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GEOMETRY OF SUB-RIEMANNIAN MANIFOLDS
EQUIPPED WITH A SEMIMETRIC
QUARTER-SYMMETRIC CONNECTION
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Abstract. On a sub—Riemannian manifold we introduce a semimetric quarter—-symmetric
connection by defining intrinsic metric connection and two structural endomorphisms pre-
serving the distribution on a sub—Riemannian manifold. We find conditions ensuring the
metric property of the introduced connection. We clarify the nature of the structural endo-
morphisms of semimetric connection consistent with a sub—Riemannian quasi—static struc-
ture defined on non-holonomic Kenmotsu manifold and on almost quasi—Sasakian manifold.
We find conditions, under which the mentioned manifolds are Einstein manifolds with re-
spect to the quarter—-symmetric connection.
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1. INTRODUCTION

A lot of works was devoted to studying almost contract metric manifolds equipped with a
metric connection with a torsion, in particular, with metric quarter-symmetric connections, see
[0, [, [5], [7-II], [23]. E. Cartan was first who considered a linear metric connection with a
torsion together with the Levi-Civita connection [13]. The most interest among the connections
with a torsion is attracted by a semi-symmetric connection [7], [9], [10], a thorough study of
which was carried out by K. Yano in work [22]. A quarter-symmetric connection was defined
by S. Golab in 1975 [19].

An interest of researches to the connections with a torsion is mostly motivated by the employ-
ing of such connections in theoretical physics [14], [16], [20]. In work [5] it was pointed out that
the most of studied connections with a torsion can be described by means of endomorphisms
preserving the distributions on almost contact metric manifolds.

In the present work, on a sub—Riemannian manifold of a contact type M, we consider a
semi-metric quarter-symmetric connection Dy, which is associated with a triple (V,N,S),
where V is an intrinsic metric connection, while N and S are endomorphisms preserving the
distribution D. In what follows we usually omit the term “semi-metric”.

The notion of a contact sub-Riemannian manifold is employed in work [I5]. A contact
sub-Riemannian manifold is a smooth manifold M of an odd dimension n = 2m + 1 with a
defined on it maximal non-integrable distribution D of codimension 1. On the distribution
D a positive definite metric is given, which defines the scalar product only for the vectors of
the distribution. Let n be a differential 1-form generating the distribution D : ker(n) = D.

=

Then by means the identities n(§) = 1, igw =0 on the manifold M we define a unique vector
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distribution 5, which is transversal to the distribution D. Here w = dn is a differential 2-form
of rank 2m. Then the manifold M naturally becomes a Riemannian manifold once we suppose
that 5 is a unit vector field, which is orthogonal to the distribution D with respect to the
metric of the manifold M. In the present work we consider a more general notion than the
contact sub-Riemannian manifold. We study sub-Riemannian manifolds of a contact type.
The manifold M is initially assumed to be Riemannian, the existence of the vector field E is
postulated, while the distribution D can have an arbitrary degree of integrability, in particular,
it can be involutive. The idea of generalization of the notion of the contact sub-Riemannian
manifold used in work [15] is motivated by the need of using a wide class of almost contact
metric structures appearing in specifying the sub-Riemannian structure. The structures of
non-holonomic Kenmotsu manifold and of quasi-Sasakian manifolds, which are employed in
the present work, are obtained from the structure of the sub-Riemannian manifold of contact
type by introducing a special structural endomorphism.

The quarter—-symmetric connection Dy, which is studied in this work, is expressed via Levi—
Civita connection V by means of the following identity

DxY =VxY +C(X,Y)E+n(X)(N —C = )Y +n(Y)(S —C — )X,

Here an endomorphism ¢ : TM — TM is defined by the identity w(X,Y) = g(¢X,Y), while
N, S:TM — TM are endomorphisms of the tangent bundle of the manifold M such that

Né=0, N(D)cD, SE=0, S(D)cD.

The following relations also hold true:
1

Such definition of the connection Dy is a very perspective generalization of the connection,
which is traditionally defined in an almost contact manifold by the identity

DxY =VxY —n(X)oY.
The torsion T'(X,Y’) of the defined connection Dy reads as
T(X,Y) =n(X)NY —n(Y)NX.

Here N = N — &S.

The work consists of four sections. In each section we determine the nature of the struc-
tural endomorphisms N and S in view of the features of the studied structure, the Riemannian
structure, sub—Riemannian quasi—static structure, the nature of the non—holonomic Kenmotsu
manifold and the nature of the almost quasi-Sasakian manifold. We find the conditions ensuring
the metricity of the introduced connection. We find out the nature of the structural endomor-
phisms of semi—metric connection consistent with the sub—Riemannian quasi—static structure.
We study the properties of the semi—metric connection defined on the non—holonomic Ken-
motsu manifold and on almost quasi-Sasakian manifold. We find conditions, under which the
mentioned manifolds are Einstein ones with respect to the quarter—-symmetric connection.

We note that the notion of the structures of the quasi—static manifold, of non—holonomic
Kenmotsu manifold and of almost quasi—Sasakian manifold were introduced by the authors of
the present work, see [1], [3], [6].

2. DEFINING QUARTER—SYMMETRIC CONNECTION
ON SUB—RIEMANNIAN MANIFOLDS OF CONTACT TYPE

Let M be a Riemannina manifold of an odd dimension n = 2m + 1 with a given on it sub—
Riemannian structure (£,7,g, D) of contact type, where g is a metric tensor defined on the
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manifold M, while n and E are 1-form and unit vector field generating respectively mutually
orthogonal distributions D and D+ :

ker(n) = D, D+ = (&),

We postulate that
w(& ) =dn(&-)=0,  rk(w)>2

In what follows we call M a sub-Riemannian manifold.

Throughout the paper we actively use adapted coordinates. A chart k(z'), 7,7,k =1,...,n,
a,b,c =1,...,2m, of the manifold M is called adapted to the distribution D if 0, = 5 Here
(%, ce %) = (04,...,0y,) is the field of the frames defined by the adapted chart.

Let P : TM — D be the projection defined by the expansion TM = D @& D+ and k(z?)
be an adapted chart. The vector fields P(9,) = €, = 0, — I''0,, are linearly independent at
each point and in the domain of the corresponding chart they generate a distribution D, which
reads D = Span(é,). With a non-holonomic field of bases (€;) = (€, 0,) we associate a field of
cobases (dx®,n = 0" = dx" + I''dz?).

For adapted charts k(2') and k'(z") the following coordinate transform formulas hold: 2% =
(27, 2" = 2" + 2" (2%).

A tensor field ¢ of type (p, q) defined on a sub-Riemannian manifold is called admissible (to
the distribution D) or transversal if ¢ vanishes as soon as 5 or 7 is among its variables. A
coordinate representation of an admissible tensor field in an adapted chart reads as

b=ty ) © .. ©C, ®d2" ® ... © da".

The transformation of the entries of an admissible tensor field in the adapted coordinates

follows the law tf = A% AVt where AY = %”;Z/.

The transformation formulas for the entries of admissible field yield that the derivatives 0,,t}
are the entries of an admissible tensor field of the same type. We observe that vanishing of the
derivatives O,t; is independent of the choice of the adapted coordinates.

The adapted coordinates play a role of holonomic coordinates for a non—-involutive distribu-
tion. The identity [€,, &) = 2wbag holds true. In particular, this implies a statement, which
is important for further consideration: the condition dn(€,-) = 0 is equivalent to the identity
0,1t = 0.

An intrinsic linear connection V [17], [I8] on sub-Riemannian manifold is a mapping V :
I'(D) x I'(D) — I'(D) obeying the following conditions:

1) Vixtpry = fiVx + foVy,
2) Vx[Y = (Xf)Y + fVxY,
3) Vx(Y+Z)=VxY +VxZ,
where I'(D) is the module of admissible vector fields, which are vector fields belonging to the

distribution D at each point.
The coefficients of intrinsic linear connection are determined by the relation Vg e, = I'¢ é..

!
. . — [ / . . . .
The identity €, = A% €,/, where A? = %%, implies in a usual way a formula for transforming

the coeflicients of the intrinsic connection:
c _ a’Ab/Ac Fc’ AS, e Ac’
ab — a ‘b 4! a’b’+ c’ea b

In particular this implies that the derivatives 9,'?, are the components of an admissible tensor
field.
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A torsion and a curvature of the intrinsic connection are respectively admissible tensor fields
T(X,Y)=VxY —-VyX — P[X,Y],
R(X,)Y)Z =VxVyZ —VyVxZ - VpxyZ — PQ[X,Y], Z],

where Q =1 — P, X\ Y, Z € I'(D).

The tensor R(X,Y)Z is called a Schouten curvature tensor of a sub—Riemannian manifold.
The entries of the Schouten curvature tensor in the adapted coordinates are determined by the
identity

d > 1d d e
Rabc = 2€[arb]c + 2F[a|e|1—‘b}c‘

The following proposition holds true.

Proposition 2.1. On a sub—Riemannian manifold there exists a unique connection V with
zero torsion such that Vxg(Y,Z) =0, X,Y,Z € I'(D).

The proof of the above proposition almost literally reproduces the proof of existence and
uniqueness theorem for the Levi-Civita connection.

We call the connection V an intrinsic metric connection. The coefficients of the intrinsic
metric connection are given by the formulas

ad(

1 — — —
be = 59" (€sgcd + €.9bd — €dGbe)-

Let V be a Levi-Civita connection.

Proposition 2.2. The coefficients ffj of the Levi-Civita connection V of a sub—Riemannian
manifold in the adapted coordinates read as

~Zb = Zbu fgb = wba_Oaln fzn = fb = 02+77Z)Z7 fm = _anrg» fa = gabanrgu

na na nn

where
1

6_»bgcd + gcgbd - gdgbc)a wz - gbcwaa Cab - §angab7 Cs — gbccac-

Proof. We recall that the endomorphism ¢ : T'M — T'M is determined by the identity
w(X,Y) =g(®X,Y). Moreover, the following relations hold:

ail ad
bC_2g(

C(X,Y) = %(ng)(x, Y), ¢(CX,Y)=C(X,Y).

The proof is reduced to applying a known formula for the coefficients of the Levi-Civita con-
nection in a non—holonomic frame (A4;) :

2 = 9" (Aigs + Ajgix — Argij + Qggjgli + Qgiy) + Q.
OJ

The object €2} is called nonholonomity object of the frame (A;). The field of the frames
(€;) = (€a, On), which is used in this work, satisfies the identity Q7 = 2wp,.

Remark 2.1. The coefficients ffj become simpler if we adopt the condition dn(g, X)=0.In
this case T, = —0,I™ = 0 and T¢, = ¢®0,T'} = 0.

The intrinsic connection provides a parallel transport of admissible vectors (the vectors, which
belong to the distribution D) along admissible curves (the curves, which touch the distribution
D at each point). At the same time, in order to solve a series of problem, there appears a
need to extend the intrinsic connection to a connection on the entire manifold. Sometimes it
is sufficient to have an intermediate construction, a connection in the vector bundle (M, , D).
There exist various ways of continuing the intrinsic connection. In papers [I], [4]-[6], [12],



30 A.V. BUKUSHEVA, | S.V. GALAEV

[17], [18] a so—called N—connection V¥ is discussed. On a sub—Riemannian manifold M the
N-connection V¥ is defined by a pair (V, N), where V is the intrinsic metric connection,
N : TM — TM is the endomorphism of the tangent bundle of the manifold M such that
NE=0, N(D) C D.

We define a semi—metric quarter—-symmetric connection Dx on a sub—Riemannian manifold
by the following identity:

DxY =VxY + C(X,Y)E+n(X)(N = C = )Y +n(Y)(S — C — )X,

where the endomorphism ¢ : TM — T'M is defined by the identity w(X,Y) = g(¢X,Y), while
N, S:TM — TM are the endomorphisms of the tangent bundle of the manifold M such that
NE=0, N(D) c D, S€=0, S(D) c D.

It follows from the definition of the quarter-symmetric connection Dy that its torsion
T(X,Y) is given by the identity

T(X,Y)=nX)NY —n(Y)NX.

Here N = N — S.
The following proposition holds true.

Proposition 2.3. Nonzero coefficients ij of the connection Dx of a sub—Riemannian man-
ifold in the adapted coordinates read as

c s n b b b b
ab — L ab Gab = Wha, G - Na? Gan - Sa'

na

In order to prove the proposition it is sufficient to substitute the corresponding basis vectors
into the formula for the quarter—symmetric connection Dx. For instance, if X = ¢€,, Y = ¢,
then we get

Goe.+ G0, =15+ 10,0, + CuO,,.

. . 3 . c _ ~C n _
In view of Proposition 2 we obtain G, = 1%, G} = wy,.

We are going to find out under which restrictions for the endomorphisms N, S the connection
Dy is a metric one. It is straightforward to confirm that if N = C, then D,,g,, = 0. We then
have

Dagnb - _nggcb - GZb = _Sggcb — Wha = 0.
This implies S = .

Proposition 2.4. The quarter—-symmetric connection Dx associated with the triple
(V,C,S) is a metric connection if and only if S = 1.

Remark 2.2. Here we consider the case N = C' due to the reason that exactly in this case
we succeed to obtain a metric connection, which is an independent important fact.

3. SUB—RIEMANNIAN QUASI-STATIC MANIFOLDS EQUIPPED WITH THE SEMI-METRIC
QUARTER—SYMMETRIC CONNECTION

In work [3], on a non-holonomic Kenmotsu manifold, a sub-Riemannian quasi-static struc-
ture was introduced and studied. Non—holonomic Kenmotsu manifolds form a special class
of sub—Riemannian manifolds of contact type. The case of the sub—Riemannian quasi—static
structure defined on a non-holonomic Kenmotsu manifold is a connection with a torsion of
a spectial nature. Such connection is defined by an intrinsic connection and a structural en-
domorphism, which preserves the distributions on the non—holonomic Kenmotsu manifold. It
was shown in work [3] that the intrinsic connection is consistent with the metric induced on
the distribution on the considered manifold. The nature of the structural endomorphism was
found.
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A triplet (M, g,V) is called a sub-Riemannian quasi-static structure [3] if the identity
(XY, Z) =Vxg(Y,Z) = Vyg(X, 2)+ T(X,Y, Z) = 2w(X,Y)n(Z) = 0
holds, where T(X,Y, Z) = ¢(T(X, Y),Z), X,Y,Z € T'(TM). In the adapted coordinates the

non-zero entries of the tensor T'(X,Y, Z) read as

T(gaa gba an) =0,
T(8,,00,8) = —g(N&,, &),
T(8y,E, &) = g(NE,, &).

Theorem 3.1. A quarter—symmetric connection is a connection of a sub—Riemannian quasi—
static structure if and only if the identities N = 2C' + ¢, g(SX,Y) = g(X,SY) hold true.

The proof of the theorem is reduced to checking the equivalence of the identity g(SX,Y) =
g(X,SY) to the identity ®(é,,¢ép,0,) = 0 as well as to the equivalence of the identities
D(€y, On, @) =0 and N = 2C + 1.

As an example we consider the case ®(é,,0,,¢€,) = 0. Taking into consideration Proposi-
tion 2.3 and the expression for (XY, 7), we have:

(I)(ga’ 0"’ 5b) = vagnb o Vngab - ngNg - - ggcb — Wha — angab + Nggcb + Nbcgca - gchg =0.
Taking into consideration the identities
1
¢2 = gbcwacu Cap = 5 nYabs Og = gbcoaca

we confirm that the theorem is true.

4. NON-HOLONOMIC KENMOTSU MANIFOLDS EQUIPPED
WITH SEMI-METRIC QUARTER—SYMMETRIC CONNECTION

A normal almost contact metric manifold M is called a non—holonomic Kenmotsu manifold
if the identity d€2 = 2n A Q holds true. It is easy to show that the manifold M also satisfies the
condition Lzg = 2(g —n ®mn). A non-holonomic Kenmotsu manifold was introduced by one of
the authors of the present work [I]. In contrast to the classical case of the Kenmotsu manifold
[2], |21], the distribution on a non—holonomic Kenmotsu manifold is not supposed to possess
involutive property.

The intrinsic geometry of a non—holonomic Kenmotsu manifold M possesses a series of won-
derful properties [I]. Earlier it was established that the Schouten—Wagner tensor field vanishes:
P = LA = 0 [1]. The entries of the Schouten-Wagner field in the adapted coordinates are
expressed by the identities PS, = 0,1°,.

We consider the case when the quarter-symmetric connection Dx is associated with the
triple (V,C,1). As it was shown in Proposition 2.4, in this case the connection Dy is metric
one.

The non-zero coefficients ij of the connection Dx of a non—holonomic Kenmotsu manifold
in the adapted coordinates read as

Zb = Zb’ ng = Wha; Gfm = 627 Gzn = wz
Let us calculate the further needed entries of the curvature tensor K of the connection Dyx. We

have
Kd = Rd - 77Z)Zilwca + ¢chb + 2wab5(cia . Wha -

abc abc anb —

Let k(X,Y) be the Ricci tensor associated with the tensor K (X,Y)Z. We have the identity

b
kac = Tgc T ¢awcb + Wac,
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where r,. are the entries of the Schouten—Ricci tensor (X, Z) = tr(Y — R(X,Y)Z), X, Y, Z €
(D) 1.

Proposition 4.1. For a non-holonomic Kenmotsu manifold of dimension n = 2m + 1 the
Jollowing identity holds: i, = 2mweq.

Proof. The proof is based on the following identity [I]:
VieVagee = 2WeaOnGbe — Jac Rz — GoaRige-
In the case of the non—holonomic Kenmotus manifold this identity is rewritten as
0 = 4weage — GacReay — GoaRiae-

Applying necessary transformations and using the algebraic Bianchi identity for the Schouten
curvature tensor, we arrive at the identity

1
2 ca — F\Tac — Teca)-
mw i (r Tea)

The proof is complete. O

Theorem 4.1. If a non—holonomic Kenmotsu manifold M is an FEinstein manifold with
respect to the quariter—symmetric connection Dx, then its dimension s equal to three.

Proof. Let M be an Einstein manifold with respect to the quarter—symmetric connection Dy :
kij = )\gija A € R. This 1mphes that

kac =Tgc+ 2mgac + 2wac - )\gac'

The latter identity yields: 7, = —2ws. = 2w.,. Comparing the obtained identity with g =
2Mweq, we conclude that 2m = 2 and m = 1. The proof is complete. O

Example 1. Non—holonomic Kenmotsu manifold of dimension 3. Let M/ = R? and
(0a), @ = 1,2,3, be the standard basis of the arithmetic space. On M we define an 1-form 7
letting n = da® + 22dx'. Then we let

€1 = 0, — 20, €y = 0o, é3 = & = Os, D = Span(eéj, €3).
We define a metric tensor as
g(61,81) = g(ér. &) = €, g(és,6) =1.

We straightforwardly confirm the validity of the identity Lgg = 2(g—n®mn). We define the first
structural endomorphism by the identities

p(e1) = és, p(€) = e, p(é) = 0.

By straightforward calculations we confirm that the non-zero entries of the intrinsic connection
are the following ones: T'{; = '3, = —T'}, = —x2. We then get

Thus, r19 — r91 = 2. On the other hand, 4wy, = —2. The identity
kig = ria +2g12 + 2wi2 = 1 + g2 — 1 = 2g12,

in particular implies that M is an Einstein manifold with respect to the quarter—symmetric
connection Dy.
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5. ALMOST QUASI-SASAKIAN MANIFOLDS EQUIPPED
WITH SEMI-METRIC QUARTER-SYMMETRIC CONNECTION

By an almost quasi-Sasakian manifold we mean an almost normal almost contact metric
manifold with a closed fundamental form, which obeys the condition dn(¢,-) = 0 [6], [17].
One of the authors of this paper called an almost contact metric manifold an almost normal

if the identity
Ny =N,+20*xdn®&=0

holds, where
For a normal almost contact metric space the condition N, + 2dn ® 5 = 0 is satisfied. The
expediency of introducing the concept of an almost normal almost contact metric manifold was
realized after studying the so—called extended almost contact metric structures that naturally
arise on distributions on sub—Riemannian manifolds of contact type [4], [6], [12], [18].

Let a quarter-symmetric connection Dy be associated with the triple (V, C, ). Since for an

almost quasi-Sasakian manifold the condition C' = 0 holds [17], then non-zero coefficients G?;
of the connection Dy in the adapted coordinates become

ab = fgbv Gap = Wea, ng = 1/12-
The components of the curvature tensor K of the connection Dx cast into the form
Ko = Rl — Yiwea + Yiwa, K% =Vl — V)l
Let k(X,Y) be the Ricci tensor associated with the tensor K (X,Y)Z. The identities
Kae = Tac + VoWep,  kan = =Vistly,  knn =0

hold, where r,. are the entries of the Schouten-Ricci tensor r(X,Z) = tr(Y — R(X,Y)Z),
X,Y, Z, e T'(D).
Now let Vi) = 0. Then the following theorem turns out to be true.

Theorem 5.1. Let M be an almost quasi—Sasakian manifold and let the structural endo-
morphism 1 be covariantly constant with respect to the intrinsic connection. Then the manifold
M s an Einstein manifold with respect to the quarter—symmetric connection if and only if the
wdentity

Tae + 77Z)chb =0
holds true.

Example 2. Almost quasi—-Sasakian Einstein manifold. As a simplest example of
an almost quasi-Sasakian Einstein manifold we consider a cosymplectic manifold [21I]. On the
manifold M = R® we introduce a cosymplectic structure by letting

1) D = <€1,€2,€3,€4>, where 51 = 81, 52 = 82, 53 = 83, 54 = 84, and (81,82,83,84,85) is the
natural basis in R®,

2) € = 05,
3) n=dv,
4) @51 = €y, @52 = —éy, 9053 = €4, 9054 = —é3, 0§ =0,

5) in the basis (¢}, &, &, &, £) the metric tensor is defined by the identity g = (dz)?+ (dy)*+
(d2)? + (du)? + (dv)>.

In the considered case the identity 7., = wdawl‘f is naturally satisfied since both its left hand
side and right hand side vanish.
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6. CONCLUSION

In this paper we introduce a semi—metric quarter-symmetric connection on sub—Riemannian
manifold of contact type by defining an intrinsic metric connection and two structural en-
domorphisms, which preserve the distribution on the sub—Riemannian manifold. The work
consistently develops the idea of the fundamental role of intrinsic geometry in the context of
the study of almost contact metric structures [12], [I7]. Briefly speaking, intrinsic geometry is
responsible for the parallel transport of the admissible vectors along the admissible curves. To
the intrinsic geometry of almost contact metric manifolds we also include the endomorphisms
studied in this article, which preserve the distributions on sub—Riemannian manifolds. It is
impossible to describe in a limited work the variety of currently existing approaches allowing
determine connections with torsion in almost contact metric spaces. This was partially done
in work [5]. At the same time, Proposition 2.2 indicates the possibility of constructing connec-
tions with a torsion by introducing additional admissible tensor fields into the geometry of the
studied manifolds. In our case, these are endomorphisms NV, S.
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