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INFLUENCE OF WINKLER-STEKLOV CONDITIONS ON
NATURAL OSCILLATIONS OF ELASTIC WEIGHTY BODY

S.A. NAZAROV

Abstract. We consider the spectral problem for the spacial system of equations of the
elasticity theory. Small parts of the body surface are supplied with the Winkler—Steklov
conditions, which model spring mount, while the remaining part of the boundary is traction-
free. In several cases (the relative stiffness of springs and their positions are varied) we
construct asymptotics for eigenfrequencies of the body and for corresponding eigenmodes.
The limiting problems are ones for the body (spectral or stationary in some case) and
problems of the elasticity theory for the half-spaces with the Winkler—Steklov conditions on
flat sets (separated or joined into a single spectral theory in some cases). The discreteness
of the spectrum of the problem in the half-space is ensured by a polynomial property of
the system of equations of the elasticity theory. We study particular cases, formulate open
questions and discuss patological situations, in which the spectrum loses usual properties.
We construct asymptotic models of the problem, which provide two-terms asymptotics for
the eigenpairs of the initial problem and which use the technique of self-adjoint extensions
of differential operators or Hilbers spaces with separated asymptotics.

Keywords: elastic body, Winkler—Steklov conditions of spring mount, singular perturba-
tion, asymptotics of eigenfrequencies.
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1. INTRODUCTION

1.1. Formulation of problem. Let Q be a convex domain in the Euclidean space R? with
a smooth (of class C* for simplicity; cf. Subsection 4.1) boundary I' = 092 and a compact
closure Q = Q U 0. On the surface 9Q we choose pairwise different points P!, ..., P’ and
introduce fine sets

Wi ={w = (w1, 00,3) €00 : (751, e ') ey}, G=1,...,J (1.1)

Here € > 0 is a small parameter, t; are domains in the plane R? enveloped by simple smooth
closed contours v; = Jw;, while 27 = 67(x — P7) are local Cartesian coordinates and 6 is
an orthogonal (3 X 3)-matrix introduced in order to direct the axis xé along the outer normal
n(P7) to the surface T' at the point P?, and the axes ] and ac% are located in the tangential
plane T 5 P/, Finally, (s, s}, n?) are curvilinear coordinates in a neighbourhood V/ 5 P9, nJ
is an oriented distance to I', n/ < 0in QN V7, and s/ is an oriented distance to the point PJ

measured along the projection of the axis asf on I, i = 1,2. The set of the points P',..., P/ is
denoted by P.
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In the domain €2 we consider a problem of the elasticity theory:

L(V)u(z) := D(=V)"AD(V)u(z) = Mpu(x), =€ Q, (1.2)
N(z, V)u(x) := D(n(z))"AD(V)u(z) =0, x€Q\ ", (1.3)
N(z,Vu(z) = ApQ(z)u(z), z€w’ =wiU... w5 (1.4)

At the same time we use a matrix'| form of constitutive relations of the linear elasticity theory,
that is, the displacement vector u = (u1,us,u3)' is interpreted as a column in R?® (T is the
transposition sign), N(z, V)u(z) is a vector of normal stresses determined by the column of
stresses

o(u) = (all(u), 092 (1), 7a3(1), V2005 (1), V2031 (1), \/50—12@)) b (1.5)

where 0,,(u) are the Cartesian coordinates of the stress tensor generated by the displacements
u and obeying the Hooke’s law

o(u) = AD(V)u,

V = (01,0,,05)" is a gradient operator, D(V)u is the column of strains of the same structure
as (1.5 and

d 0 0 0 271729, 27129,
DV)T=| 0 0, 0 27%20; 0 2729, |, 9,
0 0 9y, 2729, 27129, 0

The factors 2+1/2 are introduced in formulas and in order to equate the natural norms
of the tensor of the two rank and of the corresponding column of height six. Finally, equations
for the oscillations of the body € involve a symmetric positive definite (6 x 6)-matrix A of
elastic moduli, a constant density p > 0 of a material and a spectral parameter A, that is, the
square of the oscillation frequency. Spectral conditions , called Winkler-Steklov conditions
and modelling [4] dense sets of fine stiff springs, which react only to normal displacements of
the surface I, involve an orthogonal projector in the Euclidean space R?

Q(z) = n(z)n(z)" (1.7)

and the stiff compliance coefficient of the spring

0

(1.6)

pe =€%po, po>0, aeclR. (1.8)

In the following sections the coefficient « varies for achieving various asymptotic regimes. Fi-
nally, conditions (1.3) mean that the surface I' \ w® is traction-free.
A variational formulation of problem (|1.2)—(L.4) appeals to integral identity [5], [6]

E(U,Q/J; Q) =A (P(UW)Q + pe<u>¢)w5) ) ¢ S Hl(Q)Sv (19)

where (, )o is a natural scalar product in the Lebesgue space L%*(€2), scalar or vector, while
an eigenfunction u is sought in the Sobolev space H'(Q2)? and the superscript 3 indicates the
number of the components of the vector but such superscript is absent in the notation of norm
and scalar products. Moreover, F(u,u;2) is a doubled elastic energy kept by the body Q and
generating a bilinear form

Owing to the Korn’s inequality, see, for instance, [7],

lus H' (Q)1* < K (E(u, u; Q) + pllus L(Q)]),

In the English literature it is called Voigt-Mendel notation, while in the Russian literature it is related with
the name of S.G. Lekhnitskii, see, respectively, monographs [I] and [2], [3].
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in which the factor K depends on the parameters of the problem, and the bilinear form

(u, ) = E(u, ;) + p(u, ) + pe(u, 1) e (1.11)

can serve as the scalar product in the Sobolev space H = H'(Q)3. We introduce also a positive
symmetric continuous and hence self-adjoint operator K in H by means of the identity

(Ku,¥) = p(u, ) + pe(u, ¥)we,  u, ) € H, (1.12)

This operator is compact and according to Theorems 10.1.5 and 10.2.2 [§], its essential spectrum
consists of a single point x = 0, while the discrete spectrum composes a monotone infinitesimal
sequence

1>k Z2koZ2 ks> ... 2Kk = — +0. (1.13)
By definitions and integral identity is equivalent to an abstract equation
Ku=rkru in H, (1.14)

and the spectral parameters are related by the identity
k= (1+A)"1, (1.15)

which transforms sequence ([1.13)) into a monotone unbounded sequence of eigenvalues of prob-

lem (£2) (D)

The corresponding eigenvectors Uyys - - - Uy

,-++ € H are chosen as obeying the orthogonality
and normalization conditions

(tm), Up) = Omp, m,p €N, (1.17)

where d,,, is the Kronecker delta and N = {1,2,3,...} is the natural series.
A root subspace for A = 0 is a six-dimensional linear space of rigid motions

R = {u(z) = d(z)c|c=(c1,...,c5) € RO}, (1.18)
where
100 0 2712y —2—1/22
dix)y=1 0 1 0 —2Y24 0 2—1/2x, : (1.19)
00 1 272, —212% 0

The columns a’ = (ay,as,a3)" and a” = (a4, as, ag) ' correspond to translation and rotation dis-
placements. The columns of the matrices and form a basis in a twelve-dimensional
space of linear vector functions in R3.

Form (1.10)) possesses polynomial property [9], that is, for each domain = C R? with a
Lipschitz boundary and a compact closure we have the implication

we HY(Z)?, Ew,u;Z)=0 < ucR|= (1.20)

This property provides a useful information on solvability and properties of solutions of the
considered problems, see survey [10].

1.2. Content of paper. In the paper we study the behavior of spectrum as € — 40,
p > 0 and as p — 40, € > 0, and the corresponding objects are equipped with superscripts ¢
and p, respectively. In Subsection 1.3 we derive a Korn’s inequality, which is asymptotically
sharp with respect to the mentioned parameters.

In Section 2 we construct an asymptotics for eigenpairs {A7; uf,, } of problem (or (L.2)-
in the differential form), while the estimates for the asymptotics errors are provided in
Section 3. These results require an additional description. Namely, for a fixed density p > 0 we
consider three cases: a > —1, @ < —1 and @ = —1. In the first case spectrum (|1.16) is obtained

by perturbing the spectrum of the problem in the domain 2 and here Neumann condition (|L.3)
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are extended to the entire boundary 0€2. In the second case positive eigenvalues of problem

(1.9) become

and the sequence {1 },.en of the limits of factors uf, is the discrete spectrum of the family
(j = 1,...,J) of problems on boundary layers near the points P!,..., P/. The problems
consist of static (without spectral parameter) systems of differential equations in the half-space
R? with Winkler-Steklov conditions on the subdomain w; C 9R? and the Neumann conditions
on the rest OR? \ 7; of the plane. A remarkable point is that each Winkler—Steklov condition
on w; becomes integro-differential and involves mean values of the eigenfunctions over the sets
wi, k=1,...,J, joining in this way the problems with superscripts j = 1,...,J into a single
spectral problem. Such far-field interaction of small singular spectral perturbations already
appeared in other problems, see [I1], [I2] and other publications. In the special case o = 1
the discussed interaction of the limiting problems disappears, but the sequence {\2 },.en of
thr limits of the eigenvalues A%, of problems (1.2)—(L.4) becomes the union of the spectra of
J + 1 problems, namely, of .J copies of independent problems in the half-space R? and of one
problem in the domain Q.

The estimates for the asymptotic errors in the obtained representations for the eigenpairs
{X¢,;uS, } are based on asymptotically shapr Korn’s inequality derived in Subsection 1.3 and also
on Proposition about the convergence and classical lemma [3.1] on almost eigenvalues and
eigenvectors. However, Theorems |3.1| and concern the most representative but particular
case discussed in Subsection 2.3, but their adaption to other cases, for instance, considered in
Section 1 and Subsection 2.2, as well as for studying partial sums of infinite asymptotic series
(cf. Subsection 4.1) is easy and rather traditional. Anyway, the justification of the asymptotics
for < —1 or @ > —1 can be extracted from publications [I3, Ch. 4| and [12].

In the final forth section we provide an accompanying information. First we discuss various
generalizations like piece-wise smooth boundary, infinite series and so forth. Then we make
an asymptotic analysis of the spectrum of problem (1.2)—(1.4) for an infinitesimal density of
the body (2, that is, as p — +0. Moreover, we study a limiting case p = 0, when the spectral
parameter is absent in system . A feature of such problem is that in some situations its
spectrum fills entire complex plane C since the elements of some non-trivial subspace Ry C R
satisfy relations (1.2)—(L.4) for each A € C. Let us provide several such situations.

19, Suppose that ¥ = {x € ' : w3 = 0} is a non-empty domain in the plane and P C Y, that
is, w* C Y. Then Ry = {d(x)c|c3 = ¢y = c5 = 0} and dim Ry = 3.

20, If a piece T D P of the surface T is located on the sphere {x : |x| = R} and w® C T,
then Ry = {d(z)c|c1 = ca = ¢3 = 0} and dim R, = 3.

30. Let Q be a cylinder {x : 2% + 23 < R?,|z3| < L}. Then Ry C {d(z)c|c; =+ = c5 = 0},
but in the case P C {x € O : |x3] < L} (the points P*,... P? are located on a cylindrical

surface) the dimension dimR, is equal to two since Ry also contains forward displacements
along the axis xs.

In many sections of the paper we introduce a condition excluding the aforementioned pathol-
ogy: a linear span L of columns (cf. survey [14] Sect. 2|),

d(PYn(PY',...,d(P")n(P7)" (1.21)

has the dimension six, that is, it coincides with the space R® and, in particular, J > 6.
Finally, in Subsection 4.3 we discuss the questions on modelling singularly perturbed problem

(1.2)—(1.4). The first way is traditional and consists in constructing an appropriate self-adjoint

extension &° of a symmetric closed unbounded operator & in the Hilbert space L?(Q2)® with
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the differential expression L(V,) and the domain
D(G) ={ue H*(Q)® : N(x,V,)u(x) =0,z € 9Q, uw(P))=0,j=1...J} (1.22)

Unfortunately, the characteristics of the required extension depend on the spectral parameter
and this lessens an application value of the first model. The second way corresponds to a
problem on the space of vector functions with detached asymptotics (singularities O(|z — P7|™1)
at the points P7,j = 1,...,J are admitted) and posing at these points asymptotic conditions
(algebraic relations for the coefficients of the expansions of the eigenfunctions). As it was
demonstrated in [15], [I6] and [I7, Ch. 7], both approaches are closely related with the method
of matching asymptotic expansions, see [18], [19], [13, Ch. 2| and other monographs.

1.3. Korn’s inequality. We first suppose p € (0, p.] and p, > 0. We represent the field
u € H'(Q2)? in the form

u(z) = d(x)u’ + u (x), / d(x)"uy (z)dr =0 € RS, (1.23)
where
W =dy' [ dx) u(z)dz € RS, dg= [ d(z)"d(z)dz. (1.24)
/ /

Herewith the Gram (6 x 6)-matrix dg is symmetric and positive definite since the columns
of matrix (1.19) are linearly independent in the Lebesgue space L*(Q2)3. In view of the last
orthogonality conditions in list (|1.23]), the following Korn’s inequality holds [7]:

|uy; HY(Q)||? < CE(uy,uy;Q) = CE(u,u; Q). (1.25)

Here the factor C' depends on €2 and A but, of course, is independent of p and €. Moreover,

dou’ = / d(z) " (u(z) —ui(2))dz = [Ju® R < e(flus L2(Q)° + [lus; L)),
Q
and hence,

ldu’s HH(Q)]* < e(flus Q) + E(u, u; ).
We finally get:
llus HY Q)1 < cp™"[lus HP*. (1.26)
Now we consider the case p = 0 under an additional condition dim £ = 6 for the linear span
L of columns ([1.21)). To formula (1.25)), we add the relation
Iy s LA + e Hluws L@ < egllurs HH(Q)I, (1.27)

where r; = |[x — P/| = |27| and j = 1,...,J. An estimate for the first weight norm in the left
hand side is ensured by the classical Hardy inequality

+o0 +oo
[wera<a '%m

applied to the product x;u, ; this inequality is to be written in the spherical coordinates (r;, ¢?)
and integrated in the angular variables ¢/. Hereinafter x; is a smooth cut-off function with
a support in the neighbourhood V7, equalling to one in the vicinity of the point P7, and
supp x; Nsupp xx = @ as j # k, see (2.5). The estimate for the second norm on the left hand
side of is obtained by means of the dilatation of the coordinates x — ¢/ = 72/ and
using a usual trace inequality, see, for instance, [5, Ch. 1].

2
ridr, U € C[0, +00), (1.28)
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We multiply the first inequality in (1.23)) from the left by d(z) "n(z)n(x)" and integrate over
w®. Summing up the results over j = 1,...,J, we arrive to a system of algebraic equations

J
M’ = H® .= Z / d(z) "n(z)n(z) " (u(z) — vy (2))de, (1.29)

€
ws
J

where the (6 x 6) matrix M¢ and the column H*® € RS satisfy the relations
MEIM(ED"—"‘M(EJ)’ HM(EJ)—gzM(O]),RBXGH <C€3,

0 N ( PI T 70 pi , (1.30)
My = laod(P?) "'n(P))n(P))Td(P?), j=1,...,J,
and
J
1SR < e 3 Jws] (InTus L) 12 + llus; L2(ws)]12), (1.31)
7=1

while [w$| = O(£?) is the area of domain (1.I). The matrix M(Ol) +-- M(OJ) is symmetric and
positive definite due to the restriction dim £ = 6. Indeed, the symmetricity and positivity of
the matrices M7 are obvious. Moreover, in view of the restrictions imposed for columns (1.21)
we have

b'Mb=0 = b Mub=0, j=1,...,J
= nP)dPYN=0 j=1,....J, = b=0cR"
Thus, from formulas (1.27)—(1.31)) and (1.25)) we derive the estimate
s REN* < ee®(flm s L2 (@)1 + elluws HH(Q)?)
< e (B (u,u Q) + e In ws L2 (w9) ),

(1.32)

and then the Korn’s inequality
lu; HQ)I* < C(lus HHQ)I? + [[u” BP)*) < Ce™ (B (u, w; Q) + e n"u; L2(w)|*), (1.33)

in which the factor C is independent of the variable ¢ € (0, | for some gy > 0.

Relations (1.33) and (L.26) provide estimates for the eigenvalues of problem (1.2)—(1.4),
however, in Section 2 and Subsection 4.2 we shall obtain a more detailed information on their

behavior as ¢ — +0 and p — 40, respectively.

2. FORMAL ASYMPTOTICS

2.1. Preliminaries. In this subsection for various values of the exponent « in representa-
tion we construct asymptotics for the eigenpairs {\},,u,, } of problem (L.2)-(1.4). In
Subsections 2.2 and 2.4 the position of sets on the boundary 92 plays no role, but in
Subsection 2.3 we suppose that the restriction dim £ = 6 holds for a linear combination of
columns . Moreover, to simplify the presentation in Subsection 2.4 we suppose that the
parts [V = 9Q NV’ are flat (cf. Subsection 4.2). In the construction the leading asymptotic
terms this assumptions plays no essential role, but for nontirival curvatures at points P’ the
next-to-leading terms are to be properly interpreted, see Subsection 2.5.

2.2. Simplest case a > —1. We suppose the following asymptotic anséitze for the eigenpairs
of problem (1.2)-(TJ):

A = A0 eZtey 4

Uy () = Ul (@) + 7D (@)l (6) + € Uy () + ... (2.2)
j=1
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Here dots replace higher order asymptotic terms, which are not essential in our analysis,
{\0 u?m)} is the eigenpair of the limiting problem

L(V)u’(z) = \Npu’(z), z€Q, (2.3)
N(z,V )u'(z) =0, =z €09, (2.4)

while the pair {X,, u{,, } is to be determined together with the terms of the boundary layers

1 1

Wiys - - ,w{m) written in terms of the rescaled variables & = e7!'a/. Moreover, the cut-off

functions y; € C2°(V7) are introduced to localize the boundary layers and
X; = 1 near the point P7 and supp X;Nsuppxr =< as j#k. (2.5)

Finally, the factor e!* at the sum over j = 1,...,J in is chosen so that the change x +— &
and the formal passage to € = 0, which straighten the boundary I' and transform the domain
Q into the half-space R? = {¢/ = (¢],£,83) : & < 0}, after substitution of ansitze and
into problem f and collecting coefficients at like powers of the small parameter
e give the system of differential equations

L (Ve)wl,, () =0, ¢ eR’, (2.6)

subject to the boundary conditions
N (Velul (.0, & = (.6) € R\, (27)
N (Verwi,, (&, 0) = ¢(&]) = Nupon(P))n(P) T, (PY), & € w;. (2.8)

We stress that the right hand side of boundary condition appeared as a result of the
freezing of orthogonal projector (1.7) at the point P7, formula (1.8 with the exponent o = —1
and taking into consideration definition of small sets wj. At the same time the passage to
local coordinates is accompanied by transformation of differential operators

LI(Vg) =D/ (=Vu) AD (Ve,),  N/(Vg) = D(ez)  AD'(Vg),
D (V) = D((67) V), e@ = (0,0,1)7,

but opposite to the rules of mechanics, we do not change the displacement fields. Owing to
polynomial property (1.20]), general results [I0, Item 3, Sect. 5] and [I7, Chs. 3, 6] show that
problem ([2.6)—(2.8)) possesses a unique decaying at infinity solution

Wiy (§7) = X (&)W (&)W + a7 (&), (2.10)

where the remainder @(m) € H'(R?)3 can be estimated as

(2.9)

Ve Wl (€ < cmp(L+p)) 7, pj > Re, p€No={0}UN,

the radius R, is fixed so that @; C B*(Ry) = {Sﬁ : pj < Ry}, while the cut-off function
X € C=(R3) is defined by the formulas
X(E)=0 as pj< R, and X(¢)=1 as p; >2R,.
Moreover, the (3x3)-matrix ®/ = (@{1), @{2), @{3)) is formed by the columns, which are solutions
of the three-dimensional Flamant problem (forces concentrated on the boundary of the half-
space) satisfying the relations
®/ (&) = p; ¥ (p; ), (2.11)

and

- [ M@ Ver (@) ds ~ L 2.12)

82 (Rw)
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where the unit (n x n)-matrix I, appears as well as the operator
NY(E,Ve) = D’ (p;'€) T AD? (V)

of boundary conditions on the surface of semi-sphere S* (Ry) = {¢’ : p; = R, 5§ < 0}. Finally,
the column of coefficients ' € R3 is calculated by the formula

= [ 9 = X (PP Ty (P (213)
@j
and, as above, |w;| is the area of the domain w; C II?. Representation (2.13) is derived by
means of relation (2.12) via integration by parts in the semi-ball {¢/ € R® : p; < 0} and passing
to the limit as R — +o0.

Let us find a smooth corrector in ansatz (2.2). We once again substitute expansions
and into problem (1.2)—(1.4) and collect the coefficients at e written in the coordinates
z taking into account the identity ®7(¢7) = e®7(27) implied by (2.11). As a result we arrive at
the problem

N(z, Vo), (2) = =g(m(®), @ € 09, (2.15)

in which
) 5 (ATt
gEm) ('T) —1 [N(:L’, vx)a X](l’)]

and [P, Q] = PQ — QP is the commutator of the operators P and Q.
In order to determine the pair {X,, u{,,}, we specify the information on the initial pair

{A%,u?m)}, namely, we suppose that A\, = A, is an eigenvalue of problem (2.3), (2.4) with
multiplicity »¢,, that is,

) QI (2, (2.16)

Aq_l < Aq == Aq+;¢q_1 < Aq+%q. (217)
We represent the vector function u(()m) in the form
u?m) (m) = a;nu(q) (Jf) + .-+ a’zz-%q—lu‘1+%q*1($)’ (218)
where the basis u), ..., us4,, 1 in the root subspace obeys the identities
Py, Up))a = Omp, M D =q,...,q+ 3, — 1, (2.19)
while the columns of the coefficients o™ = (a7, . .. ,agikq,l)T € R™ satisfy the identities
(@) a™ =0y, MP=q,...,q+ 2, — 1. (2.20)

In such situation problem ((2.14)), (2.15) has 3¢, compatibility conditions, which are satisfied as
follows: / / .
Am @ :)\mp(u(m)7 U)o

— lim Uy (2) T ([l (1) + (L(V2) = A, plls )ty (2)) d

R—+40
Q(R)
=3 i [ (@) V@ V)@ ) (221)
= (R)
— (NJ\(27, Vi U (2))T® (27)) ds, b
J
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These calculations are to be clarified. We first calculate the scalar product of system (2.14)
with u)(z) and, recalling relations and (2.20), we apply the Green’s formula in the
domain Q(R) = {z € Q : r; = |2/| > R}. Then the remaining integrals over the spherical
sets Y/(R) = {x € Q : r; = R} of a small radius R > 0 are calculated in accordance with
formula . Here we have taken several facts into consideration. First, the vector-function
f' is smooth since the domain 2 is convex, we have L7 (V,;)®’(z7) = 0 as z € QN V7, while
the vector function ¢’ is bounded owing to the smoothness of the surfaces I'NV7, that is, the
integrals converge. Second, the set 37 (R) differs from the semi-sphere {z : r; = R, 2}, < 0} only
inside a strip of width O(R?) along the equator, which makes no influence under the passage to

the limit as R — +0. Finally, formulas (2.18)) and (2.13)) allow us to transform relations (2.21)
with indices k = ¢,...,q + 3, — 1 into the system of algebraic equations

q _\/ m
Ma,, = X, a™,

where the entries of symmetric (31, X »,)-matrix M9 read as

J
MR = =X0p0 > | luge (P7) 'n(PP)n(P7) Tu, (P7)". (2.22)

j=1
This negative matrix possesses eigenvalues
Ag KA < <A, 1 <0, (2.23)

which together with corresponding eigenvectors a?,...,a? ! € R* obeying orthogonality
and normalization conditions and with the smooth correctors u’( Qe ,u’( ga—1) found
from already solvable problems , specify detached terms of asymptotic ansétze
and (2.2). However, the mentioned correctors are defined up to linear combinations of form
(2.18), the coefficients @™ of which can be calculated at the next steps of asymptotic procedure
(cf. Subsection 4.1).

Let us formulate estimates for errors in asymptotic representations for the eigenvalues,
which are implied by general results [I3, Ch. 4, 9, 10].

Theorem 2.1. Let a > —1 and A\, be an eigenvalue of problem ({2.3)), (2.4)) in the domain
Q with multipicity s,, see relation (2.17)), and ¢ > 6. Then there exist positive £, and ¢, such

that the eigenvalues Xy, ..., g, _y of problem (1.2)(L.4) satisfy the inequality
NS — A, — 2N | <ce®™® as e€(0,8,, (2.24)
where the eigenvalues (2.23)) of the matriz M9 with entries (2.22)) are involved. The first siz

etgenvalues A}, ..., \g are zero.

We observe that the number and position of sets (1.1) on the surface I' play no role. The
iteration processes developed in monograph [13] allow one to construct infinite asymptotic series
for the eigenpairs {\,, uf,,}.

2.3. Interaction of boundary layers as a < —1. According to general results [12], for
such exponent « in formula (1.8) asymptotic ansétze change essentially:

Moo =€ " + .., (2.25)
J
Ul 1y (T) = d(m)c(()m) + Z Xj (x)wzm) (&) + su'(m) () +.... (2.26)
=1
Here the number ji,,, the column ¢ € R® and the vector functions w(lm), . ,w{m) satisfy

problems in the half-space, which consist of the differential equations (2.6)), boundary conditions
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and
NI (et (€ 0) = popon (PP (i, (£50) + d(P)ch). € €m, (220)

We stress that the right hand side of boundary condition (2.27) includes a constant term
d(P’)c,, generated by the first term in ansétze (2.26).

The solution to problem ({2.6)), (2.7), (2.27) admits representation (2.10)), in which the column

of coefficients & € R3 looks as

W = PP ([ 0,00 + a(P ] ), (229

@i

cf. formula (2.13)). Since for a < —1 the factor e 1=* at p,, in ansatz ([2.25) is small, we arrive
at a problem for the smooth corrector, which is a stationary system of equations

L(Vo)u(y () = = [y (2), =€Q, (2.29)

and we also get boundary conditions (2.15)). The right hand sides f(’m) and gzm) are calculated
by formula (2.16). However, the problem itself, being free of the spectral parameter, has six
solvability conditions

/ d(x)" [l () dz +/ ()" gy () ds, = 0 € RE. (2.30)
Q o0

Reproducing, with obvious modification, calculations (2.21), we find that according to ([2.28))
relation (2.30)) becomes an algebraic system

J
M = =" [wyld(P*) "n(P*)n(P*) "W

Ly (2.31)
k=1

where

j=1

J
, , . . . 1 o :
M = Z | |d(PY) "n(P)n(P)Td(P7) € R, wi = o] /uﬂ( 7,00dg e RP. (2.32)

The restriction dim £ = 6 imposed for the linear span of columns (1.21) ensures the positive
definiteness of this symmetric (6 x 6)-matrix M and hence, having solved the system of linear
algebraic equations (2.31]) and substituting the result into (2.27)), we obtain boundary conditions

N (T2 6.0) = PP (6.0
J (2.33)
—d(P)MY |wk|d(Pk)Tn<Pk>n(Pk)Tmfm)), gew, j=1,..J

k=1

completing the set of problems (2.6)), (2.7).
The presence of all means E’(“m) of the vector functions wé“m), e ,w{m) on the right hand

side of (2.33)) joins problems (2.6, (2.7)), (2.33) into a single spectral problem, the variational
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formulation of which becomes the integral identity

J

J
(w9 ) = o 3 (<n<Pﬂ'>Twﬂ',n<Pf>W>m
.

7j=1

_ (d(pj)Tn(Pj)n(Pj)Ej>T (2.34)
J

MY d(P’“)Tn(P’“)n(Pk)W)’

) —1

U= (... ,¢)) € S(Ri)J.
At the same time, £(R3) is the space obtained by completing the linear space Cgo(]R_?i)3

(infinitely differentiable compactly supported functions) with respect to the energy norm
E(w?,w’; R )12, We stress that the Korn’s inequality [7]

IVew’; L(R?) | < caB (v, w’; R?), w € C=(R3)?,
and a corollary of one-dimensional Hardy inequality ((1.28])
oy w’s (R |* < ¢ Verw; LF(R)[?, v’ € CF(RE)?, (2.35)

show that the left hand side of is a scalar product in the space £(R? )7, which consists of
the vectors w € H} (R3)3*/ possessing finite energy norms and the weight norm from the left
hand side of . Owing to the Cauchy-Bunyakowsky-Schwartz inequality, both algebraic
and integral, the factor B(w,1) at ppo in the right hand side of satisfies the relation
B(w,w) > 0. It remains to mention that the rigid displacements from the linear space (L.1§]
annulling the left hand side of are not in the space £(R?) since the integrals over R?

diverge in the norms from ([2.35).

Theorem 2.2. Under the condition dim £ = 6 imposed for columns (1.21)) problem (2.34)
possesses a discrete spectrum, which is a monotone positive unbounded sequence

O<pr Spp < oo < iy <o — F00. (2.36)

The associated eigenvectors wy, W(2), .- ., Wemy, -+ € E(R3)7 can be chosen satisfying orthogo-
nality and normalization conditions

B(wimy, W) = Omp, m,p € N.
The next statement was established in paper [12].

Theorem 2.3. Under the conditions « < —1 and dim £ = 6, for each m € IN there exist
quantities €, > 0 and c,, > 0, for which positive eigenvalues of problem (1.2)—(1.4) satisfy the
inequalities

Noim — € “pim| < eme™® as e € (0,em),

where i, are the terms of sequence (2.36) of the eigenvalues of problem (2.7)).

The restriction imposed on columns played an essential role in the presented asymp-
totic analysis: once this restriction is omitted, the ansédtze change dramatically, see works [12]
and |20]. Once the leading terms of the asymptotic are constructed, by the procedures from
monograph [I3] one can produce infinite series for eigenpairs of problem (1.2)—(1.4). The con-
structions for correctors in ansitze and can be extracted from Subsection 2.2,
however, under a simplifying assumption on flatness of the pieces I'V = I' N V7 of the boundary
00 of the domain 2 (cf. Subsection 4.1).
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2.4. Overlapping of spectra in limiting problems as o« = —1. Previous asymptotic
ansitze require essential changes. First of all, the asymptotics expansions are to be in the
powers of the parameter /. Thus, we seek eigenfunctions of problem (1.2))—(1.4) in the form

£

Uy () =y () + \/Eu’m)( ) + ufy (x)

+5WZM ) (w€) + VEu, www%w0+ 240

Here the H'(2)-norms of the leading terms u(,,, and e ~12yw (my Pecome of the same order as

e — +0. The leading terms of the asymptotic ansatz for the elgenvalue

Xow = My, + Ve, +epn, + . (2.38)

are the terms of the common sequence

O=p)=-=pg<py<pg <...<pp <o = +00 (2-39)

of the eigenvalues of problem ([2.3)), (2.4) in the bounded domain € and a family of independent
problems in the half-space R? consisting of differential equations (2.6) as well as of boundary
conditions (2.7) and

NIV e ) Wi,y (&) = 1 pon(PI)n(P!) Wi, (€],0), € € ;. (2.40)

In comparison with Subsection 2.3 boundary condition 2.40 involves no additional constant
term because of the factor e7'/2 at the boundary layer. .

As in Theorem [2.2] problem (2.6), (2.7), (2-40) possesses a discrete spectrum @7, which forms
the sequence

0<pl <ph<...<pl < — 400, (2.41)
and the associated eigenfunctions wgl), Wé), . ,ng), .-+ € £(R?) can be chosen obeying the

orthogonality and normalization conditions
po(Why, W) = 6y m,p €N (2.42)
We recall that the eigenfunctions , associated with its eigenvalues
O0=A1=" =A< A< A< ...< A, < = 40 (2.43)

satisfy relations . We denote spectrum (2.43) by ¢°.
We are going to shovv how to determine the correctors in ansitze ) and (2.37).

the general situation the formulas are too cumbersome and this is Why we analyse only a few
representative cases.

1°. Problem in Q. Let ud = X, € p° be a simple eigenvalue, but

Woge, =) (2.44)
Then u(()m) = u(,) is an associated eigenfunction of problem (2.3), (2.4) normalized by formula

(2.19) and
o, =0, uf,y =0, w{m)zo, j=1,...,J

Moreover, w{ ) is solution of problem (2.6)—(2.9), in Which )\0 = A, and hence, in view
of the supposed unique solvablhty of the problem (see condltlon ) formula ([2.13] - ) becomes

v = Xgpon(P)n(P)Tag (P))|w,|, j=1,...,J.
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As a result, the second correctors uf, and py, are found by problem (2.14), (2.15) with right
hand side (2.16). Finally, by means of simplified calculation (2.21)) we find that

J
1, = =Xgp0 Y lwjlugg (P7) 'n((P)n(P?) Tug(PY) < 0.
j=1

2°. Problems in half-space. Let p)), = pl,, € ¢’ be simple eigenvalues as j = 1,..., K, but
pd & o’ and pul € o’ asj=1+K,...,J. Then

Jooo o me] S
Wiy = 0 Wiy, J=1,..., K, (2.45)
where the eigenfunctions W{m(j)) of problems (£2.6), (2.7), (2.27) and the columns a™ =
(a7, ...,a) " obey orthonormality conditions (2.42)) and ({2.20)), respectively. Moreover,

=0, J=14K,. ... J =0 m,=0,

(m
and w,, is a solution of problem ({2.14)), , in which A2, = p2 X = 0 and right hand
sides ([2.16)) involve the coefficients

Uy = myn(Pa’, my = pf pon(P) o [W0,, 0 G=1..... K,

. ‘ (2.46)
Dy =0, j=1+K ... J

Owing to the assumption pu® & ©° the formed problem in the domain €2 is uniquely solvable
and its solution is represented as

Uy () = GF(a)b, (2.47)

where G7 is the regular part of the Green’s tensor G/ (matrix functions of size 3 x 3) with
a singularity at the point P7; that is, the solution of homogeneous ( f(’m) = 0 and gém) =0)
problem ({2.14), (2.15) in the domain €, which admits the representation

G () = x;(2) P (27) + GI (). (2.48)

Substituting the matrices G/ and G* into the Green’s formula on the domain Q(R) and passing

to the limit as R — +0 (cf. calculation (2.21])), we see that G’(P*) = G*(P7) and hence, the
(K x K)-matrix

K
jk=1

G = (Gu) e, = (n(P)TGH PP, (2.49)

is symmetric.

Thus, by formulas (2.47) and (2.46)) we obtain that
n(P’)" Z my, Gjray’, (2.50)

and therefore, the number p” and the vector functlon w , from ansitze ( and ( -

respectively, satisfy system of differential equations ([2 , as Well as boundary condltlons
and

NI (Verwl” (&],0) =pon(Pyn(P?)T (udwll (€],0)
+ W) (& 0)al + pulny (P)), €] € ;.
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Since p,, is a simple eigenvalue of problems (2.6), (2.7), (2.40) as j = 1,..., K, each of the
obtained problems for w%) possesses only one compatibility conditions, and according to nor-
malization ([2.42)) and formulas (2.50) and (2.46)) we can express this condition in the form

pma' = Hopolln(P)) wy, s L (w;) | af?
= _I"l’?n|wj|(n(PJ)Tw‘Zm(j))) n(PJ)TU,(m)(PJ)

K K
J— m o__. m
= — E m; G mya;" =: E M;ay.
k=1 k=1

Thus, the eigenvalues of (6 x 6)-matrix M with entries defined in (2.51)) provide the second
correctors in ansatz (2.38)) for the eigenvalues, and the associated eigenvectors a™ € R¥ specify

leading terms (2.45) in ansatz (2.37) for the eigenfunctions of problem (1.2)—(1.4).

3°. C’ommon eigenvalue of problems in Q and R3. Let ,u?n be a simple eigenvalue of prob-

lem in the domain © and of problem (2.6), (2.7), (2.40) in the half-space R?® with

j= 1 K Whlle the associated elgenfunctlons U(n(0)) and W%m(l))7 e ,Wé“m(k)) are orthonor-

mahzed in accordance with formulas and (2.42).
In ansatz we take

(2.51)

K
0 m j m...j . mi12
Uy = 5 00n(0)s Wiy = A Wiy 5= 1, K, Z ) ? =1, (2.52)
while the columns a™ = (a7, ..., a7)" obey orthogonality and normalization conditions similar

to 1) As a result we find that the corrector u’(m) is to be sought by the system of differential
equations

L(V )y () = BanPUm) () = By (1) = [y (2), @ €
with boundary conditions (2.15)), and in formula (2.16) for the right hands the summation is
made over j = 1,..., K, while the columns of the coefficients are given by formulas (2.46].

Moreover, the correctors of boundary layer type satisfy system of equations (2.6)) in the half-
space R?® and boundary conditions (2.7) and

N (Ve )wih, (&, 0) =€on(P))n(P)T (., (€], 0)
+ 1 W (€, 0) + By (P)), & € ;.

Now the compatibility conditions of the formed boundary value problems, in view of relations
(2.52), become a system of algebraic equations for the column a™:

Ma™ =yl a™ € RME (2.53)

with a symmetric ((1 4+ K) x (1 + K))-matrix M, the first (for j = 0) row of which casts into
the form

(0, —myn(P) "aguy (PY), ..., —myn(P*) "ag) (PY))
while other rows with indices 7 = 1,..., K become
(—m;n(P7) "y (P7),0,....,0) .

Simple calculations show that such matrix possesses a zero eigenvalue of multiplicity K —1 and
also extra two eigenvalues read as

' 1/2
umi—ipoum(Zw (P, ) Pln(P7)T <<o>><P”>‘2) |

7=1
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Thus, we have calculated the leading terms in ansatz (2.38]) for the eigenvalues of problem
(1.2)—(1.4). Eigencolumns of algebraic system (2.53)) specify leading terms (2.37) of the ansatz

for the eigenfunctions. The obtained formulas demonstrate that in the considered case the
asymptotics expansions are indeed in the powers of the small parameter /.

2.5. Conclusion. The asymptotic procedures described for three particular situations can
be easily adapted to other situations, in particular, for multiple eigenvalues of problems ,
(2.7, (2.40). The flatness requirements of the pieces I'y,...,I'; was needed only in case 3° in
Subsection 2.4, in which we had to construct a couple of terms of smooth type and boundary
layer type. In the cases, when the leading terms of the asymptotics were defined at the first
step, the dilatation of the coordinates

z = & =e7l(s], sp,))

straightens the boundary, while the variable coefficients of the transformed differential operators
(2.9) appear only in lower asymptotic terms. This issue will be commented on in Subsection 4.1.

3. JUSTIFICATION OF ASYMPTOTICS

3.1. Preliminaries. As it has been mentioned, the justification of asymptotic expansions
for the eigenpairs of problem f constructed in Subsections 2.1 and 2.2 is ensured by
general results |13, Chs. 4, 10| and [I2] (see also [20] for a similar problem of the elasticity
theory). The developed schemes can also adapted to the situation @ = —1 considered in
Subsection 2.3, but for the completeness of picture, in this section we provide the justification
of the asymptotic construction, however, not completely but only for the leading terms since
the correctors in ansitze and were constructed in Section 2 only under certain

restrictions.

3.2. Convergence theorem. Let Ul be an eigenfunction of variational problem (1.9) as-
sociated with the eigenvalue

A, < Gy (3.1)

and normalized in accordance with formula (1.17), where (, ) is scalar product (1.11)), in which
p: =€ 'po, and p > 0 and py > 0 are fixed numbers. Then by Korn’s inequality [7]

[uGmys HH QI < € (E(umy, ufmys ) + pllugmys L Q%)
there exists a positive infinitesimal sequence {¢;};cn, along which the convergences hold
AL A0 (3.2)
ufﬁl) — u(()m) weakly in  H'(Q)® and strongly in L*(Q)®. (3.3)

Relation (3.1)) will be confirmed in Remark We rewrite the vector function u(,, in local
curvilinear coordinates (see Subsection 1.1) and let

wffn) (&) = 51/2Xj (af)ufm)(sja n’), (3.4)

where & = e 1s!, i =1,2, and & = e~ 'n?. We have

Jihi SR < 2 [ (Velasu) + (1 p3) sy )
R?

<er [ (ANt ) + (147 0) Pafy @) £ do < el H O

QNVYI
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We also clarify that while passing from the curvilinear coordinates &/ to initial Cartesian coor-
dinates x, we have used the relations

Ve = T*(2)V,,  de' =3 (x) du
TGy — 67 R¥P| + [t°(z) = 1| < ery,  z€QNV,

while in the latter estimate in (3.5)) we have applied Corollary ([1.27)) of Hardy inequality (1.28)).
Thus, along a subsequence (we keep the notation {&,}) the convergence holds

(3.6)

Zfrf) — w(m) weakly in  £(R?) and strongly in  L*(c;)®. (3.7)

Hereafter for the sake of brevity we omit the subscript ¢ for the symbol &,.

We substitute a test vector function ¢° € C°(Q\ P)? into integral identity (1.9). We note
that ¢» = 0 on the set w® for small ¢ > 0 and by relations (3.2) and (3.3) we arrive at the
formula

Since the subspace C=°(2\ P) is dense in H'(Q), we obtam the 1ntegral identity
E(ulpy, v Q) = Xpp(uin), ¥)a, v € HI(Q), (3.8)

which serves for spectral problem (2.3]), (2.4).
Asj=1,...,J, similarly to formula (3.4) for ¢/ € CCOO(E?:)?’ we let
¢ (x) = 72 (&),
We have
Al (UG @)l < Onnllugy: L (|2l 207; LA RE)|| < e (47)

and , . .

E(ufyy, ¢'%:Q) — BE(w{,,,¥/;R2),

)‘inpa(ufm)v ¢j5)wj = Afng_lpO(g_l/Qw{;)a5_1/2¢j)w§- - A?nPO(ngy@Dj)wj--
Therefore, passing to the limit as ¢ — 40 in equation (1.9) with the mentioned ingredients, we
get the integral identity

E(W{,, 5 RE) = A po(Wi,,, )w,, 7 € E(RY), (3.9)
that is, a variational formulation of problem (2.6]), (2.7), (2.40).

Proposition 3.1. ]fa = —1 in formula (1.8), then passage to limit (3.2) gives an eigenvalue

XY, of one of problems (3.8) and B.9), j = 1,...,J, while passages to limit [3.3) and (3.7)
give the vector functzons u( ) € Hl(Q)3 and W(lr?l), . .W(JSZ) € E(R?) satisfying the mentioned

problems and obeying the relationship
pllugy: L*(Q)]? +poz Wiy L2 (@) = (1 + X5) " (3.10)

Proof. It remains to confirm relatlonshlp (3-10), which in particular means that at least one
of the aforementioned Vector functions does not vanish, that is, A?, is indeed an ecigenvalue.

According to formulas ) and (1.11)), (T.9) we have
J
L= (U, Uimy)e = (A + 1) (pHU?m); L) +epo ) In(P)Tus; LE((M?)HZ)
j=1

J
A ) (prlu?m);L2<Q>|\2+poZ IIWZ&);L2<wj)\I2)-
j=1
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The proof is complete. O

3.3. Almost eigenvalues and eigenvectors. We reformulate problem as abstract
equation (|1.14)). The next statement, known as the lemma on almost eigenvalues and eigenvec-
tors, is implied by the spectral decomposition of the resolvent (see primary source [21] and, for
instance, book [8, Ch. 6]).

Lemma 3.1. Let U € H and A € R, be such that
\U;H|| =1, ||IKU—AU;H| =:6 € (0,A). (3.11)

Then the operator K possesses an eigenvalue k,, in the segment [A — 0, A + 0]. Moreover, for
each 8, € (8, \) there exist coefficients Cy, . ..,Cnix—1, for which the formulas

N+x-1 S N+x-1
. 2 _
U= )" Crugy HI| < 25 Yo Gl =1 (3.12)
k=N k=N
hold, where ury, ..., uw+x—1) 18 the set of all eigenvectors of the operator K associated with

the eigenvalues in the segment [A — 0., A + d,] and obeying orthogonality and normalization
conditions (|1.17)).

Let ;1,2 > 0 be an eigenvalue in the joint sequence (2.39)) of multiplicity s, that is,

po o <pl==pd o <pl, (3.13)
and
R

is an eigenvalue of problem (2.3), ([2.4), and ») > 0 is its multiplicity (the case p) & ©°
and ») = 0 is not excluded). Moreover, ) = ,uf;g@) is an eigenvalue of problem (2.6)), 1)
(2.40) with an index j(¢) € {1,...,J}. The corresponding eigenfunctions u,) and Wirf%
obey orthogonality and normalization conditions (2.19) and (2.42]), respectively. Moreover,
m(f) # m(k) as j(¢) = j(k) and ¢ # k.

Relation (1.15)) of spectral parameters hints that as almost eigenvalues of the operator K¢
one should take sz, copies of the quantity

Ap=(04p)™" l=q....q+x—1 (3.14)
In accordance with ansatz almost eigenvectors
Ul () = [[Wy: Ho|| 7' Wy (), (3.15)
obeying the first relation in (3.11)), involve the vector functions
Wiy (@) = uy(2), C=q,...,q+ ) —1, (3.16)
Wiy () = Xi (x)e’l/Qw{ffgz))(gM)), (=q+s,...,q+ 2, — 1. (3.17)

Lemma 3.2. Under the aforementioned condtions (3.16) and (3.17)) the formulas
‘(W&), Wiiy)e — ex(1 + p)| <ce as e€(0e), CLhk=q,...,q+x—1 (3.18)
hold, where e, > 0 and ¢, are some numbers.

Proof. As (k= q,...,q+ ) — 1, inequality (3.18) is implied by relations (3.8), (2.22) and the

estimate

Pe | (Wiey, Uy ) | < Clumye ™ polws| < cge,

which is obvious for smooth vector functions ug and u,.
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Now let £,k = g+ %2, ooy q+2,— 1. I §(0) # j(k), then the supports of the vector functions
W, and W, do not intersect and formula (3.18)) is true even for ¢, = 0. In the case j(¢) = j(k),
a transformation similar to calculations (3.5 in view of (3.6) shows that

rd® i) s 0 i®
Wi Wiiy)e =E(Wimtey) Wianiyys B + P0(W i)y Wiangag) s + O ()
J(k)

_(,,0 ()

=(Hy + Dp0(Wionteyy Wi, + O()

:(1 + /LS)(SM + 0(8)
Here we have taken into consideration formulas (2.42)) and (3.9). Finally, for [ =g, ..., q+%2— 1
and k =g+ »),...,q+ 3, — 1 estimate (3.18) can be obtained easily:

|<W(Ee)7 Wfk))e’ =(1+ HS)P (W(Eé)v W&))Q +e 'po (W&)a W(gk))wj(k)

<c</(1+5_1rj)_ldx+e_1 / dsm)gce.

QNI w5 (k)

The proof is complete. O

3.4. Treating of discrepancies. We are going to estimate the quantity ¢; found in accor-
dance with the second formula in (3.11)) by almost eigenvalue (3.14)) and eigenvector (3.15). We

have
&7 =sup [{(K°UG, — AjUG, V)|

=(1+ ) 1HW@ %EH tsup [ E(W), Vi Q) (3.19)
— g (P(W(y). V) + € po(n TW(ew V) el

where the supremum is calculated over the unit ball in the space H?, that is, ||V; H?|| < 1 and

by formulas (1.11]), (1.8), a = —1, and (1.26)), (1.32) the ingredients V° and V, in representation
(1.23)) for the test function V' admit the estimates

VIR < ee™? as Vs HY Q)] < e

Asl=gq,...,q+ %2 — 1, we consider the expression I7 (V') between the last modulus signs in
chain (3.19)). Since {,,u(y} is an eigenpair of problem (3.8), by means of weighted inequality
(1.27) we derive the estimate

|[e ‘—5 oo|(n" U, n TdVO + V)|
1 e c 12
< e w2 (Jf| VO REY? 4 |V LA(w)]?) 2 < Cove

Now let ¢/ = q+ %2, ce Qo — 1. We make a usual procedure, namely, we pass to rescaled
curvilinear variables with relations (3.6) taken into consideration, use integral identity ([3.9) for

the pair {u,, w/ (m(e } remove the cut- off function x;(¢ due to the decay of the eigenfunction
and finally, we calculate

j(0 4
22| (x50 Wiy Va| <e2 2| (e + i) Wity QO WO (e + rjeo)V; LA@)|

éczel/zs_l/Qs?’/QH 1+ pj(g))_lw(q(n(é)); L*( ]R?L)H
(VO RO+ (Vs L)1)
<Cpv/e.

As a result we obtain the estimate

(V) < Ceve.
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Moreover, Lemmain particular means that [[W¢,: #°|| > (14p,)/2 for small € and therefore,

6 <cpve, L=q,...,q+x,— 1.

Thus, 'accordir}g to Lérflma we find the eigenvalues ()~ /ﬁ;(ﬁ%rl) of the operator K¢,
for which the inequalities

‘/1761(2) o (1+l"’q)71‘ gCq\/gv C=q,...,q+ 2 —1, (3.20)
hold true.

3.5. Theorem on asymptotics of eigenvalues. We complete the above calculations by
the following statement.

Theorem 3.1. Let a = —1 Positive terms in sequence of eigenvalues of problem

(1.2)—(1.4) and sequence ) joining the spectra of problem (2.3 . in the domain Q and
of problems (2.6 . . in the half-space R3, j=1,...,J, satzsfy the relation

|)\€ |l <cuve as €€ (0,e,], (3.21)
where m € N, while g, and c,, are some positive numbers.
Proof. An immediate goal is to confirm that the indices n(q), ..., n(¢—s,—1) in formula (3.20))

can be treated as fixed. To this end, we use the second part of Lemma in which we take
§ = cg/2 and 8, = §/7, where 7 € (0,1). We denote by Cf, € R% and Sfy the columns and

sums over k = N7, ..., N7 + &7 — 1 given by formulas (3.12) for almost eigenvectors (3.13)),

l=gq,...,q+»x;—1. Owing to these formulas and orthogonality and normalization conditions
(1.17) we find
(Ciy) " Cly = Suil = [(S5ey: Siiy)e — Gl
< (ST = Ul Si)=| + [(Ufey, Sty = Uly)e| + [ Uy, Uige — Gen] -

Each of first two terms on the right hand side does not exceed 27, while the last term does not

exceed ¢,/e, see formulas (3.12)) and (3.18)), and the latter is applied twice: first for £ = k to find
out the asymptotics of the norm |[Wg,; (| and then for the indices involved in (3.22). Thus,
for small 7 and ¢ the columns C'(Eq), ce C’(Eq g1 BT€ almost orthonormalized in the Euclidean

(3.22)

space R%Y, which is possible only in the case
7, < qu )

Thus, having fixed an appropriate quantity 7 and bounding the small parameter ¢ < g4, in the

segment
[(1+ )™ = e VE (14 )™+ g VE]

we find eig(?nvalues /fjvqg, e /ﬁzf\[qg +4—1» Which owing to relation (1.16) for the spectral parameters
transform into the terms

ANz s ANE g1

of sequence (|1.16). At the same time,

5 — L+ p) 7 <cm Ve as e€(0,g)
cl+ M) <1+ pd+ e Vel +50)(1+ A7)
= . E as ¢ € (0,¢4]

X — gl < cqm I VE(L+ p)) (14 A7) (3.23)

€ -1
N cl+ )\ < (1+\/ﬁq) as  cqm Ve(l+p,) <1/2
IX; — pg] < Cqv/e i= 2,7 'Ve(l+ py)?

where €, = min{e,, 7%(2¢,(1 + Hg))_2}~ -

as ¢ € (0,gy],
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Remark 3.1. For each »,-multiple eigenvalu (see formula (3.13)), in its neighbourhood

0
e

we have found at least », eigenvalues of problem (1.2))~(1.4) satisfying the last relation in (3.23).

In particular, this implies inequality (3.1) and this proves Proposition completely.

It remains to make sure that ./\/'qa = ¢. According to what was said in Remark we have
NE > q. If N > ¢, then there exists an eigenvalue of problem ([1.9)), for which
q q g

i\/(g < I-L2+Cq\/g< ([J,2+[J,2+%q)/2 < %24-%(17 Mg 2 q+%q

At the same time, the eigenfunction obeys the orthogonality conditions

T

p(ufMg),ufm))Q + 8’1p0(nTufMg),n Uiy )we =0, m=1,...,q¢+ -1

Passages to limit (3.2) and (3.3)), (3.7) provide the term
i € [0, pgy.,) (3.24)

of sequence and a nontrivial linear combination of eigenfunctions of limiting problems
, and , , , j=1,...,J, under keeping orthogonality conditions ([2.19
and (2.42). This contradicts the way of forming monotone sequence : eigenvalue (3.24
is redundant.

The proof of Theorem is complete.

3.6. Conclusion. Several important aspects of the scheme of asymptotics justification were
intentionally left out. The majorant in estimate (3.21)) reflects the worst error in asymptotic
formulas for eigenvalues A7, as m > 6 found in Situation 3° in Subsection 3.3. The construction
of correctors in ansitze and and reproducing of the calculations in this section
allow us to specify Theorem both directly in situations 1° and 2°, where the majorant
becomes equal to cie, and after specifying the asymptotics, namely,

N5, — b, — e | S e m=q,... g+ K -1, (3.25)

in situations 1° (as K = 1) and 2°, as well as
XS, — o, — Ve | <cle, m=gq,...,q+ K, (3.26)

in situation 3°. Here we adopt the notations from Subsection 3.3 and Theorem

As usual, the justification of asymptotic representations for the eigenfunctions is made by
means of Lemmas and more precisely, by the inequalities from lists and (3.18).
Since the correctors in ansatz can be found by means of linear combinations of eigen-
functions of the limiting problems, the estimates for the error terms in formulas for ug,, are
worse than in formulas (3.21)) or (3.25), (3.26]) for the eigenvalues X,. Moreover, in the case
of the multiple eigenvalue A the spectrum of the matrix M in algebraic systems or
can also be multiple and hence, there eigenvectors satisfying relations (2.20)), are not
determined uniquely and the same is true for the leading terms of ansatz (2.39). As a result,
the statements on the asymptotics for eigenfunctions become too cumbersome and this is why
we restrict ourselves by a particular case of a simple eigenvalue of limiting problems.

Theorem 3.2. In the situation described in Subsection 2.3 (1°), in particular, as « = —1,
for an eigenfunction of problem (1.2)—(1.4) associated with its eigenvalue X, in formula (3.25)
and normalized in accordance with identity (L.17) satisfies the estimate

[ Uy — s HH Q) < emve as €€ (0,6,

where ) is an eigenfunction of problem [2.3), (2.4) for its simple eigenvalue Ay = p2,, and
relation (2.19) holds, while €, > 0 and c,, are some numbers.
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4. VERSIONS, GENERALIZATIONS AND OPEN QUESTIONS

4.1. Smoothness of boundary and infinite asymptotic series. Of course, all arguing
and calculations remain true under the assumption that the pieces IV = 92 N V7 are smooth,
while the other part of the boundary of the domain €2 can be only Lipschitz. The flatness of
these pieces simplifies the asymptotic analysis, when one needs at least two terms in the bound-
ary layer (cf. Subsection 2.3 (1°),), however, the iteration procedures developed in monograph
[13] give an opportunity to extend this result to the case of non-zero curvatures. Moreover,
the corresponding procedures allows us to construct infinite asymptotic series in the frame-
work of the method of composite asymptotic expansions. However, such iteration processes,
which involve a complicated procedure of redistribution of the discrepancies between limiting
problems, are rather cumbersome and are rarely used in particular problems of mathematical
physics oriented to applications. On the other hand, in some issues it is sufficient to know
the information about the possibility of expanding the eigenvalues and eigenvectors into the
discussed series.

In fact, the points P!,..., P’ can be conical, however, we have to reformulate the restriction
dim £ = 6 for the linear span of the columns for such points. For instance, for a spindle
Q={zx:x3€(=1,1),H(x3) (21, 20) € O}, (4.1)

where H € C*[—-1,1], H(z) >0as z € (—1,1), H(£1) =0, F0,H(£1) > 0 and O is an ellipse
with non-equal axis, while substituting the Winkler-Steklov conditions at two end zones

wi={xed: txze (1—¢,1)},

the spectrum of problem (1.2)—(1.4) becomes discrete also in the case p = 0. At the same time,
asymptotic ansitze for eigenpairs of problem for body remain unknown. One more
question, which remained open, is on constructing the asymptotics under the condition that
the spherical surface in Examples 2° and 3° in Subsection 1.3 is replaced by a polygonal surface
and a polygon, respectively.

4.2. Weightless body. We fix a size € of domains ((1.1)) on the surface 9 and let the density
p of the body 2 tend to zero. If a symmetric positive (6 x 6)-matrix

/ d(x)"n(x)n(z) d(z) dx (4.2)

is non-degenerate, then the bilinear form
(u?, P, = E(uf, 9" Q) + po(n"u?, n ). (4.3)

can serve as a scalar product in the Sobolev space H'(Q2). Under the mentioned restriction for

matrix (4.2]) problem (1.2))—(1.4) turns out to be a regular perturbation of the limiting (p = 0)
problem, in which the system of equilibrium equations is

L(V )u*(x) =0, z€Q, (4.4)

with boundary conditions (1.3) and (1.4, while for the eigenvalues A” of the original problem
the asymptotic representations

Xk = A 4 pAs, 4+ O(p°)

hold, where {\},,cy is the spectrum of the limiting problem, while the correctors A/ can be
easily calculated.

For Examples 1°-3° provided in Subsection 1.3 and for many other situations matrix (4.2)
and bilinear form lose needed properties, while the spectrum of limiting problem ([4.4)),
(L.3), occupies the entire complex plane: for each A\** € C the elements of the nontrivial
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subspace R in linear space (1.18)) of rigid displacement completely satisfy the limiting problem
since n(x) 'r#(x) = 0 as z € w® for r# = da” € R¥. At the same time, the problem

E(ue#,@/)#; Q) = )\a#pg(nTus#,nTw#)wa, L= H;#(Q)?’,

restricted to the subspace HL(Q)* = H'(Q)® © R¥ takes a discrete spectrum g%, in which
a zero eigenvalue is of the multiplicity 6 — dim R*. The author does not know a mechanical
interpretation of such restriction.

It is easy to construct an asymptotics as p — +0 for an inhomogeneous system of equations

L(V.)u(z) = A0pu(z) = f(z), 7 €9,
subject to boundary conditions (1.3), (1.4), which involves a parameter A € C\ g%, namely,
u(z) = ptd(z)a® +u(x) + ...,

where the first term in the right hand side belongs to the subspace R*, while the column a*
is determined by the compatibility conditions of the problem for u.

The matrix (4.2)) is non-degenerate, for instance, under the condition dim £ = 6 imposed for
columns . At the same time, the passage to the limit ¢ — 40 in problem ED* is
possible also for p = 0: corresponding limiting problem (or (2.6), (2.7, (2-33) in the
differential form) is derived by means of the analysis presented in Subsection 2.2. We mention
a result obtained in Subsection 1.3: the expression

(B(u,u; Q) + [’ R°|%)"/

with the column u° given by the first formula in (1.24)) is a norm in the Sobolev space H'(£2)3.
Under the discussed restriction dim £ = 6 the simultaneous passage to the limit as ¢ — 40
and p — +0 can lead to a problem different from (2.34). For instance, let

pe=¢'py and p=epg, po>0. (4.5)
Ansat (2.26) for the eigenfunction completely remains and since & = —1 in definition (1.8)),
ansatz (2.25)) for the eigenvalue casts into the form

Npm = Hm + -

According to assumption (4.5)), in the right hand side f/ in problem (2.29)) for the corrector
u’(m) of smooth type an additional term appears:

Hence, previous calculations in Subsection 2.2 show that the matrix M (see formula (2.32)) in
limiting boundary conditions ([2.33)) becomes

M = Pﬂpol/ d(2)" d(z)dz + ) |eo|d(P?)Tn(P/)n(P?)T d(P7). (4.6)

Q J=1

Matrix (4.6) remains positive definite also once we omit the restriction dim £ = 6, that is,
Theorem is true for problem ([2.34)) with a new matrix M for arbitrary number and position
of the sets wi,...,w5 C 0f, on which the Winkler-Steklov conditions are imposed. As in

Subsection 2.2, for J > 1 limiting problems (2.6]), (2.7, (2.33]) are joined in a single spectral
problem. If J = 1, then the boundary condition on w; for the only problem in the half-space
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R2 becomes
N (Te )b (€,0) = impn (P (Pl 61,0~

-1
J29) NT—
—d) (E/d(;p)T d(z) dx+|w1‘d?1)d(1)) |w1|d(T1)n(PJ)Tw(1m)>, 5; € wl,
Q

where d(1y = n(P')" d(P") is a row of length six.

4.3. On modelling singularly perturbed problems. In mechanics and other applied
fields many models obtained by means of partial asymptotic analysis preserve a small parameter.
A very striking example is the shell theory (see monograph [22] and others), the equations in
which, in contrast to the equations in the plate theory (see, for instance, books 23], [3]), involve
the curvatures of the middle surface and a relative thickness of the shell, which is a natural small
parameter. In the case of small singular perturbations the technique of self-adjoint extensions
of differential operators (see [24]-[30], [15], [16] and others) turn out to be effective.

For the considered problem with Winkler—Steklov conditions on small parts of the boundary,
the technique of self-adjoint extensions gains a feature: the extension parameters, in addition
to the size, involve a sought eigenvalue. Let us demonstrate this feature for the exponent a = 0
in formula and employ the results of asymptotic analysis from Section 2.1.

From ansatz (2.2)) we extract the sum

()=o) + 2 () + 3 () @)

with coefficients (2.13)) neglecting fast decaying terms in the boundary layer @w’(¢7) (we do not
write the subscript m). We note that the vector function (4.7), being substituted into the
system of differential equation

L(V v (z) = Epu®(z), x€Q, (4.8)
with the parameter
[5 — )\0 + 52)\/7

from (2.1), satisfies it with an error, L?*(Q)-norm of which is equal to O(e?). For a vector
function u®, the boundary conditions

N(z,V )u*(x) =0, x€dQ\P, (4.9)

hold everywhere except for the points P',... P/ at which it has singularities O(r7!). A
noticeable smallness of the error allows us to adopt problem (4.8)), as a model for original
singularly perturbed problem and, as usually, (see primary source [24] and survey [26]), the
Winkler-Steklov conditions on small neighbourhoods of the points P',..., P’ is imitated by
the Dirac delta-functions with approrpiate coefficients, that is, in the framework of the theory
of distributions we have

N(z, VUl (z) = Fpye? Z ;10 (s))n(PYn(P))TWE(PY), € N (4.10)

Here the coefficient at the Dirac function 6(s’) with a singularity at the point P’ € 99 is found
by formula (2.13) with admissible replacements \° — ¢ and u"(P?) — u*(P7), namely,

67" = € poe?|mj|n(P))n(P7) s (PY), (4.11)
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where U° € H?(Q) is a regular part of the vector function
+Z X; (2)®7 (27) b5 (4.12)

The right hand side of identity (4.10] 1nv01ves unknowns ¢ and u®, that is, it should be
interpreted as a spectral boundary Condition. However, its rigorous formulation requires the
operator 2 introduced in Subsection 1.2.

The next statement is a simple corollary of Kondratiev theory [31] (cf. arguging in work
[27]).

Proposition 4.1. The adjoint operator &* for the operator S with domain (1.22)) preserves
the differential expression L(V,) but gains the domain

D(6*) = {u uMZ G (z)B7 |40 e H*(Q)?,

(4.13)
N(z, V)W (z) =0, z€0Q, B R’ j=1,..., J}.

Here GV is Green matriz with a singularity at the point P7.
Since
{eD(G*): B'=...87 =0} = H} (V) :={u e H*(Q)’: N(z,V,)u(z) =0, = € 9Q}
and the Fredholm mapping
H3(Q)P 2 u — L(V,)u€ L*(Q)?

possesses a six-dimensinal kernel and co-kernel (cf. compatibility conditions in problem
(2:29) and polynomial property (L.18)), the defect index of the considered operator & is equal
to 3J : 3J, and hence it admits a self-adjoint extension. As in papers [I5], [16], [29], [30] and
others, for modelling we need one of the extensions among the entire family of all possible ones.
In order to make a proper choice, we compare the expansion

)+ Z X, (@ <<I>J (z7)B7 + Z G*(P7)B* +u0(PJ)>
for an element of space and the chosen expansion
+Z X;(x) (99 (27)67° +15(PY)) .

Here the errors {{ and u° belong to the subspace
HZ(Q) = {ue H*(Q)?®: a(P")=---=uP’)=0}.
As a result we obtain the relations
J
B =0, WP+ GHPHBE =T (PY), j=1,....J,
k=1

which in view of formulas (4.11)) and (2.49) imply the relations

n(P))B7 = [ poe?|wj] (”(Pj>Tﬂ0(Pj) 2 ijn(Pk)%k)’ (4.14)
k=1 .

(1 —n(P(P)T) B =0, =1
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Theorem 4.1. For each F € Ry and small € > 0 the restriction &(I) of the operator G*
to the subspace

D(S(IF)) ={U° € ©(S) : relations (4.14)) are satisfied }
18 a self-adjoint operator.

Proof. For the elements i), i = 1,2, of space (4.13)) with ingredients 2B ;) and il(()i) a generalized
Green’s formula holds:

(L(Va) iy, ) — My, L(V => ( B,) Ul (P7) — (By)) 4oy (P )) , (4.15)

J=1

which is deduce by means of (2.21)). It is easy to see that owing to relations the right
hand side of identity (4.15) vanishes for the vector functions gy, iy € D(S(IF)). Tt remains
to note that for a small ¢ relations impose exactly 3J condltlons for the coefficients
BIU(P)eRE, j=1,...,J, and hence, S(IF) is a self-adjoint extension of the operator &
since its defect index is equal to 3J : 3J. O

Unfortunately, the domain of the self-adjoint extension &(IF) depends on the spectral pa-
rameter, that is, the spectral problem

S(IF)8F = L (4.16)

in fact deals with an operator pencil and this is an obstacle for a mechanical interpretation of
equation (4.16) and for creating numerical schemes for solving it.
We propose another model, which uses a Hilbert space of vector functions with a detached
asymptotics
D = H2(Q)* x R¥ x R**/ (4.17)
equipped with the norm
- 1/2
lu: D = ([ EAQ)I + [|la BR¥|1? + o5 B> )12)

which involves the remainder ¢ and the columns o = (a,...,a*/)7, b = (b“, oo, 65T of
the following representation for an element in space (4.17)):

() = () + 30 () (@ )7 + ),

We complete the system of differential equations

L(V)u'(z) = Fuf(x), =€, (4.18)
with boundary conditions
N(z,V )us(z) =0, z€dQ\P, (4.19)
and asymptotic conditions at the points P!,... P/
6% = I poe?|owj|n(P)n(P?)Ta¥ € R? (4.20)

coming from formulas (4.11)) and (4.12).
The operator of problem (4.18))—(4.20)) is realized as the mapping

D > uf = (Luf, Nuf, b%) — F(u5,0,e°Ta®) € R := L*(Q)* x {0]sa}® x R**7 x R¥*/ (4.21)

where
T = py diag {|@|n(PYn(PY),... |[@sn(P )n(P”)T} .
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Theorem 4.2. The spectrum of problem (4.18)—(4.20) is purely discrete. The terms of the

corresponding sequence of eigenvalues

0=(=-=E<E<E<...<, <= 400
and the terms of sequence (1.16) of eigenvalues of problem (1.2)—(1.4) satisfy the relation
N, —E | <cne® as g€ (0,e,)], (4.22)

where m > 7, while ¢, and e,, > 0 are some numbers.

Proof. In view of the compactness of the embedding ® C 2 (we do not take into consideration
the zero component, which is the third left one in (4.21))), the statement on the discreteness is
obvious. Relation (4.22) is implied by Theorem [2.3 and estimate (2.24) as o = 0. O

A mechanical interpretation of asymptotic conditions (4.20]) is simple: a body € is connected
by stiff springs to rigid profiles (see monograph [4] and cf. paper [20]). The question on creating
numerical schemes for solving problem ([1.2)—(1.4) remained completely open.
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