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UNKNOWN COEFFICIENT PROBLEM FOR
MIXED EQUATION OF PARABOLIC-HYPERBOLIC TYPE
WITH NON-LOCAL BOUNDARY CONDITIONS
ON CHARACTERISTICS

D.K. DURDIEV

Abstract. For an equation of a mixed parabolic-hyperbolic type with a characteristic line
of type change, we study the inverse problem associated with the search for an unknown
coefficient at the lowest term of the parabolic equation. In the direct problem, we consider
an analog of the Tricomi problem for this equation with a nonlocal condition on the char-
acteristics in the hyperbolic part and the Dirichlet condition in the parabolic part of the
domain. In order to determine the unknown coefficient by the solution on the parabolic
part of the domain, the integral overdetermination condition is proposed. Global results
on the unique solvability of the inverse problem in the sense of the classical solution are
proved.
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1. FORMULATION OF PROBLEM

Let ;7 be a domain in the plane of variables z, y, consisting of the union of two subdomains,
ie. QlT = QllT U le, where

Qur = {(2,y): 0<o<L0<y<T},

l
QQZ:{(aj,y): —y<zx<y+l, —§<y<0},

and [, T are fixed positive numbers. In this domain we consider the equation
OPu 1 —signyd®u 1+signydu 1+ signy
_ — — - =0. 1.1
Equation (1.1]) is of a mixed parabolic-hyperbolic type. For this equation, the line of change
of type y = 0 is a characteristic (parabolic degeneration of the second kind [IJ).

Direct problem. In the domain Q7 find the solution of equation (|1.1]) satisfying the following
boundary conditions:

u(0,y) =¢1(y),  wl,y) =a(y), yel(0,7], (1.2)
u(f —f)+u(“l I_l):w(x), ze0,], (1.3)

2" 2 2 72
where o1 = ©1(y), p2 = ©2(y), ¥ = (x) are given functions.
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A classical solution to direct problem |D1) is a function u(z,y) in the class C' (ﬁlT N
C' (Qur)NCL2 (Qur)NC? (1) , which solves equation ([1.1)) and satisfies conditions (1.2)), (1.3
An inverse problem is on finding a pair of functions u = u(z,y), ¢ = ¢(x), in the classes

ueC (ﬁlT) nct (QZT) N C;:; (QllT) nC? (QQ[) , qc C[O, l],

such that these functions solve equation (|1.1]) and satisfy boundary conditions ({1.2)), (1.3]) and
the following overdetermination condition:

T

/ h(y)u(e,y) dy = f(z), =€ 0,1, (1.4)

0

where h = h(y), f = f(z) are given sufficiently smooth functions.

Direct and inverse problems for mixed type equations are not studied in so many details
as similar problems for classical equations. Nevertheless, such problems are relevant from the
point of view of applications. The importance of considering equations of mixed type, where
the equation is of parabolic type in one part of the domain and hyperbolic in the other, was
first pointed out by Gel'fand in his work [2]. Another example is the following phenomenon
in electrodynamics: a mathematical study of the tension of an electromagnetic field in an
inhomogeneous medium consisting of a dielectric and a conducting medium leads to a system
consisting of a wave equation and a heat equation, see [3]. There are many examples of such
kind.

For the first time, an analogue of the Tricomi problem for a hyperbolic—parabolic equation
was studied in [4]. Further, such problems with different boundary and non—local conditions
for parabolic-hyperbolic equations with both characteristic and non—characteristic type change
lines were formulated and studied in [5]-[g].

Methods for solving direct and inverse problems for finding the solution of an initial boundary
value problem for equations of the parabolic-hyperbolic type and the unknown right—hand side
(linear problem) of the equation in a rectangular domain were proposed in [9]-[I1]. In this
direction, we also point out work [12], in which such problems were studied for equations of
mixed parabolic-hyperbolic type with the time fractional derivative in the parabolic part of
the equation.

Various inverse problems for particular second order equations of hyperbolic and parabolic
types can be found in monographs [13]-][16], see also the references therein.

For equations of mixed parabolic-hyperbolic type, inverse coefficient problems were not stud-
ied before. This article continues the study of the author [I7], in which the local unique solv-
ability of the inverse problem on determining the variable coefficient at the lowest term of a
hyperbolic equation for a mixed hyperbolic—parabolic equation with a noncharacteristic line of
type change was investigated. Note that the problems considered below, in addition to their
independent interest, are also of interest from the point of view of studying the solvability of
inverse coefficient problems for parabolic equations.

Throughout this paper we shall assume that the following conditions are satisfied:

(B1) (p1(y), wa(y)) € CM0, T, ¢(x) € C?[0,\];
(BQ) 901(0) = 902(0), 901(0) - 902(0) = ¢(0) - w(l);

(B3) h(y) € CY[0,T], h(0) = h(T) = 0, f(z) € C2[0,1, fh = f(0),

T
/h y)dy = f(l), f(x) #0 forall ze€]l0,l].
0
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2. DIRECT PROBLEM

Assume that the function ¢(z) is known.

Theorem 2.1. Let conditions B1, B2, q(x) € C'[0,1] be satisfied. Then there erists an
unique solution to direct problem f in the domain .

We denote 7(z) := u(x,0), v(z) = %u(ﬂc,O). Due to the unique solvability of the Cauchy
problem for the wave equation, the solution to equation (1.1]) in the domain {2y, can be written
using the d’Alembert formula:

u(z,y) = %[T(x +y)+7(x—y)] — L /Iy v(s)ds. (2.1)

2 +y

Taking into account condition (1.3) and the identities 7(0) = ¢1(0), 7(I) = v2(0) (a conse-
quence of the definition of the classical solution), we obtain the identity

!
27(x) + 1(0) + 2(0) — /u(s)ds =2¢(x), xe€l0,]. (2.2)
0
It follows from at x = [, y = —[ that
[
u (57 —5) = (1) — ¢2(0).

Comparing this with 1) at v = %, Y —%, we have

/V Vs = 1(0) + 32(0) — 20(1).

Substituting this into identity (2.2), we find
() = ¥(l) — 2(0) + ¥(2). (2.3)

Thus, we have found the function 7(x).
In order to find v(z) we use equation (1.1)) in domain ;7 and calculate lim,_,,. Then we
easily obtain v(z) = 7"(z) — q(z)7(z) and the same

v(z) = ¢"(x) = q(z) (Y1) — 2(0) + 1(2)) -

It is clear that for known 7(z) and v(x) the solution to direct problem (1.1))—(1.3)) in Qy is

given by formula (2.1)). Under the assumptions of Theorem we have u € C? (Qy).
It is known [I] that the Green’s function of the first initial boundary value problem for the
equation

Uy — Uy =0, 2€(0,1), y>0,

is of the form

In view of this, we rewrite equation ([1.1)) in the domain ;7 with conditions (|1.2)) to an integral
equation




84 D.K. DURDIEV

l Yy
uww%=/0@£wﬁﬁﬁk+/Gd%&y—WQWWM
‘ ° (2.4)

~ [ Getwty—nestman - [ [ Gy —ma@ute.n) dedy

We also note that integral equation is of Volterra type since 7(z) is known. In view of the
conditions imposed on @1, @2 in (B1), this equation determines the function u € C’:},j (Qur),
that is, the solution to problem , in the domain €q;7.

Thus, the constructed functions in Q7 and €2y is the classical solution to direct problem

([L.1)—(L.3) in the domain 7. This completes the proof of Theorem [2.1]

3. INVERSE PROBLEM

Assume that conditions (B3) are satisfied. Multiplying equation (1.1]) in the domain ;7 by
the function h(y), integrating over the segment [0, 7] and taking into consideration (1.4)), we
find

T

j@>+ﬂwzh@<,w@, £ 0.1) 5

Using this formula, we eliminate the function ¢(z) in (2.4)) and write the resulting equation in
the operator form:

q(z) =

U([L’, y) - U[U] (ZE, y>7 (1’7y) € ﬁUT’ (32)
where the operator U is defined by the identity
f'// 1 T
Uu(z,y) = uala, ) + // (@.6y— 1) ﬂ?/” ) ds | u(€.n) dedn, (3.3)

and here uy denotes the sum of terms of integral equation, which do not involve the unknown
function:
!

'w@w%Z/Gwéwﬁ@M6+/Gd%Qy—m%WMn—/Gdﬁhu—meMn

We recall that the function 7(z) has been defined by formula ({2.3)).
The main result of this section is the following theorem.

Theorem 3.1. Let conditions (B1)-(B3) be satisfied. Then, there exist positives numbers T*
such that equation has an unique continuous solution in the domain Qyr for T € (0,T%).

Proof. Owing to (3.3) it is clear that under the assumptions of the theorem the operator U
maps a function u € C' (QUT) into a function belonging to the same space. We define the norm
in C (ﬁllT) as follows:

[ollp = max  [u(z,y)|.
(z.y)€QuT
For the sake of brevity, we introduce notations
= = " hg := n
Joi=min [f(@)],  fi:= max ()], o= max [I'(y)].

We are going to show that for sufficiently small T" the operator U is a contraction of the ball
S (ug, ) = {u € C(Qur) : |lu—uol,p <r} C C(Qur)
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into itself, where a radius r is a known number and a center is an element uy = ug(x,y) of the
functional space C (ﬁllT)- This fact will prove that in the domain Qy;7 equation has an
unique continuous solution satisfying the inequality ||u — wo|;r < 7

It is obvious that each element u € S (ug, ) satisfies an estimate

HquT HUOHIT+7°* R,

where R denotes a known positive number.
Let us estimate [|uo||,. In order to do this, we need estimates for integrals involving the
functions G, G¢ in the definitions of the function ug(x,y). In this case, we use the identity

l
/ Gl €, y)de = 1,
0

which follows from the definition of the function G. Taking this into account and explicit form
(2.3)) of the function 7(z), the first term of ug(x,y) can be easily estimated:

!

[ 6 enr(©de] < leallonn + 21l (3.4)

0

We then observe that G has an expression [3]:

G(z,&y) = lZeXp _— (n%fy] sin#smnTﬁ§

In view of this expression we have the identities
!

Ger 0= = 3o [ () =0 TP = 7 [Gulo gy —n =),

which can be confirmed straightforwardly. Using these relations, we transform the following
integral:

/Gf(%O,y—n)w(n)dn %/(l—f)/Gn(x,&y—n)%(n) dnd§

0 0 0
l Yy

:%/(Z—g) [G($,57y_77)901(77)]z_/G(:U7§vy_77)90,1(77)d77 dg

0 0

l Yy
%/l— G(z,&,y)p1(0 +/G:c£y ni(n)dn| dE.
0 0

Here in the intermediate calculations we have used the relation lim,_,, G(z,&,y—n) = d(x — &),
where 4(+) is the Dirac delta function and

/ a(€)5(x — £)dé = a(z),

which is valid for each continuous function a(z) on the interval (0,1).
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These relations for (z,y) € C (ﬁllT) yield the estimate

/Gg(rr, 0,y —mer(n)dn| < 2+T)[leillcror - (3.5)
0

For G¢(z,1,y —n) we then have

o0
nmw nmw nmwT 1

l
Ge(x, Ly —n) = %Zexp [— <7>2 (v — 77)] (1) sin——=—< /Gn(x,é“,y — )& ds.

Using this, we transform the last term of ug(z,y) as follows:

/Gsx,l,y m)pa(n dn——%/ /G (2, &y —n)pa(n) dnd§

:_%/g [ (x,g,y—n)goz(n)]z—/G(fv,é,y—n)wé(n)dn dg

el + ] [ €] G e+ [ Gy - nidhmin| i
0 0
For (z,y) € C (ﬁllT) we also have the estimate
Yy
[ Getetey = matian] < 2+ 1) ezl (3.6)

0
Then inequalities (3.4 —@ 3.6) imply the estimate

luoll,r < 2+T) ||<P1||Cl[0T +B+7) ||802||01[O,T} +2 ||¢||c[o,l] : (3.7)

We observe that the right side of estimate is independent of [.

We now proceed to obtaining conditions for T, under which it is possible to apply the fixed
point theorem to the operator U. Let u € S (ug,r), then, for all (z,y) € Qur we have the
inequalities

I B O TS T B O I
U o\<//a< Ly |f(§)|+|f(§)|0/rh<>||<s, )| ds | Jue,m)| dédn

R ho hiR
+ ——T =my(T
ST T
Condition ||u — ug||;z < 7 (that is, Uu € S(ug,r)) is satisfied if T" is chosen by the condition

mq(T) < r. Let T; be a positive root of the quadratic equation m,(7") — r = 0, that is

T, = Wlho [\/f12+47“f0h0—f1} :

It is easy to see that my(T") increases monotonically in 7" € (0,7}), my(T) — 0 at T — 0 and
mq(T) < r for T € (0,71) . This means that Uu € S(ug,r) for T' < T3,

Let us now to show that the operator U contracts the distance between elements of the ball

S(ug,r). To prove this, we take any two elements (u', u?) € S(ug,r) and estimate the norm
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of the difference between their images Uu', Uu?. For this purpose, using (3.3) we have the
inequality

o -l < [ fotweor—n| 58wt - e
00 (3.8)

1 r ! 1 1 9 )
+m0/|h(8)| [u'(&, s)u' (&, n) — uP(& s)u*(&,n)| ds| dédn.

Here to estimate the expression |u!(&, s)ul(&,n) — u?(&, s)u?(€, n)|, we use inequality
|u (&, s)ut (&, m) — u(& s)u? (&, m)| < [ul(€9)] [ul (€ m) — u?(€,m)]
+ [u*(& )] Ju' (€, 5) — w? (€, 5)]
2R ||u' —?| ., (s,&m) €[0,T] % [0,1] x [0, 4],
which holds for all (u!, u?) € S (ug,r) . Continuing estimating in (3.8)), we get

2Rh0 ) fl :| 1 2 1
T+ =T ||lu —u = mo(T) ||lu" —u
ooy S Jut a2y = matr) |
We choose T so that the inequality ms(7T") < 1 holds, then the operator U contracts the distance
between elements of the ball S(ug;r). It is clear that this condition is satisfied by 7" € (0,75),

where )
o= 1 [V + SR Ao ~ 1]

is a positive root of the quadratic equation my(7T) — 1 = 0.

Let T* = min (71, T3) . Then the operator U with T € (0,7*) is a contraction mapping of
the ball S(ug,r) into itself. Hence, according to the contraction mapping principle, equation
(3.2)) possesses a unique solution u(x,y) € S(ug,r). The proof is complete. ]

Once we have found the function u(z,y), the function ¢(z) is determined by formula ({3.1)).
In this formula 7" € (0,7*) and [ > 0 is an arbitrary fixed number. We also note that 7% does
depend on [.

Thus the following theorem is valid.

Theorem 3.2. Let conditions (B1)-(B3) be satisfied and T € (0,7*). Then formula
determines q(x) € C[0,1] for each fized | > 0.

il
rT"

ot = v < |
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