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EMBEDDING THEOREMS FOR SUBSPACES
IN SPACES OF FAST DECAYING FUNCTIONS

I.LKh. MUSIN

Abstract. By means of the family 9t = {M, }>2, of separately radial convex functions
M, : R™ — R we define the space GS(9) of type Wy, which is a natural generalization of
the space Wy, introduced in works by B.L. Gurevich, .M. Gelfand, and G.E. Shilov. By a
certain rule, each function M), is associated with a non-negative separately radial convex
function h, in R™. The properties of the functions h, allows one to form, by the family
H = {h,}52,, the space Sy, which is the inner inductive limit of countably-normed spaces
S(hy) of the functions f € C*°(R") with the finite norms

27 (D f) ()|
g Ssu
17l zemn,ﬁzzi, Ble=h(B) 7
aEZ"_{::HaHgm

mEZ+

We counsider the problem on finding conditions on 9, which ensure continuous embedding
of the spaces G:S(IM) and Sy one to the other.
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1. INTRODUCTION

1.1. Aim of work. Let 9 = {M,}>2, be a family of separately radial convex functions
M, : R™ — R such that for each v € IN

1) lim M,(z)

=00 ||z

J2) im (M, (z) — My41(z)) = +o00.

T—00

For each v € N and m € Z, we define the space

GSn(M,) = | € C™(R"): guo(f) = sup [(D*f)(a)l|e") < o0
lall<m
We let
GS(M,) = [ GSu(M,).
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EMBEDDING THEOREMS FOR SUBSPACES 7

We equip GS(M,) with the topology defined by the family of norms ¢, (m € Z,) and
introduce the space

GS(m) = | J Gs(m,).

Being equipped with usual summation and multiplication by the complex numbers, GS(IM) is
a linear space. In GS(9) we define the topology of inner inductive limit of the spaces GS(M,).
We note that the space GS(9) is constructively more general that the space Wy, [I]-[5], and
the space of type W), from [6].

By the family 99t we form one more family of non—negative separately radial convex functions
h, in R". First we recall that the Young — Fenchel transform ¢g* of a function g : R* —
[—00, +00] is the function ¢g* : R" — [—00, +00] defined by the rule [7]

g'(z) = yS§$L(<$’ y) — 9(y))-

It will be convenient to employ the following notation: if u is a function on a set X C R"

containing (0,00)", then ule](x) := u(e™,...,e*) for x = (x1,...,2,) € R™. Now for each
v € IN we define the functions u, on R’ and h, on R" be letting
uy(t) = sup ((t,y) — M[e](y)), t € RY,
yeRY
hy(t) = w,(|[te]l, - -, |tal]) — w.(0), t=(t1,...,t,) € R"

Due to Condition j;) the functions u, and h, take finite values on R" and

lim _hl,(x) =
z—oo |||

while Conditions j;) and js) yield
lim (M, [e](y) — M[e](y)) = +oo,

Yy—r+0o0
and in it turn, this implies
lim (h,(x) — hy41(z)) = 00.

T—00

It is easy to verify that for each ) > 0 there exists a number Cg > 0 such that

hy(x) < Z z;1ln

1<j<nizj #0

Yiyc,,  x=(a,...,24) €[0,00)"
Q
Moreover, since the function wu, is convex and non-decreasing in each variable in R, the
function h, is convex in R™, see, for instance, [8, Lm. 4]. It is obvious that h, € C(R"). We
form the family H = {h,}52,.

By the family H we define the space Sy as the inner inductive limit of countably—normed
spaces S(h, ), each being the projective limit of the spaces

m/mnn [I}B Daf <
Sulh) = 4 [ € CPBY ¢ [l = _sup ! ;,em?éﬂ” ’
z€R™, EZT_:_, .

aEZi:HaHSm

m€Z+

The spaces of form Sy, were considered in the work [9).

The aim of this note is to find conditions for 91, which ensure continuous embedding of the
spaces GS(9M) and Sy one to the other. The study of this problem can be interesting for the
embedding theory of spaces of differentiable functions.
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1.2. Results. In the second section, by using auxiliary statements from the first section, we
prove the following two results.

Theorem 1.1. The space GS(IM) is continuously embedded into Sy.
Theorem 1.2. Let the functions in the family 9N be such that for each v € N

1) for some a, >0

My, (x) — M) (x) EZlnxj—aV, x=(x1,...,2,) € [1,00)";

2) for some b, >0
M, () — My ( Z ||| — x=(21,...,1,) € R™

Then the space Sy is continuously embedded into GS(ON).
Thus, under the assumptions of Theorem the spaces Sy, and GS(9M) coincide.

Remark 1.1. The most essential part of Theorem 4 in [8] corresponds to a particular case
of Th,eorem- 1.2 when the functions in the family 9 = {M,}52, satisfy the condition: for each
v € N there exists a number C, > 0 such that

M,1(22) < My(x)+C,, z€R", vel.

A condition of such kind is typical for all earlier studied spaces of type Wy, It is also easy to
show that in this case for some K, > 0

hy(x) — hyy1(z 111221‘] K,, = (21,...,2,) € RY,

hV+1( +y) \hu( )+hl/( )"’Kua x,yE]Ri.

1.3. Notation. R :=[0,00)". For t > 0 we let t* = max(¢, 1).
For z = (21,...,2,),y = (Y1, .., Yn) €E R", a = (o,...,qy) € Z7 we let
(T,y) = 2191 + - -+ + TnY,

||| is the Euclidean norm z,

o) = a1 + ...+ ap, al=oq!- !, =t ann.
By U(R™) we denote the set of all separately radial convex functions u : R" — R such that

u(z)

lim = +00.

=00 ||z

2. AUXILIARY RESULTS

In the proofs of Theorems [I.1] and [1.2] we shall need the following statements.

Proposition 2.1. Let g = (g1,...,9,) be a vector function in R" with conver components
g; - R* = [0,00) and a function f: R™ = R be such that fijo .oy is convexr and non-decreasing
i each variable. Then f o g is convexr in R".

The proof can be found in [§].
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Proposition 2.2. Let u € U(R"). Then

(ule])"(2) + (w*[e])"(z) = Z (zjInz; —x;), = (21,...,2) €[0,00)" \ {0};

(ule])"(0) + (u*[e])*(0) = 0.

For the functions v € U(R™) N C*(R") this proposition was proved in [§], while the general
case was proved in [10)].

Proposition 2.3. Suppose that for some a, >0 (v € IN)

M (x) — My(x) > Zlnxj —a,, x=(T1,...,2,) € [1,00)".
j=1

Then
hyyi(z+y) < h(z)+c, xzeR},yel01])", (2.1)

where ¢, = u,(0) — u,41(0) + a,.
Proof. Let x € R,y € [0,1])". Then
Upy1(z +y) = sup ((x +y,t) — My [e](t))

teR™
Ztsellle(@ﬁ — (M7, [e](t) — MJ[e]()) + (y, 1) — Mle]())
"
< sup ((z,t) — M [e](t)) + a, = u, () + a,.
teR™
This implies the inequality (2.1]). O
Proposition 2.4. Suppose that for each v € N for some b, > 0
My (x) = Myea(x) 2> llagll = by, 2= (21,...,2,) €R™
j=1
Then for all t € R
(M) qle])*(t) < h(t)+dy, t=(t1,...,tn) € RY, (2.2)
where d, = u,(0) + b,.
Proof. Using the separate radiality of the functions M, and the assumptions, we have
M (z) > My(z+y) — by, r=(x1,...,2,) € RY, y € [0,1]™.
Then for all t = (t1,...,t,) € R"
(M el)* () =max(sup ((t.5) — M [l (@), sup ((t.) — Myl (9))
yeRT yeR™M\R%}
<max(sup ((£,y) — My, [e])(y), sup ((,y) — MJe])(y) + by)
yeRY yeRY
< sup ((t,y) — Myle])(y)) + by = w,(t) + by = hy(t) + do.
yE]RT}r

The proof is complete.
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3. PROOF OF THEOREM [L.1]

Let f € GS(O). Then f € GS(M,) for some v € N. Let m € Z, and x = (z1,...,2,) € R"
be an arbitrary point with non-zero coordinates. Then for o € Z7} with |« < m we have
[(D F)@)) < g (fe” M0 exldnliend,
Since the function M, [e] with finite values in R™ is convex on R", we have M, [e] = ((M,[e])*)*.
This is why the previous inequality implies

= 3ty Iyl + (Mo e (1) .
(D) (@) < gmu(fle = o t=(h, o ta) € REL

By Proposition [2.2] this implies that for all £ = (t1,...,t,) € R}

=Sl S (g —t) - (M) ()
D)@ < gma(fe D : (3.1)

Since for t € RY}
(M [e])*(t) = sup ((t,y) — M[e])(y)) = w,(t) = hy(t) + u,(0),

yGIRZﬁ
continuing estimating in (3.1, we obtain that for all t = (¢;,...,t,) € R

H(D f)( )H (f) *]Z_:t ln||xg||+1<j<zt ;to(tj Int;—t;)—hy(t)
" Qm v € nit '

In particular, for all 5 = (ﬁl, o PBa) €2

Bj
(0" @) < e O (P [ 2

1<j<n:B;#0

This inequality is obviously true for each z € R". This implies that for all x € R", o € Z}
with o <m and g € Z7

127 (D* f)(@)|| < e Vg, (f)Ble
Therefore,
1l < €7 O ().

Since m € Z., was arbitrary, we have f € S(h,). Hence, f € Sy. The latter inequality also
implies the continuity of embedding of the space G\S(9) into the space Sy.

4. PROOF OF THEOREM [[.2]

Let f € Sy. Then f € S(h,) for some v € N. Let m € Z, be arbitrary. Then for all « € Z7
with |a|| <m, B € Z7 and x = (x1,...,7,) € R" with non-zero coordinates

Hfl!muﬁ'e 5
H 25117

(D f) (@)l <

Taking into consideration that .
")

| .
Jl<e2m(j+1) ”

for each j € Z, we then find
n /B+ ﬂJ

D" 1)@ < V2 I o] o (41)
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Let us estimate from above the quantity

~hu(8) i)
e —
1 (ell;11)%
For 8 € 7 we let

Using the non-decreasing of h, in each variable in R and Proposition 2.3 for u =
(f1, .-, fn) € (0,00)" and t € Q23 we have

m(B)P Tty + 1)
—hy(B) (/Bj ) —hy4+1(t)+c P«]
O] B g eotenoea [ 5157

=t Hj =t M
Therefore,

no (3B inf (3 (Inpt 4t In(ty41)—; In ) — ot (1))
inf e—hu(ﬂ)H (/8] ) < 6cy€t:(t1 ..... tn)ER ;=1 g 7

n 5
pezy j=1 ij

Using then Proposition [2.4] we get

)

+ in npt n ilnp)—(M*, 5le])*
N (’B)H (5; ) . tn>€R+<le(1 et (1)t In gy~ (Mo [e]) (1)

SV
g j=1 ’uJ

where K, = e®*+%+1 By Proposition this yields

Y

f h (5) - <63+)B7 (t1 intf )ERM ( 'anl In ,u] E tj In ] +(MV+2[ ]) (t))
] Bt n j=
At V11 .

ﬁ.
=1 Ky

.....

Taking into consideration that the function (M, ole])* takes finite values on [0,00)" and
(M, 2e])*(x) = +oo for x ¢ [0,00)", the above inequality can be rewritten as

— sup (3 t; 10 % (M, a[e])* () + illnuj
J: .

5+
inf e” ﬁ)H Mo teRM j=1
Jj=1 J

pezr

We note that by Proposition [2.1] the function M, (€] takes finite values in R™ and is convex
in R”. Therefore, M, s[e] is continuous in R™ 7, Cor. 10.1.1]. Using then the formula for the
inverse Young — Fenchel transform |7, Thm. 12.2|, we get

H1 Hn
su tln—— ale]) (1) = M, (—,...,—).
tE]REL Jz; M, o[e])*(2)) +2\ 7, .
Thus,
+ - v ﬂv---vﬂ 3 In +
inf e~ B)H ﬁ ne 7L2( e e )+J§1 H;
pezr e J

By (4.1) this implies

My s2(2)+ 3 n(1+]z;1)

[(D° D)) < K2 VT f e

Using the second assumption of Theorem [I.2] we find that for some Ky > 0, which depends on
v and n, for all € R™ with non-zero coordinates and for all o € 77 with [jaf < m

1D f)(@) | < Kol fllmwe 2.
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This inequality is obviously true for all x € R". Thus, f € GS(M,,3) and

Qm,u+3(f) < KQHme,ua f € S(hu)

Hence, f € GS(9MM) and the embedding mapping is continuous.

10.
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