: Cpy (H) C Cpws(H) C Cp(H) C Bp(H).
Each of these subspaces is Banach with respect to the sup—norm. We shall verify this property
for the space Cpws(H) we are interesting in.

Proposition 5.2. The space Cpws(H) with the sup—norm is Banach.
Proof. 1t is sufficient to show that it is closed in Cg(H). We take
fl € OB(H) \ CBWS(H)

Then there exists a sequence {v,} C H weakly converging to vy, but

|f1(vn) — fi(vo)| > €

for some £ > 0. Then it is sufficient to consider the neighbourhood Uz (f1) of the radius €/3 of
element fi. For each f, € U./3(f1) and for all v € H we have |fi(v) — fa(v)| < /3 and

| fo(vn) — fa(wo)| = | fi(vn) — fi(vo)| = [fi(vn) — fa(vn)| = [f1(vo) — fa(vo)| > %7

and this implies the absence of weak sequential continuity of fs. O]

(5.7)
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The weak uniform continuity of a function f : K — C is expressed by the fact that for each
e > 0 there exist 6 > 0, wy,...w, € H such that the inequality |(wg|v" —v")| < § for all

k=
the

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

1,...,n, v, 0" € K implies |f(v") — f(v")| < e. On balls (or on other weakly compact set)
weakly continuous functions are uniformly continuous.
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