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RECONSTRUCTION OF POTENTIAL OF
DISCONTINUOUS STURM — LIOUVILLE OPERATOR
FROM SPECTRAL DATA

0. AKCAY

Abstract. We deal with the inverse spectral problem of the discontinuous Sturm —
Liouville operator. The aim is we to determine the potential ¢(z) and the boundary constant
h by a given spectral data. We provide the algorithm for reconstructing the potential ¢(x)
from the spectral data.
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1. INTRODUCTION

This paper is devoted to the inverse spectral problem for the Sturm — Liouville equation with
a discontinuous coefficient subject to the discontinuity conditions (or transmission conditions)
at an interior point of the finite interval (0, 7). Unlike other studies, the problem examined
in this paper includes both the discontinuous coefficient and the discontinuity condition inside
the finite interval. Namely, we consider the discontinuous Sturm — Liouville boundary value
problem

— " +q(x)y = NVu(z)y, 0<x<m, (1.1)
y(a+0)=By(a=0),  y(a+0)=p"y(a-0), (1.2)
Y (0) = y/(m) + hy(r) =0, (1.3)

where ¢(z) € L2(0,7) is a real-valued function, § > 0 and h are real constants, p(x) is a
piecewise—constant function
1, 0 <z <a,
p(x) = { 2

a®,  a<z<m,
A is a spectral parameter. We assume that a > 2%
The Sturm — Liouville problems containing discontinuity conditions (see [1]-[6]) and
Sturm — Liouville problems involving discontinuous coefficients (see, for instance, [7]-[10])

were studied as two separate problems. In this paper, we examine a new generalized problem
by combining these two different Sturm — Liouville problems. The direct spectral problem (i.e.
the spectral properties and the eigenfunction expansion) of Equation with the discontinu-
ity condition under the boundary condition y'(0)—h1y(0) = ¢/ (7)+hoy(7) = 0 was studied
in [I1] and the inverse problem was solved by means of the Weyl function [12]. Moreover, the
inverse problem of Equation (I.1)) with under the boundary condition y(0) = y(7) = 0
according to the spectral data and Weyl function were studied in [13].

Discontinuous boundary value problems appear in many disciplines from mathematics to
engineering. Especially, since such problems are related to discontinuous material properties,
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it is important and interesting to study the corresponding inverse problems, see [14]-[20] and
the reference therein.

In this paper, we pose the inverse problem as follows: to determine the potential function
q(z) and the boundary constant h from the spectral data of the problem f. For this
purpose, using the Gelfand — Levitan — Marchenko method, we construct the modified main
equation which is satisfied by the kernel of new integral representation. We provide this integral
representation in Section 2 and the kernel has a discontinuity along the line t = —a(z —a) +a
for a« < x < wm. We prove the uniqueness theorem for the inverse problem and provide a
reconstruction algorithm of the potential function ¢(z) from the spectral data.

2. PRELIMINARIES

We denote by e(z, A) the solution of Eequation (1.1]) with discontinuity conditions (1.2)) under
the initial conditions

e(0,N) =0,  €(0,\) =i\
As q(z) = 0 in Equation (1.1]), the solution eg(z, A) is

e 0<zx<a,
eo(w, A) = {/ﬁeiwﬂx) T e @ g <p <,
with
95 (r) = +alr — a) + a, /{1:%(6—1-0%), ;4;2:%( _04_16)'
Theorem 2.1. [11] The solution e(x, \) can be expressed by the integral representation:
(@)
e(x,\) = eo(z,\) + / k(x,t)e™Mdt, (2.1)
—o(x)
where
T, 0<z<a,
olz) = {19*(3:), a<ax<m,

the kernel function k(x, -) belongs to Li(—o(x),o(x)) for each fixzed x € (0,a) U (a,7) and
satisfies the inequality

o(z)
|k(z,t)| dt < exp{ep(z)} —1
—o(z)

with

plz) = /@: COlg©)ldE, = (at Dlsa| + (o + 2w,

We observe that the kernel k(z,t) possesses the following properties:
k(x,—o(x)) =0,

4 x

%/q(f)d{, 0<zx<a,
k(z,o(x) =4 ° (2.2)

K1 i 1
?O/ M(é)q(ﬁ)df, a<x<T,

\
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a X
K2

K, 0 (2) +0) — (e, 0 (x) — 0) = 2 /q(g)dg - é/q(f)df Ca<z<m

0 a

We denote by ¢(x, A) the solution of Equation (|1.1)) subject to the discontinuity conditions
(1.2) and the initial conditions

c(0,)) =1, d(0,\) =0.
The integral representation for the solution ¢(z, A) implied by formula (2.1]) reads as

o(x)
c(z, A) = cox, \) + / k(z,t) cos Mt dt, (2.3)
0

where
COS A\, 0 <z <a,

\) =
(@A) {/—il cos M (x) + kgcos NI~ (z), a <z <,
and k(z,t) = k(x, —t) + k(x,t). The latter equality yields
k(z,0(x)) = k(z,o(z)). (2.4)
Let ((x, \) be the solution of Equation (1.1 subject to (1.2)) and the initial conditions
C(m A\ =—1, (7, \) = h.
The estimate
((,0) = O (AN W= @) 3] o0,
holds. We define the characteristic function of the boundary value problem ([1.1)—(1.3)) as
X(A) = (7, A) + he(m, N).
This function is entire in A, and hence, it has an at most countable set of zeros {);}, and
the numbers {)\5} are the eigenvalues of the problem 1)1' The functions ¢(x, \;) and
((z, \;) are eigenfunctions and
C(@,Aj) = pjc(z, A;),  p;j #0. (2.5)
We denote the norming constants of the problem ((1.1)—(1.3) by
i [ At d
0

The relation and estimate

) =205, X = X, (2.6
XA) = Aw(A) + 0 (e'ImMW(’T)) . A = o0, (2.7)

where
w(A) = a (=K1 sin M (7) + Ko sin A~ (7))
The zeros of this function are
. g
)\j:ﬁ+—(’]r)+dj Sljlp|d]|:d<OO
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Theorem 2.2. [I1] The boundary value problem — has a countable set of eigenval-
ues {)‘?}jgo’
t-
J ‘l‘;J, {p]} eﬁoo, {tj} GEQ.
J

S

)\jzj\j—F

S

Definition 2.1. The numbers {A?,fyj }j>0 are called the spectral data of the boundary value
problem —.

Theorem 2.3. [I1] The system of eigenfunctions {c(x,A;)};., of boundary value problem

(1-1)-(1.9) is complete in Ly(0,7; p). The function f(z) € AC|0,a] N AC|a, 7] satisfying the
discontinuity condition and the boundary conditions can be expanded into a uniformly
convergent series over the eigenfunctions of the problem —

f(z) = isjc(%‘, Ay 8j =
=0

%!mwmmwma (2.5)

For f(z) € Ly(0,7; 1), the series (@ converges in Lo(0,7; 1) and Parseval’s identity holds:
[15@Pute do = 3 ls
0 J=0

3. MAIN RESULTS

Consider the function

fx,t) = p(t) Z (CO(ZL‘:)\];LCO(K A) Co(%)\yzgo(ta Aj)) ’ (3.1)

where the numbers 7 are the norming constants of the problem (1.1)—(1.3)) for ¢(z) = 0.
Remark 3.1. The integral representation can be written as

T

c(xz, A) = co(x, N) +/h(x,t)co(t, A)dt, (3.2)
0
where
~(J:,zf), O<t<z<a, 0<t<i? (x), a<z<m,
hz,t) = k(x,t) — Z—?iﬁ(z,Za —t), VY (r)<t<a<z<m, (3.3)
%/E(x,mt)), a<t<z<m.

To justify this formula, we take into consideration the relation

co(, ), 0<zx<a,
cosAt=1<¢ 1 t—
—Co( a‘i‘@,)\) _@CO<2a_ta)‘>7 a<T<T.
K1 « R

Resolving the Volterra equation (3.2)) with respect to co(x, A), we have

x

o, A) = oz, \) + / R, t)e(t, \) dt. (3.4)
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Theorem 3.1. For each fized x € (0, 7], the kernel k(z,t) satisfies the linear integral equa-

tion

T

f(z,t) + h(z,t) + /h(x,é)f(f,t)dﬁ =0, t<u.

0

(3.5)

This equation is called the Gelfand — Levitan — Marchenko type equation (or modified main
equation) of the boundary value problem (1.1 f.

Proof. Using

where

Let g(z) € AC[0,a] N AC|a,7]. In view of Theorem [2.3| and the formula (3.1]) we obtain

lim max /g(t)@n(x,t) (t)dt| = lim max Zsjc(x, Aj) —ZS?CQ($ )
=0 =0

n—oo 0<e T

lim
n—o0
0

i
lim
n—oo
0
T
lim
n—o0
0

9(t)Pn, (z, 1) () dt

the formulas (3.2]) and ( ., we write
(2, ) = Oy (,1) + Gy (T, 1) + Py () + Py (2, 1),

i ( c(t,\)  colw, Nyaolt, i») |

j=0 .7 /Y]
oo (1) - co(x, Aj)colt, A\)) co(:v,S\j)co(t,S\j)
T " eoleA)eltA)  eol& Aot )
¢n2($;t) - O/h($7§) pr ( v ’7;) ) d§7
: b < ¢, 5\j)CO(t, 5\j>d
O () = / e
g C )‘j)c(€7 )‘])
N4 d€.
Gy (1) 0/ 2. " &

™

n—oo 0<z<m
0

n

< lim max |g(x) — ZSjC(IaAj)

n—oo 0<ae<r -
Jj=0

+ lim max
n—oo 0<ae<r

g(l’) - A S?CO(xaAj>

g(0)f(x, 1) dt,

Il
3 O\ﬂ

9(t)n, (2, t)u(t) dit = /g(t) (/ h(x,f)f(f,t)dﬁ) dt

0

G(8) g (2, )p(t) dt = / Wz, €)g(E)de.

(3.6)
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™ ™

) _ =
i 90)6, . (t) dt =~ ! o(Oh(t, E)ult) dt. (3.11)

Substituting the relations (3.7)—(3.11]) into the equality (3.6]), we find

™ ™ T

/ g(t) f(x.t) b + / g(t) / W, €)F(€ e | dt
xT 1 s B
" / bz ) -~ / 9O h(t, )u(t) dt = 0.

Since h(z,t) = h(z,t) = 0 for = < t, for an arbitrarily chosen function g(z) we get

T

flx,t) + /h(x,g)f(g,t)dg + h(z,t) — %B(m) = 0.

Consequently, for ¢t < x, we obtain the Gelfand — Levitan — Marchenko type equation ({3.5).
O

Theorem 3.2. The Gelfand — Levitan — Marchenko type equation has a unique so-
lution h(zx, -) € Lo(0,z; p) for each fized x € (0, 7).

0

Proof. We are going to prove that the homogenous equation
u(t) + / f(s,t)u(s)ds =0 (3.12)
0

has only trivial solution u(t) = 0. Let u(t) be a solution of Equation (3.12)) and u(t) = 0 for
t € (z,m). Then

/uz(t)u(t) dt + //f(s,t)u(s)u(t)u(t)dsdt =0

and using the relation (3.1]), we can write

=1 =1 .
/uQ(t)u(t)dt—%Zf /co(t,/\j)g(t)u(t)dt > /co(t,)\j)g(t),u(t)dt 0.
0 =0 7 \} =07 \Q

By the Parseval’s identity
X X 2
o 1 5
/ POut)di =3 = / ot M u(Bu(t) dt | |
o
0 J 0

we obtain

where v; > 0 and the system {co(¢, A;)} .., is complete in Ly(0, 7; ). This yields u(t) =0. O

j=0
Now we consider a boundary value problem similar to the problem (1.1)—(1.3) but with

different coefficients ¢(x) and h. Note that all expressions containing this notation (such as
G(z)) belong to the new problem.
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Theorem 3.3. The boundary value problem f 15 uniquely determined by the spec-
tral data {/\?,73» }j>0.

Proof. Assume that \; = j\j and vy, = 4; for j > 0. We are going to show that ¢(z) = ¢(z)
almost everywhere on (0,7) and h = h. The expression for the function f(z,t) and formula
(3.1) imply f(z,t) = f(x,t). Then it follows from the main equation that h(z,t) = h(z, t).
Taking into consideration the relation

k() = - / 2(6) d (3.13)

implied by the formulas (2.2), (2.4) and (3.3), we see that ¢(z) = ¢(x) almost everywhere on
(0, 7). It follows from the relations 1) and 1) that x(\;) = x();) and p; = p;, respectively.
Moreover, using the relation 1) we get h = h. O]

Algorithm 3.1. The potential function q(x) is constructed by the spectral data {/\?,7]» }j>0
as follows:

e using the spectral data in the formula , construct the function f(x,t),
e solving the main equation (3.5), find h(z,t),
e calculate the potential q(x) by the relation (3.15).
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