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CONSTRUCTION OF EXACT SOLUTIONS
OF NONLINEAR PDE VIA DRESSING CHAIN IN 3D

I1.T. HABIBULLIN, A.R. KHAKIMOVA

Abstract. The duality between a class of the Davey — Stewartson type coupled systems
and a class of two—dimensional Toda type lattices is discussed. A new coupled system
related to the recently found lattice is presented. A method for eliminating nonlocalities
in coupled systems by virtue of special finite reductions of the lattices is suggested. An
original algorithm for constructing explicit solutions of the coupled systems based on the
finite reduction of the corresponding lattice is proposed. Some new solutions for coupled
systems related to the Volterra lattice are presented as illustrative examples.

Key words: 3D lattices, generalized symmetries, Darboux integrable reductions, Lax
pairs, Davey — Stewartson type coupled system.

Mathematics Subject Classification: 35Q51, 39A14

1. INTRODUCTION

In the papers [I], [2] a close connection between integrable two-dimensional lattices and
integrable partial differential equations in three independent variables was discovered. More
precisely, the class of generalized symmetries of two—dimensional lattices contains a large variety
of nonlinear integrable partial differential equations in 3D. In particular, this class contains such
an important model as the Davey — Stewartson equation, which is related to the symmetries
of the Toda lattice. After such a kind observation it was natural to expect that this duality
would lead to the creation of new algorithms for finding particular solutions to coupled systems.
However, this did not happen, since, as noted in the mentioned works, the presence of nonlocal
variables creates severe problems for efficient use of dressing chains for constructing explicit
solutions of coupled systems.

After the papers [3]-[7] it became clear that the integrability of a two—dimensional chain can
be fully revealed at the level of its finite—field reductions obtained by imposing a special type of
truncating boundary conditions on the chain. The integrability criterion for a three-dimensional
lattice is formulated as a requirement of Darboux integrability of the reduced systems. This
special type of boundary conditions for the chains has another remarkable property: it is
compatible with arbitrary higher symmetry of the lattice under consideration. It immediately
follows from this fact that special cut—off constraints preserve the duality between the lattices
and the associated coupled systems. In other words, when the lattice is reduced to a finite—field
system, its symmetry becomes a symmetry for this reduction. An important step in this scheme
consists of finding explicit expressions for the nonlocalities in terms of the local variables (see the
formulas ) Thus, at the reduction level, nonlocal variables can be completely eliminated.

Let us illustrate some of the notions considered below with an example. It was shown in [2]
that the two—dimensional Volterra chain

Un,y = Un(Un_H - Un)» Une = Un(un - Un—l) (11)
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has a symmetry (coupled system) of the following form

Upt = Upgz T (U?L + 2unVn)m )

1.2
Unt = —Ungz + (VnQ)y + (2untn)e,  Vay = Una. (1.2)

)

In other words, the relations

(Uny)t = (Unt)y, (Vna)t = (Vnt)e

are satisfied identically if the derivatives with respect to z, y, and t are replaced taking into
account (|1.1)) and . For an arbitrary value of n, the relations define a system of partial
differential equations with independent variables x, y, and ¢, where n is a hidden parameter.
When moving from n to n+1, the desired functions are calculated using an invertible Backlund
transformation generated by the lattice (see [2])

Upg1 = Up + (In un)ya Upt1 = Up + (1N V41, Vi1 = Vo + (Inuy,),. (1.3)

In this paper, we consider coupled systems corresponding to integrable lattices as the main
object of study. The lattices rewritten as invertible Backlund transformations are interpreted
as symmetries with discrete time n for coupled systems. The aim of the work is to develop
an algorithm for constructing particular solutions of partial differential equations with three
independent variables using dressing chains.

2. EXAMPLES OF COUPLED SYSTEMS

The Volterra chain admits a large class of symmetries (see [2]). For instance, one can easily
derive from (1.2]) another coupled system of the second order

Upr = Upyy + (Uﬁ)x + (2unvy)y,
Unyr = —Unygy + (V2 + 2ann)y, Unz = Uny, (2.1)
by using the involutions
re -y, toT, uev, UV, ne —n. (2.2)
Its Backlund transformation is given by

Up—1 = Up — (ln Un)xa Un—1 = Un — (ln un—l)ya Up1=U, — (hl vn)y~

By taking a linear combination of two symmetries given above we find a more complicated
symmetry

Ups = My gz + HlUn gy — A (ui + QUJnVn)gC — i (U,%)x — 1(2unvy)y,
Voy =Ung, A#0,

Ups = =AU g — Wy — A (Vf)y — A2Upp)e — (UZ + 2ann)y :
Upnz = Uny, p1#0.

(2.3)

A large class of the Toda type integrable lattices is presented in [2] where the related coupled
systems are given as well. One extra lattice of this type

Up oy = O (Unz — ui — 1) (upy — ui — 1) + 2wy (tpz + Uny — ui - 1),
1 (2.4)
oy = —
Up — Up—1 Un+1 — Un
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was recently found in [5]. Symmetries of the lattice (2.4) in the directions of x and y are as
follows (see []]):

Unt = Un gp — 2UnUp o + ui +1-— 2(ui — Up + 1) H,y,

2
n,r -~ - 1
H, = (T —1)"'D, log 22— — 2

Unt1 — Up (2.5)
D,H, = D, u”’yl; %‘Z’: _
and respectively
Uy = Unygy — 2Unlny + Uz + 1 —2(u2 — tpy + 1)Qn,
2
Qn = (T — 1)71Dy log un+Zi+1 lin—;; 17 (2.6)

Up—1,20 — UpUp—1 — 1
Dan—l = Dy .

Up — Unp—1

Note that symmetries (2.5) and (2.6 depend significantly on the discrete parameter n since
they contain variables with shifted arguments.
The corresponding coupled systems of the lattice (2.4 obtained from the second—order sym-

metries (2.5)) and (2.6 have the form
Up = Ugy — 2utty +u? + 1 —2(u? —u, +1)H,

22
V= Vg + 2(vy —v? — 1)H — Yz
u—v 1)
2, —v? — Duy  2(uwv + 1o, :
+ ( ) + ( ) +0? + 1,
u—v u—v
DyH:_Dxuy—uv—l
uU—v
and
2 2uy
uT:—uyy—i—Q(uy—u—l)Q—i—u_U
_2(uy—u2—1)vy_2(uv+1)uy+u2+1’
u—v uU—v (2.8)

Uy = vy — 200, + 07 4+ 1+ 2(v, —v* — 1)Q,
e —uv— 1
DwQ:Dy(&»
u—v

where u := u, and v := u,_;. Obviously systems and do not contain any variables
u and v with shifted values of n.

The lattice , supplemented by the equation for the nonlocality H,,, defines an invertible
Backlund transformation

(un - Un)(”»,% — Un,z + 1)(”% — Uny + 1)

Pt = (Un - Un) (vn,zy - 2Un(Un,ac + Un,y — U727, - 1)) + (U% — Unax + 1)(0721 — Uny + 1)7
Up—1 = Up,
Unax — U721 —1
anl = Hn - Dw IOg 7
un - Un

for the coupled system (2.7). In a similar way one can derive the Bécklund transformation for
coupled system ({2.8)).
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3.  FINITE REDUCTIONS OF 3D LATTICES COMPATIBLE WITH SYMMETRIES

It is shown in our articles [3]-[6] that each known integrable Toda type lattice admits cut—
off boundary conditions allowing to reduce the lattice to a hierarchy of hyperbolic systems
integrable in sense of Darboux. Apparently, these boundary conditions are compatible with a
large class of higher symmetries of the lattice. We say that a truncation boundary condition
for a lattice is compatible with its symmetry if the truncation preserves the commutativity
property of the lattice and the symmetry [9]. Below in this section we discuss how to get rid
of the nonlocalities that arise within the symmetry approach. To do this, we pass from chains
to their finite-dimensional reductions, then use conservation laws to express the nonlocalities
in terms of dynamical variables.

Let us concentrate on finite-field reductions of the Volterra chain obtained by imposing the
following type truncation conditions u_ = 0 and v,,.x =0, k =1,2,3, ...

Upy = Up(v1 — vp), Vo5 = Volo,
Uy = up(v2 — v1), U1 = v1(u1 — up), (3.1)
Um,y = —UmUm, Um,e = 'Um(um - um,l).

By summing consecutively equations of the obtained system we arrive at the equation

(Ui’y + Uz"m) =0
=0

that can be represented as a conservation law

0 0 &
a—y;ui—i—%;vizo.

Replacing v; , = V,,, due to the definition of the nonlocal variables (see (1.2])) we find that the
expression » ", (u; + V;) is independent of y,

m

9,
a_yZ(Ui+Vi)—O-

1=0

Therefore, if we require that the relation

DR (52)
=0 =0

is satisfied for some fixed value y = yo then it would hold for all y. Due to the Backlund
transformation (|1.3) we have the first order linear discrete equation

Va1 = Vi + hy, hy, = (Inuy,),.

The equation is easily solved
j—1
Vi=Vot Y hi (3.3)

=0

By using the explicit solution (3.3]) one can derive a useful formula

i‘/k—m%—i—i
k=1 j

-1
j=1 =0

J

hi. (3.4)
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Now we rewrite (3.2)) in the following form

D Vi=-V—=> u (3.5)
k=1 =0

Comparison of ((3.4)) and ([3.5)) leads to an explicit expressions for all of the variables V;, j = 0, m,

in terms of the dynamical variables uq, ..., u,, and their first order derivatives with respect
tox
m j—1
Vo = h; il
- (T )
jm o (3.6)
et (S )+ S -

7j=1 =0

As a result we determine a usual second order symmetry (without nonlocalities) of the
hyperbolic system ((3.1))

Upt = Up gz + (u?z + QUHVn)x for n=0,m,

(3.7)
Unt = —Unagx + (VnQ)y + <2unvn>:€7
where the functions V; = Fj([u]) are found due to (3.6). In a similar way one can study

the nonlocality U, of the coupled system ({2.1) corresponding to the Volterra lattice. The
explicit expressions for the variables Uy, Uy, ..., U,, are easily derived from (3.6 due to the

involutions (2.2)).

Example 1. For m = 0 formula (3.6) takes the form Vj = —ug (see (4.4) below). It is
considered in Section 4, where explicit solution for the coupled system is constructed.

Example 2. If m = 1 the nonlocalities are given by
1
‘/0: —5 <h0+U0+U1), h(]: (IHUO)m,

1
%:—§(h0+uo+u1)+hg.

The corresponding symmetry takes the form

Ut = —Up,zUL — UoUL )
Vot = —UpVolU1,
2 2
Uy (uoe —ug) U1z (Uop + ug) UrUo .
Uyt = Ul zx + — U0, zx + - 2 s (38)
Ug Ug U
_ UU1Uoy
Vit = + U101
Uo

It is easily verified that (3.8) is really a symmetry to the reduced system:

Uo,y = up(vy — o), Vo, = VU,

Uy = —U01, U1z = v1(ur — up).

Recall that the system is integrable in sense of Darboux, i.e. it admits a complete
set of characteristic integrals, see [I1]. It is known that the symmetries of Darboux integrable
systems are linearized (see, for instance, [10]). Therefore is linearized by an appropriately
chosen differential substitution.
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4. CONSTRUCTION OF EXACT SOLUTIONS TO COUPLED SYSTEMS
VIA INTEGRABLE REDUCTIONS OF DRESSING CHAINS

Now we discuss how the dressing chain can be used to construct explicit solutions to the
coupled systems. As an illustrative example we take the system

Up = Upy + (u2 + 2uV)$ ,

4.1
Vp = —Vgg + (V2>y + (2uv)xa V;J = Uy, ( )
corresponding to the Volterra lattice (here u := u,, and v := v,)
Unp,y = un(vn—l—l - Un); Un,e = Un(un - un—1)~
Let us consider its reduction
Uy = —UV, Uy = UV (4.2)
obtained due to cutting—off constraint u_, = 0, v, = 0, k = 1,2,3,.... Here the sought
functions are u := ug and v := vg. The functions
=% _y and J=" +v
u v

are characteristic integrals of the system. Indeed, it is checked straightforwardly that the
necessary conditions D,I = 0 and D,J = 0 for the integrals definitely hold. Therefore we have
a system of differential equations (Bernoulli equations)

Zou=fi), Lrv=f)

for searching solution to the system (4.2]), where f; and f, are arbitrary functions.
It is easy to verify that general solution of the system can be parametrized in the following

form
W AW W)
e M T~ ) -

where W = ¢(y) — p(z) and W,,, W, denote the derivatives of W with respect to z and y. Here
the functions ¢(y), p(x) are chosen arbitrarily. Note that W,, = 0.

Now we assume that functions u(z,y) and v(x,y) depend on one more independent variable
t due to the system (4.1). In other words we have ¢ = p(y,t) and p = p(z,t). Then by
integrating equation V;, = v, we derive an explicit expression for the nonlocality

Id xX
V=- wygﬂ y_ PW + R(z,t) = —u+ R(z,1).
Let us set R(x,t) = 0 for simplicity. Then we get (see also Example 1)

V = —u. (4.4)
Afterward the coupled system (|1.2)) turns into
Up = Ugy — 2Uly, Uy = — Vg + 2utty + 2(uv),. (4.5)

Using the substitution (4.3)), we reduce the system (4.5)) to an overdetermined system of equa-
tions with a single sought function W. To apply the substitution (4.3]), we have to use the
explicit representations of the derivatives of v and v:

W,W, Wee  WLW,
R TR N T
W W, oW W
w2 Tw o w2
2 3
Wy W, o Wea Wl WD

Ve W2 Wwa W W2 e
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The formulas above allow us to bring the system (4.5]) to the following form
WWyy = W, Wy — W, Wy,

The next step is to solve it explicitly. Let us start with the second equation in (4.6]). First, we
represent the equation as

(4.6)

W2 W2
Then integrating the latter we get

Wt o W:m:

wow 9(t,y).
Now we simplify the first equation in due to the relation
Wy = Wi + g(t, y)W (4.7)
and obtain an equation of the form
Wyt = g(t,y)Wy. (4.8)

If we apply the operator D, of the total differentiation with respect to y to both sides of (4.7))
and then simplify it in virtue of the equation W,,, = 0, we arrive at the relation

Wy = g(t, y)W, + g,(t, y)W. (4.9)
Comparing relations (4.8)) and (4.9)), we arrive at g,(¢,y) = 0 or, the same,
9(t,y) = g(t).

Analyzing the above reasoning, we conclude that the desired function W = W (z,y,t) is a
solution to the system

Way =0,
Wy = Wau + g(O)W, (4.10)
Wiy = g(t)W,.
Obviously the third equation of the system is easily integrated, since it is of the form
0
5 In W, = g(t).

Hence it implies
InW, = InG(t) + In Fy(y),

where
t

InG(t) = /g(T)dT
0
and the constant of integration In F}(y) does not depend on z due to the first equation in (4.10]).
Then we integrate the obtained equation W, = G(t)F;(y) with respect to y. It is convenient
to present the result in the form

W = Gt)(F(y) + S(z,1)), (4.11)

where
)

F(y) = /Fl(z)dz.
0
Now we substitute (4.11)) into the second equation in (4.10)). After a slight simplification we
obtain the heat equation for S(z,t)
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Therefore general solution to the system (4.10]) is given by (4.11)) with arbitrary G(¢) and F(y)
and with an arbitrary solution S(x,t) to (4.12)). This leads us to the following theorem.

Theorem 4.1. Assume that S(z,t) is a solution to Equation (4.12)) and F(y) is an arbitrary
smooth function, then the functions defined by the rule

u(r,y,0) = - (S (1) + F(y)),
v(z,y,t) = gy In(S(z,t) + F(y)), (4.13)

V(z,y,t) = % In(S(z,t) + F(y))

give a solution to the coupled system (|1.2)).

Theorem can be easily verified by a simple substitution.
As it is known, the solution of the heat equation (4.12) is given in a closed form by the
Poisson formula

S(z,t) =

1 _@=g?
2\/%!50(6)6 t df?

where S|,_, = So(x) is a bounded continuous function. Therefore solution (4.13]) of coupled
system ((1.2)) depends on two arbitrary functions Syp(x) and F(y).

5. SECOND EXAMPLE

Taking a linear combination of two symmetries, we find a coupled system which depends
symmetrically on x and y (see (2.3)) above)

Un,s = )\un,zm + MU, 4y + A (ui + 2Unvn)z + 1% (U3)$ + ,u(2unvn)y,
Voy =Vnz, A#O,

Ups = —AUp g — W yy + A (Vnz)y + A2upvy) e + 1 (1),2I + 2ann)y ,
Ungy =Uny, p1#0.

The boundary conditions u_, = 0 and v, =0, k = 1,2, 3, ... imposed on the Volterra chain are
compatible with all symmetries. Therefore, to construct solutions of the system ([2.3)), one can
use the same ansatz
W, W,

U((L’,y) - W’ ’U(ZL‘,y)— W
as in the previous example. Here W = ¢(y) — p(x) with arbitrary functions ¢(y), p(z) and
W, W, denote the derivatives of W with respect to « and y. We choose the nonlocalities as
V=—uand U = —v.

As a result, we arrive at the following system of equations:

WoWe  WauWe - W, W,  W,W,,

(5.1)

Weo—AWaaa — pWayy — W + A W +2u W 1 W =0,
W, W W, W, WoyWa W W
Wsy+>\Wxxy + MWyyy - Ile — M Z;jJV L 2A IjJV + A ?1/1/ =0.

We integrate the first equation with respect to x and the second one integrate with respect
to y. Finally we get the single equation

Ws — AWy + uWy,, — g(s)IW = 0.

It is simplified by the linear transformation W = h(s)H, where h(s) is a solution to the equation
h' = gh. The transformation brings it to the simple equation

Hy = AH,, — puH,,. (5.2)
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Theorem 5.1. Assume that H(x,y,s) is an arbitrary solution to Equation (5.2). Then the
functions

u:—gln(H) vzgln(H),
ox dy
P P (5.3)

define a solution to the coupled system (j5.1)).

Recall that the solution of the heat equation (5.2]) with A = —p = 1 is given in a closed form
by the Poisson formula

(z— &) +y n)?
H(z,y,s =1 / /Ho £,m)e d&dn,

—00 —00

where H|_, = Hy(x,y) is an arbitrary continuous and bounded function. Therefore, the
formulas ([5.3)) define a solution to the coupled system (j5.1)) depending on an arbitrary function
of two variables Hy(z,y).

6. CONSTRUCTION OF A PARTICULAR SOLUTION OF LATTICE (1.8)

In this section we construct a particular solution of the lattice (2.4)), subject to the following
additional constraints

u:=uy, forn>1, u, = (—=1)""1,  forn < —1, Uy = (—1)". (6.1)
Then the lattice takes the form
2uu gy,
u?+ 1
Next, we use the integrals of lattice found in [I1], which for the choice of w, by virtue of
(6.1) read as

U/zy =

U U
J = ad I = g
uz+1’ u? +1

Recall that a function J(u, Uy, Uy, Uggs, - - -) 1S called a y—integral if the condition

Dy, J(u, Uy, Uy, Uy, - - ) = 0

is satisfied. The x—integral is defined similarly.
From the condition DyJ(u, uy, Ugg, Uzgy, - - .) = 0 we find

J(U,Um, Uy, Ugzay - - ) - f(l’)

or in our case we have

Integrating the last expression, we obtain
u = tan(F(z) + G(y)),

where F'(z) = f(z). Thus, F(z) and G(y) are arbitrary functions.
Let us rewrite the found solution in general form

u=tan W(z,y), (6.2)

where W (z,y) = F(z) + G(y).
Now we substitute (6.2]) into the symmetry (2.7)

2 2
Unzy = Unazizy — 2unun,rl + Uy, +1- 2(un = Un,ay + 1)Hn
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of Equation (2.4). First, we simplify this symmetry due to the restrictions (6.1]), namely, we
find out what the value of nonlocality H. We let x := 21, t := x5, y := y1, H := Hy:

Up = Ugy — 2utty +u? + 1 —2(u? —u, + 1)H, (6.3)
D,H = —D, (w) _
U+
We integrate the last equality with respect to y and find
Uy
H=-— —

where () is an arbitrary function. Here we restrict ourselves to considering the case ¢(z) = 0.
Due to this condition the symmetry (6.3) can be written as

2
2u

U+

Let us substitute u = tan W (z, y,t) into and find
Wy = Wap +1 (2W2 —2W, — i) .
We differentiate this equation with respect to x
Wia = Waga + 1 (AW Way — 2Woy)

— 2%u, +u® + 1. (6.4)

Ut = Ugy —

and make the substitution .
We =5 (=il +1).
Then the equation reduces to the Burgers equation
W, = Wy + 2WW,.
As it is known, the Burgers equation is reduced to the heat equation
Wi = Way
by means of the Cole — Hopf substitution
W=z

Therefore, the sought particular solution can be written as

u = tan(W) = tan (D_xl (% (—iW + 1)>>
A )

— tan (% In(W(x,y,t)) + g + Cly, t)) ;

where W (z,y,1) is a solution of the heat equation.
Let us determine the dependence of function W (x,y,t) on the variable y. To do this, we
substitute the found solution into the z—integral
y
Y _ t
a1 9(y, 1),
where g(y,t) is an arbitrary function. After simplification we obtain

Wi(z,y,t) = F(z,t)G(y, 1),
where F'(z,t) is arbitrary as well,

G(y,t) = e2iC(y,t)=2i [ g(y t)dy
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Finally, the particular solution of the lattice (2.4) becomes

u = tan (% In(F(x,t)G(y,t)) + g + C(y, t)) .

Returning to the corresponding coupled system ([2.7]), we see that its solution is given by

u = tan (% In(F(x,t)G(y,t)) + % + C(y, t)) )

v = —1.

CONCLUSION

The problem of constructing explicit solutions for multidimensional integrable models was
studied by many authors like Shabat, Zakharov, Novikov, Krichever, Manakov, Grinevich,
Santini, Fokas, Taimanov, Konopelcnenko, Bogdanov, Ferapontov, Pavlov, Dryuma and others.
A great variety of tools were suggested, see, for instance, [14]—[20].

Here we discuss the dressing chains method that provides an effective tool for constructing
explicit solutions for integrable nonlinear PDE in the dimension 141 (see, for instance, [12], [13]
and references therein). However, in 3D some difficulties arise due to the nonlocal variables (see
[1). Examples considered in the article convince that to overcome these difficulties one can use
finite reductions of the dressing chains obtained by imposing cutting off constraints preserving
integrability. Besides the degenerate boundary conditions related to reductions integrable in
the sense of Darboux, one can use also more general boundary conditions compatible with the
integrability property of the lattices (see [9]).
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