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BOREL TRANSFORMS OF FUNCTIONS IN
PARAMETRIZED FAMILY OF HILBERT SPACES

K.P. ISAEV, R.S. YULMUKHAMETOV

Abstract. We consider Hilbert spaces of entire functions

rew 2dr
Pg(D)=< Fe H(C): |F|?*:= //'F JFdrdA(e )<oo :

reiv)r2f

where D is a bounded convex domain on the complex plane,

KO = 112, ) = / M Pdm(z), AeC,

h(p) = maxReze'?, ¢ € [0;27],
z€D
®

A(p) =hie) + [ n(O), ¢  [0:21].
0
The interest to these spaces is motivated by the fact that Py(D) is the space of Laplace
transforms of linear continuous functionals on the Bergman space By (D), while P1 (D) is the
2

space of Laplace transforms of linear continuous functionals on the Smirnov space Es(D).
In the paper for the parameters 8 € ( 2; g) we provide a complete description of the Borel
transforms of functions in spaces P3(D). In this way, the Bergman and Smirnov spaces are
embedded into a scale of Hilbert spaces and, in the authors’ opinion, this could allow to
apply the theory of Hilbert scales for studying the problems in these spaces.
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1. INTRODUCTION

Let D be a bounded convex domain in the plane. The Bergman space By(D) and Smirnov
space Ey(D) are rather well studied because of their importance in problems of complex analysis.
We recall that By(D) = H(D)N Ly(D), where H(D) is the space of functions analytic in D and
Lo(D) is the space of square integrable functions. In particular, it was established in works [I],
[2] that the Laplace transform of linear continuous functionals £ : S — S(A) = S.(¢**) makes
an isomorphism of the dual to Ey(D) space onto the space

~ F(re®)|2drdA
Ey(D)=<(¢ F e H(C //' Kl|mw) (v )<oo ;
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where h(y) is the support function of this domain, that is,

h(¢) = maxRe ze"?, ¢ € [0;27],
ze€D
¢

Nwzmw+/mmw o [0:27),

K0 = 2, 0m) :/|eM\2ds(z), NeC,

and ds(z) is the differential of the arc length of boundary D. It was shown in [3] that the
Laplace transform makes an isomorphism of the dual to By(D) space onto the space

2m oo

R Ik
Bo(D) = { F e H(C //|Fre |drdA()<oo |

re“P

where

mmsz&@:/ﬁwwma,Aee

Taking into consideration that K;(\) = |A\|K()), |A] = oo, for 5 € R, it is natural to consider
the spaces

F(re®)2drdA(e
PoD) = { Fe H(©): |FIP = //” [

The spaces Pg(D) form a continuous scale of Hilbert spaces and, as it has been said above,
ﬁO(D) is isomorphic to By(D) and ﬁ%(D) is isomorphic to Fy(D). In this way, the Bergman
and Smirnov spaces are embedded into a scale of Hilbert spaces and, in the authors’ opinion,
this could allow to apply the theory of Hilbert scales for studying the problems in these spaces.

A function associated in the Borel sense with an entire function F' of exponential type o is
the function

> F(k)(())
v(z) = Zwa 2] > 0.
k=0

Let Hy(D) be the space of functions analytic in €\ D and vanishing at infinity. For a > 0 we
let

G(D) = ¢ h(¢) € Hy(C\ D) : ||h]* := / |7 (Q)Pdist™ (D, ()dm(¢) < o0
c\D
In work we are going to prove the following theorem:.

Theorem 1.1. Let F' be an entire function with an indicator diagram D, v be the function

associated in the Borel sense with F' and 8 € (—5, 5) For some constants ¢(§, D), C(6,D) >0

depending on the domain D and parameter B the relation
oo 2w ‘F ‘2
(ret
(8. D)o < IFlls, = / A ()i < C(3, D) o

holds.
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An interest to these spaces is motivated by the fact that the authors has a supported con-
jecture that the spaces Pz(D) admit unconditional bases of reproducing kernels, see [4]-[8].
Hence, this could produce a scale of Hilbert spaces of functions analytic in the convex domain
D admitting unconditional bases of exponentials.

In first two sections we prove preliminary theorems. In the first section we estimate the

integral
\F re'? Pdr
7‘25
for § > —=, and in the second section we Justlfy the localization of the norm in the spaces G*.

2. PRELIMINARY STATEMENTS. KSTIMATES OF INTEGRAL OVER RADIUS

For a fixed ¢ € [0;27] by means of the mapping z — w = ze"? — h(p) we transform the
domain D into the domain D,,, which is located in the left half-plane and touches the ordinate
axis. For t < 0 by s(t, ) we denote the area of intersection of the domain D, with the strip
{z=x+4+1iy: t <z <0}

Theorem 2.1. Let F' be an entire function obeying the condition: for some [ € (—%; +oo)
and ¢ € [0; 27|
|[F(re')|?

[, = [ el
v K (rei#)r2s

dr < o0,

and 7y is the Borel transform of the function F. For some constants a(3), A(B) depending only
on the parameter 3, see the remark in the end of the section, the estimates

[ [ (e (he) — (@ + ig)) Pl
I, < / / o5 drdy < A(B)1,

—00 —O0

hold.

In the rest of the section we prove this theorem. The proof is mainly based on arguing in [3]
Sect. 1]. This is why we keep the corresponding notations. On the half-plane
P,={(: Re(e" > h(p)}

the function v is recovered by the formula

v(¢) = /F(rew)ecmwewdr.
0

We represent the points in this half-plane in the form ¢ = (h(p) — £)e ", where £ ranges in
the left half-plane Re& < 0. Then

V(e (h(p) —€)) = / (F(Tew)ﬁe?’we_h(‘p)r) e dr. (2.1)
0
We shall make use the following theorem proved in [9)].

Theorem 2.2. Let v(t) be a convex function defined on the interval I, and v be the Young
conjugate function for v

v(x) = Stlel?(xt —o(t)).



24 K.P. ISAEV, R.S. YULMUKHAMETOV

We let
J={reR: v(x) < oo},

Ko(x) = /eht_zv(t)dt, x € J
T

Then for each function g on I with a finite integral

lgll? = / 9(t) 2O,
I

the function

) = [ ae >0
I
satisfies the inequalities

2 gz +iy)l* 2
allg <//—dv z)dy < Allg||,
9l Ko(r) () il
—oco J
where a, A > 0 are absolute constants independent of the function g and the weight v.
Let »

2h(p)r 1
n(r) = m, u(r) = 3 In %, v(r) =u(r) — Blnr.
By means of these functions we write the formula (2.1)) as

, T F(re')edieeh(er
1" —ip _ _ Er—2v(r)
V) =€) = [ e
0

We apply Theorem letting I = (0; +00),

I = T B K (i)

and choosing v(t) as the weight function. In order to do this, we need to make sure that function
v(t) is convex.

Lemma 2.1. The following statements are true.
1) The function v is conver on I = (0;+00) and

1 1 " 1
(§—|—5) 2 <v'(r) < (2+6)ﬁ’ r > 0;
2) If
v(x) =sup(er —o(r)), z€J=(—00;0),
r>0
s the function Young conjugate with the function v, then
1+28)2 1 2(2 21
M_ < ’17”(1’) < ﬂ_a T < O
42+ B) 22 1+28 22
Proof. In the first assertion of |3, Lm. 1] the estimates
11 y 2
57.—2\U(7")\T—2, T>0,
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were proved, and they imply the estimates of Assertion 1). Let us prove the second assertion.
It was shown in the proof of [3| Lm. 1, Eq. (5)| that

2 <u'(r) < ! >0
——<u(rn<——, 1 .
r 2r
Hence,
1 1
@40 <o)< - (5+8) - (22)
In the same proof the relations
u(r) .
u(r) = —oo, —21=0(1) as r— +o0, lim u(r) = +oo,
Inr 0+

were also established and this is why the function v(x) is defined on (—o0;0) and
Tlg&(mr —v(r)) = rg?m(mr —v(r)) = —o0.

Thus, the supremum in the definition of the function v is attained at a unique stationary point
r =r(z) > 0 such that v'(r) = z. By the estimates (2.2)) we find

1 1 1
~(5+9)1 <o < -+ (23)
By the definition of the function v(z) we have the identity

o(x) = ar(x) —o(r(z)), =<0,
or

(' (r)) = (r)r —u(r), r>0.
We differentiate twice the latter identity

VW () (r) =1, r>0.

In view of and Assertion 1) we obtain

1+26)% 1 1 2(2 2
42+ B) 22 v"(r(x)) 1+25 a2
The proof is complete. O

We apply Theorem 2.2 to the function
(r) = F(re')edivehte)r
I\ = r2+28 K (rei)

This yields that the quantity

2 2 —2vr ’F 7.624,0 2d7’ _
lol? = [ latrope > = [Hea 1,
0 0

is comparable with the integral

//W’ e ( - s0(;L"+l@/)))| 4 (2)dy.

—00 —0O0

Estimating dv’(x) by Assertion 2) of Lemma 2.1 we obtain

(1+29)? (e 9 (h) — (2 + i)
IR \// Ko o) ' (@)dy

To complete the proof of Theorem [2.1] we shall need one more lemma.

2(2 + B)*
1428

N\

AL, (2.4)

—00 —O0
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Lemma 2.2. For all ¢ € [0;27], 8 € (—1;00) the relation

~(26+5), s(t, ¢) a ar(B)\ s(t, )
2 00(5) 550 < Kalto) < anld) (1+ 2 ) )

holds, where

1

_ 28+4 —2t
_/t e “dt, a_( /1—|—t25+5’ ay /1—|—t25+5
0 1

0

Proof. We represent the domain D, as
D,={z=z+1y: filz) <y< falx), R, <z <0}

Then f(z) = fi(xz) — f2(x) is a non-negative concave function on [—R,;0] and t < 0

o (e} e}

r2A+4dy ,
Ko(t, gp) :/e2tr—2v(r)dr — /627’15T — /62xrr2ﬁ+4K(Tew)e—2rh(ap)dT
T
0 0 U 0
:/62rt7“26+4 /eQTxdl,dy dr :/ /62T($+t)7“2/8+4d7“ dl‘dy
0 Do D, 0
Hence,
dxdy
Kolt.9) = wlB) | s
DS"
where

[e.9]

ao(B) = /€ZTT2B+4dT.
0

1. Let t < —D,, then on the integration interval we have |¢| < |t 4+ x| < 2|¢|, and this is why

ag(8)2~(28+5) ao(8)
— pprs 1Pl S Eolt,») < 555510,

where |D,| is the area of the domain D,. The statement of the lemma is true since in this case

3<t7 ()0) = |D90|
2. Let 0 >t > —D, and p = f(t). The concavity of the function f yields

f@y<tas  —m,<a<t f@zin t<ox<o
and hence,
@+(/3)P o

/ |t+x|25+5 < / r 4 |t| )2B+5 B |t|26+4° _/ 1—|—7' 25+5’
1
It] 1

f(z)dx p rdr a—(B)p Tdr
2555 2 17 2645 |4|26+4 a ()= | =
L R 1 BV A A o 1) R U fiad (1+7)28+

0 0
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and therefore,

Ko(t, ») = ao(B) / % < ao(B) (1 + Ziég;) |xfi3;)|g;+5

< 1+ 200) s [ s 1+ 283) )

The lower bound

flx)dr 27 C9q 270 a4(8)
Ko(t, @) = ao(P) I+ 22845 Z |t|2f3+5 f I s(t, )
t
is obvious. The proof is complete. O

Now, to complete the proof of Theorem it is sufficient to substitute the estimates of
Lemma [2.2] into the relation (2.4). The proof of Theorem [2.1]is complete.

Remark 2.1. As the constants in Theorem [2.1] we can take

a(B) = aa *(25+5)(1+—2ﬁ)2 — Aa 2(2 + B)? a+(8)
8) = a2 OG0 a) = Al T (14247,

where ag(B), ar(B) are defined in Lemmal[2.9 and a, A are absolute constants from Theorem|[2.4

3. PRELIMINARY STATEMENTS. LOCALIZATION OF NORM IN G¢

The main theorem of this section allows us to localize the integrals over C\ D to the integrals
over the set 2\ D, where Q is an arbitrary neighbourhood of D.

By B(z,¢) we denote the circle centered at the point z with the radius ¢; if z = 0, we do not
indicate this. We let D(¢) = D + B(e) and

R(D)=inf{R>0: Dc B(R)}.

Theorem 3.1. Let v € G* and o € [0;2). Then for each € € (0; R(D))

72

/ 7€) Pist?* (¢) dim(C) < (1 + Bo(e))(1 + B(a, D)) / (¢ Peist* () dim(C).
o\D D(e)\D
and

/ () Pist® 1 (¢) dim(C)
oD
< (14 SRD)By(a))(1+ SRRD)B(. D) [ (0P dist™ () dm(0),

D(e)\D
where

B()(OZ) — 42(1(4(2—(1) . 1)—1’ Bl(Oé) — 42a(2(3—2a) o 1)—17
(20R)2(|8D| + )’

B(a, D) = 256~ 5oy

If a € [%, %), then the same estimates hold under the additional condition
lim [z][y(2)[ =0
|z|—o0
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with the constants By, B replaced by
Bjla) = 42(20-9 _1)7!, Bj(a) = #2(2672) _ 1),

In the rest of the section we prove this theorem. The proof consists of two steps. At the first
step (Lemma [3.1) we estimate the integral of |[y”(¢)| over the exterior of the circle B(4R(D))

by the integral over the set B(4R(D))\ D. Then (Lemma the integral over B(4R(D))\ D
is estimated from above by the integral over D(e) \ D.
The number R(D) is briefly denoted by R.

Lemma 3.1. Let v € G* and a € [0;2). The relations

/ () Pdist?* (¢) dm(C) < Bo(o) / (€ Peist?(€) dm(<)

|¢|>4R B(4R)\D

hold and
[ OP s (© dm(Q) < 5REx(a) [ Q) Pist () dm(©)

c\D D(e)\D
Ifa e [%, 3)7 then the same estimates hold under the additional condition
lim [z|(2)| = 0
|z| =00
with By, By replaced by Bj, Bj.

Proof. We represent the function y(() as the Laurent series

Yk
k=0
By the assumptions, this series and
= (k+2)(
R I WL B

k=0

converge uniformly on the set C\ B(2R).
We take a number ¢ € [0;2). For ¢, |¢| > 4R, we have

dist(¢) < |¢] + R < 2],
and this is why

/ () Pelist® (¢) dm(¢) < 2 / () PIC[ dim(C).
[¢|>4R [¢|>4R

Passing to the polar coordinates in the above integral and taking into consideration the orthog-
onality of the system e*¢ with respect to the measure dip over [0; 27|, we obtain

//’2 2t+1 d?”

|’y”(C)|2dist2t(C) dm( 22t+1 /Z h/ )

cI2aR (3.1)
22t+1 |2

i Z (k+2— t (4R)2+2-0)
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Again by means of the Laurent series, using the estimates dist(¢) > 3|¢| for [¢| > 2R, we
estimate from below the integral over the annulus B(4R) \ B(2R)

[ propast@an© =2 [ ORI dn()

2R<|¢|<4R 2R<|q<4R

(3.2)
(22(k+2—t) . 1)7

2
— 9~ 2t+1

WZ k:+2—t AR

hence,
. S Iv °
/ |71/(C)‘2d18t2t<C) dm(C) 2 2 A 22 2 t 7T Z 2 k _|_ 2 4R)2(k;+2 t) (33)

2R<|C|<4R

By ({3.1) this implies the estimate

/w”(c)l?dist”(odm(o<2‘“ (2220 1) / 7 (¢) PPdist™ (¢) dm(Q).

IC|>4R 2R<[(|<4R

O

Letting t = a < %, we obtain the first estimate in the first part of the lemma, while letting
t = a+3 < 2 and employing the estimate dist(¢) < 5R for |[¢| < 4R, we get the second estimate
in the first part of the lemma.

If im0 | 2[|7(2)| = 0, then 7 = 0 and the summation in the relations (3.1)), is made

over k > 1, respectively, instead of the estimate (3.3) we obtain the relation

oo

e l?
2(k + 2 — {)(4R)2(+2-0)

/ |7”(C)|2dist2t(<’) dm(g) > 2—2t+1 (22(3—15) o 1) T

2R<|C|<4R

which is true for all ¢ € [0;3). By the relation (3.1]), in which 7 = 0, we find

/Iv”(C)IQdist%(C)dm(()<2‘”(22(3”—1)1 / [7"(Q)*dist™ (¢) dm().

I¢|>4R 2R<[C|<4R

k=1

Letting ¢ = «, we obtain the first estimate in the second part of the lemma, while the second
estimate can be obtained by letting ¢ = o+ 5 and using the estimate dist(¢) < 5R for (| < 4R.

The proof is complete. 0
Lemma 3.2. If vy € G% a > 0, then
. 9 20R)**(|0D| + me)? o
Q) Patist? (€) dm(c) < 256 U UODLETER [y patise(¢) dmc).
m2e2(atl)
B(4R)\D(e) D(e\D

Proof. Let ¢ ¢ D(e). Since
dist(¢, D) < dist(¢, D(¢)) + &, |0D(e)| = |0D| + 2me,
and by the Cauchy formula we have the upper bound

" 1 V"(z) dz 0D(g/2)] "
< — <
Ols 57 / 2= | S 2 dist(C, D(e/2) seati) )
D(e/2)
|0D| + e

(=)l

2 (dist(C, D) — £/2) =cob(e/2)
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It is obvious that for ¢ ¢ D(e) the inequality dist(¢, D) > ¢ holds and L= < 2forz > e
_ 2
Moreover, dist(¢) < 5R for ( € B(4R), hence, for ¢ € B(4R) \ D(e),

() Paist2e () < LT TOD] + 7e)

7 2
. 4
5 max ()] (34)
If z € 9D(¢/2), then the circle B(z,e/4) is located in the domain D(3¢/4) \ D. Moreover, if
w € B(z, %), then dist(w) > £. Using the subharmonicity of the function |y”(2)|?, we get the
upper bound

16
EP< s [ WP dn)
B(z,e/4)
16
< —( sup dist ~**(w)) / 1y (w)|*dist>* (w) dm(w)
T Bl B(z,e/4)
42(a+1) , D on
< re2(atl) / |7 (w)|“dist™ (w) dm(w).
D()\D

We substitute this estimate into (3.4) and integrate over B(4R) \ D(e) and this completes
the proof. O

The estimates in Theorem [3.1] are implied by the relations in Lemmas [3.1] The proof of
Theorem is complete.

4. PROOF OF MAIN THEOREM

It is sufficient to prove the main theorem for the domains not containing straight segments
and right angles on the boundary. This implies by the fact that the constants ¢(3, D), C(8, D)
are continuously (rationally) depend on D. Indeed, suppose that the theorem is true with
additional mentioned conditions on the domain.

We take an arbitrary ¢ > 0. In the set D(e) we inscribe the convex polygon, which involves
D. Then we replace each side of this polygon by an arc of a sufficiently large circumference
so that the obtained domain D’ remains convex and is contained in the domain D(2¢). The
boundary D’ contains no straight segments, but it contains the angles. In order to get rid of
them, we pass to the domain D'+ B(0,¢). In this way we obtain a domain without angles and
segments on the boundary, which contains D and is contained in D(3e).

Since P3(D) C Ps(D(g)), then for the functions F' € Pg(D) we can apply the main theorem
in the spaces Ps(D(¢)) and then we pass to the limit as ¢ — 0.

For further purporses we need some geometric objects. By s(x,¢) we denote the area of the
part of the domain

D,={w=2+1iy: fi(z) <y < fo(z), —R, <x <0}

cut out by the straight line Rew = x. The domain D, is obtained from the domain D under
the mapping w = ze"* — h(p). Thus, R, is the distance between the support lines L(p) and
L(p + 7). By l(z,¢) we denote the length of the part of the boundary D, cut out by the
straight line, while by u(x, ¢) we denote the length of the chord cut out by the domain D, on
this straight line. We let

o(D)= inf R,.

p€[0;27]

It is clear that o(D) is the smallest width of the domain.
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By Theorem the norm ||F|| of the entire function F defined in the main theorem is
equivalent to the triple integral

T [ e (h(e) — (x + i)l
/ / / . 9) dxdydA(yp).

0 —oo —oo

In this integral we make the change of the variables

(=e%h(p)—z—iy), 0=

Let us describe the geometric meaning of new and old variables. In what follows by I(¢) we
denote the directed straight line {te’”, —oo < t < oo}. On the boundary of domain D we
choose the counterclockwise direction. In this way all tangent lines to the boundary get a
direction. By L(p) we denote the tangent line parallel and co-directed with the line [(5 — ¢).
If te=* is the intersection point of the lines L(p) and I(—p), it is easy to verify that h(yp) =
If the variables ¢ € [0;27), x < 0, y, are given, then ( is the point in the plane, which in the
coordinate system formed by the straight lines [(—¢) (abscissa axis) and I(§ — ¢) (ordinate
axis) has the coordinates (h(¢) — z; —y). At the same time the condition z < 0 means that the
support line L(p) separates the point ¢ from the domain D.

Let us find the range of the variables # and (. The point ¢ obviously lies outside D. For a
fixed ¢ € C\ D the angle 6 should be so that the support line L(f) separates the point ¢ from
the domain D. We draw two tangent lines at the point ( to the boundary of domain D. Let
them be co—directed with the straight lines (1) and [(p2), and 0 < ¢1 < 9. Then the angle
¢ ranges from p_(¢) = § — @2 to ¢, (¢) = § — 1. The Jacobian of passage from the variables
©, T, y to the variablesC, 6 is identically equal to 1 and z = h(f) — Re (e¥.

Thus,

2w oo

[ ]

o+ (<) ool — 28+3
/ (O / i%h(ce)—Rf;<g230,9) AA(6) | dm(C).

C\D ©)

The internal integral in the right hand side is denoted by p({). Thus, we have proved the
following statement.

Theorem 4.1. Let F' = B(v) be an entire function satisfying the condition

OOF up2
171 = / I aranie) <

(rei)r28
and
<P+(C)(Re Cew B h(H))26+3
p(¢) = / (0] —RoCe 0) dA(6).
v-(¢)
Then

oBIFE < [ W QOPHO dm(0) < ABIFI,
c\D
where the constants a(f), A(B) depend only on the parameter (3, see Remark .
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Lemma 4.1. Let

w+(¢)
Re Ce® — h(9))2P+2
po(¢) = / (u(h(i)) — Re(Cize,Q) dA(9).
v-(0)

Then
1. For the points ¢ such that dist(¢) < o(D)/2,
2
3P0(€) < P(C) < 2po(C)-

2. If dist(¢) > o(D)/2, we denote by Iy the part of the interval (p_(C); ¢+(C)), on which the
condition

a(D)
2
15 satisfied, and let I be the remaining part of this interval. Then

iam? ele? — 26+2
p() < TUB AN i) 4 [ Dbl MOIZ an o)

Proof. 1. We observe that by the definition of the function h(yp)
Re (e — h(p) = min(Re (e? — Re ze™?) < min |¢ — z| = dist((), (4.1)
zeD

zeD

Re (e — h(yp) >

and this is why for the points ¢ with the condition dist(() < a(D)/2 for all ¢ € (¢_(); ¢+(())
the quantities s(h(¢) — Re(e, o) can be estimated by means of Assertion 1) in [3, Stat. 2|,
which immediately implies the estimates in the first part of the lemma.

2. If the interval I is non—empty, then for 6 € I, we apply the latter estimate in [3] Stat. 2|:

- o*(D)|D|
h(f) —Re(e? ) > ———.
s(h0) =ReCe™ ) > G (D)
In view of (4.1) and the geometric meaning of the function A(6) we get Assertion 2 of the
lemma. The proof is complete. O

Let us describe the integral in the definition of the function py({) in geometric terms. The
integration interval (o_(C); ¢4 (¢)) consists of the angles ¢ such that Re(e™ — h(p) > 0. In
other words, these are the directions ¢ for which the support line L(yp) separates the point ¢
from the domain D. In this case, the quantity Re (e — h(yp) is the distance from the point
¢ to the support line L(p). If we translate this support line parallel to itself by a distance
Re (e — h(ip), then on the resulting line the region D will cut off a chord the length of which
we have denoted by u(h(p) — Re(e™, ¢). Finally, the geometric meaning of the function A(¢p)
is that the difference A(y1) — A(p2) for ¢1 = 9 is equal to the length of arc of boundary D
from the point of tangency of support line L(p1) to the point of tangency of support line L(ps).

The above description is not related with the coordinate system. In what follows we choose
the coordinate system with the origin at a fixed point ¢ and we partially describe the domain D
as the overgraph of some convex function f. We are going to write the integral in the definition
of the function py(¢) in terms of the function f.

As the origin we choose the point (. There exists a unique point zy on the boundary D such
that

dist(¢) = inf |z — (| = |20 — (|
ist(¢) = b |2 —¢| = |20~ (]
We direct the ordinate system from the point ( to the point z;. In this coordinate system

the domain D is a part of the overgraph of some convex function f(z) defined on the interval
(X1; X5), where
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The angles ranges in the new coordinate system. The slopes to the abscissa axis of two tangent
lines to domain D passing through the origin are denoted by ¢; and s, and ¢1 < ¢s. Then
the integral in the definition of py is calculated from ¢ = 7 — s to o, = 7 —¢;. The distance
from the point ¢ to the domain D in this coordinate system is expressed as f(0) or —h(7w/2).

We suppose that the boundary of domain D contains no angles and straight segments, see
the remark in the beginning of the section. For the function f this means that the derivative
f! is strictly increasing continuous function.

If the variable ¢ ranges from p_ to ¢4, then the quantity 7 — 6 monotonically varies from ¢,
to 1, that is, from the slope of tangent line to the graph of function f at the point X; to the
slope of tangent line at the point X5. Therefore, once we define the point z(#) by the identity

£'(2(6)) = tan (g - 9) — cot(6), (4.2)

the point x(f) varies monotonically from X; to X, and the point (z(0); f(z(0))) is the support
point of the support line L(#). By the aforementioned geometric meaning of the function A(#)
we obtain

z(0)
dA(0) = d /\/1+f’(s)2ds — T+ F@(0)R de(6) = |Sii0’ dz(0).

Thus, for the function py we have the following representation

VO
w0 = [ g g ) (4.3

where the quantities in the integral in the right hand side are expressed in the coordinate system
associated with the point (.

In what follows we need to estimate the function u(h(#),0) in terms of the function f. In
order to do this, we introduce the following functions. We take an arbitrary point xy € [X7; X]
and a positive number 5. We let

p+(f w0, 0) =supg p: p < Xy — o, /(f’(xo +y) — () dy <6 ¢,

0
p

p—(f,w0,0) =sup ¢ p: p <o — X, /(f’(xo) — fl(wo—y))dy <0,
0
ﬁ(f7 x()aé) = p*(fa Cl}'(),é) + p+(f7 ZZI'(],(S).
Let

g(t)= sup (xt— f()
z€[X1;X2]

be the Young conjugate to the function f. If T} = f'(X3), To = f'(X3), then the supremum in
the definition of g is attained at a unique stationary point x = z(t) determined by the condition
f'(x) =t, that is,

g(t) = x(t)t — f(z(t),  te [T

Differentiating this identity, we get

2(0) = ¢ (cot(9)). (4.4)
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For each positive number § we define a quantity p = p(g, to,d) by the condition
p=supg s>0: /|g'(t0 +t)—¢'(to)|dt <0

By Lemma representations (4.3), (4.4) and [3, Lms. 3, 4] we obtain the following
statement.

Lemma 4.2. For points ¢ such that dist(¢) < o(D)/2, the inequalities

p(C /]h (0)|***|sin 6| p <g,cot9 |’h(0)0||> dg'(cot 9),

p(¢) < 48di‘z;)—m|2/|h (0)[* ] sin 6| p (g,cot@ ‘\h(G)Q\’) dg'(cot 6)
hold. If
dist(¢) > o(D)/2,

then by Iy we denote a part of the interval (p—; ¢y), on which the condition
o(D)

2
18 satisfied, while I 1s the remaining part of this interval. Then

4 diam*(D)|0D|

—h(0) >

< . 26+3
484
+8dl|aD—H|12/|h )27t sin 6] p (g,cot@ ||h( ZD dg'(cot 0).

In the integrals we make the change of variables 6 = 7 — ¢ and we let
01
m h(5 — )l
nc) = [|n(5-%) L
0

cos
where 0+ = 7 — ¢ are the slopes to the abscissa axis of tangent line to the graph of the function
f(z) passing through the origin. In this coordinate system the distance dist({) is equal to
—h(%). We denote this distance by d.

We determine the point x = z(¢) € [X1; Xs] by the condition

f'(x(p)) = tan .
Then z(p) is a point, at which the supremum sup,(zt — f(x)) is attained for ¢ = tan ¢, and
hence,

) dg' (tan ¢), (4.5)

268+1
| cos p|p (g,tan ©,

g(tan @) = tan ¢ - (@) — f(z(¥))- (4.6)
On the other hand, the support line L(y) to the domain D is tangent to the function f(x) at

the point x(p), while —h(5 — ¢) is the distance from this tangent line to the origin. It is easy

™

to see that the number —h(5 — ¢)/ cos ¢ is equal to the ordinate of the intersection of support

line with the ordinate axis. The equation of tangent line at the point x(y) reads as

y = (z—z(p)) tanp + f(z(p)),
and this is why bz )
—h(E -

cos @ = f(x(p)) — z(p) tan .
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In view of (4.6) we obtain
—h(5 —¢)

= —g(tanp).
cos

Thus, as ¢ grows monotonically from 0 to 6, or decreases from 0 to 6_, the value —g(tan ¢)
monotonically decreases from d to 0. We let ¢y = 0 and defined the angles ,, by the conditions

_h(% - Spn) . d

cosn 2lnl

or, what is the same, by the identities —g(tan ¢, ) = 27"ld.

The entire integration interval is partitioned into the intervals (y,; @n11], n € Z, and the
integral in (4.5)) can be represented as a sum of the integrals over these intervals. We note that
the quantity p(g,t,0) is non—decreasing in the variable ¢ and this is why for ¢ € (@,; @ni1] we
have

—h(5 —¢)
cos
—h(5 —¢)

cos

N
WV
o

p(g, tanp, 27"71d) < p (g,tan @, ) < p(g, tan g, 27"d),

plg,tangp,27"d) < p (g, tan ¢, ) < plg, tanp, 27" ), n < 0.

Thus, after the change of variables t = tan ¢ we obtain

o /g )20 tan @nt1 d
p0<X(5) [ o(otg) ao
n=0 tan on
tan @n41

—00 d 2B+1 d

n=-1 tan ¢,

tan @1

n(0) > (g)%l / (1T12)ﬁ+1p <g,t7 g) dg'(t). (4.8)

tanp_1
We proceed to upper bounds for p;((). We let

p tan ¢, + tan ¢,

Then for n > 0 we obviously have

d

g(t,) = g(tang,) = ~ o

while for n < 0 we have

d
9(tn) = g(tan 1) = B

This is why

o4 d 2 4 _d

g(tan gp”) + g(ta‘n SOTH-I) - g(t”) ~ _2n+1 - 2_n + 2_n - 2n+1 < 2_n7 n
d d

g(tan p,) 4 g(tan p,11) — 29(tn) < o < o1 n < 0.

WV
=
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We compare these estimates with the definition of the quantity p(g,t,0) and we see that

d
tangpn+1—tn:tn—tangpn<p(g,tn,2—n) , n =0,

d
tangan—tn:tn—tangpn<p(g,tn,w) , n < 0.

We introduce the notation
= t d >0 = t d 0
Pn=pP\ Y, ”’2_71 ) n=zv, Pn=pP\ 3, naW ) n <Uu.
The relation (4.7) gives the estimate
tn+pn tn+pn
N A d , =/ d \*" d ,
pi(¢) < Z (2—n> / P (9715’ 27) dg'(t) +Z (W) / P (gat7 W) dg'(t).
0 tn—pn -1 tn—pn
By [3, Lm. 5, Assrt. 3] we obtain
Xo4d A\ X 4d d \*H 45+2 )
= - = _o__ T 3ia42B+2
pl(o S 20: on <2n) + 21: 9|n|—1 (2|n1) B 24,3+1 _ 1dlst (O

Let I' = {§ — 0, 0 € I}, where the interval I C (¢_;¢,) was defined in Lemma Then
I'C (6-;64) and

2641 O
/\h(9)| | sin @|p (g,cot 9, sind) dg'(cot 0)
T
- ™ 26+1 |h(§ - 90>| /
= / ’h (5 - <P> | cos p[p (g,tan @, Teosg| dg'(tan )
I/

4B8+2 2842
<pi(Q) < 2mdlst (©)-

We substitute two latter estimates into the upper bounds in Lemma [4.2] and we obtain upper
bounds for the function p(¢): if dist(¢) < 22, then

2
48 diam*(D) 6 - 4°+* diam*(D)
S O S T op

dist®*2(¢), (4.9)

and if dist(¢) > 22, then
© 4 diam?(D)|0D| 6 - 4974 diam* (D)
PSS T D)D) (451 —1)[DP?

Now, on the base of the relation (4.8)), we proceed to the lower bounds for the function p;(()
and, respectively, for the function p(¢). Without loss of generality we suppose that

dist??T3(¢) + dist®2(¢). (4.10)

min(— tan@_q, tan @) = tan ¢;.
To shorten the writing, we introduce the notation p = p(g,0, g) By the definition of the
quantity p(g,0, %) we have

9(p) + 9(p) ~ 29(0) = 5,

on the other hand,
9(0) = max (—f(z))=- min_ f(z)=-f(0)=—d

X1<e< X2 X1<ze< X
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This is the identity

g(p) +9(—=p) = —gd

should hold. By the definition of the angles ¢4, we have

d d 3
g(tan ;) + g(—tan¢p,) = 5+ g(—tanp) > 5+ g(0) = _§d_
Therefore,
d
tang, = p=p (9,0,5) :
By (4.8)) this implies
tan @1
g\ 20+ 1 J
Z |5 — t,= | dg'(t
—tan 1

y 2\ 25+ 1 h d o
= 5 (1+tan2 801)ﬁ+1/p gvt7§ g(t)

—p
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Now we can employ [3, Stat. 3]) to estimate tan¢; from above and [3| Lm. 5, Assrt. 3] to

estimate from below the integral

2842 . —(B+1)
() = (51) ' (1+—25d1am2(D))

2 40%(D)
3 95 diam?(D)\ Y
=4 (6+1) (1 + TDg)) dlSt2'8+2(C).

This estimate and the relations (4.9)), (4.10) allows us to derive the following statement by

Lemma 4.2
Lemma 4.3. For the points ¢ such that dist(() < o(D)/2 the inequalities
m(8, D)dist**2(¢) < p(¢) < M(8, D)dist***(¢)
hold and for the points ¢ such that
dist(¢) > o(D)/2,

we have
p(¢) < Mo(B, D)dist* () + M (8, D)dist***(¢),
where
. —(B+1)
2 s 25 diam?(D)
m(, D) =g 4 1+ 40%(D) ’
_ 6-4°** diam®* (D)
M(ﬁaD)_ (46+1—1)’D‘2 )
_ 4diam*(D)|0D)|
MO(67D)_ O_Q(D)|D| )

o(D) is the smallest width of the domain D in the directions, dist(¢) is the distance from the
point C to the domain D, |D| is the area of D, |0D| is the length of boundary of D and finally

diam(D) is the diameter of D.
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To complete the proof of the main theorem it remains to collect all proven estimates.
1. Let B € (=% 1).

272
1.1. We are going to prove the lower bound in the main theorem. By Theorem and
Lemma,
m(B, D)

2 L " 2 m " 2 is 2(B+1) m
IFI > 5057 [ Q@ dm(© > 2L [ QR dmc),

C\D D(e(D)/2)\D

and then we apply Assertion 1 of Theorem with

g:U(QD), a=B+1¢€ [0;;)
and this gives
||F||?3ﬁ P %(1 + Bo(8,D))"Y(1 + B(3,D))™" \/ I (¢)[2dist2 P+ dm(¢).
C\D

Thus, the left inequality in the main theorem is proved with the constant

(8, D) = %(1 T By(8, D)) (1 + B(5, D))"

1.2. To prove the upper bound, we apply Theorem
171, <~ [ W@ PRQ) dm(O)
©TaB) S
C\D

We apply the second estimate from Lemma (4.3

IFIB, <%@D) [ @) P () di(c)
o\D
+ D) 71() Fdist?*3(C) dm(<).

C\D(o(D)/2)

We estimate the second integral by the second inequality in Assertion 1 of Theorem with
a=pg+1¢€]|0; %) The right inequality in the main theorem in this case is proved with the
constant

M(B, D) | My(5, D)
a(p) a(p3)

2. Let B € [5;3). If F € P3(D), then it follows from the definition of || F|| with 8 > % that

C(8,D) = (1+5RBy(B+1,D))(1+ B(B+1,D))".

F(0) = lim |z[[y(z)[ = 0

|z]—o0

and this is why we can employ Assertion 2 of Theorem As a result, the estimates in the

main theorem are proved with the same constants as in the case 8 < I with the constant

2
Bo(B + 1, D) replaced by Bj(3 + 1, D).
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