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INEQUALITIES FOR MEROMORPHIC FUNCTIONS
WITH PRESCRIBED POLES

M.Y. MIR, W.M. SHAH, S.L. WALI

Abstract. The extremal problems for functions of complex variables, as well as approaches
for obtaining classical inequalities on the base of various methods of the geometric function
theory, are known for various norms and for many classes of functions such as rational
functions with various constraints and for various domains in the complex plane. It is
important to mention that different types of Bernstein-type inequalities appeared in the
literature in more generalized forms in which the underlying polynomial was replaced by a
more general class of functions. One such generalization is the passage from polynomials to
rational functions. In this paper, we prove some inequalities for meromorphic functions with
prescribed poles and restricted zeros. These results not only generalize some Bernstein-type
inequalities for rational functions, but also improve and generalize some known polynomial
inequalities. These inequalities have their own importance in the approximation theory.
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1. INTRODUCTION
Let P,, denote the class of all complex polynomials P(z) := chzj of degree at most n.
5=0
Assume that D, represents the set of all points which lie inside T} := {z : |z| = k} and D} is
the set of the points which lie outside Tj. Concerning the estimate of |P'(z)] in terms of |P(z)|
for z € Ty, Bernstein [I] proved the following that if P € P,, then
/
< .
max | P'(2)] < nmax | P(2)|
The result is sharp and the equality holds for the polynomials of the form P(z) = az",a # 0.
This inequality can be sharpened under additional conditions on the zeros of P(z). In fact, if
P(z) # 0 in Dy, then

) n
< = .
max [ P(z)] < 5 max|P(z)], (1.1)
whereas if P(z) # 0 in Dy, then (1.1} can be replaced by
n
/
= — . .
max |P(z)] > 5 max|P(z)] (1.2)

Both these inequalities are sharp and equality in each case holds for the polynomials of the
form P(z) = az" + b, where |a| = [b].
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Inequality (1.1)) was conjectured by Erdds and latter it was verified by Lax [2], whereas
inequality (1.2)) is due to Turdn [3]. Both these inequalities were generalized by Malik [4] as
follows: if P(z) is a polynomial of degree n, which does not vanish in D, , where k& > 1, then

max |P/(2)] < g max | P(2) (L3)
and if does not vanish in D;, k < 1, then
n
= — . .
max |P'(z)] > - max|P(z)| (1.4)

These inequalities were refined and generalized by various authors (for the references see [5], [6],
[7]) for the operators besides the ordinary derivative and in some cases underlying polynomials
were replaced by a more general class of functions.

For a polynomial P(z) of degree at most n, the polar derivative with respect to a point a € C,
denoted by D, P(z), is defined as

D.P(z) :=nP(z) + (a — 2)P'(2).

Here D, P(z) is a polynomial of degree at most n — 1 and it generalizes the ordinary derivative
in the sense that D P
lim Dab(z) = P'(2).
o] =00 v — 2
Aziz [8] extended inequality (1.1)) to the polar derivative of a polynomial and proved that If
P(z) is a polynomial of degree n, which does not vanish in D, then for every real or complex
number « with |o| > 1 and for z € T3 U Dy
D,P | P

tmax | Do P(2)] < 5 (Ja="" |+ 1) max |P(2)]
In the same paper Aziz proved that if P(z) is a polynomial of degree n, which does not vanish
in D, ,k > 1, then for every real or complex number a with |a| > 1,

kE+ |«
max | Do P(2)] < ( - )rzrg}pf\P( )l (1.5)

Shah [9] extended inequality (1.2)) to the polar derivative and under the same assumption
observed for every a € C, with |a| > 1 that

12D, P(2)| = g(|a| —1)|P(2)], for z € Th.

These results were further extended and generalized in various ways by various authors (for
references see [10], [11] ).

R. P. Bose proposed to obtain Bernstein-type inequalities for the rational functions instead of
polynomials and accordingly over the past few decades, many inequalities for rational functions
were established and also used in rational approximation theory. In particular, during the last
few decades Bernstein-type inequalities for polynomials were extended to a class of rational
functions R,,, where

R, =TRulag,...,qp) = {iég P eP,,w(z)= H(z — ozj)}

Jj=1

with poles aq, g, . .., a, and with finite limit at infinity. We observe that the Blaschke product
B € R, where
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with

w(z) =

NII»—"

ﬁl—a]

and satisfying |B(z)| = 1 for z € Tj. Through out this paper we assume that all poles
ai, Qg ...,y lie in DY

Li, Mohapatra and Rodriguez [12] obtained Bernstein-type inequalities for rational functions
r € R, with prescribed poles ay, s, ..., a, replacing z" by B(z). In particular, they proved
that if all the zeros of r € R,, lie in 177 U Df, then for z € Ty

1
()] < 5B (2)r(2)]: (1.6)
The result is sharp and equality holds for the rational function
r(z) = aB(z) + b, |a| = |b] = 1.

In the same paper they proved that if all the zeros of a rational function r € R, lie in 77 U D7,
then for z € T}

1
()| = 1B ()llr(2)]-
The result is sharp and equality holds for the rational function
r(z) =aB(z) +b with |a| =|b] =1.

These results were further improved and generalized in various ways from time to time, see
[13], [I4], [5]. In this paper we prove some results which generalize the known inequalities for
rational functions and thereby deduce generalizations of the known estimates for the maximum
modulus of the polar derivative as well as the derivative of a polynomial on the disk.

2. MAIN RESULTS

We first prove the following comparison inequality, which gives a rational analogue of a result
due to Dewan et al. [15].

Theorem 2.1. Ifr € R, has all zeros in T}, U D, ,k < 1, then for every § with |B| < 1, and

for z € T1, we have
2r'(2) + g <|B'(z)| - 2m — n(1+ k>>r(z)

1+ k
2m —n(l1 +k
(- o 2t o

Here m < n denotes the number of zeros of r(z).

Remark 2.1. For k = 1 and m = n, Theorem reduces to a result due to Hans, et al.
[16, Thm. 1].

If in Theorem [2.1| we assume that r(z) has a pole of order n at z = «, || > 1, then we can
write

so that
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s =115 - (=)
n(l —az)""H(jof* — 1)

( z— Oé)n—&-l
Using these facts, we immediately get from Theorem for z € T}

—zD,P(z) (Qm —n(l+k) |[n(l—az)"(a?-1)

Also we have in this case

This gives

B'(z) =

P(z)
(z —a)

(z—a)tl = 2 1+k (z — o)t
O e
This gives
e S
S

Therefore from Theorem [2.1, we have the following corollary.

Corollary 2.1. If all zeros of a polynomial P(z) lie in T, UD, , then for every o with |a| > 1
and 8 with || < 1, we have for z € Ty

—2D, P(z) B (2m—n(1+k) |n(la)*-1)
‘ Z—a +§< 1+ k (z —a)? )P(z)

B\ |nlel* =1)|  B2m—n(l+k) Ol
> <1+§) (z — a)? 2 1+k |z —af 361%3]2—04”'

If in Corollary [2.1] we let |a| — oo, then we have the following statement.

Corollary 2.2. If all zeros of a polynomial P(z) lie in T;; U D, , then for 5 € C with |3] < 1,
we have for z € T}

mp

mp
T+k "k

2P'(2) + > — min | P(z)].

z€Ty,

P(z)

By taking m = n, k = 1 in Corollary , we get a result due to Dewan et al. [I5].
We next prove the following generalization of a result due to Li [13].

Theorem 2.2. Let r,s € R,, and assume that all zeros of s(z) lie in T, U D, k < 1. If
r(2)] < [s(2)], for z € Ty, (2.1)

then for every real or complex number  with |G| < 1 and for z € T}

2r'(2) + p <|B'(z)| + 2m —n(l+ k))r(z)

2 1+k

<

)+ (|B'<z>\ T k>> s<z>',
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where m < n are the zeros of s(z).

Remark 2.2. A result recently proved by Mir [14, Thm. 3] follows from Theorem once
we take m = n. Also for k =1 and m = n, Theorem reduces to a result due to Hans, et
al.[T6, Thm. 2].

If s(z) = B(2)|r||, where ||| := sup |r(z)|, then from Theorem we get the following
z€Ty
corollary.

Corollary 2.3. Let r € R, then for every real or complex § with |5 < 1

2r'(z) + g <|B’(z)| + 2m _17:_(;4_ k)>r(z)

(1 " g) Bl(z)] 4 22— n(L+ k)

sup |r(z)].
zeTr

2 1+k

We also prove the following theorem.

Theorem 2.3. Ifr € R, then for € C with |B] < 1,

() + 2 (|B'<z>| yamo iy “)r(z)'

2 1+ k&

2 (2) + g <|B’(z)] + 2m —n(l + k)>r*(z)‘

1+k
<<

B , B 2m —n(l+ k)
5} , 2m —n(1+ k)
+\§](|B<z>|+ o ))fggmz)u

for z € Ty, where r*(z) = B(z)r(%).

_|_

(2.2)

Remark 2.3. For k=1 and m = n, Theorem reduces to a result due to Hans, et al.[16]
Thm. 3].

We consider r € R,, having all its zeros in T U D,k < 1 and let m’ = inf |r(z)], then

z€Ty
m’ < |r(2)| for all z € Ty. By Rouche’s theorem for some complex ¢ with [§| < 1 all the zeros

of R(z) =r(z) — dm’ lie in T}, U D} and therefore all the zeros of

S(z) = B(Z)R(%) — r*(2) — m'B(2)

lie in T}, U D, . Therefore from Theorem we get

() + 2 <|B’(z)| L 2mon(+ k)) (r(2) — om’)

2 1+k

<

1+E

2(r*'(z) — 0B (2)m’) + g <\B’(z)\ + 2m —n(l+ k>> (r*(z) — 0B(2)m’)|.
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This in particular gives for z € T}

)+ <‘B,(z)| L 2m (1t k:))r(z) B gém(lB,(z)‘ L 2m (1t @)‘

1+k 1+k

<

2 (2) + g <|B’(z)| 2 Z”ﬁj k))r*(z) — 028 (2)m

_B
2

5B (=)’ <|B/(z)| L Amon(lf k)> |

1+k

Now dividing both sides by B(z) and using the fact that for z € T}

B

|B(2)] =1,

we get

B N

() + <|B’(z)| L 2monis “)w@ - (|B'<z>|(1 i ﬁ) pam ot “)m@ |

< =
2 1+k 2 2 1+k

Choosing suitably the argument of § in right hand side of above inequality and letting |§| — 1,
we get

2m —n(1+ k)
1+ k )M@|

2r'(z) + g <|B/(2)] +

<

~

|B| / 2m_n(1+k) /
_??QB@”+ 1tk ))m'

BN\, B2m —n(l+k)
_ 1+ 2 )18 ad
<(+2|(M+2 1+ k
Now combining ([2.2) and ({2.3)), we have the following corollary.
Corollary 2.4. Let r € R,, has all zeros in T, U D k < 1, then for B € C with |3] < 1, we
have for z € Ty

r(2) + 2 (|B'<z>| p2monly ’”)r(z)‘

1+ Ek
1
<=
2(

<1+§>Mﬂdk+§mn_ml+m
B

+

; <|B/<z>| i S “)) Il

|ﬁ| ! 2m_n<1+k) /
—7<\B(z)\+ T h >>m

By taking m = n,k =1 and § = 0, Corollary reduces to a result due to Aziz and Shah
[19, Thm. 3].
If we assume that r(z) has a pole of order n at z = a, |a] > 1, then

1+k
2 2 1+E
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so that
_ —D.P(z)

/
rE) = gy
Using the same procedure as in Corollary 2.1], we get from Corollary [2.4]for z € T} the following
statement.
Corollary 2.5. Let P € P, has all zeros in T;, UD; , k < 1, then for any a with || > 1 and
B with |5] < 1, we have
—2D,P(z)  B(2m—-n(l+k) |n(l—az)"(a?-1)
(z —a)rtl

(z—a)tl 2 1+ k

(-9

n(l —az)" (jof* = 1)
(z —a)rtl

B2m —n(l+k)
2 1+ k

Bl [n(l—az)"Ya*-1)| 2m—n(l+k) P(z)
i 2 < (z — )l * 1+ k ))ggrf (z —a)"
1 B\ [n(1—az)" Ya?—=1)| B2m —n(l+k)
7((”5) (=) PR
- @( n(l—a@z)""(jo? = 1)| , 2m —n(l+ k:))) | PG)
2 (z — a)rt! 1+ k €Ty | (z —a)"|

In Corollary , if we make |a| — oo and on simplification, we get the following corollary.

Corollary 2.6. Let P € P, has all zeros in T, UD;  k < 1, then for B € C with |5] < 1 and
for z € T the following inequality holds:
mp 1

ZP'(2) + mP(Z) < 5 ((n + %(mﬁ + n|ﬁ|)) max |P(2)|

= (1 + 5tma = nloD) ggiTrgP(zn).

By taking 8 = 0,m = n and k = 1, Corollary [2.6 reduces to a result due to Aziz and Dawood
[T7, Thm. 2] .
3. LEMMAS

For the proof of these results we need the following lemmas. The first lemma is due to Li,
Mohapatra and Rodgriguez [12].

Lemma 3.1. Let A and B # 0 be two complex numbers, then |A| = |B| if and only if
A # vB for any complex number v with |v| <1 .

The next lemma which we also require is due to Aziz and Shah [18].

Lemma 3.2. Suppose r € R, be such that all the zeros of r(z) lie in T, U D, , k < 1, then
for z € Ty,

() > %(\B%z)\ 4 ImonCs ’“>> @)l (3.)

where m s the number of zeros of r, with m < n.
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4. PROOFS OF THEOREMS
Proof of Theorem 2.1. If r(z) has any zero on T}, then ian |r(z)| = 0 and the statement be-
z€1y

comes trivial. Now we assume that r(z) has all zeros in D, . If m' = injf |r(2)|, then m' > 0
1S

k
and |r(z)] = m’ or z € Ty. Also |B(2)| < 1 for z € T} (see [0, p.40]), therefore |B(z)| < 1 for
z € Ty, k < 1. Hence, for each complex § with |§| < 1, by the Rouché theorem we see that

F(z) =r(z) — om'B(2)
has all zeros in D, . Applying Lemma to the rational function F' € R,,, we get

2F()] > §<|B’<z>| yImonas ’“)) )

Since F(z) = r(z) —dm/B(z) # 0 in T, U D}, therefore for each complex number 3 such 3| < 1
by Lemma [3.1| we get:

2m —n(l + k)
1+k

—or'(2) +§<|B’<z>\ 2 nl *’”)r(z)

T(z) :==z(r'(z) — 6m'B'(2)) + g <|B’(z)] + )(r(z) —om'B(z))

1+E

—5%B¢a+§m@(w¢m+Qm‘”“+@>}ﬁ¢o

1+ k

in T), U D;". In particular, for |§] < 1 we obtain

5} 2m —n(1+ k) 54 B2m —n(l+k)
/ ~ / > = / [
2+ (e + 2D ) s (14 D) e+ D22 ED
This completes the proof of Theorem O

Proof of Theorem 2.2. Since s(z) has all its zeros in T, U D, , k < 1 and |r(2)| < |s(2)| for
z € Ty, by Rouché theorem for |\| < 1 we see that A\r(z) + s(z) has the same number of zeros
in T, U D, as s(z). Hence, applying Lemma , for z € T} we get

2m —n(1 + k)

2 () + /()] > %(rmzn P >\<Ar<z> + ()]

Since (Ar(z) + s(z)) has no zero in T}, U D;", by using Lemma for every real or complex (
with |8 < 1 we get

AM%@+§@»+§QH&N+%nETE+M>QM@+s@»#O

This implies that

1+k

;- (zs'(Z) +5 (IB’(Z)I y2monlly ’”)s(z)) -

) (zr'<z> P2 1B)+ Y ’“>)r<z>>
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In particular, for eachA with |A\| < 1 and for z € T} we get

ar'(2) + g <|B’(z)| pamonllt k))r(z) < |es'(2) + g <|B’(z)| L _1”(1 i k>>s(z)|.

1+Fk h +k
This completes the proof of Theorem O
Proof of Theorem 2.3. Let M = sup |r(z)|, then |r(z)| < M for z € T;. Therefore, for |y| > 1,

z€Ty

the function

has no zero in D, . Hence, the function

G(z) = B)H(3) = r*(2) - TB()M

z
has all its zeros in T}, U D, . Applying Theorem to the rational function G(z) which has m

zeros and n poles, we get
SH(2) + g <\B’(2)| L mon(ds k)) H)| < |:¢'() + g <|B’(z)| L mon(s k>) G(z)|.

1+k 1+k
This gives
2m —n(l + k 2m —n(l+k

1+k

<|- 7(23’(2) +5 <|B'<z>|B<z> y2mon(ld ‘“>B<z>)M .

Now choosing suitably the argument of v, which is possible by Corollary 2.3] from inequality
(4.1) by using triangle inequality in the left hand side we find

2m —n(l1+k 2 —n(l+k
zr’(z)+§r(2)\B'(z)\+ i 1T—lk(k+ )g M‘ﬁ’ = 17jr<k+ )
< |2B'(2) + g (zB'(z) + 2m _11(2+ k>B(z)> ‘M

/ 2m —n(l+k
~hler () + 1B G () + S 20 >r*<z>'.
Letting |y| — 1, we get

2m —n(l + k

zr’(z)+§7’(2)|B’(2)]+ = 12_(1;_ )gr(z)
/ 2m —n(l+k
4|+ DB () 4 S 220 ’r*(z)'
om —n(l+k 2m —n(l+k

< (5 u 11(; )| + ]B’(z)|+§<|B’(z)|—|— n 11(/{* ))DM,
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for z € T7. This allows to conclude that, for z € T},

a'(z)+ (|B'<z>\ p2monllt ’”)r(z)

2 1+k
+ |zr (z)+2 |B(Z)|+2 Tk r*(z)
Bl ., 2m —n(1+ k) BN\ . B2m—n(l+k)
< | |=|l|B 1+=)|B — M.
('2 |1B(=)l + 1+k * +2 | <Z)’+2 1+k
This completes the proof of Theorem [2.3 O]
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