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ON EMBEDDING INTO LORENTZ SPACES (A DISTANT
CASE)

A.T. BAIDAULET, K.M. SULEIMENOV

Abstract. In the work we study an upper bound for a non—increasing non—negative function
in the space LP(0,1) by the modulus of continuity of a variable increment wy, o (f,9). We
show that for the increment of the function of form f(z)— f(z+ hz*)(z)) in the bound the

modulus of continuity casts into the form wy, o4 | f, W . We also study the embedding
5

H Yo C L(p,v)(p # v) (a distant case). We obtained necessary and sufficient conditions

for the parameters p, a, i, v and the functions v, w for this embedding.
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1. INTRODUCTION

Let w(d) be a continuous on [0, 1] function obeying the conditions
0 = w(0) < w(6) <wln) <w(®+1n) <wd) +wln), 0<O<n<o+n< L,

Such functions are called continuity moduluses.
Let wy(f,d) be a modulus of continuity of a function f in the space LP(0,1), that is,

1

p

wp(f,0) = sup /|f +h)—f(x)Pde| , 0<d<1. (1.1)
0<h<d
We let
HY ={f e LP(0,1): wy(f,0) <w(d)}, 0<d<1, (1.2)

where w(d) is a given modulus of continuity .

A positive function ¢ (z) defined for > x, is called weakly oscillating if for each § > 0 the
function 2 (x) increases for sufficiently large z, while 27%¢(z) decreases [I].

Let 1 <p<oo,0<a<1and fe LP(0,1), then the function

pas£.0) = sw 3 [ 1f ot hetv@) - fa)l dep 0<3<1), (L3
<h<
Eh,a,p
where Ej oy = {x € (0,1) : x + ha®y(z) € (0,1)}, is called a modulus of continuity of a
variable of special type increment for the function f in LP(0,1).
We note that Z. Ditzian and V. Totik in [7] introduced and studied a general case, which

is obtained by replacing the function z*i(z) by a continuous on [0, 1] function ¢(z) in Defini-
tion (1.3)).
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It is clear that as a = 0, ¥(x) = 1 we have wy,01(f,0) = w(f,0).

Let 1 < p<oo,0<a<l1,¥(d)bea weakly oscillating function and w(d) be a given modulus
of continuity. By ﬁ;fwb we denote the class of all non—increasing non—negative functions f €
LP(0,1) such that

wp704,w(fv 5) < UJ(5)
We note that as a = 0, ¢»(x) = 1 we obtain FISWW C Hy.

Let 0 < v, u < oo. A Lorentz space L(u,v) is defined as the set of all Lebesgue measurable

on [0, 1] functions f, for which the quantity
1

I fIG,=3 [ zx ' f] da
/

is finite. A detailed study of the Lorentz space L(u,v) is given in [3] as well as in work [5].

In what follows by C(a, 8,...) = C, 5. we denote positive quantities depending only on the
parameters «, 3, ... and generally speaking, these constants are different in various formulas.
Let A and B be some scalar products, and A is non—negative. Then the writing B = 0,5 (A),
B < Astands for |B| < C(a, f,...)A.

a,f,...

In work [4] there was obtained an upper bound for non—increasing non—negative functions

fe17(0,1):

1 1 (o —a
fay<d [ wpva(ml(; D7) 1 £ 1y

for 0<r<1, 1<p<oo, O0<a<l.

The present paper is a continuation of work [5]. In this work we obtain an upper bound for
a non—negative non—increasing function by a modulus of continuity of a variable of special type
increment as well as the embedding theorem for the classes of functions ﬁ;a,w into the Lorentz
space L(p,v).

The application of methods based on estimates of non-increasing permutations in the em-
bedding theory for classes of functions go back to works by P.L. Ulyanov, see, for instance,
16].

In work [4] there was applied an upper bound for a non-increasing non-—negative function by
modulus of continuity of a variable of special type increment.

The first general embedding theorem providing necessary and sufficient conditions in terms
of an arbitrary modulus of continuity reads as follows.

Theorem A. [6] Given a modulus of continuity w(d) and numbers 1 < p < q < oo, we have
S 1
Hy C L(0,1) & anﬁwq (ﬁ) < 0.
n=1

Let us provide a criterion of embedding the classes of functions H, into the Lorentz space
L(p,v), which is related with the formulation of the problem in the present work.

Theorem B. [5] Given a modulus of continuity w(0) and numbers 1 < p < oo, 0 < v < o0,
0 < pu < o0, we have the following statements:

1) If u>p, 0<v< oo, then

> 11 1
H2 C L) & Y o Gmi e (—) < +o0;
n=1
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2) If p=p and 0 < v < p, then

" 1
H; C L(p,v) annn (ﬁ><+oo,

n=10
where, if this is necessary, we let w(d) = O{w(6*)}, 0 <d < 1.

Theorem C. [4] Let 1 <p<p, 0<a<1— (5 - ;7) 0 < v < oo be some numbers and

w(9) be a modulus of continuity. Then

1
H” C L(p,v) < 5 (5% Wl =] < oo.

Remark 1.1. As a =0, the embeddmg condition coincides with the embedding condition in
Ulyanov theorem, see Theorem A.

2.  AUXILIARY STATEMENTS

Lemma 2.1. [2]. For all positive numbers 7, q and each sequence {a;}2,, a; = 0, the

equality
q o, ¢]
o (Yu) <3 o
t=0 t=0
holds true.

Lemma 2.2. [6] Let a finite non—negative function f(x) be non—increasing on [1; +00) and
T € (—00,+00) be some real number. Then

S 20082 < Yo B(n) < 3 2077 5(2)
n=2 n=3 n=1

Lemma 2.3. [6] Let v > 0, r € (1 — v,1) be some numbers and w(d) be a modulus of

continuity. If
. (1)
Zn w | — ] = +o0,
n=1 n

then there exist numbers B,,, n =1,2,..., such that
1) B,l0asntoo andBnéw(%) for all n;

N
2) Y. B,=0{Nw (%)} as N = +o0;
n=1
3) i 271=7) [ Byn — Boni1]” = +00.
n=1

Lemma 2.4. Let v > 0, r € (1 — v, 1) be some number, w(d) be a modulus of continuity,
and {1,152, : 1, = n'7% (%) be a non—decreasing sequence. If

= 1
Zn_Tw” (—> = +00
n=3 n

then there exist numbers B,,, n =1,2,..., such that

1) B, 10 asn?T 400 and B, <w<%> for all n;

2) % Bn:O{TNw <%>} as N — +o0;
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3) 3 2707 [Byn — Bynia]” = +00.
n=1
Proof. We follow the lines of the proof of Lemma[2.3] Owing to Stechkin lemma, we can suppose
that w(d) is a convex modulus of continuity and this is why 6 'w(d) 1 as ¢ | 0.
Let ng = 0, ny = 1. If the numbers n; < ny < ... < n, are chosen, then in view of the
non-decreasing sequence {7,} we let my41 to be the smalles among non-integer numbers NV,

for which
(50) 72 (5)
TNw | — | > 21w | — .
N Tnk

Thus,

1 1

Taw | — ) < 27w | — as np < n < Npyq (2.1)

Tn Tnk

and

()72 (5) 23
Tm w TneW | — | . .
il Tmk+1 g Tnk

Since w(d) | 0 as § | 0 and the sequence {7,} is non—decreasing,

1 1
TpW <—> < 27w (—) as np < n<2n
Tn Tnk

and then

Mpt1 > 2ny. (23)
If

1 1 1

() (2)
Tmk+1 2 Tnk

then we let

Ng+1 = Mp41- (25)
If

(o))

w >—w | — |,

Tmk+1 2 Tnk

then we let ng,; to be the smallest among all integer numbers N, for which

() <2 (2)
wl— )| < =w|—].
TmN 2 Tnk

1 1 1
Ngg1 > Mpg1 > 2N, w ( ) < -w (—)
Tmk+1 2 Tnk

In this case

and
1 1 1
wl—|>-w|— as np < n < Ngyq. (2.6)
T 2 Tk
We let
1
Blzw(l),Bn:w< ), ng<n<ngp(k=1,2,...). (2.7)
Tnk+1

Since w(d) } 0 as ¢ | 0, then (2.7) implies Statement 1).
Let N be an integer number and n,_; < n < n,, p > 2. Then in view of the lacunarity of
Tnk Bni we have

N
Z B Z Z B + Z Z Tnank + 7—nNBnN
n=1

k=1 n=ng_1+1 n=np_1+1
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1 1 1
L 2Ty 1Bpp_1 + Tan By < 27w ( ) + Thnw <—) < 3T NW <—> .
Tnp 1 ThN TnN
The proof of Statement 3) is similar to Lemma The proof is complete. O

3. UPPER BOUND FOR NON—INCREASING NON—NEGATIVE FUNCTION
The following theorem is true.

Theorem 3.1. Let 1 < p < 00, 0 < a < 1 be some numbers and 1p = (x) is a weakly
oscillating function on [O, 1]. Then for each non-increasing non-negative function f € LP(0,1)
the inequality

wPOé f C( )toc
f(:r)<0(p,oz7w)/ w< w(>dt+||f|| , O<z<l, (3.1)

eha!

T

holds.
Proof. Let f € LP(0,1). We choose a number ky € N so that

1
ko(1 —a) > logy(2'™* +1) and ¢ <—) >1

2ko
Then we have ko > log,(2'72* + 1). We define a sequence hy, as follows:
Clo)
F T ohas D (&) (3.2)
where C(a) = 220“rl and k > kg is integer.
Let k£ > k¢ and 2k+1 <z < 2’“ then
1 (03
9(k+1)a <TUS oka
Then the following inequalities hold:
0<h <1, (3.3)
x4+ ha%(z) < 1,
1
x + hz®Y(x) > S (3.5)
Indeed, as k > ky we have
2041 2041 2041
hy, = kO(Oé)l - k12 Ty S k12 S 122 <1
-y (£) ~ Fg(E) S og(h) S
and this proves inequality |)
Let k > ky and Qkﬂ <zr < Qk, then
N 1 C(a) 1 1 1 C(a)
T+ hatV@) S 5 F may (%) gha ¥ (%) ~ 2k T Qh-hagka
1 Cla) 14+C(a) 1+ C(a) 1 sat1y o 22T 41
= ok + ok = ok < 9ko < ko (1 + 2 ) 92a+1 4 | =1,

and this proves inequality (3.4)).
For k > ko and 52 < x < 55 we obtain

o 1 C 1 1
x + ha®P(z) > ok +1 + (o] ) 2(k+1)aw <2k+1)
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1 C(a) 1 1 1 1
T 9k+1 + 2k(1—a),l/}( ) 2(k+1)a 9(k+1)a 2—(k+1)aw ﬂ

5
1 C(a) 1 1 C(a)
T 9k+1 ok(1—a) 92(k+1)a 9—ka ~ 9k+1 ok-+2a
1 1 C(a) 1 [1 Clo)
= ok—1 |:2k—1—k+1 2k+2a—k+1} = k-1 {Z + 22a+1:|

1 1 2%l 1 1 S 1
T o g T et | Tt gt 1= ok—17
and this proves inequality (3.5]).
We proceed to a lower bound for the modulus of continuity wy . (f, 1), 0 <t < 1. First we

are going to prove that

1 1
Indeed, as 37 < < 3¢ and C(a) = 22**! we have
X 12 1
x + hpx w<l‘) = oh1 = ? > ﬁ,

and this proves (3.6)).
It follows from relation ({3.6]) that

RS

c 2k
s (f%) >4 [ 1@+ hau@) - @) do
Since
1 1 1

ok 9k+1 — Qk+l
then by (2.5) we obtain

C(a) 1

{f <%) ~f (2,3_1)} < 20 Wpay (f, %) . (3.7)

Let us show that the inequality

2k—1 t
k Cla wWpaw ( f; Cl@)
ST P T 0 VR

This yields

=% G
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and then

1 T
5 2% 2P P,Oéﬂﬁ
This proves relation (3.8)).
By (3.7) and (3.8) we have
2’@1*1 t
1 1 Wp,au, (f7 O(Oé) taw(t)>
f ok | f ok—1 < / t%-i—l dt.

Using the estimate
1

for A\ = 2%0, we get

This completes the proof.
Remark 3.1. As¢(t) =1, by we get the estimate

1 - = _ —a
fay<d [ oo (£2 0 ) >dt+|\f||p

41

T

0<z<l, 1<p<o0, O0<Lax<l.

4. ON EMBEDDING HY , C L(p,v), p#p

(3.10)

Theorem 4.1. Let 1 <p<pu<oo,0<a<1—(1/p—1/u), 0 <v < oo be some number,
w(d) be a modulus of continuity, ¥ = (z), x € [0,1], be a weakly oscillating function. The

embedding
H;),a,i/) - L(,LL, V)

18 true if and only if

(4.1)

(4.2)
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Proof. Sufficiency. Let condition 1) be satisfied and f € H Then

paw

Wp,a,1 (f, C(O@d))%) < Wpay (C(O«W%) Wp,a (%) (0<t<1).

By Theorem [3.1] for a non—negative non—increasing function f(x) € L?(0,1) we have

: Wp, a1 (f>C<04,w)m)
@) < / — atllf), Y. 0<r<t
tr

There can the following cases.
1) The inequality

1 t
Wp.ap | [ Cl, V) g
e (00928

z—+0 t%‘i‘l
x

holds. Then there exists C; > 0 such that 0 < f(z) < C; forall 0 <z < 1,

dt < 400

1
1 F 1< /xﬁlcfdx < +oo

0

and the belonging f € L(u,v) holds for all 0 < p, v < 0.
2) The identity

s (I Clolent)

lim t=+00
z—+0 t%+1
x

holds. Then by applying Theorem we obtain

1 t
w 7a,¢ f’ C(O{,l/]) @
f(a:)<</ . < tw(t)> dt, 0<az<l.

¢t

T

Applying Lemma [2.1] with
we have

ok M1 t v
= 7, e (£.C(00) )
<<Z/x/f1 / ’ — ) | de
tr
1

1 v

oo 5 pr
< E /:Eul / i dx
tp
1
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k=0 n=0
ok+1 on+1
00 [ k 1 1 p
—k n(lJrl)_
< kz:; 9k nz; 2 o (2n(1—o¢)¢ (ﬁ))]
00 [k 1 p
<N 2k PR —
; r ,ZS P <2n(1a)¢ (ﬁ))]
- kl/(lfl) v 1
<<k2202 P ulw <—2k(1_0‘)w(2lk)>‘

By 1} we have ﬁ;a,w C L(u,v). The proves embedding 1)
Necessity. Let condition (4.2) be violated, that is,

- kv(i-1) 1
;2 G=1)w (W) = 0. (4.3)

2k

By Lemma [2.2| we have

— or(1-1) 1 N (1_1)q 1
22 (P M)w (m) %%Zk(? M) w (W)’

k=0 2 k=1
S b 1wu< 1 )Hiksa(;—w—w !
= Fee (D)) IS ko ()
AsOéaél—(l—l)wehave
n
1 1
=1-v(-=-=)c-w1]. 4.4
S o

Conditions (4.3) and (4.4) provide an opportunity to apply Lemma [2.4]
We defined the sought function by the identity

1

t
fa) = [ as, wep, (4.5)
ot
1 1
BQk — BQk-H, T € (ﬁ’ 2_k:| s
() = o (1.6
07 x ¢ (W? 2_k:| 3

where {B,} is a scalar sequence from Lemma The function f(x) is non-negative and is
non-increasing on [0, 1]. Let us prove the embedding f € H,, . In order to this, it is sufficient
to ensure that the function

)= [ U@ - fle+hatv@) de @.1)
where Ej oy ={r € (0,1): 2+ hxo‘z/}(x) € (0,1)}, satisfies the estimate
I(h) = O{wP(h)}, h—0. (4.8)
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This in particular implies that f € LP(0, 1).

Given a number n, n =0,1,2,..., and
1
n _ 1 )
2= (5
as
1 1
0 < k < n and % <T <K 2_k
we have the relation )
et <7 + hz®y(x) < = (4.9)
Indeed, as 0 < k < n, in view of the relation
1 1
2n(1—a) - > zk(l—a) -
o(L) 7o (L)
we obtain
1 N 1 1 1 1
_— < -4 - - _
Ok+1 <z +hay(z) < ok + on(1—a)y) (L) 2ko¢¢ <2k)
27L
1 1 1 1 1
T 9k—1 | 9k9—k+1 T on(1-a)q) (%ﬂ) 9—k+19ka " \ Ok
_ 1 1 . 1 1 /1
S o1 (2 g kg () o\ 5%
1 [1 1 1
- ok—1 §+§ < ok—1"
and this proves relation (4.9)). As
1 1
k>n and By <z < o
we have )
et < + hz®y(x) < T (4.10)

Since for k > n the inequality
1 1 1 1
i J— < J— J— ,

1 1 ! (5
o < — 7 1< 9k
ST < x+ hxY(z) < ok + on(1-a)q) (2%) Qko‘w (Qk)

then

1 1 n 1 1 1
T on—1 | 9k9—n+1 2-n+19n(1-a)y), (2%) oka ok

1 [ 1 1 Lz—k%(%)]

on—1 | 9k—n+1 + 27n+12n(17a)w (2%) ko 92—ka

n—1 2k7n+l + 2

1 [ 1 . 27y (L )]:21 { 1 1}
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and this proves relation (4.10)).
Let us estimate the modulus of continuity wy ., (f, 1), 0 <t < 1:

1

Wpas(flin) < / [f(x) = f (2 + hpx(2))] d

0

1 1 [ 2+hnz® () P
t
// dt — / n( :/ / 0 gl aw
it 751{,+1 !
T+hnz(z) 0 x
F T athna (@) p W 3F [athar®y() P
t t
Z / 10 gi| dr v S / / " 4| do =1, + 1
it it
k=0 9 . k=n+1 9 =
ok+1 ok+1
We first estimate I;. As
1 1
0<k<n and it <P S of

we have, see (3.10):
o 1 1

and this is why
n(x) = M+ Mg

Hence,
B [oHheetu(e) ’
t
s [T 0]
k—0 ; tr
ok+1 -
. F T 2+hna () P
1
< / (& + Mhy1) / T dt| dx
tp
k=0 1 | J

[(Uk + Miy1) (hnz®(z)) 2%2'“]10 dx

i
=)

A
3
S— ¢

|

2k+

2k |:(7]k + Met1) (hnﬁw (21k>) 2@2’“} dx
1 1 1N\
% [”’“ (Feme (3)7)] #

sl ()]

1 "
_ (1—) D
~ on(l- a¢p 1 ZQP Y (Qk) M-

2" ) k=0

A
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Applying (4.6)), the definition of the sequence 7 and Lemma for

we find:
- 1
I okp(1—a) yp [ =) P
T e P C O
1 kp(1—a) 1
<t () 1o
< 1 i 2k(17a)wp i BQk P
2000 (F) 7
n -1
< 1 2k(1—a)¢p i Bk ! 2k(1—a)w L
2n(1—a)wp (2%) e ok o
[2n (1-« wp (ZL) an}pfl 1 n
n(l—a) - '
< on(1—a)y)p (an (2 (0 (2 )) X;[ng]

2k
p 1
[BQn Z Z B << B2n <K w <2n —a wp Zi )

k=0 s=2k—141

In view of the identity

1
hy, =
e (5)
we then obtain
Il < U)(h)
We proceed to estimating [5. For
1
k>n and 2k+1<x<?,
in view of relation (4.9) and Lemma [2.1| we have
o 3 [thaztu() " ’ o 3 | o " ’
_ n(t n(t
]2 = kz—i_l / / F dt dz < kz—‘rl / / F dt dx
=n 1 T =n 1 1
ok+1 ok+1 ok+1
1 1 p 1
U U
<> [|Y [ e ey 5| Y [ 5D
k=n+1 9 m=n—1 9 tr k=n+1 m=n—1 9 tr
ok+1 om—+1 om+1
00 1 k (1 ) p 9] 1 )
m(+1)g—m k.p __ D
<3| Xt w3 S 3
k=n+1 m=n—1 k=n+1 k=n-+1
Applying definition (4.6) of sequence 7, we get

I, = Z M = Z [Box — Byra ]

k=n+1 k=n+1

dx
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<< Z BQk BQk —B2k+1]

k=n+1
_ 1 e
< _w 2n(1=a)q)p (2%) >_ kzn;H [Bar — Bai+1]
_ 1 .-
_ o
1 1 o
= 2n(=elyp (%)) “ <2n(1—a)¢p (&)) = w?(h),

2
and this proves the relation I, < w”(h). By (4.8)) we then get
I(h) = O{w"(h)}, h—0,
that is, f € ﬁff,a,w-
It remains to show that f ¢ L(u,v). By Lemma [2.4 we get

Z 211(171”) [BQn — BQn+1]V = +OO

n=1
Asz = Qik we have
1 T
f (%) - /n(t)t—(é“) dt > / n)t G dat > g2 Gk = 05,
1 1
oF 3%

This and the definition of the Lorentz space, the definition of the sequence 7, and Lemma

imply that
G5
r=1-v|-——],
p oW
1 0o lefl
17 W= [ @ de > Y [ af ey do
0 k=01
ok
3 260 [Byn — Bywa]” = 3 27070 By — Byuia]! = +ov.
k=0 k=0
This proves f ¢ L(u,v) and the completes the proof of the theorem. O

Corollary 4.1. Let w(6) =067, 0 <7 < 1. As
1/1 1
O<a<1——(———)
TP M

Ho, o C L(p,v).
Corollary 4.2. Let w(6) =07, 0< 7 < 1, ¢(z) = In” L and

1(1 1)
a=1--(=--=).
T\p M

for each function ¥ (x) we have
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Then
Ho, o C L(p,v) & B>

Corollary 4.3. Let p=v=qand 1 <p<qg< oo, 0 <«
be some modulus of continuity. Then

. N L 1
w S ot
Hp,a,’l[} C Lq(o, 1) = 2 q(P q)wq <m) < +OO
k=0

N

1 be some number, while w(d)

2k
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