ISSN 2304-0122 Ufa Mathematical Journal. Vol. 16. No 1 (2023). P. 100{111]

d0i:10.13108 /2023-16-1-100

HOMOGENIZATION OF MOTION EQUATIONS
FOR MEDIUM CONSISTING OF ELASTIC MATERIAL
AND INCOMPESSIBLE KELVIN-VOIGT FLUID

A.S. SHAMAEV, V.V. SHUMILOVA

Abstract. We consider an initial-boundary problem describing the motion of a two-phase
medium with a periodic structure. The first phase of the medium is an isotropic elastic
material and the second phase is an incompressible viscoelastic Kelvin-Voigt fluid. This
problem consists of second and fourth order partial differential equations, conditions of
continuity of displacements and stresses at the phase boundaries, and homogeneous initial
and boundary conditions. Using the Laplace transform method, we derive a homogenized
problem, which is an initial boundary value problem for the system of fourth order partial
integro-differential equations with constant coefficients. The coefficients and convolution
kernels of the homogenized equations are found by using solutions of auxiliary periodic
problems on the unit cube. In the case of a layered medium, the solutions of the periodic
problems are written explicitly, and this allows us to find analytic expressions for the ho-
mogenized coefficients and convolution kernels. In particular, we establish that the type
and properties of the homogenized convolution kernels depend on the volume fraction of
the fluid layers inside the periodicity cell.

Keywords: homogenization, equations of motion, two-phase medium, elastic material,
Kelvin-Voigt fluid

Mathematics Subject Classification: 35B27

1. INTRODUCTION

The construction of rigorously justified homogenized models of micro-inhomogeneous media
is among the main directions of the homogenization theory for partial differential equations.
From the point of view of practical applications a large interest is attracted by homogenized
models of two-phase media possessing e-periodic structure and consisting of a solid material
and a fluid. The dynamics of such solid-fluid media is described by initial boundary value
problems for partial differential or integro-differential equations, the coefficients of which are e-
periodic functions of spatial variables. A straightforward numerical solving for media consisting
of many thousands or millions of periodicity cells causes serious troubles. On the other hand,
for some models of two-phase media one succeeds to derive corresponding homogenized models
constructed as ¢ — 0. As a rule, the homogenized models of periodic rigid-fluid media are
initial boundary value problems for equations with constant coefficients. It should be recalled
that according the main idea of the homogenization, the solutions of perturbed problems and
of the corresponding homogenized ones should be close from small ¢.

In works [I]-[9] homogenized motion models were constructed for periodic two-phase medium,
one phase of which consisted of an elastic or viscoelastic material, while the other phase did of
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a viscous Newtonian fluid. According to the results of these works, the homogenized equations
are integro-differential even in the case, when the equations for each phase are differential.

In the present work we consider the homogenization for an initial boundary value problem
describing the motion of a two-phase medium with an e-periodic structure. As the phases, we
choose an isotropic elastic material and an incompressible viscoelastic Kelvin-Voigt fluid. The
description and properties of the non-Newtonian fluids of such kind can be found, for instance,
in works [10], [II]. By means of the Laplace transform and the results of works [6]-[8] we write
out the homogenized problem, which is an initial boundary value problem for the system of
integro-differential equations with constant coefficients. The coefficients and the convolution
kernels of the homogenized equations can be found by means of a series of auxiliary periodic
problems on the unit cube. We show that in the case of layered medium the solutions of the
periodic problems can be written explicitly and it is possible to obtain in this way explicit
analytic expressions for the homogenized coefficients and the convolution kernels.

2. ORIGINAL MODEL OF TWO-PHASE MEDIUM

We consider a bounded domain Q C R? with a smooth boundary 99 filled by a two-phase
medium with a periodic microstructure. The period of this medium is the cube Y, = €Y', where
Y = (0,1)3 is the unit cube and the quantity e is much less than the linear sizes of the domain
Q2. We partition Y into two open disjoint subsets Y; and Y5 with a common smooth boundary
I'Y =Y, UY; UI'. We introduce the sets

E, =] (Mu@v,nay)+k), s=1.2

kez3

obtained by the Y-periodic continuation of the sets Y; on the entire space R?. We denote
Q.. = QNekE and in what follows we suppose that the set €2y, is filled by an isotropic elastic
material, while the set €25 is filled by an incompressible viscoelastic Kelvin—Voigt fluid.

The constitutive relations for the components of the stress tensor and small deformations in
the elastic phase 2. read as

O'Z-sj = aijkhekh(ua), (21)

where u®(x,t) is the vector of displacements, 0 and e(u®) are the stress tensor and tensor of
small deformations, respectively, a is a positive definite tensor of elasticity modules,

) 1 /0us Ous
ekh(ug) = eih(ug) = 5 (axz —+ a{f:) 5 aijkh = /\5ij5k:h + u(él 5jh + 6z‘h6jk)-

Here A and p are the Lamé parameters, 11 > 0, 3A+2p > 0, and d;; is the Kronecker delta. We
note that in and in what follows we suppose the summation over repeating indices and,
unless else is stated, the indices ¢, j, k, h range from 1 to 3.

The constitutive relations in the fluid phase €25, read as

ou® d*u°
05 = —0ip° + 2ney; (E) + 20e;; (W) ’ (2.2)

where p®(z,t) is the pressure, 1 is the viscousity coefficient of the fluid, and 7 = 6/7 is the
retardation time [I0].
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The initial boundary value problem describing the motion of the two phase medium in the
domain €2 is written as

0?us 0oy

Psop = (9_13]] + fiz,t) in Qe x(0,T), s=1,2,
. ouf ) _ )
div 5% 0 in Oy x (0,7), [w]lr, =0, [ofn]lr. =0, (2.3)
a €
WDl =0, w(r,0) = o (2,0) =0

where p, = const is the density of the medium in Qg f(z,t) € H?(0,T; L*(2)?) is the vector of
a volume force; [g]|r. is the jump of a function g at the surface I'. = 9Q1.NOQs; n = (N1, ng, n3)
is the unit normal vector to the surface I'. directed from the rigid phase into the fluid one.

The variational formulation of problem (2.3) is as follows: find u®(t) and p*(t) with values in
H}(2)? and L*(Qy.), respectively, satisfying the integral identity

2 82u€
Z Ps | "5z Y dx + / agjrnern(u”)eq;(v) do
s=1 Q Q

se le

a 3 82 5
+ 27] / €ij (a—li> 6@'(1)) dx + 26 / €ij <a—;é> Gz‘j(U) dx (24)
Q

2e 2e
—/pedivvdx:/f-vdm Vv € Hy ()3
925 Q
for almost each ¢ € (0,7"), the incompressibility condition of the fluid phase
ou®

div e 0 in Qo x (0,7 (2.5)
and homogeneous initial conditions
ou®
(0)=0 0)=0. 2.6
w(0)=0,  ZH0) (26)

The unique solvability of problem (2.4)—(2.6) for each fixed e > 0 can be established as in
works [1], [2], in which there was considered a case of two-phase medium consisting of an elastic
material and a viscous Newtonian fluid.

From integral identity (2.4) we can derive a series of apriori estimates uniform in e. First of
all letting v = Ju®/0t in (2.4]), we obtain

dz® ou®
<2 [ f 2 da, 9.
dt / fgr 4 (27
Q
where
2 c12 o\ |2
25(t) :Zps/ a@i dr + /az‘jkhekh<u€)elj(u€) dx—l—QH/ e<8§i) dx.
s=1 s€ 1le QQE
By (2.7) we have
dz* ous |? 1
< 2d dr < 2d ki2° kf=———
dt /’f| T + /‘ at x /|f‘ T+ 127, 1 min{pl,pQ}’
Q Q Q
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which by Gronwall inequality yield the estimates

ou’
\ < C|Iflh, 1e() o zszzen < Cl

Ot || L0722
ou’
e
ot
where C stand for various positive constants independent of . It also follows from these
estimates and the Korn inequality that

< C|flh, £l = 1 flz20.7522 %)

L>°(0,T;L?(Q2:)3)

[0 oo 0,13 )2 < ClI Sl
In the same way we show that

‘ aBUE

< Ol fllwz0,;02@))
% (0,T5L2(92)?)

ot3
Har U

CHfHH’“(O,T;LQ(Q)?)), r=1,2.
L(0,T;HE(2)3)

In particular, the obtained estimates imply that after a possible change on a set of zero Lebesgue
measure we get u® € C'([0,T]; H3(Q)3) N C?([0,T]; L*(22)?) |11].
[t remains to obtain an estimate for the pressure p*(z,t). In order to do this we consider the

problem
divg®=P° in Qx(0,7), ¢ (z,t)]sa =0, (2.8)

1 :
o [rEn i )
Qe

where

Pe(x,t) =
p°(x, 1) in Q. x (0,7).
It is easy to confirm that
[ Patyde =0, [P0z < Cloleormn)

Q
It is known [12] that there exists a solution to problem ({2.8) and it satisfies the estimate
6% 20,7513 (%) < CNPE | 22(0.1:22(92))-

In the integral identity we take v = ¢%, a solution of problem (2.8). Taking into consideration
the above estimates for u°, it is easy to obtain

1P°[ 20,7522 (020)) < C-
3. HOMOGENIZED MODEL OF TWO-PHASE MEDIUM

In order to write out a homogenized problem corresponding to (2.3) as ¢ — 0, we continue
f(z,t) by zero for t < 0 and t > T. Then we apply the Laplace transform in the time ¢ to
(2.4)—(2.6) and we denote the image of the function g(t) by g, or g()), where X is the parameter
of the Laplace transform. Following the arguing from works [6]-[8] used in derivations of the
homogenized models for two-phase medium, we can show that

hI%/ u§ (z) — up(z)]* dx = 0, hm/ Ip5(7) — pa(z,e )| dz = 0,
e—
Q

lim/ le(us\(2) — e(ua()) — wa(z, e '2)Pde =0, wa(z,y) = ey(va(z,y)),

e—0
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Ouy

8xh ’

where the pairs {Q5"(y) € H,.(Y)*/R?, P"(y) € L, (Y2)} are solutions of auxiliary problems
on the cell Y (“per” stands for the Y-periodicity), while uy(z) € H(£2)? is the solution of the
homogenized problem in Laplace transforms

ou
ur(,y) = ’ih(y)aTA:, pa(z,y) = P{"(y)

A

0oz )
oAUy = 8:57 + fr(z) in Q, uxlon = 0. (3.1)
j

Here po = |Y1|p1 + |Ya|p2 is the density and o* is the stress tensor of the homogenized medium
written in the Laplace images. For the considered two-phase medium the components of the
tensor o read as

O-i)\j = Dijkh()\)ekh(u,\) (32)
with

Dijen(N) = [Yilagen + [Ya] X1 4 OX) (OirOrn + 0indjn) + /aijlme?m( ) dy
p%1

+ [ (270 + n)el @41 - 6,PL") .

Yo

and the pairs {QY"(y), P¥"(y)} are solutions to Y-periodic problems

0
O (0@ pM) =0 Y. div, QF =5 i Vi

dy; \ Y
kh kh (0)(~Hkh pkh (3.3)
Q)\ dy = 0, [ )\HF:O’ [Uz’j( A’PA )Vj]|f‘:07
Y
where v; are the components of the unit normal vector to the surface I',
O (Qih plty — ijkn + Qijim €, (QY") in Y,
" ATA )\(T/ + 9/\)(26?]( l;:\h) + 5ik5jh + 5ih5jk) - 5ijP>lfh in ng

In order to return back to the original variables x and ¢, we make the inverse Laplace transform
in (3.2) and (3.3). It follows from (3.2) that the components of the homogenized tensor o are
of the form

0ij = Dijrn(t) * exn(u),
where D(t) is the tensor of relaxation kernels for the homogenized medium, while the symbol
x denotes the convolution in the variable ¢,
t
g1(t) x go(t) = /gl(t — 5)g2(s) ds.

0

It is easy to see that both the originals of solutions to problems (3.3)) and the components
of the tensor D(t) depend on the delta-function §(¢). Let us show that Q*(y,t) and P*(y,t)
can be represented as

Q" (y,t) =6() 2" (y) + W (y,1), yeY,
P (y,t) = 8" () A (y) + &' (t) B (y) + 0()C*" (y) + S (y,t), y € Ya,
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where W*(y, t) and S*(y, t) are independent of 6(¢). Indeed, it follows immediately from ({3.3))
that the pairs {Z*"(y), A*(y)} and {W*"(y, t), S*(y,t)} are Y-perioidc solutions to problems

)
a—y<a§j)(zkh,Akh))=o in Y, s=12  div, Z" =0, in Y
J
(3.4)
/ ZMdy =0, [Z™|r=0, o (2" A"l =0,
Y
and
(0 (3) kh okh kh
8—y(aij (Wt g )):0 in Y, div, W =0 in Y
J
kh kh awkh kh .
W (y,0) = D™ (y), pn (y,0) = N*""(y) in Y5, (3.5)
/ Whay =0,  [WHlr=0, [0 (W Sl =0,

Y
respectively, where

o (28, A = a4 agimel, (Z5),  y € Vi,
o (24, A™) = 20¢(Z) + 0(6udyn + 6ndy) — 3y A™, y € Y,
aijlme%m(wkh% y € )/17

3) kh okh
o (WM SH) = OWkh 2 kh
J 2ne, ( o > + 20¢, (W) — 6,58y e

At the same time, the pairs { D*"(y), B*(y)} and {N*"(y), C*"(y)} are Y-periodic solutions of
problems

9 (a(‘.*)(th, Bkh)) =0, div, D" =0 in Ya,

dy; \
(3.6)
/thdy —0, O_Z(;l)(th7Bkh)Vj‘F — 0,
Yo
and
9 (5)  ATkh kR . kh .
a—y(aij (N"*, C )>:O, divy N** =0 in Y5,
i)
(3.7)
/Nkhdy: : JZ(]?)(Nkh’Ckh)Vj’F :UZ(;)(Zkh’Akh)VHF’
Yo

respectively, where
o) (D", B = 2nel (ZF") + 20€l,(DF) + (8, + dindji) — 6, B™,
J,S’)(Nkh, C*) = 2nel, (D) + 20el,(N*") — 6;;C*".

By means of solutions to problems (3.4)—(3.7). the tensor of the relaxation kernels D(t) can
be written as

D(t) = o(t)o + &'(t)8 + 6" (t)y — g(b), (3:8)

where the components of the tensors «, 3, 7, g(t) are given by the formulas

Qijkh = ’Y1|aijkh—|—/a”lmelm Zk‘h dy+/ 2’[’/6 th +29€ (Nkh) _5z‘j0kh)dy,
Y1 Y2
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Bijkh = 77‘}/2|(5Zk'5jh + (Sih(Sjk) + /(2176 (Zkh) + 296 (Dk’h) — 6 Bk’h> dy,

Yo
Vijkh = 9’}6|<5zk53h + 6ih6jk) + /(206 (Zkh) — 51]Akh> dy,
Yo
6th aQI/Vk'h
Gijkn(t) = —/az‘jlmegjm(wkh) dy _/ (Qne?j ( ot ) + 26e; ( ot? ) _5ij8kh) w

It is easy to confirm that Z*'(y) = Z"(y) and similarly for D*(y), N*(y), Wkh(y,¢),
ARt (), B (y), C*(y) and S*(y,t). Moreover, the components of the tensors a, 3, 7, g(t)
obey classical symmetry conditions, that is,

Qijkh = Ojikh = Qlijnk = (pkij

and similarly for the tensors 3, v and g(t).
Making the inverse Laplace transform in (3.1)), we obtain the homogenized problem corre-

sponding to problem (2.3):
(92ui . 80’1]

Wgp = ge T HD) i Qx(0D) -
w(@, oo =0, u(z,0) = g?(x 0) = 0,

where, in view of representation 1} the components of the homogenized stress tensor o are
of the form

ou d%u
0ij = Qijknern(w) + Bijknern BN + Vijkh€kh 92 ) Gijin(t) * egn(uw).

Thus, the homogenized motion model of the original two-phase medium is written as an initial
boundary value problem for a system of integro-differential equations with constant coefficients.

The proof of the unique solvability of periodic problems (3.4)—(3.7) in the case, when the sets
Y, and E, are connected respectively in Y and R? is based on the arguing given in [3] in studying
solutions of periodic problems of such kind. Moreover, under the mentioned connectedness
conditions the tensors o and D(\) as A > 0 are positive definite. In its turn, the positive
definiteness of the latter tensor is a sufficient condition for the unique solvability of homogenized
problem [3], [14]. At the same time, as it will be shown in the next section on the example
of a layered medium, the connectedness condition for the sets Y5 and FE5 is not necessary for
the unique solvability of homogenized problem ({3.9)).

The results obtained in the present section can be formulated as the following theorem.

Theorem 3.1. Let u®(x,t) be a solution of problem (2.3)). Then for all t € [0,T]

hm/ [us(z,t) — u(z,t)|* do = 0, lin%/ |p*(x,t) — p(z, e o, )P dr = 0,
e—

lim [ |e(u(z,t)) — e(u(z,t)) — w(z,e o, t)[*dr = 0,

e—0
Q
where u(x,t) is the solution of the homogenized problem (3.9),
8 8uk
t) = t AL Whh —
w($7y7 ) €y(U(l’7y, ))7 U(xayv ) ( )al‘h + ( ) 8$h7
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oW
WH(y,0) = D"(y), =5 —(.0)=N"(y) in Y,
Pu 0%u ou ou
__ Akh k kh k kh(, Y% kh Yk
p(z,y,t) =A (y>8xh8t2 + B (y)axhat +C (y)ﬁxh + 5" (y, t) * 90,

while the pairs {Z*" (y), A" (y)}, {W* (y, 1), S™(y, 1)}, {D*"(y), B™(y)} and {N*"(y),C*(y)}
are Y -periodic solutions to problems (3.4)—(3.7).

4. (CASE OF LAYERED MEDIUM

In the case, when the medium consists of alternating elastic and fluid layers, we can obtain
explicit formulas for the components of the tensors «, [, 7 and ¢(¢). In order to do this, we
adopt that the layers are parallel to the plane Oxsx3, and the sets Y; and Y5 are given by

M M
1/1 = U (q2m7QQm+1) X <O7 1)27 Yé = U (QQm—1;CI2m) X (07 1)27 M = 17
m=0 m=1

where 0 = ¢ < 1 < @2 < ... < @am < Qa1 = 1. We note that under such assumption the
period Y, consists M fluid layers and M + 1 elastic layers, while in the boundary conditions
of the periodic problems we have v; = 1, vy = v3 = 0. Moreover, if by ¢ we denote the total
volume fraction of the fluid inside the period Y., then

M
eYa| |3
9= 757 = T~ = <q2m_q2m71)7 O<q<1
Y- Y] mZ::l

We write out solutions for periodic problems (3.4)—(3.7) as k < h. It is easy to confirm that
ask=2and h=3

Z%(y) = D®(y) = N®(y) = W¥(y,t) = (0,0,0),
AP(y) = B¥(y) = C%(y) = $¥(y,t) = 0.

In order to write out the solutions to other periodic problems, we introduce a piecewise-linear
function

_y1+02ma Y1 € (q2m—17q2m)7 m = 17--'7M7
z = q
(yl) 1 glq +C2m+17 Y1 € (q2m7q2m+1>7 m = 07"'7]\/[7
where the constants C,, and (5,1 are given by the expressions
1 2M
Ci=gr—a¢— D _(D"a, |,
2(1-q) ( 7;1
1 2M 2M
Cp==———|—-q— —1)Fg2 42 —1)* =2,...,.M
k=1 k=m
1 2M
Comy1=—5+—=|a+ —1)mq72n .
T 2(l-g) mzl(

As it is known [I5], the function z(y;) satisfies the following conditions:

1
(4+0) = 2(1 - 0), /z(yl)dyl —0,  [dlyee, =0, m=1,...,2M.
0
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We continue the function z(y;) periodically with the period 1 to the entire real line and keep
the same notation for the continuation. It is easy to confirm that the solutions of stationary
periodic problems are written as

Zii(y) = (Z(y1)>070)’ le(y) = (0’2(91)70)7 Zlg(y) = (07072(91))7
A(y) =B(y) =0,  AV(y)=-20,  B(y)= -2,
D"(y) = DY(y) = N(y) = (0,0,0),  N"2(y) = (0,¢12(31),0),

A+2 - A+2
N3y) = (0.0,c2(p).  CM)=-TFr, Oy = -
—q l—gq
. 14 , .
CY(y) =0 =— =1,2,3, j=2,3.
(y) ) C1 9(1_q)7 ? ) 4y Iy J )
The solutions of evolution periodic problems read as
W' (y,t) = (0,0,0), W (y,t) = (0, 2(y1)w(t),0),
Wy, 1) = (0,0, 2(y)w(t)),  S"(y,t)=5"(y.t) =0, i=1,23, j=23,

where w(t) is the solution to the differential equation

0(1 — Q)2 +n(1 - q)d—w + pqu(t) =0

dt? dt
satisfying the initial conditions
dw
UJ(O) = O, %(O) = C1.

[t is easy to confirm that w(t) = cywy(t), where

wol(t) = texp (—277—915>

_n—\/ﬁt B _77+\/5t
exp 20 exp 20

wo(t) = —0— exp (_ﬁt) sin (@>

if n*(1 — q) = 4qpu0,

Wo (t) =

sl=

if n*(1 —q) > 4qud, and

vV—-D 20 20
if n*(1 — q) < 4qud. Here by D we denote the discriminant of the square equation
o2 )+ 2, (4.1)
lL—gq
that is,
D=n%— M
1—q

Once we know explicit solutions of all periodic problems, we can proceed to calculating of
the components of the tensors «, 3, 7 and ¢(t). But before we should have in mind that
Djkn(t) = 0 as soon as 0;;0kn + dirdjn + 6indj = 0. Moreover, the homogenized medium is
transversally isotropic, that is, the relations

Dagoo(t) = Dssss(t), D1122(t) = D1iss(t),
Di212(t) = Di31s(t), Dogas(t) — Daass(t) = 2Dag03(t)
hold true.
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Now we substitute the solutions of problems (3.4)—(3.7) into the formulas for the components
of the tensors «, (3, v and ¢(t) given in the previous section. After simple transformations we
arrive at the following result.

Theorem 4.1. For a layered medium of the above described type the homogenized tensors
a, B, v and g(t) have the following non-zero components:

N :)\—l—Q,u "":)\+2u(1—2q+2q2) a””:)\—i—2,uq2
1111 1— q 3 211 1— q ) 1177 1 q )
B A+ 2uq B B B B
Q114 = Q11 = 7, Q1415 = 1431 = QG141 = QG114 = T,
l—¢q 1—gq

ijij = 0z = p(1—q),  Bui =4nq,  Bijj = 21q,
Bijij = Bijji = 04, Vi = 404q, Yiijj = 204, Yiji; = Vijji = 04,

9151i(t) = 9131 (t) = g (t) = gnui(t) = %7

It is easy to confirm that o and D(A\) = a + A8 + A*y — g()\) as A > 0 are positive definite
tensors, while 3, v and g(t) are degenerate tensors.

To compare, we briefly describe the homogenized tensors for a layered medium consisting of
an isotropic elastic material and an incompressible Newtonian fluid, for which we should let
¢ = 0 in constitutive relations (2.2). As it was shown in [16], for such medium the components
of the tensors v and (3 are calculated exactly by the same formulas as above, while the tensor
~v is zero. Concerning the tensor g(t), all its components are zero except for

i=23 j=5—i.

2quwq (t
G1i1i(t) = 91501 (t) = gnin () = gani(t) = 7/;(1q—_1(<1>)2, = 2,3,
where we have denoted
Hngq
wi(t) = exp (——t) :
1) n(1—q)

We see that the comparing of the properties of the tensors g(t) for two layered medium is
reduced to comparing the properties of the functions wy(t) and ws(t). We first of all observe
a common property of these functions, which is wg(t) — 0 and w;(t) — 0 as t — +00. While
in other aspects, these functions differ essentially. Namely, w;(t) is a positive function strictly
decreasing as t > 0, while the behavior of the function wy(t) depends on the fraction of the
fluid ¢ within the period. If ¢ < n?/(n* + 4u0), then wy(t) is a positive function, which first
strictly increases achieving the maximum at

0 n++vD
t= In

VD n—+D’
and then it strictly decreases. If ¢ = n%/(n? +4uf), then the function wy(t) is also positive and
first it strictly increases achieving the maximum at ¢t = 20/7, and then it strictly decreases. If
q > n?/(n* + 4ub), then wo(t) > 0 as

L e (497rk 207 N 407k

v=-D' =D +-D

and wy(t) < 0 for other values ¢ > 0. Moreover, the function wy(t) strictly decreases on the
intervals

),k:QLZ”.

20 gm+
—_— s arccos
NE»
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and strictly increases on other intervals in the semi-axis ¢ > 0. Thus, it possesses infinitely
many maximum and minimum points, and the absolute values of its maximal and minimal
values decay exponentially as t — 4o0.

In conclusion we mention that we have first found the presence of the maxima for the con-
volution kernels for the integro-differential equations appearing in homogenization of layered
two-phase medium with a periodic structure. Earlier we showed that if the first phase is an
elastic material or a viscoelastic Kelvin—Voigt material, while the second phase is a viscoelastic
Kelvin—Voigt material or a viscous Newtonian fluid, then the convolution kernels of the homog-
enized equations are decaying exponents [I6]-[19]. Thus, for all these media the convolution
kernels are positive functions strictly decaying as ¢ > 0. In contrast to them, for the media
consisting of an elastic material and a Kelvin—Voight fluid, the numbers of monotonicity in-
tervals and of the maximum points of the convolution kernels depend on the fraction of the
fluid ¢ within the periodicity cell. Namely, we can find a number M, such that as 0 < ¢ < M,
the convolution kernels possess two monotonicity intervals and one maximum point, while as
My < q < 1 they have infinitely many alternating intervals of increasing and decreasing as well
as infinitely many maximum and minimum points.
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