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ON EMBEDDING INTO LORENTZ SPACES (A DISTANT

CASE)

A.T. BAIDAULET, K.M. SULEIMENOV

Abstract. In the work we study an upper bound for a non–increasing non–negative function
in the space 𝐿𝑝(0, 1) by the modulus of continuity of a variable increment 𝜔𝑝,𝛼,𝜓(𝑓, 𝛿). We
show that for the increment of the function of form 𝑓(𝑥)−𝑓(𝑥+ℎ𝑥𝛼𝜓(𝑥)) in the bound the

modulus of continuity casts into the form 𝜔𝑝,𝛼,𝜓

(︂
𝑓, 𝛿

𝛿𝛼𝜓( 1
𝛿 )

)︂
. We also study the embedding

𝐻̃𝜔
𝑝,𝛼,𝜓 ⊂ 𝐿(𝜇, 𝜈)(𝜇 ̸= 𝜈) (a distant case). We obtained necessary and sufficient conditions

for the parameters 𝑝, 𝛼, 𝜇, 𝜈 and the functions 𝜓, 𝜔 for this embedding.
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1. Introduction

Let 𝜔(𝛿) be a continuous on [0, 1] function obeying the conditions

0 = 𝜔(0) ⩽ 𝜔(𝛿) ⩽ 𝜔(𝜂) ⩽ 𝜔(𝛿 + 𝜂) ⩽ 𝜔(𝛿) + 𝜔(𝜂), 0 ⩽ 𝛿 ⩽ 𝜂 ⩽ 𝛿 + 𝜂 ⩽ 1.

Such functions are called continuity moduluses.
Let 𝜔𝑝(𝑓, 𝛿) be a modulus of continuity of a function 𝑓 in the space 𝐿𝑝(0, 1), that is,

𝜔𝑝(𝑓, 𝛿) = sup
0<ℎ⩽𝛿

⎛⎝ 1−ℎ∫︁
0

|𝑓(𝑥+ ℎ)− 𝑓(𝑥)|𝑝 𝑑𝑥

⎞⎠
1
𝑝

, 0 < 𝛿 ⩽ 1. (1.1)

We let
𝐻𝜔
𝑝 = {𝑓 ∈ 𝐿𝑝(0, 1) : 𝜔𝑝(𝑓, 𝛿) ⩽ 𝜔(𝛿)}, 0 < 𝛿 ⩽ 1, (1.2)

where 𝜔(𝛿) is a given modulus of continuity .
A positive function 𝜓(𝑥) defined for 𝑥 > 𝑥0 is called weakly oscillating if for each 𝛿 > 0 the

function 𝑥𝛿𝜓(𝑥) increases for sufficiently large 𝑥, while 𝑥−𝛿𝜓(𝑥) decreases [1].
Let 1 ⩽ 𝑝 <∞, 0 ⩽ 𝛼 < 1 and 𝑓 ∈ 𝐿𝑝(0, 1), then the function

𝜔𝑝,𝛼,𝜓(𝑓, 𝛿) = sup
0<ℎ⩽𝛿

⎧⎪⎨⎪⎩
∫︁

𝐸ℎ,𝛼,𝜓

|𝑓(𝑥+ ℎ𝑥𝛼𝜓(𝑥))− 𝑓(𝑥)|𝑝 𝑑𝑥

⎫⎪⎬⎪⎭
1
𝑝

(0 < 𝛿 < 1), (1.3)

where 𝐸ℎ,𝛼,𝜓 = {𝑥 ∈ (0, 1) : 𝑥 + ℎ𝑥𝛼𝜓(𝑥) ∈ (0, 1)}, is called a modulus of continuity of a

variable of special type increment for the function 𝑓 in 𝐿𝑝(0, 1).
We note that Z. Ditzian and V. Totik in [7] introduced and studied a general case, which

is obtained by replacing the function 𝑥𝛼𝜓(𝑥) by a continuous on [0, 1] function 𝜑(𝑥) in Defini-
tion (1.3).
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It is clear that as 𝛼 = 0, 𝜓(𝑥) = 1 we have 𝜔𝑝,0,1(𝑓, 𝛿) = 𝜔(𝑓, 𝛿).
Let 1 ⩽ 𝑝 <∞, 0 ⩽ 𝛼 < 1, 𝜓(𝛿) be a weakly oscillating function and 𝜔(𝛿) be a given modulus

of continuity. By 𝐻̃𝜔
𝑝,𝛼,𝜓 we denote the class of all non–increasing non–negative functions 𝑓 ∈

𝐿𝑝(0, 1) such that

𝜔𝑝,𝛼,𝜓(𝑓, 𝛿) ⩽ 𝜔(𝛿).

We note that as 𝛼 = 0, 𝜓(𝑥) = 1 we obtain 𝐻̃𝜔
𝛼,𝑝,𝜓 ⊂ 𝐻𝜔

𝑝 .
Let 0 < 𝜈, 𝜇 < ∞. A Lorentz space 𝐿(𝜇, 𝜈) is defined as the set of all Lebesgue measurable

on [0, 1] functions 𝑓 , for which the quantity

‖ 𝑓 ‖𝜈𝜇,𝜈=

⎧⎨⎩
1∫︁

0

𝑥
𝜈
𝜇
−1[𝑓 ]𝜈 𝑑𝑥

⎫⎬⎭
is finite. A detailed study of the Lorentz space 𝐿(𝜇, 𝜈) is given in [3] as well as in work [5].
In what follows by 𝐶(𝛼, 𝛽, . . .) = 𝐶𝛼,𝛽,... we denote positive quantities depending only on the

parameters 𝛼, 𝛽, . . . and generally speaking, these constants are different in various formulas.
Let 𝐴 and 𝐵 be some scalar products, and 𝐴 is non–negative. Then the writing 𝐵 = 0𝛼,𝛽,...(𝐴),
𝐵 ≪

𝛼,𝛽,...
𝐴 stands for |𝐵| ⩽ 𝐶(𝛼, 𝛽, . . .)𝐴.

In work [4] there was obtained an upper bound for non–increasing non–negative functions
𝑓 ∈ 𝐿𝑝(0, 1):

𝑓(𝑥) ≪

⎧⎨⎩
1∫︁

𝑥

𝜔𝑝,𝛼

(︁
𝑓, 2−1

(︁
2

2
1−𝛼 − 1

)︁
𝑡1−𝛼

)︁
𝑡
1
𝑝
+1

𝑑𝑡+ ‖ 𝑓 ‖𝑝

⎫⎬⎭ ,

for 0 ⩽ 𝑥 ⩽ 1, 1 ⩽ 𝑝 <∞, 0 ⩽ 𝛼 < 1.

The present paper is a continuation of work [5]. In this work we obtain an upper bound for
a non–negative non–increasing function by a modulus of continuity of a variable of special type
increment as well as the embedding theorem for the classes of functions 𝐻̃𝜔

𝑝,𝛼,𝜓 into the Lorentz
space 𝐿(𝜇, 𝜈).
The application of methods based on estimates of non–increasing permutations in the em-

bedding theory for classes of functions go back to works by P.L. Ulyanov, see, for instance,
[6].
In work [4] there was applied an upper bound for a non–increasing non–negative function by

modulus of continuity of a variable of special type increment.
The first general embedding theorem providing necessary and sufficient conditions in terms

of an arbitrary modulus of continuity reads as follows.

Theorem A. [6] Given a modulus of continuity 𝜔(𝛿) and numbers 1 ⩽ 𝑝 < 𝑞 <∞, we have

𝐻𝜔
𝑝 ⊂ 𝐿𝑞(0, 1) ⇔

∞∑︁
𝑛=1

𝑛
𝑞
𝑝
−2𝜔𝑞

(︂
1

𝑛

)︂
<∞.

Let us provide a criterion of embedding the classes of functions 𝐻𝜔
𝑝 into the Lorentz space

𝐿(𝜇, 𝜈), which is related with the formulation of the problem in the present work.

Theorem B. [5] Given a modulus of continuity 𝜔(𝛿) and numbers 1 ⩽ 𝑝 <∞, 0 < 𝜈 <∞,
0 < 𝜇 <∞, we have the following statements:

1) If 𝜇 > 𝑝, 0 < 𝜈 <∞, then

𝐻𝜔
𝑝 ⊂ 𝐿(𝜇, 𝜈) ⇔

∞∑︁
𝑛=1

𝑛𝜈(
1
𝑝
− 1
𝜇
−1)𝜔𝑞

(︂
1

𝑛

)︂
< +∞;
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2) If 𝜇 = 𝑝 and 0 < 𝜈 < 𝑝, then

𝐻𝜔
𝑝 ⊂ 𝐿(𝑝, 𝜈) ⇔

∞∑︁
𝑛=10

1

𝑛(ln𝑛)
𝜈
𝑝

𝜔𝜈
(︂
1

𝑛

)︂
< +∞,

where, if this is necessary, we let 𝜔(𝛿) = 𝑂{𝜔(𝛿2)}, 0 < 𝛿 < 1.

Theorem C. [4] Let 1 ⩽ 𝑝 < 𝜇, 0 ⩽ 𝛼 < 1 −
(︁

1
𝑝
− 1

𝜇

)︁
, 0 < 𝜈 < ∞ be some numbers and

𝜔(𝛿) be a modulus of continuity. Then

𝐻̃𝜔
𝑝,𝛼 ⊂ 𝐿(𝜇, 𝜈) ⇔

∞∑︁
𝑛=1

𝑛
𝜈

1−𝛼(
1
𝑝
− 1
𝜇)−1𝜔𝜈

(︂
1

𝑛

)︂
<∞.

Remark 1.1. As 𝛼 = 0, the embedding condition coincides with the embedding condition in
Ulyanov theorem, see Theorem A.

2. Auxiliary statements

Lemma 2.1. [2]. For all positive numbers 𝜏 , 𝑞 and each sequence {𝑎𝑡}∞𝑡=0, 𝑎𝑡 ⩾ 0, the
inequality

∞∑︁
𝑙=0

2−𝑙𝜏

(︃
𝑙∑︁

𝑡=0

𝑎𝑡

)︃𝑞

≪
∞∑︁
𝑡=0

2−𝑙𝜏𝑎𝑞𝑡

holds true.

Lemma 2.2. [6] Let a finite non–negative function 𝛽(𝑥) be non–increasing on [1; +∞) and
𝜏 ∈ (−∞,+∞) be some real number. Then

∞∑︁
𝑛=2

2𝑛(1−𝜏)𝛽(2𝑛) ≪
𝜏

∞∑︁
𝑛=3

𝑛−𝜏𝛽(𝑛) ≪
𝜏

∞∑︁
𝑛=1

2𝑛(1−𝜏)𝛽(2𝑛).

Lemma 2.3. [6] Let 𝜈 > 0, 𝑟 ∈ (1 − 𝜈, 1) be some numbers and 𝜔(𝛿) be a modulus of
continuity. If

∞∑︁
𝑛=1

𝑛−𝑟𝜔𝜈
(︂
1

𝑛

)︂
= +∞,

then there exist numbers 𝐵𝑛, 𝑛 = 1, 2, . . . , such that

1) 𝐵𝑛 ↓ 0 as 𝑛 ↑ ∞ and 𝐵𝑛 ⩽ 𝜔
(︀
1
𝑛

)︀
for all 𝑛;

2)
𝑁∑︀
𝑛=1

𝐵𝑛 = 𝑂
{︀
𝑁𝜔

(︀
1
𝑁

)︀}︀
as 𝑁 → +∞;

3)
∞∑︀
𝑛=1

2𝑛(1−𝑟) [𝐵2𝑛 −𝐵2𝑛+1 ]𝜈 = +∞.

Lemma 2.4. Let 𝜈 > 0, 𝑟 ∈ (1 − 𝜈, 1) be some number, 𝜔(𝛿) be a modulus of continuity,
and {𝜏𝑛}∞𝑛=1 : 𝜏𝑛 = 𝑛1−𝛼𝜓

(︀
1
𝑛

)︀
be a non–decreasing sequence. If

∞∑︁
𝑛=3

𝑛−𝑟𝜔𝜈
(︂

1

𝜏𝑛

)︂
= +∞

then there exist numbers 𝐵𝑛, 𝑛 = 1, 2, . . . , such that

1) 𝐵𝑛 ↓ 0 as 𝑛 ↑ +∞ and 𝐵𝑛 ⩽ 𝜔
(︁

1
𝜏𝑛

)︁
for all 𝑛;

2)
𝑁∑︀
𝑛=1

𝐵𝑛 = 𝑂
{︁
𝜏𝑁𝜔

(︁
1
𝜏𝑁

)︁}︁
as 𝑁 → +∞;
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3)
∞∑︀
𝑛=1

2𝑛(1−𝑟) [𝐵2𝑛 −𝐵2𝑛+1 ]𝜈 = +∞.

Proof. We follow the lines of the proof of Lemma 2.3. Owing to Stechkin lemma, we can suppose
that 𝜔(𝛿) is a convex modulus of continuity and this is why 𝛿−1𝜔(𝛿) ↑ as 𝛿 ↓ 0.
Let 𝑛0 = 0, 𝑛1 = 1. If the numbers 𝑛1 < 𝑛2 < . . . < 𝑛𝑘 are chosen, then in view of the

non–decreasing sequence {𝜏𝑛} we let 𝑚𝑘+1 to be the smalles among non–integer numbers 𝑁 ,
for which

𝜏𝑁𝜔

(︂
1

𝜏𝑁

)︂
> 2𝜏𝑛𝑘𝜔

(︂
1

𝜏𝑛𝑘

)︂
.

Thus,

𝜏𝑛𝜔

(︂
1

𝜏𝑛

)︂
⩽ 2𝜏𝑛𝑘𝜔

(︂
1

𝜏𝑛𝑘

)︂
as 𝑛𝑘 ⩽ 𝑛 < 𝑛𝑘+1 (2.1)

and

𝜏𝑚𝑘+1𝜔

(︂
1

𝜏𝑚𝑘+1

)︂
> 2𝜏𝑛𝑘𝜔

(︂
1

𝜏𝑛𝑘

)︂
. (2.2)

Since 𝜔(𝛿) ↓ 0 as 𝛿 ↓ 0 and the sequence {𝜏𝑛} is non–decreasing,

𝜏𝑛𝜔

(︂
1

𝜏𝑛

)︂
⩽ 2𝜏𝑛𝑘𝜔

(︂
1

𝜏𝑛𝑘

)︂
as 𝑛𝑘 ⩽ 𝑛 < 2𝑛𝑘

and then

𝑚𝑘+1 > 2𝑛𝑘. (2.3)

If

𝜔

(︂
1

𝜏𝑚𝑘+1

)︂
⩽

1

2
𝜔

(︂
1

𝜏𝑛𝑘

)︂
, (2.4)

then we let

𝑛𝑘+1 = 𝑚𝑘+1. (2.5)

If

𝜔

(︂
1

𝜏𝑚𝑘+1

)︂
>

1

2
𝜔

(︂
1

𝜏𝑛𝑘

)︂
,

then we let 𝑛𝑘+1 to be the smallest among all integer numbers 𝑁 , for which

𝜔

(︂
1

𝜏𝑚𝑁

)︂
⩽

1

2
𝜔

(︂
1

𝜏𝑛𝑘

)︂
.

In this case

𝑛𝑘+1 > 𝑚𝑘+1 > 2𝑛𝑘, 𝜔

(︂
1

𝜏𝑚𝑘+1

)︂
⩽

1

2
𝜔

(︂
1

𝜏𝑛𝑘

)︂
and

𝜔

(︂
1

𝜏𝑛

)︂
>

1

2
𝜔

(︂
1

𝜏𝑛𝑘

)︂
as 𝑛𝑘 ⩽ 𝑛 < 𝑛𝑘+1. (2.6)

We let

𝐵1 = 𝜔(1), 𝐵𝑛 = 𝜔

(︂
1

𝜏𝑛𝑘+1

)︂
, 𝑛𝑘 ⩽ 𝑛 < 𝑛𝑘+1(𝑘 = 1, 2, . . .). (2.7)

Since 𝜔(𝛿) ↓ 0 as 𝛿 ↓ 0, then (2.7) implies Statement 1).
Let 𝑁 be an integer number and 𝑛𝑝−1 ⩽ 𝑛 < 𝑛𝑝, 𝑝 ⩾ 2. Then in view of the lacunarity of

𝜏𝑛𝑘𝐵𝑛𝑘 we have

𝑁∑︁
𝑛=1

𝐵𝑛 =

𝑝−1∑︁
𝑘=1

𝑛𝑘∑︁
𝑛=𝑛𝑘−1+1

𝐵𝑛 +
𝑁∑︁

𝑛=𝑛𝑝−1+1

𝐵𝑛

𝑝−1∑︁
𝑘=1

𝜏𝑛𝑘𝐵𝑛𝑘 + 𝜏𝑛𝑁𝐵𝑛𝑁
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≪ 2𝜏𝑛𝑝−1𝐵𝑛𝑝−1 + 𝜏𝑛𝑁𝐵𝑁 ≪ 2𝜏𝑛𝑝−1𝜔

(︂
1

𝜏𝑛𝑝−1

)︂
+ 𝜏𝑛𝑁𝜔

(︂
1

𝜏𝑛𝑁

)︂
≪ 3𝜏𝑛𝑁𝜔

(︂
1

𝜏𝑛𝑁

)︂
.

The proof of Statement 3) is similar to Lemma 2.3. The proof is complete.

3. Upper bound for non–increasing non–negative function

The following theorem is true.

Theorem 3.1. Let 1 ⩽ 𝑝 < ∞, 0 ⩽ 𝛼 < 1 be some numbers and 𝜓 = 𝜓(𝑥) is a weakly
oscillating function on [0, 1]. Then for each non–increasing non–negative function 𝑓 ∈ 𝐿𝑝(0, 1)
the inequality

𝑓(𝑥) ⩽ 𝐶(𝑝, 𝛼, 𝜓)

⎧⎨⎩
1∫︁

𝑥

𝜔𝑝,𝛼,𝜓

(︁
𝑓, 𝐶(𝛼) 𝑡

𝑡𝛼𝜓(𝑡)

)︁
𝑡
1
𝑝
+1

𝑑𝑡+ ‖𝑓‖𝑝

⎫⎬⎭ , 0 < 𝑥 < 1, (3.1)

holds.

Proof. Let 𝑓 ∈ 𝐿𝑝(0, 1). We choose a number 𝑘0 ∈ 𝑁 so that

𝑘0(1− 𝛼) ⩾ log2(2
1+2𝛼 + 1) and 𝜓

(︂
1

2𝑘0

)︂
⩾ 1.

Then we have 𝑘0 ⩾ log2(2
1+2𝛼 + 1). We define a sequence ℎ𝑘 as follows:

ℎ𝑘 =
𝐶(𝛼)

2𝑘(1−𝛼)𝜓
(︀

1
2𝑘

)︀ , (3.2)

where 𝐶(𝛼) = 22𝛼+1 and 𝑘 ⩾ 𝑘0 is integer.
Let 𝑘 ⩾ 𝑘0 and

1
2𝑘+1 < 𝑥 ⩽ 1

2𝑘
, then

1

2(𝑘+1)𝛼
< 𝑥𝛼 ⩽

1

2𝑘𝛼
.

Then the following inequalities hold:

0 < ℎ𝑘 < 1, (3.3)

𝑥+ ℎ𝑥𝛼𝜓(𝑥) ⩽ 1, (3.4)

𝑥+ ℎ𝑥𝛼𝜓(𝑥) ⩾
1

2𝑘−1
. (3.5)

Indeed, as 𝑘 ⩾ 𝑘0 we have

ℎ𝑘 =
𝐶(𝛼)

2𝑘(1−𝛼)𝜓
(︀

1
2𝑘

)︀ =
22𝛼+1

2𝑘(1−𝛼)𝜓( 1
2𝑘
)
⩽

22𝛼+1

2𝑘0(1−𝛼)𝜓( 1
2𝑘0

)
⩽

22𝛼+1

21+2𝛼 + 1
< 1,

and this proves inequality (3.3).
Let 𝑘 ⩾ 𝑘0 and

1
2𝑘+1 < 𝑥 ⩽ 1

2𝑘
, then

𝑥+ ℎ𝑥𝛼𝜓(𝑥) ⩽
1

2𝑘
+

𝐶(𝛼)

2𝑘(1−𝛼)𝜓
(︀

1
2𝑘

)︀ 1

2𝑘𝛼
𝜓

(︂
1

2𝑘

)︂
=

1

2𝑘
+

𝐶(𝛼)

2𝑘−𝑘𝛼2𝑘𝛼

=
1

2𝑘
+
𝐶(𝛼)

2𝑘
=

1 + 𝐶(𝛼)

2𝑘
⩽

1 + 𝐶(𝛼)

2𝑘0
⩽

1

2𝑘0

(︀
1 + 22𝛼+1

)︀
⩽

22𝛼+1 + 1

22𝛼+1 + 1
= 1,

and this proves inequality (3.4).
For 𝑘 ⩾ 𝑘0 and

1
2𝑘+1 < 𝑥 ⩽ 1

2𝑘
we obtain

𝑥+ ℎ𝑥𝛼𝜓(𝑥) ⩾
1

2𝑘+1
+

𝐶(𝛼)

2𝑘(1−𝛼)𝜓
(︀

1
2𝑘

)︀ 1

2(𝑘+1)𝛼
𝜓

(︂
1

2𝑘+1

)︂
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=
1

2𝑘+1
+

𝐶(𝛼)

2𝑘(1−𝛼)𝜓
(︀

1
2𝑘

)︀ 1

2(𝑘+1)𝛼

1

2(𝑘+1)𝛼

1

2−(𝑘+1)𝛼
𝜓

(︂
1

2𝑘

)︂
=

1

2𝑘+1
+

𝐶(𝛼)

2𝑘(1−𝛼)
1

22(𝑘+1)𝛼

1

2−𝑘𝛼
=

1

2𝑘+1
+
𝐶(𝛼)

2𝑘+2𝛼

=
1

2𝑘−1

[︂
1

2𝑘−1−𝑘+1
+

𝐶(𝛼)

2𝑘+2𝛼−𝑘+1

]︂
=

1

2𝑘−1

[︂
1

4
+
𝐶(𝛼)

22𝛼+1

]︂
=

1

2𝑘−1

[︂
1

4
+

22𝛼+1

22𝛼+1

]︂
=

1

2𝑘−1

[︂
1

4
+ 1

]︂
⩾

1

2𝑘−1
,

and this proves inequality (3.5).
We proceed to a lower bound for the modulus of continuity 𝜔𝑝,𝛼,𝜓 (𝑓, 𝑡), 0 ⩽ 𝑡 < 1. First we

are going to prove that

𝐸ℎ𝑘,𝛼,𝜓 ⊃
[︂

1

2𝑘+1
,
1

2𝑘

]︂
. (3.6)

Indeed, as 1
2𝑘+1 < 𝑥 ⩽ 1

2𝑘
and 𝐶(𝛼) = 22𝛼+1 we have

𝑥+ ℎ𝑘𝑥
𝛼𝜓(𝑥) ⩾

1

2𝑘−1
=

2

2𝑘
>

1

2𝑘
,

and this proves (3.6).
It follows from relation (3.6) that

𝜔𝑝,𝛼,𝜓

(︃
𝑓,

𝐶(𝛼)

2𝑘(1−𝛼)𝜓
(︀

1
2𝑘

)︀)︃ ⩾

⎧⎪⎪⎨⎪⎪⎩
1

2𝑘∫︁
1

2𝑘+1

|𝑓 (𝑥+ ℎ𝑥𝛼𝜓(𝑥))− 𝑓(𝑥)|𝑝 𝑑𝑥

⎫⎪⎪⎬⎪⎪⎭
1
𝑝

.

Since
1

2𝑘
− 1

2𝑘+1
=

1

2𝑘+1
(2− 1) =

1

2𝑘+1
,

then by (2.5) we obtain

𝜔𝑝,𝛼,𝜓

(︃
𝑓,

𝐶(𝛼)

2𝑘(1−𝛼)𝜓
(︀

1
2𝑘

)︀)︃≫ 1

2
𝑘
𝑝

[︂
𝑓

(︂
1

2𝑘

)︂
− 𝑓

(︂
1

2𝑘−1

)︂]︂
.

This yields [︂
𝑓

(︂
1

2𝑘

)︂
− 𝑓

(︂
1

2𝑘−1

)︂]︂
⩽ 2

𝑘
𝑝𝜔𝑝,𝛼,𝜓

(︃
𝑓,

𝐶(𝛼)

2𝑘(1−𝛼)𝜓
(︀

1
2𝑘

)︀)︃ . (3.7)

Let us show that the inequality

2
𝑘
𝑝𝜔𝑝,𝛼,𝜓

(︃
𝑓,

𝐶(𝛼)

2𝑘(1−𝛼)𝜓
(︀

1
2𝑘

)︀)︃≪

1

2𝑘−1∫︁
1

2𝑘

𝜔𝑝,𝛼,𝜓

(︁
𝑓, 𝐶(𝛼) 𝑡

𝑡𝛼𝜓(𝑡)

)︁
𝑡
1
𝑝
+1

𝑑𝑡 (3.8)

holds. Indeed, by the monotonicity of the modulus of continuity we obtain

1

2𝑘−1∫︁
1

2𝑘

𝜔𝑝,𝛼,𝜓

(︁
𝑓, 𝐶(𝛼) 𝑡

𝑡𝛼𝜓(𝑡)

)︁
𝑡
1
𝑝
+1

𝑑𝑡≫ 𝜔𝑝,𝛼,𝜓

(︃
𝑓,

𝐶(𝛼)

2𝑘(1−𝛼)𝜓
(︀

1
2𝑘

)︀)︃
1

2𝑘−1∫︁
1

2𝑘

𝑡−
1
𝑝
−1 𝑑𝑡,
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and then
1

2𝑘−1∫︁
1

2𝑘

𝑡−
1
𝑝
−1 𝑑𝑡 =

1

−1
𝑝

1

𝑡
1
𝑝

⃒⃒⃒⃒
⃒

1

2𝑘−1

1

2𝑘

= 𝑝
[︁
2
𝑘
𝑝 − 2

𝑘−1
𝑝

]︁
= 𝑝2

𝑘
𝑝

[︂
1− 1

2
1
𝑝

]︂
≫
𝑝,𝛼,𝜓

2
𝑘
𝑝 .

This proves relation (3.8).
By (3.7) and (3.8) we have

[︂
𝑓

(︂
1

2𝑘

)︂
− 𝑓

(︂
1

2𝑘−1

)︂]︂
≪

1

2𝑘−1∫︁
1

2𝑘

𝜔𝑝,𝛼,𝜓

(︁
𝑓, 𝐶(𝛼) 𝑡

𝑡𝛼𝜓(𝑡)

)︁
𝑡
1
𝑝
+1

𝑑𝑡. (3.9)

Using the estimate

‖ 𝑓 ‖𝑝𝑝=
1∫︁

0

[𝑓(𝑥)]𝑝 𝑑𝑥 ⩾

𝜆∫︁
0

[𝑓(𝑥)]𝑝 𝑑𝑥 ⩾ [𝑓(𝑥)]𝑝𝜆

for 𝜆 = 1
2𝑘0

, we get

𝑓

(︂
1

2𝑛

)︂
≪

⎧⎪⎪⎨⎪⎪⎩
1

2𝑘+1∫︁
1

2𝑘

𝜔𝑝,𝛼,𝜓

(︁
𝑓, 𝐶(𝛼) 𝑡

𝑡𝛼𝜓(𝑡)

)︁
𝑡
1
𝑝
+1

𝑑𝑡+ ‖ 𝑓 ‖

⎫⎪⎪⎬⎪⎪⎭ .

Hence, for each 0 ⩽ 𝑥 < 1 we have

𝑓(𝑥) ≪

⎧⎨⎩
1∫︁

𝑥

𝜔𝑝,𝛼,𝜓

(︁
𝑓, 𝐶(𝛼) 𝑡

𝑡𝛼𝜓(𝑡)

)︁
𝑡
1
𝑝
+1

𝑑𝑡+ ‖ 𝑓 ‖

⎫⎬⎭ . (3.10)

This completes the proof.

Remark 3.1. As 𝜓(𝑡) ≡ 1, by (3.10) we get the estimate

𝑓(𝑥) ≪

⎧⎨⎩
1∫︁

𝑥

𝜔𝑝,𝛼

(︁
𝑓, 2−1

(︁
2

2
1−𝛼 − 1

)︁
𝑡1−𝛼

)︁
𝑡
1
𝑝
+1

𝑑𝑡+ ‖ 𝑓 ‖𝑝

⎫⎬⎭
for

0 ⩽ 𝑥 ⩽ 1, 1 ⩽ 𝑝 <∞, 0 ⩽ 𝛼 < 1.

4. On embedding 𝐻̃𝜔
𝛼,𝑝,𝜓 ⊂ 𝐿(𝜇, 𝜈), 𝜇 ̸= 𝑝

Theorem 4.1. Let 1 ⩽ 𝑝 < 𝜇 <∞, 0 ⩽ 𝛼 ⩽ 1− (1/𝑝− 1/𝜇), 0 < 𝜈 <∞ be some number,
𝜔(𝛿) be a modulus of continuity, 𝜓 = 𝜓(𝑥), 𝑥 ∈ [0, 1], be a weakly oscillating function. The
embedding

𝐻̃𝜔
𝑝,𝛼,𝜓 ⊂ 𝐿(𝜇, 𝜈) (4.1)

is true if and only if
∞∑︁
𝑘=0

2𝑘𝜈(
1
𝑝
− 1
𝜇)𝜔𝜈

(︃
1

2𝑘(1−𝛼)𝜓
(︀

1
2𝑘

)︀)︃ < +∞. (4.2)
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Proof. Sufficiency. Let condition (4.2) be satisfied and 𝑓 ∈ 𝐻̃𝜔
𝑝,𝛼,𝜓. Then

𝜔𝑝,𝛼,𝜓

(︂
𝑓, 𝐶(𝛼, 𝜓)

𝑡

𝑡𝛼𝜓(𝑡)

)︂
≪ 𝜔𝑝,𝛼,𝜓

(︂
𝐶(𝛼, 𝜓)

𝑡

𝑡𝛼𝜓(𝑡)

)︂
𝜔𝑝,𝛼,𝜓

(︂
𝑡

𝑡𝛼𝜓(𝑡)

)︂
(0 < 𝑡 < 1).

By Theorem 3.1 for a non–negative non–increasing function 𝑓(𝑥) ∈ 𝐿𝑝(0, 1) we have

𝑓(𝑥) ≪

⎧⎨⎩
1∫︁

𝑥

𝜔𝑝,𝛼,𝜓

(︁
𝑓, 𝐶(𝛼, 𝜓) 𝑡

𝑡𝛼𝜓(𝑡)

)︁
𝑡
1
𝑝
+1

𝑑𝑡+ ‖𝑓‖𝑝

⎫⎬⎭ , 0 < 𝑥 < 1.

There can the following cases.
1) The inequality

lim
𝑥→+0

1∫︁
𝑥

𝜔𝑝,𝛼,𝜓

(︁
𝑓, 𝐶(𝛼, 𝜓) 𝑡

𝑡𝛼𝜓(𝑡)

)︁
𝑡
1
𝑝
+1

𝑑𝑡 < +∞

holds. Then there exists 𝐶1 > 0 such that 0 ⩽ 𝑓(𝑥) ⩽ 𝐶1 for all 0 ⩽ 𝑥 ⩽ 1,

‖ 𝑓 ‖𝜈(𝜇,𝜈)≪
1∫︁

0

𝑥
𝜈
𝜇
−1𝐶𝜈

1 𝑑𝑥 < +∞

and the belonging 𝑓 ∈ 𝐿(𝜇, 𝜈) holds for all 0 < 𝜇, 𝜈 <∞.
2) The identity

lim
𝑥→+0

1∫︁
𝑥

𝜔𝑝,𝛼,𝜓

(︁
𝑓, 𝐶(𝛼, 𝜓) 𝑡

𝑡𝛼𝜓(𝑡)

)︁
𝑡
1
𝑝
+1

𝑑𝑡 = +∞

holds. Then by applying Theorem 3.1 we obtain

𝑓(𝑥) ≪
1∫︁

𝑥

𝜔𝑝,𝛼,𝜓

(︁
𝑓, 𝐶(𝛼, 𝜓) 𝑡

𝑡𝛼𝜓(𝑡)

)︁
𝑡
1
𝑝
+1

𝑑𝑡, 0 < 𝑥 ⩽ 1.

Applying Lemma 2.1 with

𝜏 =
𝜈

𝜇
, 𝑎𝑛 = 2

𝑛
𝑝𝜔

(︃
1

2𝑛(1−𝛼)𝜓
(︀

1
2𝑛

)︀)︃ ,
we have

‖ 𝑓 ‖𝜈(𝜇,𝜈) =
1∫︁

0

𝑥
𝜈
𝜇
−1[𝑓(𝑥)]𝜈 𝑑𝑥

≪
∞∑︁
𝑘=0

1

2𝑘∫︁
1

2𝑘+1

𝑥
𝜈
𝜇
−1

⎡⎣ 1∫︁
𝑥

𝜔𝑝,𝛼,𝜓

(︁
𝑓, 𝐶(𝛼, 𝜓) 𝑡

𝑡𝛼𝜓(𝑡)

)︁
𝑡
1
𝑝
+1

𝑑𝑡

⎤⎦𝜈 𝑑𝑥

≪
∞∑︁
𝑘=0

1

2𝑘∫︁
1

2𝑘+1

𝑥
𝜈
𝜇
−1

⎡⎣ 1∫︁
𝑥

𝜔
(︁

𝑡
𝑡𝛼𝜓(𝑡)

)︁
𝑡
1
𝑝
+1

𝑑𝑡

⎤⎦𝜈 𝑑𝑥
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≪
∞∑︁
𝑘=0

1

2𝑘∫︁
1

2𝑘+1

2−𝑘(
𝜈
𝜇
−1)

⎡⎢⎢⎣ 𝑘∑︁
𝑛=0

1
2𝑛∫︁
1

2𝑛+1

𝜔
(︁

𝑡
𝑡𝛼𝜓(𝑡)

)︁
𝑡
1
𝑝
+1

𝑑𝑡

⎤⎥⎥⎦
𝜈

𝑑𝑥

≪
∞∑︁
𝑘=0

2−𝑘
𝜈
𝜇

[︃
𝑘∑︁

𝑛=0

2𝑛(
1
𝑝
+1) 1

2𝑛
𝜔

(︃
1

2𝑛(1−𝛼)𝜓
(︀

1
2𝑛

)︀)︃]︃𝑝

≪
∞∑︁
𝑘=0

2−𝑘
𝜈
𝜇

[︃
𝑘∑︁

𝑛=0

2
𝑛
𝑝𝜔

(︃
1

2𝑛(1−𝛼)𝜓
(︀

1
2𝑛

)︀)︃]︃𝑝

≪
∞∑︁
𝑘=0

2𝑘𝜈(
1
𝑝
− 1
𝜇)𝜔𝜈

(︃
1

2𝑘(1−𝛼)𝜔
(︀

1
2𝑘

)︀)︃ .
By (4.2) we have 𝐻̃𝜔

𝑝,𝛼,𝜓 ⊂ 𝐿(𝜇, 𝜈). The proves embedding (4.1).
Necessity. Let condition (4.2) be violated, that is,

∞∑︁
𝑘=0

2𝑘𝜈(
1
𝑝
− 1
𝜇)𝜔𝜈

(︃
1

2𝑘(1−𝛼)𝜓
(︀

1
2𝑘

)︀)︃ = ∞. (4.3)

By Lemma 2.2 we have
∞∑︁
𝑘=0

2𝜈(
1
𝑝
− 1
𝜇)𝜔𝜈

(︃
1

2𝑘(1−𝛼)𝜓
(︀

1
2𝑘

)︀)︃ ≻≺
∞∑︁
𝑘=1

𝑘𝜈(
1
𝑝
− 1
𝜇)−1𝜔𝜈

(︃
1

𝑘1−𝛼𝜓
(︀
1
𝑘

)︀)︃ ,
∞∑︁
𝑘=1

𝑘𝜈(
1
𝑝
− 1
𝜇)−1𝜔𝜈

(︃
1

𝑘1−𝛼𝜓
(︀
1
𝑘

)︀)︃ ≻≺
∞∑︁
𝑘=1

𝑘
𝜈

1−𝛼(
1
𝑝
− 1
𝜇)−1𝜔𝜈

⎛⎝ 1

𝑘𝜓
(︁

1

𝑘
1

1−𝛼

)︁
⎞⎠ .

As 0 ⩽ 𝛼 ⩽ 1−
(︁

1
𝑝
− 1

𝜇

)︁
we have

𝑟 = 1− 𝜈

(︂
1

𝑝
− 1

𝜇

)︂
⊂ (1− 𝜈, 1]. (4.4)

Conditions (4.3) and (4.4) provide an opportunity to apply Lemma 2.4.
We defined the sought function by the identity

𝑓(𝑥) =

1∫︁
𝑥

𝜂(𝑡)

𝑡
1
𝑝
+1
𝑑𝑥, 𝑥 ∈ [0, 1), (4.5)

𝜂(𝑡) =

⎧⎪⎪⎨⎪⎪⎩
𝐵2𝑘 −𝐵2𝑘+1 , 𝑥 ∈

(︂
1

2𝑘+1
,
1

2𝑘

]︂
,

0, 𝑥 /∈
(︂

1

2𝑘+1
,
1

2𝑘

]︂
,

(4.6)

where {𝐵𝑛} is a scalar sequence from Lemma 2.4. The function 𝑓(𝑥) is non–negative and is
non–increasing on [0, 1]. Let us prove the embedding 𝑓 ∈ 𝐻̃𝑝,𝛼,𝜓. In order to this, it is sufficient
to ensure that the function

𝐼(ℎ) =

∫︁
𝐸ℎ,𝛼,𝜓

[𝑓(𝑥)− 𝑓 (𝑥+ ℎ𝑥𝛼𝜓(𝑥))]𝑝 𝑑𝑥, (4.7)

where 𝐸ℎ,𝛼,𝜓 = {𝑥 ∈ (0, 1) : 𝑥+ ℎ𝑥𝛼𝜓(𝑥) ∈ (0, 1)}, satisfies the estimate

𝐼(ℎ) = 𝑂{𝜔𝑝(ℎ)}, ℎ→ 0. (4.8)



10 A.T. BAIDAULET, K.M. SULEIMENOV

This in particular implies that 𝑓 ∈ 𝐿𝑝(0, 1).
Given a number 𝑛, 𝑛 = 0, 1, 2, . . . , and

ℎ𝑛 =
1

2𝑛(1−𝛼)𝜓
(︀

1
2𝑛

)︀ ,
as

0 ⩽ 𝑘 ⩽ 𝑛 and
1

2𝑘+1
< 𝑥 ⩽

1

2𝑘

we have the relation
1

2𝑘+1
< 𝑥+ ℎ𝑥𝛼𝜓(𝑥) ⩽

1

2𝑘−1
(4.9)

Indeed, as 0 ⩽ 𝑘 ⩽ 𝑛, in view of the relation

2𝑛(1−𝛼)𝜓

(︂
1

2𝑛

)︂
⩾ 2𝑘(1−𝛼)𝜓

(︂
1

2𝑘

)︂
,

we obtain

1

2𝑘+1
< 𝑥+ ℎ𝑥𝛼𝜓(𝑥) ⩽

1

2𝑘
+

1

2𝑛(1−𝛼)𝜓
(︀

1
2𝑛

)︀ 1

2𝑘𝛼
𝜓

(︂
1

2𝑘

)︂
=

1

2𝑘−1

[︃
1

2𝑘2−𝑘+1
+

1

2𝑛(1−𝛼)𝜓
(︀

1
2𝑛

)︀
2−𝑘+1

1

2𝑘𝛼
𝜓

(︂
1

2𝑘

)︂]︃

⩽
1

2𝑘−1

[︃
1

2
+

1

2𝑘(1−𝛼)2−𝑘+1𝜓
(︀

1
2𝑘

)︀ 1

2𝑘𝛼
𝜓

(︂
1

2𝑘

)︂]︃

=
1

2𝑘−1

[︂
1

2
+

1

2

]︂
⩽

1

2𝑘−1
,

and this proves relation (4.9). As

𝑘 ⩾ 𝑛 and
1

2𝑘+1
< 𝑥 ⩽

1

2𝑘

we have
1

2𝑘+1
< 𝑥+ ℎ𝑥𝛼𝜓(𝑥) ⩽

1

2𝑛−1
. (4.10)

Since for 𝑘 ⩾ 𝑛 the inequality

1

2𝑘
𝜓

(︂
1

2𝑘

)︂
⩽

1

2𝑛
𝜓

(︂
1

2𝑛

)︂
,

then

1

2𝑘+1
< 𝑥+ ℎ𝑥𝛼𝜓(𝑥) ⩽

1

2𝑘
+

1

2𝑛(1−𝛼)𝜓
(︀

1
2𝑛

)︀ 1

2𝑘𝛼
𝜓

(︂
1

2𝑘

)︂
=

1

2𝑛−1

[︃
1

2𝑘2−𝑛+1
+

1

2−𝑛+12𝑛(1−𝛼)𝜓
(︀

1
2𝑛

)︀ 1

2𝑘𝛼
𝜓

(︂
1

2𝑘

)︂]︃

=
1

2𝑛−1

[︃
1

2𝑘−𝑛+1
+

1

2−𝑛+12𝑛(1−𝛼)𝜓
(︀

1
2𝑛

)︀ 1

2𝑘𝛼
2−𝑘𝛼𝜓

(︀
1
2𝑘

)︀
2−𝑘𝛼

]︃

⩽
1

2𝑛−1

[︃
1

2𝑘−𝑛+1
+

2−𝑛𝛼𝜓
(︀

1
2𝑛

)︀
2 · 2−𝑛𝛼𝜓

(︀
1
2𝑛

)︀]︃ =
1

2𝑛−1

[︂
1

2𝑘−𝑛+1
+

1

2

]︂
⩽

1

2𝑛−1

[︂
1

2
+

1

2

]︂
⩽

1

2𝑛−1
,
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and this proves relation (4.10).
Let us estimate the modulus of continuity 𝜔𝑝,𝛼,𝜓(𝑓, 𝑡), 0 < 𝑡 ⩽ 1:

𝜔𝑝,𝛼,𝜓(𝑓, ℎ𝑛) ⩽

1∫︁
0

[𝑓(𝑥)− 𝑓 (𝑥+ ℎ𝑛𝑥
𝛼𝜓(𝑥))]𝑝 𝑑𝑥

=

1∫︁
0

⎡⎢⎣ 1∫︁
𝑥

𝜂(𝑡)

𝑡
1
𝑝
+1
𝑑𝑡−

1∫︁
𝑥+ℎ𝑛𝑥𝛼𝜓(𝑥)

𝜂(𝑡)

𝑡
1
𝑝
+1
𝑑𝑡

⎤⎥⎦
𝑝

𝑑𝑥 =

1∫︁
0

⎡⎣ 𝑥+ℎ𝑛𝑥𝛼𝜓(𝑥)∫︁
𝑥

𝜂(𝑡)

𝑡
1
𝑝
+1
𝑑𝑡

⎤⎦𝑝 𝑑𝑥

=
𝑛∑︁
𝑘=0

1

2𝑘∫︁
1

2𝑘+1

⎡⎣ 𝑥+ℎ𝑛𝑥𝛼𝜓(𝑥)∫︁
𝑥

𝜂(𝑡)

𝑡
1
𝑝
+1
𝑑𝑡

⎤⎦𝑝 𝑑𝑥+ ∞∑︁
𝑘=𝑛+1

1

2𝑘∫︁
1

2𝑘+1

⎡⎣ 𝑥+ℎ𝑛𝑥𝛼𝜓(𝑥)∫︁
𝑥

𝜂(𝑡)

𝑡
1
𝑝
+1
𝑑𝑡

⎤⎦𝑝 𝑑𝑥 = 𝐼1 + 𝐼2.

We first estimate 𝐼1. As

0 ⩽ 𝑘 ⩽ 𝑛 and
1

2𝑘+1
< 𝑥 ⩽

1

2𝑘

we have, see (3.10):

[𝑥, 𝑥+ ℎ𝑛𝑥
𝛼𝜓(𝑥)] ⊂

(︂
1

2𝑘+1
,

1

2𝑘−1

]︂
and this is why

𝜂(𝑥) = 𝜂𝑘 + 𝜂𝑘+1.

Hence,

𝐼1 =
𝑛∑︁
𝑘=0

1

2𝑘∫︁
1

2𝑘+1

⎡⎣ 𝑥+ℎ𝑛𝑥𝛼𝜓(𝑥)∫︁
𝑥

𝜂(𝑡)

𝑡
1
𝑝
+1
𝑑𝑡

⎤⎦𝑝 𝑑𝑥

⩽
𝑛∑︁
𝑘=0

1

2𝑘∫︁
1

2𝑘+1

⎡⎣(𝜂𝑘 + 𝜂𝑘+1)

𝑥+ℎ𝑛𝑥𝛼𝜓(𝑥)∫︁
𝑥

1

𝑡
1
𝑝
+1
𝑑𝑡

⎤⎦𝑝 𝑑𝑥

≪
𝑛∑︁
𝑘=0

1

2𝑘∫︁
1

2𝑘+1

[︁
(𝜂𝑘 + 𝜂𝑘+1) (ℎ𝑛𝑥

𝛼𝜓(𝑥)) 2
𝑘
𝑝 2𝑘
]︁𝑝
𝑑𝑥

≪
𝑛∑︁
𝑘=0

2−𝑘
[︂
(𝜂𝑘 + 𝜂𝑘+1)

(︂
ℎ𝑛

1

2𝑘𝛼
𝜓

(︂
1

2𝑘

)︂)︂
2
𝑘
𝑝 2𝑘
]︂𝑝
𝑑𝑥

≪
𝑛∑︁
𝑘=0

[︃
𝜂𝑘

(︃
1

2𝑛(1−𝛼)𝜓
(︀

1
2𝑛

)︀ 1

2𝑘𝛼
𝜓

(︂
1

2𝑘

)︂
2𝑘

)︃]︃𝑝
𝑑𝑥

≪ 1

2𝑛(1−𝛼)𝜓𝑝
(︀

1
2𝑛

)︀ 𝑛∑︁
𝑘=0

[︂
𝜂𝑘

(︂
2𝑘(1−𝛼)𝜓

(︂
1

2𝑘

)︂)︂]︂𝑝
=

1

2𝑛(1−𝛼)𝜓𝑝
(︀

1
2𝑛

)︀ 𝑛∑︁
𝑘=0

2𝑘𝑝(1−𝛼)𝜓𝑝
(︂

1

2𝑘

)︂
𝜂𝑝𝑘.
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Applying (4.6), the definition of the sequence 𝜂𝑘 and Lemma 2.4 for

𝜏2𝑘 = 2𝑘(1−𝛼)𝜓

(︂
1

2𝑘

)︂
,

we find:

𝐼1 ≪
1

2𝑛(1−𝛼)𝜓𝑝
(︀

1
2𝑛

)︀ 𝑛∑︁
𝑘=0

2𝑘𝑝(1−𝛼)𝜓𝑝
(︂

1

2𝑘

)︂
𝜂𝑝𝑘

≪ 1

2𝑛(1−𝛼)𝜓𝑝
(︀

1
2𝑛

)︀ 𝑛∑︁
𝑘=0

2𝑘𝑝(1−𝛼)𝜓𝑝
(︂

1

2𝑘

)︂
[𝐵2𝑘 −𝐵2𝑘+1 ]𝑝

≪ 1

2𝑛(1−𝛼)𝜓𝑝
(︀

1
2𝑛

)︀ 𝑛∑︁
𝑘=0

[︂
2𝑘(1−𝛼)𝜓𝑝

(︂
1

2𝑘

)︂
𝐵2𝑘

]︂𝑝
≪ 1

2𝑛(1−𝛼)𝜓𝑝
(︀

1
2𝑛

)︀ 𝑛∑︁
𝑘=0

[︂
2𝑘(1−𝛼)𝜓𝑝

(︂
1

2𝑘

)︂
𝐵2𝑘

]︂𝑝−1 [︂
2𝑘(1−𝛼)𝜓

(︂
1

2𝑘

)︂
𝐵2𝑘

]︂

≪
[︀
2𝑛(1−𝛼)𝜓𝑝

(︀
1
2𝑛

)︀
𝐵2𝑛
]︀𝑝−1

2𝑛(1−𝛼)𝜓𝑝
(︀

1
2𝑛

)︀ (︂
2𝑛(1−𝛼)𝜓

(︂
1

2𝑛

)︂)︂ 𝑛∑︁
𝑘=0

[𝐵2𝑘 ]

≪ [𝐵2𝑛 ]
𝑝−1

𝑛∑︁
𝑘=0

2𝑘∑︁
𝑠=2𝑘−1+1

𝐵𝑠 ≪ [𝐵2𝑛 ]
𝑝 ≪ 𝜔

(︃
1

2𝑛(1−𝛼)𝜓𝑝
(︀

1
2𝑛

)︀)︃ .
In view of the identity

ℎ𝑛 =
1

2𝑛(1−𝛼)𝜓𝑝
(︀

1
2𝑛

)︀ ,
we then obtain

𝐼1 ≪ 𝜔(ℎ).

We proceed to estimating 𝐼2. For

𝑘 ⩾ 𝑛 and
1

2𝑘+1
< 𝑥 ⩽

1

2𝑘
,

in view of relation (4.9) and Lemma 2.1 we have

𝐼2 =
∞∑︁

𝑘=𝑛+1

1

2𝑘∫︁
1

2𝑘+1

⎡⎣ 𝑥+ℎ𝑛𝑥𝛼𝜓(𝑥)∫︁
𝑥

𝜂(𝑡)

𝑡
1
𝑝
+1
𝑑𝑡

⎤⎦𝑝 𝑑𝑥 ⩽
∞∑︁

𝑘=𝑛+1

1

2𝑘∫︁
1

2𝑘+1

⎡⎢⎢⎣
1

2𝑛−1∫︁
1

2𝑘+1

𝜂(𝑡)

𝑡
1
𝑝
+1
𝑑𝑡

⎤⎥⎥⎦
𝑝

𝑑𝑥

≪
∞∑︁

𝑘=𝑛+1

1

2𝑘∫︁
1

2𝑘+1

⎡⎢⎢⎣ 𝑘∑︁
𝑚=𝑛−1

1
2𝑚∫︁
1

2𝑚+1

𝜂(𝑡)

𝑡
1
𝑝
+1
𝑑𝑡

⎤⎥⎥⎦
𝑝

𝑑𝑥≪
∞∑︁

𝑘=𝑛+1

1

2𝑘

⎡⎢⎢⎣ 𝑘∑︁
𝑚=𝑛−1

1
2𝑚∫︁
1

2𝑚+1

𝜂(𝑡)

𝑡
1
𝑝
+1
𝑑𝑡

⎤⎥⎥⎦
𝑝

𝑑𝑥

⩽
∞∑︁

𝑘=𝑛+1

1

2𝑘

[︃
𝑘∑︁

𝑚=𝑛−1

𝜂𝑚2
𝑚( 1

𝑝
+1)2−𝑚

]︃𝑝
≪

∞∑︁
𝑘=𝑛+1

1

2𝑘
2𝑘𝜂𝑝𝑘 =

∞∑︁
𝑘=𝑛+1

𝜂𝑝𝑘.

Applying definition (4.6) of sequence 𝜂𝑘, we get

𝐼2 =
∞∑︁

𝑘=𝑛+1

𝜂𝑝𝑘 =
∞∑︁

𝑘=𝑛+1

[𝐵2𝑘 −𝐵2𝑘+1 ]𝑝
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≪
∞∑︁

𝑘=𝑛+1

[𝐵2𝑘 ]
𝑝−1 [𝐵2𝑘 −𝐵2𝑘+1 ]𝑝

≪

[︃
𝜔

(︃
1

2𝑛(1−𝛼)𝜓𝑝
(︀

1
2𝑛

)︀)︃]︃𝑝−1 ∞∑︁
𝑘=𝑛+1

[𝐵2𝑘 −𝐵2𝑘+1 ]

≪

[︃
𝜔

(︃
1

2𝑛(1−𝛼)𝜓𝑝
(︀

1
2𝑛

)︀)︃]︃𝑝−1

𝐵2𝑛+1

≪

[︃
𝜔

(︃
1

2𝑛(1−𝛼)𝜓𝑝
(︀

1
2𝑛

)︀)︃]︃𝑝−1

𝜔

(︃
1

2𝑛(1−𝛼)𝜓𝑝
(︀

1
2𝑛

)︀)︃ = 𝜔𝑝(ℎ),

and this proves the relation 𝐼2 ≪ 𝜔𝑝(ℎ). By (4.8) we then get

𝐼(ℎ) = 𝑂{𝜔𝑝(ℎ)}, ℎ→ 0,

that is, 𝑓 ∈ 𝐻̃𝜔
𝑝,𝛼,𝜓.

It remains to show that 𝑓 /∈ 𝐿(𝜇, 𝜈). By Lemma 2.4 we get
∞∑︁
𝑛=1

2𝑛(1−𝑟) [𝐵2𝑛 −𝐵2𝑛+1 ]𝜈 = +∞.

As 𝑥 = 1
2𝑘

we have

𝑓

(︂
1

2𝑘

)︂
=

1∫︁
1

2𝑘

𝜂(𝑡)𝑡−(
1
𝑝
+1) 𝑑𝑡≫

1

2𝑘−1∫︁
1

2𝑘

𝜂(𝑡)𝑡−(
1
𝑝
+1) 𝑑𝑡≫ 𝜂𝑘2

𝑘( 1
𝑝
+1)2−𝑘 = 𝜂𝑘2

𝑘
𝑝 .

This and the definition of the Lorentz space, the definition of the sequence 𝜂𝑘 and Lemma 2.4
imply that

𝑟 = 1− 𝜈

(︂
1

𝑝
− 1

𝜇

)︂
,

‖ 𝑓 ‖𝜈(𝜇,𝜈)=
1∫︁

0

𝑥
𝜈
𝜇
−1[𝑓(𝑥)]𝜈 𝑑𝑥≫

∞∑︁
𝑘=0

1

2𝑘−1∫︁
1

2𝑘

𝑥
𝜈
𝜇
−1[𝑓(𝑥)]𝜈 𝑑𝑥

∞∑︁
𝑘=0

2𝑘𝜈(
1
𝑝
− 1
𝜇)[𝐵2𝑛 −𝐵2𝑛+1 ]𝜈 =

∞∑︁
𝑘=0

2𝑛(1−𝑟)[𝐵2𝑛 −𝐵2𝑛+1 ]𝜈 = +∞.

This proves 𝑓 /∈ 𝐿(𝜇, 𝜈) and the completes the proof of the theorem.

Corollary 4.1. Let 𝜔(𝛿) = 𝛿𝜏 , 0 < 𝜏 < 1. As

0 < 𝛼 < 1− 1

𝜏

(︂
1

𝑝
− 1

𝜇

)︂
for each function 𝜓(𝑥) we have

𝐻𝛿
𝜏

𝑝,𝛼,𝜓 ⊂ 𝐿(𝜇, 𝜈).

Corollary 4.2. Let 𝜔(𝛿) = 𝛿𝜏 , 0 < 𝜏 < 1, 𝜓(𝑥) = ln𝛽 1
𝑥
and

𝛼 = 1− 1

𝜏

(︂
1

𝑝
− 1

𝜇

)︂
.
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Then

𝐻𝛿
𝜏

𝑝,𝛼,𝜓 ⊂ 𝐿(𝜇, 𝜈) ⇔ 𝛽 >
1− 𝛼

𝜈
(︁

1
𝑝
− 1

𝜇

)︁ .
Corollary 4.3. Let 𝜇 = 𝜈 = 𝑞 and 1 ⩽ 𝑝 < 𝑞 < ∞, 0 ⩽ 𝛼 ⩽ 1 be some number, while 𝜔(𝛿)

be some modulus of continuity. Then

𝐻̃𝜔
𝑝,𝛼,𝜓 ⊂ 𝐿𝑞(0, 1) ⇔

∞∑︁
𝑘=0

2𝑘𝑞(
1
𝑝
− 1
𝑞 )𝜔𝑞

(︃
1

2𝑘(1−𝛼)𝜓𝑝
(︀

1
2𝑘

)︀)︃ < +∞.
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