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UNKNOWN COEFFICIENT PROBLEM FOR MIXED
EQUATION OF PARABOLIC-HYPERBOLIC TYPE WITH
NON-LOCAL BOUNDARY CONDITIONS ON
CHARACTERISTICS

D.K. DURDIEV

Abstract. For an equation of a mixed parabolic-hyperbolic type with a characteristic line
of type change, we study the inverse problem associated with the search for an unknown
coeflicient at the lowest term of the parabolic equation. In the direct problem, we consider
an analog of the Tricomi problem for this equation with a nonlocal condition on the char-
acteristics in the hyperbolic part and the Dirichlet condition in the parabolic part of the
domain. In order to determine the unknown coefficient by the solution on the parabolic
part of the domain, the integral overdetermination condition is proposed. Global results
on the unique solvability of the inverse problem in the sense of the classical solution are
proved.
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lem, contraction principle mapping.
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1. FORMULATION OF PROBLEM

Let £, be a domain in the plane of variables z, y, consisting of the union of two subdomains,
i.e. QZT = QIZT U le, where

QIZT:{(xvy):0<x<l70<y<T}7

l
Q= {(z.9): —y<z<y+l, -5 <y<0},

and [, T are fixed positive numbers. In this domain we consider the equation
OPu 1 —signyd®*u 1+signyOu 1+ signy
_ _ -7 =0. 1.1
Equation (1.1) is of a mixed parabolic-hyperbolic type. For this equation, the line of change
of type y = 0 is a characteristic (parabolic degeneration of the second kind [1]).

Direct problem. In the domain Q7 find the solution of equation (1.1) satisfying the following
boundary conditions:

u(0,y) = p1(y),  ull,y) =¢a(y), ye€l0,1], (1.2)
u(f —f)m(‘”l x_l):@b(x), zel0,1], (1.3)

27 2 2 72
where p1 = ©1(y), ©2 = ¥2(y), ¥ = ¥(x) are given functions.
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A classical solution to direct problem (1.1)—(1.3) is a function u(z,y) in the class C (Qr) N
C' (Qur)NCL2 (Qur)NC? (1) , which solves equation (1.1) and satisfies conditions (1.2), (1.3).
An inverse problem is on finding a pair of functions u = u(z,y), ¢ = ¢(x), in the classes

ueC (QIT) nct (QZT) N C;:; (QllT) nC? (le) , qc C[O, ”,

such that these functions solve equation (1.1) and satisfy boundary conditions (1.2), (1.3) and

the following overdetermination condition:

T

/ h(y)u(e,y) dy = f(z), =€ 0,1, (1.4)

0

where h = h(y), f = f(x) are given sufficiently smooth functions.

Direct and inverse problems for mixed type equations are not studied in so many details
as similar problems for classical equations. Nevertheless, such problems are relevant from the
point of view of applications. The importance of considering equations of mixed type, where
the equation is of parabolic type in one part of the domain and hyperbolic in the other, was
first pointed out by Gel'fand in his work [2]. Another example is the following phenomenon
in electrodynamics: a mathematical study of the tension of an electromagnetic field in an
inhomogeneous medium consisting of a dielectric and a conducting medium leads to a system
consisting of a wave equation and a heat equation, see [3]. There are many examples of such
kind.

For the first time, an analogue of the Tricomi problem for a hyperbolic-parabolic equation
was studied in [4]. Further, such problems with different boundary and non-local conditions
for parabolic-hyperbolic equations with both characteristic and non—characteristic type change
lines were formulated and studied in [5]-[8].

Methods for solving direct and inverse problems for finding the solution of an initial boundary
value problem for equations of the parabolic-hyperbolic type and the unknown right-hand side
(linear problem) of the equation in a rectangular domain were proposed in [9]-[11]. In this
direction, we also point out work [12], in which such problems were studied for equations of
mixed parabolic-hyperbolic type with the time fractional derivative in the parabolic part of
the equation.

Various inverse problems for particular second order equations of hyperbolic and parabolic
types can be found in monographs [13]-[16], see also the references therein.

For equations of mixed parabolic-hyperbolic type, inverse coefficient problems were not stud-
ied before. This article continues the study of the author [17], in which the local unique solv-
ability of the inverse problem on determining the variable coefficient at the lowest term of a
hyperbolic equation for a mixed hyperbolic—parabolic equation with a noncharacteristic line of
type change was investigated. Note that the problems considered below, in addition to their
independent interest, are also of interest from the point of view of studying the solvability of
inverse coefficient problems for parabolic equations.

Throughout this paper we shall assume that the following conditions are satisfied:

(B1) (p1(y), wa(y)) € CM0,T], 1b(x) € C?[0,\];
(BQ) 901(0) = 802(0)a 901(0) - 902(0) = ¢(O) - w(l);

(B3) h(y) € C'[0,T], h(0) = h(T) =0, f(z) € C3[0,1], fh = £(0),

T
/h (y)dy = f(1), f(z) #0 forall x€]|0,l].
0
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2. DIRECT PROBLEM

Assume that the function ¢(x) is known.

Theorem 2.1. Let conditions B1, B2, q(x) € C'[0,1] be satisfied. Then there erists an
unique solution to direct problem (1.1)-(1.3) in the domain r.

We denote 7(z) := u(x,0), v(z) = %u(x,@). Due to the unique solvability of the Cauchy

problem for the wave equation, the solution to equation (1.1) in the domain Qg can be written
using the d’Alembert formula:

u(z,y) = %[T(ZL‘ +y)+7(x—y)] — % /iy v(s)ds. (2.1)

Taking into account condition (1.3) and the identities 7(0) = ¢1(0), 7(I) = v2(0) (a conse-
quence of the definition of the classical solution), we obtain the identity

27(x) 4+ 01(0) + ¢2(0) — /u(s)ds =2Y(z), x€]0,l]. (2.2)
It follows from (1.3) at x =, y = —[ that
u (g -g) — 0(l) - 2(0).

Comparing this with (2.1) at 2 = L, y = —L, we have

[ v19)ds = 21(0) + 302(0) ~ 2000).

Substituting this into identity (2.2), we find
T(x) = (1) — 2(0) + ¥(z). (2.3)

Thus, we have found the function 7(z).
In order to find v(z) we use equation (1.1) in domain Qy;r and calculate lim,_, .. Then we
easily obtain v(z) = 7"(z) — q(z)7(z) and the same

v(z) = ¢"(x) = q(z) (Y1) — ¢2(0) + 1h(2)) -

It is clear that for known 7(x) and v(x) the solution to direct problem (1.1)—(1.3) in €y is
given by formula (2.1). Under the assumptions of Theorem 2.1 we have u € C? (Qy) .

It is known [1| that the Green’s function of the first initial boundary value problem for the
equation

Uy —uy =0, 2€(0,1), y>0,
is of the form

In view of this, we rewrite equation (1.1) in the domain ;7 with conditions (1.2) to an integral
equation
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l Yy
ule,y) = / G, €. y)r(€) de + / Ge(, 0,y — n)er(n) dn
0 0 (2.4)

- [ Getwty—neatmdn - [ [ Ggy—ma@ute.n) dedy

We also note that integral equation (2.4) is of Volterra type since 7(x) is known. In view of the
conditions imposed on ¢y, ¢, in (B1), this equation determines the function u € C}22 (Qur),
that is, the solution to problem (1.1), (1.2) in the domain Qy;7.

Thus, the constructed functions in €2y;7 and €y is the classical solution to direct problem
(1.1)=(1.3) in the domain 7. This completes the proof of Theorem 2.1.

3. INVERSE PROBLEM

Assume that conditions (B3) are satisfied. Multiplying equation (1.1) in the domain Qy;7 by

the function h(y), integrating over the segment [0,7] and taking into consideration (1.4), we

find
T

@=L s [Wutedy, we o 31

Q\x)=—7"5 T yyur,y)ay, x 3 4] .
o) @

Using this formula, we eliminate the function ¢(z) in (2.4) and write the resulting equation in

the operator form:

u(z,y) = Ulul(z,y), (z,y) € Qur, (3.2)
where the operator U is defined by the identity

T
Uu(z,y) = uo(x,y) + //Grcfy 1) f fi/’ s)ds | u(&,n)dédn, (3.3)

and here uy denotes the sum of terms of integral equation, which do not involve the unknown
function:

wo(,y) = / G, €. y)r(€)dE + / Ge(,0,y — )1 (n)dly — / Gelas Ly — n)pa(n)di.

We recall that the function 7(x) has been defined by formula (2.3).
The main result of this section is the following theorem.

Theorem 3.1. Let conditions (B1)-(B3) be satisfied. Then, there exist positives numbers T
such that equation (3.2) has an unique continuous solution in the domain Qyr for T € (0,7).

Proof. Owing to (3.3) it is clear that under the assumptions of the theorem the operator U
maps a function u € C' (QUT) into a function belonging to the same space. We define the norm
in C (ﬁllT) as follows:

vl = max  |u(z,y)|.
(z,y)€QuT
For the sake of brevity, we introduce notations
— = " ho := n
foi= min [f(z)l, fi:= max [f(z)], 0 := max [W(y)].

We are going to show that for sufficiently small 7" the operator U is a contraction of the ball

S (ug,r) = {u eC (ﬁllT) lu — uo||,r < r} cC (QUT)
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into itself, where a radius r is a known number and a center is an element uy = ug(z,y) of the
functional space C' (ﬁllT)- This fact will prove that in the domain Q7 equation (3.2) has an
unique continuous solution satisfying the inequality ||u — wuol|;r < 7.

It is obvious that each element u € S (ug,r) satisfies an estimate

[l < lluollyp + 7 =2 R,

where R denotes a known positive number.
Let us estimate [|uo||,. In order to do this, we need estimates for integrals involving the
functions G, G¢ in the definitions of the function ug(x,y). In this case, we use the identity

l

/G(ﬂf,é,y)dé =1,
0

which follows from the definition of the function G. Taking this into account and explicit form
(2.3) of the function 7(x), the first term of ug(z,y) can be easily estimated:

!
[ 6@ &m0 < el + 2 1oy 3:4)
0

We then observe that G has an expression [3]:

G(z,&y) = lZeXp —(?)24 sin@sm%ﬁg

In view of this expression we have the identities

l
Ger 0= = 3o [ () =] TP = 7 [ Gule v =n 1=,

which can be confirmed straightforwardly. Using these relations, we transform the following
integral:

Y Y

/Gs(Jf,O,y—n)@l(n)dn Z%/(l—5)/Gn(:r,§7y—n)901(n) dnd§

0 0
l

0 0

—%/1— Gla,& )1 (0) + /(:vfy men () dn | de.

Here in the intermediate calculations we have used the relation lim,_,, G(z,&,y—n) = d(x — &),
where 40(+) is the Dirac delta function and

/ a(€)5(x — €)dé = a(x),

which is valid for each continuous function a(x) on the interval (0,1).
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These relations for (z,y) € C (ﬁllT) yield the estimate

/Gs(:ﬂ, 0,y —mei(n)dn| < 2+7T) leillcrpor - (3.5)
0

For G¢(z,1,y —n) we then have

o0
nmw nm nmwT 1

l
Ge(x, L,y —n) = %Zexp [— <7>2 (v — 77)] (1) sin——=—< /Gn(x,é“,y — )¢ ds.

Using this, we transform the last term of uy(z,y) as follows:

/Gw,l,y m)pa(n dn——%/ /G (2, &y —n)pa(n) dnd§

:_%/g [ (x,{,y—n)s%(??)]z—/G<x7§ay_77)<ﬂ/2<77)d77 dg

= - ?wz(yH%/i G(x,é,y)m(O)+/G(w,€,y—77)90’2<n)dn dg.
0 0
For (z,y) € C (ﬁuT) we also have the estimate
Yy
[ Getetey = meatian] < 2+ 1) el (36)

0

Then inequalities (3.4)—(3.6) imply the estimate

Juoll,r < 2+T) ||<P1||01[OT +(B+7) ||<P2||01[O,T} +2 ||¢||c[o,l] : (3.7)

We observe that the right side of estimate (3.7) is independent of [.

We now proceed to obtaining conditions for T, under which it is possible to apply the fixed
point theorem to the operator U. Let u € S (ug,7), then, for all (z,y) € Qur we have the
inequalities

I O O U5 N O I
Uu owg//m Ey—n) 'f<f>'+'f<f>‘o/’h<)“(£’ )| ds | Jue,m)| dédn

R ho hiR
+ ——T =my(T
SR T
Condition ||u — ug||;r < r (that is, Uu € S(uog,7)) is satisfied if 7" is chosen by the condition

mq(T) < r. Let T; be a positive root of the quadratic equation m;(T) — r = 0, that is

T, = Wlho [\/f12+47“f0h0—f1} :

It is easy to see that m4(T") increases monotonically in 7" € (0,7}), m1(T) — 0 at T'— 0 and
mq(T) < r for T € (0,71) . This means that Uu € S(ug,r) for T' < T7.
Let us now to show that the operator U contracts the distance between elements of the ball

S(ug, 7). To prove this, we take any two elements (u', u?) € S(up,r) and estimate the norm
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of the difference between their images Uu', Uu?. For this purpose, using (3.3) we have the
inequality

I L | )
00 (3.8)

1 r ! 1 1 2 )
+m0/|h(8)| [u' (&, s)u' (&, n) — uP(& s)u*(&,n)| ds| dédn.

Here to estimate the expression |u!'(&, s)ul(&,n) — u?(&, s)u®(€,n)|, we use inequality
[ut (&, s)u' (&,m) — u? (& s)u® (&,m)| < |u'(€,9)] |u' (& n) —w?(€, )|
+ [u*(& )] [u' (€, 5) — w? (€, 9)]
2R ||u! —u?||,,,  (s,€,m) €10,T] x [0,1] x [0,9],
which holds for all (u!, u?) € S (ug,r). Continuing estimating in (3.8), we get

2Rh
T °1? + %T} |u' - u2||lT =:my(T) [Ju' —u

We choose T so that the inequality ms(7") < 1 holds, then the operator U contracts the distance
between elements of the ball S(ug;r). It is clear that this condition is satisfied by 7" € (0,75),

where )
T {\/ff + 8R foho — ﬁ]

is a positive root of the quadratic equation my(7T) — 1 = 0.

Let T* = min (7}, T3) . Then the operator U with T € (0,7*) is a contraction mapping of
the ball S(ug,r) into itself. Hence, according to the contraction mapping principle, equation
(3.2) possesses a unique solution u(z,y) € S(ug, 7). The proof is complete. O

il
rT"

ot = v < |

Once we have found the function u(z,y), the function ¢(x) is determined by formula (3.1).
In this formula 7" € (0,77*) and [ > 0 is an arbitrary fixed number. We also note that 7* does
depend on [.

Thus the following theorem is valid.

Theorem 3.2. Let conditions (B1)-(B3) be satisfied and T € (0,T7*). Then formula (3.1)
determines q(z) € C'[0,1] for each fized I > 0.

REFERENCES

1. V.M. Babich, M.B. Kapilevich, S.G. Mikhlin, G.I. Natanson, P.M. Riz, L.N. Slobodetskii,
M.M. Smirnov. The linear equations of mathematical physics. Nauka, Moscow (1964). (in Rus-
sian).

2. Gel'fand ILM. Some questions of analysis and differential equations // Usp. Mat. Nauk. 14:3,
3-19 (1959).

3. Tikhonov A.N. Samarskii A.A. Equations of Mathematical Physics. Gosudarstv. Izdat. Tekhn.-
Teor. Lit., Moscow (1951). [Pergamon Press, Oxford (1963).]

4. L.A. Zolina. Boundary value problem for the model equation of the hyperbolic-parabolic type //
Zh. Vychisl. Mat. Mat. Fiz. 6:6, 991-1001 (1966). [USSR Comput. Math. Math. Phys. 6:6, 63-78
(1966).]

5. T.D. Dzhuraev. Boundary value problems for equations of mized and mized-composite types. Fan,
Tashkent (1979). (in Russian)

6. N.Yu. Kapustin. Tricomi’s problem for a parabolic-hyperbolic equation with a degenerating hy-
perbolic part. 1I. // Differ. Uravn. 24:8, 1379-1386 (1988). |Differ. Equations. 24:8, 898-903
(1988).]



10.

11.

12.

13.

14.

15.

16.

17.

UNKNOWN COEFFICIENT PROBLEM. .. 89

N.Yu. Kapustin. A problem for a parabolic-hyperbolic equation with a nonlocal condition for
matching normal derivatives on the line of change of type // Dokl. Akad. Nauk SSSR. 305:1,
31-33 (1989). [Dokl. Math. 39:2, 248-250 (1989).]

. K.U. Khubiev. Analogue of Tricomi problem for characteristically loaded hyperbolic-parabolic

equation with variable coefficients // Ufim. Mat. Zh. 9:2, 94-103 (2017). [Ufa Math. J. 9:2,
92-101 (2017).]

. K.B. Sabitov. Direct and inverse problems for equations mized parabolic-hyperbolic type. Nauka,

Moscow (2016). (in Russian).

D.K. Durdiev, Sh.B. Merajova. Inverse problem for an equation of mized parabolic-hyperbolic
type with a Bessel operator// Sib. Zh. Ind. Mat. 25:3, 14-24 (2022). [ J. Appl. Ind. Math. 16:3,
394-402 (2022).]

Sh.B. Merajova. On the numerical solution of the inverse problem for an equation of mized
parabolic—hyperbolic type according to the definition of the right side.// Math. Notes NEFU.
29:3, 108-127 (2022). (in Russian)

D.K. Durdiev. Inverse source problem for an equation of mized parabolic—hyperbolic type with
the time fractional derivative in a cylindrical domain // Vestn. Samar. Gos. Tekh. Univ., Ser.
Fiz.-Mat. Nauki. 26:2, 355-367 (2022).

V.G. Romanov. Inverse problems of mathematical physics. Nauka, Moscow (1984). [VNU Science
Press, Utrecht (1987).]

A.M. Denisov. Introduction to theory of inverse problems. Moscow State Univ. Publ., Moscow
(1994). (in Russian).

A. Hasanov Hasanoglu, V.G. Romanov. Introduction to inverse problems for differential equa-
ttons. Springer, Cham (2017).

D.K. Durdiev, Z.D. Totieva. Kernel determination problems in hyperbolic integro—differential
equations. Springer, Singapore (2023).

D.K. Durdiev. Determining the coefficient of a mized parabolic—hyperbolic equation with non-
characteristic type change line // Differ. Uravn. 58:12; 1633-1644 (2022). [Differ. Equ. 58:12,
1618-1629 (2022).]

Durdimurod Kalandarovich Durdiev,

Bukhara Branch of Romanovskii Institute of Mathematics,
Uzbekistan Academy of Sciences

M. Tkbal Str. 11,

200100, Bukhara, Uzbekistan,

Bukhara State University,
M. Ikbal Str. 11,

200100, Bukhara, Uzbekistan
E-mail: d.durdiev@mathinst.uz, durdiev65@mail.ru



	to1. Formulation of problem
	to2. Direct problem
	to3. Inverse problem
	 References

