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DIRECT AND INVERSE THEOREMS OF
APPROXIMATION THEORY IN LEBESGUE SPACES
WITH MUCKENHOUPT WEIGHTS

O.L. VINOGRADOV

Abstract. In this work we establish direct and inverse theorems of approximation theory
in Lebesgue spaces Ly, with Muckenhoupt weights w on the axis and on a period. The
classical definition of the modulus of continuity can be meaningless in weighted spaces.
Therefore, as the modules of continuity, including non-integer order, we use the norms of
powers of deviation of Steklov means. The properties of these quantities are derived, some of
which are similar to the properties of usual modules of continuity. In addition to the direct
and inverse theorems, we obtain equivalence relations between the modules of continuity
and the K- and R-functionals.

The proofs are based on estimates for the norms of convolution operators and they do not
employ a maximal function. This allows us to establish the results for all p € [1,+00) not
excluding the case p = 1. Previously used methods that employed the maximal function
in one form or another are unsuitable for p — 1. In addition, by the convolution-based
approach we can obtain results simultaneously in the periodic and non-periodic case. With
rare exceptions, constants are not specified explicitly, but their dependence on parameters is
always tracked. All constants in the estimates depend on [w], (Muckenhoupt characteristics
of weight w), and there is no other dependence on w and p. The norms of convolution
operators are estimated explicitly in terms of [w],. The methods of this work can be
applied to prove direct and inverse theorems in more general functional spaces.

Keywords: best approximations, modules of continuity, Muckenhoupt weights, convolu-
tion.

Mathematics Subject Classification: 41A17, 42A10

1. INTRODUCTION

1.1. Survey of results. A lot of works were devoted to extending the classical theorems
of approximation theory [1] from L, spaces to more general function spaces. We mention a
few of them [2|- 7], which are directly related to the topic of this article, i.e., the Lebesgue
spaces L,,, with Muckenhoupt weights w. In a number of works, these questions were studied
in more general weighted spaces, including L, ,, as a special case (Orlicz and Lorentz spaces,
Lebesgue spaces with a variable exponent), see, for instance, [8], [9] and the references in 7], [9)].

In the mentioned works there were considered spaces of periodic functions (except for [3]) and
the case p > 1. The constants in the estimates depended on [w],, which is the Muckenhoupt
characteristic of the weight w € A,, and on p. Due to the dependence of the constants on p, the
results in this form can not be extended to the case p = 1 even if w € A;. Thus, the theorems
in the classical, i.e., in the weightless case are not consequences of these estimates.
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This situation is not due to the essence of the matter, but because of the methods of proof,
such as the use of the maximal function, the boundedness of the Hilbert transform, approxi-
mations using Fourier sums and other methods that are unsuitable for p — 1. Instead of this
we show that the direct and inverse theorems can be obtained as consequences of bounds for
the norms of convolution operators with symmetrically decreasing kernels.

An approach to estimating convolutions without using a maximal function was employed in
original works of Rosenblum [10] and Muckenhoupt [11]. Then it was developed in a series
of papers by Nakhman and Osilenker [12]- [15] in connection with linear summation methods
for Fourier series of periodic functions. The results in [12]- [15] are true for all p € [1,+00),
but the constants in the estimates (at least in the formulations) also depend on p. Cases of
different exponents, two-weight, multidimensional and vector-valued generalizations, studied in
these sources, are not considered in this work.

With rare exceptions, we do not specify constants explicitly, but we always control their
dependence on parameters. All constants in the estimates depend on [w],, and there is no
other dependence on w and p. Moreover, we use a unified approach and obtain results both for
the periodic and non-periodic cases.

1.2. Notation. In what follows C, R, R, Z, IN are the sets of complex, real, nonnegative
real, integer and natural numbers, respectively; T = [—m, 7]. If otherwise is not implied by
the context, the spaces of functions can be both real and complex. At a point of removable
discontinuity a function is defined by continuity, otherwise we let g = 0. Equivalent functions
are identified. The symbol C(a,f3,...) denotes quantities depending only on the specified
parameters and which do not necessarily coincide even within the same formula. A non-negative
measurable almost everywhere finite and almost everywhere positive function is called a weight.
If p e [l,+00), w is a weight, then L, (R) is the space of functions summable on R with pth
degree and weight w; this space is equipped with norm

1/p
1 e = / fPw|
R

In the same way we define the space of 2m-periodic functions L, ,,(T). The norm in this space
is introduced in the same way and the weight w is supposed to be 27-periodic. The symbol
L, stands for L,,(R) or L,,(T). The notation L, 4, has a similar meaning. We omit the
unit weight in the notation and write simply L,, || f|,, etc.

Next, E, and E,_q are the sets of entire functions of exponential type at most ¢ and less
than o respectively,

As(F)pun = 106 15 = gl

is the best approximation of the function f € L,,, by functions from E, in the space L, ,; the
value A,_o(f)pw is determined similarly. In the periodic case, A, (f) coincides with E|,|(f)
(|o] is the integer part of a number o), which is the best approximation of f by trigonometric
polynomials of degree at most o.

The function F': R — [0, +00] is said to decrease symmetrically if it is even and decreases
on R,. If K: R — C, then K* denotes a bell-shaped majorant of the function K, that is, a
symmetrically decreasing function such that | K| < K*. By R we denote the set of symmetrically
decreasing functions summable on R, and the symbol R* stands for the set of functions with a
summable bell-shaped majorant.
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Let xg be the characteristic function of a set F,
h/2

Suf@ =5 [ fa-td  Sicf@)=Suf@ 1)
—h/2
be the two-sided and shifted first order Steklov function for a function f with a step A > 0;
then Sh%f is the one-sided Steklov function. As usually, if U is an operator, then U™ is its
mth power, U° = I is the identity operator.
The convolution and the Fourier transform are normalized by the identities

frgla)= [ fle—=t)gt)dt,  Ffly)= [ f(t)e ™" di.
/ /

Under such normalization F(f xg) = Ff - Fg.

2. CONVOLUTIONS IN WEIGHTED SPACES

2.1. Estimates for convolutions in terms of Muckenhoupt characteristics. For a
given weight w on R we denote

( p—l
1
sgp <ﬁfw> (ﬁfw p—1> ., pe€(l,+00),
Q Q

—1
1 infwl(t =1
sp <|ng> (eszségl w( )) } p=1

where the suprema are taken over all possible segments in R and |Q| is the length of a segment Q.
If [w], < 400, then the weight w is said to satisfy the Muckenhoupt condition A, or to belong to
the Muckenhoupt class A,. The properties of Muckenhoupt weights can be found in [16], [17].
According to the Holder inequality, the function p — [w], decreases, whence classes A, expand
as p increases.

Most of the applications of Muckenhoupt weights are related to maximal functions and
singular integral operators, however these questions play no role in this work. The only property
of Muckenhoupt weights that is important for us is the estimate

1 Kllpw < BIK[lfllpw,  K€R,  fE Lpw, (2.1)

[w], =

\

where a constant B depend only on [w],.

The following characteristic property of the Muckenhoupt weights is well-known |[17,
Sect. 5.2.1]. Let p be a Borel measure on R, p € [1,+00), K € R, K.(t) = 1K (%). If for
all f € L, q, the inequality

1f * Kellpan < BIKI1l[ fllp.an (2.2)

holds with a constant B independent on ¢, then du(x) = w(z)dz, where w € A,. And vice
versa, if w € A, and du(x) = w(z) dx, then inequality holds with a constant B independent
of K and e.
We denote I * K|
* K|
) ek T T

Then B,[w] is the smallest independent on K constant B in inequality (2.1). This definition
immediately implies the inequality

1+ Kllpw < Bplw][ K1l fllpw,  K€R,  f € Lpu. (2:3)
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Many classical kernels, such as Steklov, Fejér, Rogosinski, Vallée Poussin, Poisson and other
kernels, belong to R*.
In the weightless case w = 1 there is a well-known estimate

1f* Kllp < [|K[Lllfllp, K€ Li(R),  fe Ly,

which coincides with for K € R. However if K € R* \ R, then ||K*||; can be essentially
greater than || K|;.

Let us give an example. Let TeR,h>0 K= %X(_T_h/g,_ﬂrh/m be a shifted first order
Steklov kernel. Then K* = X(=|7|=h/2,|7|+h/2)- Hence7

2|7]

K, =1
I =1+ =,

which is large if the shift |7] is large in comparison with the step h. In particular, for the one-
sided Steklov kernel (7 = h/2) the passage to the bell-shaped majorant increases the L;-norm
twice.

We note that for a fixed 7 # 0 the family of operators {5, ; } n~0 is not bounded in spaces Ly, ,,
that are not closed under shifts. Indeed, let us take a function f € L, , such that f > 0 and
f(-+7) ¢ Lyy. Then S,.f — f(-+ 7) for h — 0+ almost everywhere and by the Fatou
theorem

lim [ (Sp.f(2)) w(z)dz > /fp(T + z)w(x) dz = +o0.

h—0+

Hence, the entire family of operators {Sy, ; } rer.n>0 is not bounded.
In the following lemma we estimate the constants B,[w] by the Muckenhoupt characteristics.

Lemma 2.1. Let p € [1,+0), ]l?—l— % =1, we A, Then
By[w] < 2% 5 e [uw]L. (2.4)

If, in addition, w € Ay, then Byjw] < Bi"lw] and

t
Bj[w] = sup esssup Snu(t)

h>0  teR w(t) g[w]l. (2.5)

Proof. 1. We first prove the lemma for the spaces L, ,,(R). We denote
Q. =[r—1/2,2+1/2], Q = Qo.

Without loss of generality we can suppose that f > 0. It is sufficient to show estimate

for the kernel K = xq. Indeed, since the value [w], remains the same under scaling, the

proven is true for Steklov kernels K = %X[_h/gvh/g], and then for linear combinations of Steklov

kernels with positive coefficients. In the general case, we approximate the kernel K € R by an

increasing sequence of such linear combinations and pass to the limit by the Levy theorem.
1.1. For each weight \ by the Holder inequality we have

p/q
(f * x0)” (d/ /fpw)\ /w—Q/p)\—q/p )
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Integrating in x and switching the integration order, we find

p/q
[ xarae dw<:/“(gbﬂ st | | fwromaor) i) ds
R . (2.6)
— [ Pepw@ro1
R
where

p/q

/wq/p)\q/p w(x) dx.

1.2. Let p € [2,400). We let A\ = 1 By the definition of the quantity [w], we have

-1

(@/w afp w(x) dr < [w]p/ /w w(x) dx.

Qt x
We denote by @Q; the left and by Q; the right half of the segment Q,. If € QF, then Q, D QF.
This is why

-1 -1

(@/ </ /w w(:p)dx+/ /w w(z)dr = 2,

Qr \er Qf \ef
and hence I(t) < 2[w],. Substituting this estimate into (2.6]), we get the desired fact.

p/q
1.3. Let p € (1,2] and A(t) = (f wq/p> . As above, partitioning the segment (), into

t
two halves, we find

-1

/wq/pAQ/P = /wQ/p(u) /w‘m’ du < 2.

Therefore,

AOI(t) < 2P/9N(t) /w(x) dz < 2P/ w),,.
Q1
It remains to substitute this estimate into ({2.6)).
1.4. Let w € A;. We are going to prove inequality (2.5). We denote its middle part by C[w].
For all h > 0 we have

x+h/2
n&mw:/‘t/f {) dt (e
z—h/2
, t+h/2
=[fO| = w(z)de | dt < Clw] [ f(t)w(t)dt
/ / /

This implies the inequality B;[w] < C[w] and its sharpness. The estimate Clw] < [w]; is
obvious.
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The estimate B,[w] < Bll/ Plw] follows from the Holder inequality
(f = K U )

or from the interpolation Riesz-Thorin theorem.

2. In order to prove the lemma in the periodic case, we need to make just some minor changes.
Let the function f and the weight w be 2¢-periodic. We recall that we still have K € L;(R)
and the convolution is defined as an integral over the entire axis. Then in formula the
external integrals are taken over [—/, /] and the identity

j [ steyava - / [steyva

—£ Qz —£ Qt

is used; this identity is true if a function g is 2/-periodic with respect to both variables. In this
way we obtain estimate (2.4) for the kernel K = x¢. By scaling we see that if inequality (2.4)
is true for the kernel K and the functions f and w with the period 2/, then it is true for the

kernel K, = +K(;) and the functions f(h-) and wyy, = hw(h-) of the period 2¢/h. Since
[wi/p]p = [w], and ¢ is arbitrary, we obtain (2.4) for all Steklov kernels. The proof can be
completed in the same way. O]

Sharp constants in the weight inequalities are unknown. In [10], for the first time, a
criterion was obtained for the boundedness of some convolution operators in the spaces L, ,,(T),
including those with Steklov, Poisson and Fejér kernels. Muckenhoupt [11] showed that this
criterion is equivalent to Condition A,. In [11] inequality was obtained for the Steklov
means in L, ,(R) with the constant 3 .3Y?[w],/?, and in L, ,,(T) with the constant 3-6%/7[w],’”.

Then inequality (2.1)) for Poisson integrals was derived from it without specifying a constant.
Inequality (2.1) in L, (T) for kernels of class R* was obtained in [14] and [15] with a two-

sided estimate By[w] < C(p) [w],l/ . The observation that inequality (2.1)) for the Steklov means

implies an inequality with the same constant for all kernels K € R is implicitly present in [17].

1+l[ ]1/19
Plw P

Analysis of Stein’s reasoning leads to the upper bound B,[w] < 2 . The same book

contains also the lower bound B,[w] > %[w};/p. From the proof in [15, Thm. 1| the same
lower bound follows. In [18, Lm. 2.18] inequality (2.1) was proved for the Steklov means

in L,,(R) with a constant of the form C(p) [w]y/? and it was noted that the exponent 1/p,
generally speaking, cannot be reduced. We also mention an obvious lower bound B,[w] > 1.
In [14], [15], [17], [18§] there are also multidimensional and two-weight generalizations, which we
do not discuss here.

Corollary 2.1. Letp € [1,400), w € A,, K € R*, f € L,,, 0 >0. Then

Ao(f * K)pw < Bp[w] Kfl,relil (K — Ko)*[[1As(f)pw < Bp[w]HK*HlAa(f)p,w'

o

In this inequality A, and E, can be replaced by As_oq and E,_g.

Proof. The right inequality is trivial and we are going to prove only the left one. For all
functions f, € E,NL,, and K, € E, N R* we have

Ao (f # K)pw = Ao ((f = fo) * (K — K,))

It remains to use estimate (2.3)) and pass to the infimum over f, and K, on the right hand
side. The inequality for A,_o can be proved in the same way. The proof is complete. O

pyw’



48 O.L. VINOGRADOV

2.2. Estimates for bell-shaped majorant. In applications the kernel K is usually given in
terms of the Fourier transform and can depend on the parameters. In order to apply Lemma|2.1
we need to know whether the kernel K possesses a summable bell-shaped majorant and we need
to be able to estimate its L;-norm. Some estimates are collected in the following lemma.

Lemma 2.2. Let

K(t) =207 () = [ oly)e™ dy
R

1. f ¢ € La(R), then |K(t)] < [l¢]lr-

2. Assume that s — 1 € N, there exists an absolutely continuous derivative *=2 and the
functions ¢,..., 0"V tend to zero at infinity. If the variation of ¢~V (we denote it by
|dp 5=V, ) is finite, then |K ()| < |t|~*||de*~ V|1 In particular, if =Y is absolutely contin-
uous and ) € Li(R), then |K(t)| < [t|7%]l¢||.

3. Let

p(y) = cliy)™* + ¢1(y) (2.7)

or

p(y) = clyl™ + e (y), (2.8)
where c € C, a € (0,1), p1 € Li1(R). Then respectively

7] ~1
K| < =————|t|*
K] < prpg sz 17+ Il
or
(K ()] < 27T|C|!1ﬁ|“’1 + [l l

Proof. The first statement is obvious, the second can be obtained by integrating by parts. The
third statement is implied by the identities

—a z'tyd — m t a—1
ZW|6 V= ez

27 4a—1
/(iy)ae’ity dy — {mt ) t> OJ

0, t <O0.
R

O
It follows from Lemma that all functions f from the classes L, ,, are locally summable

e 1)
t
/ (1—|—t2) dt < +o0.

R
This is why we can speak about their Fourier transforms in the space of tempered distribu-
tions S'.

Let o > 0, 8 € R. The Weyl-Nagy derivative of order («,6) of a function f € L, ,, is defined
in terms of the Fourier images by the identity

FfeO(y) = 5y Ff(y). (2.9)

It is easy to check that as a € N, we have f(®® = f@) flaal) — ]7(0‘), where f is a
trigonometrically conjugate with f function, see Section 4. For a non-integer o > 0 the first
identity is used as the definition of the derivative of order «.



DIRECT AND INVERSE THEOREMS OF APPROXIMATION THEORY ... 49

Let us show that identity (2.9) makes sense in the space §’. In the weightless case this was

done in [19]. We write
O -
O . 617 s1gny|y|a
ei3 signy|, o 14+ 2\B . B L
y|* =1 +y7) 152

7',977 sign a

For sufficiently large [ the factor % is the Fourier transform of the function from R*.

This can be easily confirmed by integrating by parts and Lemma This is why it defines a

convolution operator from L, ,, into L,,. A multiplication for an infinitely smooth tempered

function (1+%2)? is a continuous operation in &’. This is why identity (2.9) determines a linear

continuous operator from L, ,, into S’

By the symbols Wp(,ofl}a) we denote the Weyl-Nagy classes, that is, the sets of functions f
in L, ,, such that fled) ¢ L, .. In the periodic case, in defining them, we need not distributions
since identity (2.9) can be treated as equality of Fourier coefficients. As §# = o we obtain the

Sobolev classes W% = W,%%.
The set W,%" with the norm

1+ 17
is a Banach space. This can be proved in the standard way as for the Sobolev spaces.

2.3. Inequalities for convolution operators. Let us describe the scheme of applying Lem-
mas and Let the operators U and V' with the values in the space L,, be defined in
terms of the Fourier transforms as multipliers:

FUf(y) =uly)Ffly), FVIy)=vy)Ffy). (2.10)

We need to estimate ||Uf||,.w via ||V f||pw- If the function

u u
p=— or p=—-—1 (2.11)
v v

is the Fourier transform of a function K € R*, then
Uf=VfxK or Uf=Vf+VfxK
and the estimate holds:
1Ufllpw < Bplw] [ KT {1 [V | (2.12)
or
U fllpaw < (1 + Byp[wl )NV fllpw < Bplw] (1 + K1) IV llp. (2.13)

respectively. In the second case for the sake of brevity and uniformity we increase the term 1
to B,[w]. By means of Lemma [2.2| we can confirm that K* € L;(R) and track the dependence
of the norm || K*||; on the parameters; the normalization in Lemma [2.2| differs by the factor 2.
Statements 1 and 3 of Lemma are to be applied for small ¢, while Statement 2 is to be
applied for large ¢.

Let us clarify in more details how to combine the inequalities for the convolutions. Let

Uf=Vf+VfxK, Vi=WFf+WfxK,. (2.14)

Then
U fllpw < (14 Bp[w] KT ) IV fllpro (2.15)
IV Fllpaw < (14 Bplw]l| K5 1) W f .o (2.16)

The substitution of (2.16) into (2.15)) gives
U Fllpaw < (L + Bp[w][ KT 11) (1 + By[w] [ K5 [1) W - (2.17)
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However, if instead we combine convolution representations , we obtain
Uf=Wf+Wfx (K + Ky+ Ky % Ky),
U fllpaw < (14 Bplw][|(Ky + Kz + Kz % K ) |[) [W f [l
< (1 + Bplw] (|7 [l + 55 11+ (B2 % K) O IW fllp-

Since the convolution of symmetrically decreasing functions decreases symmetrically, the func-
tion K x K is a bell-shaped majorant for K, % K;. This yields

U fllpaw < (14 Bplw] (s + 11K+ TS 1)) WV F [l (2.18)

The constant in inequality is generally speaking less than in since B,[w] is not
squared. In the weightless case, when B,[w| = 1, this difference disappears.

Similarly, inequalities are combined with each other and with without taking
the square of B,[w].

3. DEVIATIONS OF STEKLOV MEANS AS MODULES OF CONTINUITY

3.1. Modification of modules of continuity. Generally speaking, the spaces L, ,, are not
closed with respect to shifts: the belonging f € L, ,, does not imply f(- +t) € L,,. This is
why the classical definition of the modulus of continuity can make no sense for weighted spaces.
Instead of the modules of continuity, in the literature there were used quantities constructed
by averaging:

(ﬁ(l - sm) (T = 5 lely

J=1

Q(iu)(f’ h)p,w = Uiup H (L = Su) fH

52§3<f7h>nu7:: sup

0<Uj ,téh

pw

(. W)y = sup / EXVISIET

0<u<h
where A%f is the usual forward difference. The modulus Q") was employed, for instance,
in 2], [4]- [7], the modulus Q® was used in [2], [7], [9], and the modulus Q®) was used
in 3], [8]- In these formulas a > 0 is not necessary integer.

Let p € (1,400), Lpw = Lpw(T), « € N. In [2], there was proved the equivalence of the
modulus 952 to the corresponding K-functional, see Theorem below. In [3] the same was
done for the modulus Q&S), as well as in the spaces pr on an arbitrary segment. In |7] this was
done for the modulus QQa and this implied that QS

For non-integer « this result was extended for Q2a in [6] and formulated for QQa in [7], see the
comments in Section 5 in this work. The constants in the mentioned estimates depend on «, p
and [w],.

As it is known, |20, Ch. 8|, in the weightless case for all € N, p € [1,+00) and f € L, the
relations hold:

2a7 Qza and QQa are mutually equivalent.

sup [(7 - ser = (1 = S, = )

0\\

- . QqQr -
s (1= 82)11, = 10 =), = (5.0
where w; are the classical modules of continuity and the constants depend only on r. We stress
that for the equivalence to the first order modulus of continuity one needs the one-sided Steklov
function.
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Next we define a family of quantities of the type QY and QP based on deviations of Steklov
means of any order, not just of first order and we shall establish their properties. We shall show
that if we omit taking the supremum, we get an equivalent quantity. The estimates are valid
for all p € [1,+00), and the constants depend on [w], and other parameters, but not on p. The
modulus Qg’) is not discussed in this work.

For all £k € N and h > 0 by the symmetric decreasing of the Steklov kernels we have

155 Fllpw < Bo[w] 1 f llpo- (3.1)

In weightless spaces L, the norms of the Steklov operators are equal to 1 and this allows us
to define the ath power of the deviations [ — S} and I — ST, (r € IN) for each a > 0, not

h, B
necessarily integer, by the identities

o0

(I = Sp)™ =Y (-1 Cisit, (3.2)
k=0

(I - S;;%)O‘ = Z(—Ukcfjsgfg. (3.3)
k=0

Estimate (3.1)) allows to adopt identity (3.2]) as the definition in the weighted spaces L, .
Indeed, the series on the right hand side converges absolutely in the operator norm and this
implies the correctness of the definition and the estimate

(1= Sp)| <1+ io: |C¥|By[w] < 1+ (211 — 1) B, [w].

Here [a] = min{n € Z : n > a}. The convergence of the operator series in (3.3)) is not obvious.
This is why we use another way and define the operators (I —S;)* and (I —S) ,)* in terms of
2

the Fourier transforms.
We write the Fourier transforms of the Steklov kernels:

2 hy et —1
FOufly) = qosin 2 F 1), FSefy) = = —=Ff).
For the functions f € L, this gives
92 . hy r\ «
(I-S)f=f+fxK, FK(y =|1- h—ysm7 -1, (3.4)
N €ihy—1 rN Q@
(]—S,:’%) f=f+r*K, ]—"K(y):(l—( i ) ) — 1. (3.5)

By Lemma [2.2| we have K € R*. This is why identities (3.4) and (3.5)) define linear continuous
operators in the spaces L, ,, that is,

1= 830 ] 1 = 870" £, < €O ) Byfac] |l (3.6)

At the same time, definitions (3.2)) and (3.4) are equivalent.

3.2. Properties of modified modules of continuity. In the next theorem we collect the
properties of the powers of the deviations of the Steklov means, some of which are similar to
the properties of the usual modules of continuity. In the weightless case these properties follow
from the comparison principle for linear operators [20, Ch. §|.
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Theorem 3.1. Let p € [1,400), w € A, fepr,rmE]N h>0,0<p8<a Then

H(J—S;)af”p@ < C(r,m,a)B || (I =S fl, (3.7)
(7 =S5 5) F],,, < Clrom, ) Bylwl[[ (1 = S3) " f]],,.,. (3.8)
(I =S5 f|,., < Clr,a,\)B H (I =S f|, 0 (3.9)
H(I )l < CO N Bul[[(1 = 57,)°1], 3.10)
m and ) the constants are bounded in A\ on each segment;
WH (1= 50,0 <1100 = 5711, .
<O, k)Bywl||(I = Sp) f],,.  * €N
Moreover, if f € W22 then
I = S0 f], 0 < Clr. BBy Ll |[( = 7Py (3.12)
and, in particular, as f = «,
(=S|, < Cr, ) Bplw]n® [ O, (3.13)
and if f € W3, then
17 = 57.)" 0 < COBR BN (1 = 570) 717, (3.14)
and, in particular, as [ = «,
(1 - S;’%)O‘fHW < C(r, a)Bp[w]haHf("‘)Hp’w. (3.15)

Proof. All relations in the theorem can be proved by the same way described in Section 2.3.
In each case we write the functions u, v and ¢ from representat1ons and ( and we
clarify how Lemma [2.2]is employed. We recall that K = F~l¢.

First of all we note that the constants are independent of h since for different h the inequalities
are obtained one from another by scaling. This is why we can suppose that h = 1.

1. Inequality . We have

- (- (o)) (- (1))

¢ =+—1. Ifr > 1and m > 1, then the function ¢ is summable together with all its derivatives.
Ifm>r=1orr>m=1, then

2 .y
o(y) = ia§s1n§ + 1(y),

where the function ¢; is summable together with all its derivatives.
2. Inequality (3.8). We have

w=(- ()Y = (- ()

¢ =»—1. If r > 1and m > 1, then the function ¢ is summable together with all its derivatives.
Ifm>r=1o0rr>m=1, then

e —1
iy
where the function ¢; is summable together with all its derivatives.

o(y) = Ta + ¢1(y),
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3. Inequality (3.9). We have

w-(-(32)). (-Gt

¢ = % —1. In view of inequality (3.7) it is sufficient to prove (3.9) for a single value of r,
for instance, for r = 2. Then the function ¢ is summable together with all its derivatives and

Ly-norms of the derivatives depend continuously on .
4. Inequality (3.10). We have

w=((5)) = (- (57))

@ = % — 1. In view of inequality (3.8) it is sufficient to show (3.10) for a single value of r,
for instance, for r = 2. Then the function ¢ is summable together with all its derivatives and
Ly-norms of the derivatives depend continuously on \.

5. Inequality - In view of inequalities (3.7)) and ( it is sufficient to prove (3.11)) for
r = 2. We have

() oG

The functions ¥ — 1 and 2 — 1 taken as ¢ are summable together with all its derivatives.
6. Inequahtles . We have

u(y) = (1 - Gsin %))ﬁ o(y) = yI*, p= %

It is clear that it is sufficient to consider 8 € (0,1/2). The function ¢ is represented in form ([2.8))
and have summable derivatives. By Statements 2 and 3 of Lemma we obtain K* € Li(R).
7. Inequality (3.14). We have

uly) = (1 - (eiyiy_ 1)T)57 v(y) = (iy)®, o= %

It is clear that it is sufficient to consider 5 € (0,1). The function ¢ is represented in form ([2.7))
and have summable derivatives. By Statements 2 and 3 of Lemma [2.2| we obtain K* € L;(R).

The proof is complete. O
Corollary 3.1. Under the assumptions of Theorem [3.1) we have
S [|(F =5[], < C(r.0) H (I =500
s (1~ 92)° 1], < CO0 Bl (7 - 5, "l

We make some remarks on Theorem 3.1.
1. The expansion

I-SP=I+...+S"H(I - S
and the symmetric decreasing of the Steklov kernels imply the estimate

1T = Si) fllpaw < (14 (m = 1)By[w]) (I — Swﬂbw

2. We stress that not only estimate (3.11), but also estimates (3.7)—(3.10) are two-sided since
the opposite inequalities are obtained by switching the roles of the parameters.
3. The considered modules of continuity are equivalent:

(= S, < QEF R < QL By < Cl) Bylw]|[(T = Sw)*f ]

Here the first two inequalities are obvious, and the third inequality is true by Corollary [3.1] and
Theorem B.11
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4. DIRECT AND INVERSE THEOREMS

4.1. Direct theorems. In order to prove direct theorems, as an approximating operator we
can employ the means of Vallée Poussin type, which are defined as follows.

We take a function n: R — R with the properties: 7 is infinitely differentiable, even, n(y) =1
as [yl < 3, n(y) =0as |y| = 1. For f € L,,, we define V,f = f (F*(n(2))). It is clear that
V,f € E, and this is why

As(fpw = As(f = Vo f)pw-
Theorem 4.1. Letp € [1,400), we€ A, f € Ly, 7 €N, a,y,0 > 0. Then

Aoy < Clr s NByluld, ((1-85)" 1) (4.1)

p’w

Ao (F)pw < O (1, a,7) Byw] Ay ((1 S 7) f)w. (4.2)

o ’20

In inequalities (4.1) and (4.2)), A, can be replaced by A,_o.
Proof. We let u(y) =1—n (E),

[

20 Ty T\ o 6@_ T\ «
m(y)z(l—(%&n%)), U2(y):<1_< iymy ))

In view of inequalities (3.7)) and (3.8) it is sufficient to prove the theorem for a single value of r,
for instance, for 7 = 2. Then the functions ¢; = - — 1 are summable together with all their
J

derivatives. By Lemma 2.2 we have K; = F '¢; € R* and the norms || K|, are independent
of 0. Applying Corollary we obtain the inequalities for A,. The inequalities for A, _q are
obtained by the passage to a limit. The proof is complete. O

Corollary 4.1. Let p € [1,400), w€ A,, 7,0 >0,0< < a. If f € W;S,Qf’o); then

1 a=p
Ao (f)pw < C(r, a,ﬁ,y)Bp[w]ﬁAa (([ — S%) f(2,6’,0)) 7 (4.3)
p,w
and, in particular, as f = «,
1
Ay (Fpw < C(a)Bp[w]ﬁAg( A (4.4)
and if f € WIS,@, then
1 RS
Aoy < Clryo, BByl — Ay (1= Sz 32 ) f (45)
p,w
and, in particular, as = «,
1 ()
Ao(Npw < Cla)Bylw] — A (fV), ., (4.6)

In inequalities (4.3)—(4.6), A, can be replaced by Ay_o.

In order to prove this corollary, it is sufficient to compare Theorem with inequalities
(13.12)—(3.15)).

The next lemma says that if we do not focus on the constants, then the inequalities of
Bernstein and Riesz type are simple corollaries of the estimates for convolutions. We note that
the Bernstein inequality is true for a wider class of weights, see [21].
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Lemma 4.1. Let p € [1,+00), w € A,, a,v,0 >0,0 € R, T € E, N L,,,. Then

[T@O]| < Cla,0)Bylwlo I Tl (4.0
HT(Za,O)HpﬂU < C(r,a,v)Bp[w}UQ ([ _ S%)‘“T . (4.8)
HT(O‘)pr < C(r,a,v)Bylw]o” (I — S ZJ)QT (49)

s 772 pw

Proof. Let us prove inequality (4.7). We let ¢;(y) = ei%ﬁs’ig“y|y|a as y € [—1,1]. We continue
the function g; on R to the Fourier transform of a function K; from R*. By Lemma such
continuation exists. Then

7O (3) = oo / T(w — )oK, (ot) dt.
R

and by Lemma [2.1] this implies (4.7) with the constant || K7F|;.
Inequalities (4.8)) and (4.9) can be proved in the same way with the help of the functions

o 200 . ymy\ o e —1\
) = (1- 2 Z0) 7 = (1- )

20

The proof is complete. O
Corollary 4.2. Let p € [1,400), w € A, a,7,0 >0, T € E, N L,,,. Then

H (1 N Sg*”)aT o SO Bl M) T (4.10)
|(1-535)" 1] < CO-@B IO Tl (411)

Proof. Inequality (4.10)) follows from (3.13) and (4.7) as @ = 0. Inequality (4.11)) is implied by
(3.15) and (4.7) as @ = . The proof is complete. O

Direct theorem with Lemma allow us to specify the behavior of the constants in
estimates (3.9)) and (3.10)): the growth order of the constants in A is the same as in the classical
case.

Theorem 4.2. Letp € [1,400), w € Ay, f € Ly, 7 €N, a,\,h > 0. Then
1= 85027, . < Clr @) Byful (1 + X[ (T = spef]l.
(1 = 8%, 30) £, ., < Clry ) Bylw) (1 + X)[[(1 = S5 0)* ]l (4.13)

Proof. Let us prove ([£.12). We let 0 = %. By ({.1)), and (as v = 1) we have
(2 = S5 £, < 2= S5) 3 = Vo) £, + (1 = S5)°V. fH
< C(r,a)By[w]||(I - S}) fH +C(r,a)B, )\20‘H (I —25}) f||

Inequality (4.13) can be proved in the same way, with the help of (4.2)), (3.15) and ([£.9). O

Now we can refine the information on the constants in Theorem [4.1]

Corollary 4.3. The constants in inequalities (4.1)) and (4.2)) satisfy respectively the esti-
mates

C(r,a,) < Ci(r,a)(1+97*),  C(ra,) < Ci(r,a)(1+979).
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G.I. Natanson and M.F. Timan [22] refined the Jackson inequality in spaces L,(T):

We write a similar refinement in the integral form.

Corollary 4.4. Letp € [1,400), w € A,, f € Ly, 7 € N, a,h > 0. Then

g

exp %/lnAu(f)p,w du | <CO(r,a)(1+~2*)B,w] H (I — S%ﬂ)af

0

g

exp %/lnfh;(f)p,wdu <C(rya)(1+~7° H([ Sha w) f

o ’20

, (4.14)

p7w

(4.15)
p,w
0

Proof. Let us prove (4.14). Replacing o by u and v by 2% in (4.1)), we find

%/alnAu(f)p,w du < %/Uln{C( ) (1 + <70u) )Bp[w]Au ((I_ S%’yf)p,w} du
1 pﬂu}.

< /ln (L+ (v¢)72) dt +1n {C’(r, a)Byw] H <I — S%w)af

0

We have

1 1

/ln (1+ (vt)7>) /ln (L4+y72)7%) dt =20+ 1In (1 +772%).
0 0

Taking the exponentials, we get the needed inequality. Inequality (4.15)) can be proved in the
same way. The proof is complete. O

4.2. Inverse theorems. As usually, inequalities of Bernstein and Riesz type imply inverse
theorems.

Theorem 4.3. Letp € [1,400), w e A,, f € Ly, €N, a,0 >0. Then

|(r=s2)"s

H(I 5, za>af o SC0 04>Bp[w]%/gu4u(f)p,w du
0

Theorem 4.4. Let p € [1,400), w € A, f € Ly, a,0 >0, 0 € R and

1/ .
- < C’(T,Oz)Bp[w]ﬁ/Au(f)p,wdu2 ,
0

/ A f)y e dui® < 0.
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Then [ € WIS,O{JG) and

+oo
179, < Cla,6)Byfuw] / Ao i |
0

Ao(£4)

p?w

+o0o
< Cle0)Byluw) | 0* Aoy + / Au(f)pw i

Corollary 4.5. Under the assumptions of Theorem[{.4l as r € N and 8 > 0 we have

H (1 - sg)ﬁ fEeDN < Or,a,8,0)B,w)

pyw

o +oo
1
o [ At [ A
0 o

< C(r, o, B, 0) Byw)

p?w

o’20

Ji-52.2)" e

o +00
1
. F /Au(f)p,w du®+? + /-AU(f)pﬂU du®
0 (o

The proofs of Theorems and are standard, see, for instance, [1], and this is why we
omit them. Here we use inequalities and (£.7)—-(4.11). An abstract scheme for proving
inverse theorems can be found in [23].

In the periodic case the integrals on the right hand sides of the inequalities become sums.
For instance, as o € IN, we have

o

-1
3 [ A e = ST+ 1 = B Ay

0 k=0

(e

0-2(1

The usage of integrals is convenient for the uniform formulation of inverse theorems in the
periodic and non-periodic case, see [23].

As it is known, for p € (1,4+00) the direct and inverse theorems can be refined [4]. However,
we can add no new information to these refinements since the dependence of the constants on p
in these refinements is generated not by the way of proving but by the form of the inequality.

By f we denote the function trigonometrically conjugate with f; in other words, the Hilbert
transform of f. If p € [1,400), f € L, ., then f can be defined as the principal value of the
integral

ﬂx):% :cf(—t)t

R

dt.

Then f(aj) exists and is finite for almost all . For p € (1, 4+00) we have fe L, ., and moreover,
the operator of trigonometric conjugate is continuous in L,,, [24], see also |17, Sect. 5.4].

For sufficiently nice functions f, for instance, from the Schwartz class, we have Ff(y) =

(—isigny)F f(y).
The proof of next Theorem is based on the known idea of passing to a primitive, see |1}
Sect. 5.9].



58 O.L. VINOGRADOV

Theorem 4.5. Let p € [1,400), w € A, f € L, and
/ Ay( g (4.16)
Then for each o > 0 we have (I — Va)f € Ly, and

A= VD) < CBlul | Ao+ [ APy’

p7w

Proof. The function y — W (1 —-n (%)) is the Fourier transform of some function K € R*.
We let F = f« K. Then F € L,, and F9 = (I = V,)f € L,.. Hence, F € Wik, By
inequality (4.4),

AU<F)p7w g CBTPMA’M(JC - VUf)p,w~ (417)

We note that A,(f — Vo f)pw = Au(f)pw as u > o. By condition (4.16)) we obtain
/Au(F)p,w du < +00.
0

By Theorem (as a = 0 = 1) we have F € W) and hence —F' = (I — V,)f € L,.. By the
same theorem

p?w

A((T=V)F), = Ag(F')ps < CByJu] | 0 A(F)pon + / Au(F)po du

It remains to apply inequality (4.17)); as it has been explained in Section 2.3, while combining
the inequalities, the square of B,[w] is not taken. The proof is complete. ]

The belonging (I —V, )f € Ly 1s meanlngful only if p = 1. However in the formulation and

proof of Theorem |4 the existence of f was not used in any sense. The operator f — (I -V, )f
treated as a single operator is well-defined and continuous from L, ,, into &’. In terms of the
Fourier images this is the multiplication by (—isigny) (1 —n (%)).

In the periodic case if f € L, ,(T), then Fourier series of the function (I — Vg)f and the
trigonometric series conjugate to the Fourier series of f coincide as o < 1. This is why the
statement simplifies: f € L, ,,(T). In the non-periodic case as p = 1 we can not conclude this.
The example

1 ——cosz
2 )

f(zx) (1 —t)cosatdt =

T

Il
L oY—

/ (1 —t)sinatdt = :c——szmx
x

0

shows that condition (4.16]) does not ensure the belonging fe Ly ,(R) even in the weightless

case and it is not sufficient for belonging to subtract from f an entire function of zero type, in
particular, a constant.
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4.3. K- and R-functionals and modules of continuity. We are going to establish the
equivalence of K- and R-functionals to the modified modules of continuity. The results of such
type in the weightless case can be found, for instance, in |25]. For the weighted spaces we refer
to [6]. We define the family of K- and R-functionals by the identities

Kaol oWy = nt {17 = gl +10l51),,}.

9EWD,
Raolf P)pw = geEli/%Lp,w {Hf = Yllpw + haHg(aﬂ)“p,w} '
Theorem 4.6. Let p € [1,400), we€ A, f € Ly, 7 €N, a,h > 0. Then
1= S0 ]| = Kawolfs B = Rawolfs R (4.18)
(1 - Szvg)afﬂp’w = Kaolf, h)pw < Rao(f, h)pw- (4.19)

The constants in the estimates are of the form C(r, a)B,w].
Proof. We are going to prove (4.18). The inequality K < R is trivial. Let us prove that
Rano(f. W) ps < C(r.0)Bylul|| (1 = S3)° 1),

We take o0 = % and write

Raao(f h)pw < || — Vprw + 12| (Vo )0
< OB ull[(1 =S ], + CO. 0 Bylul| 2 = $)°Ve S,

We have estimated the first term by inequality (4.I)), and the latter by inequality (£.8).
remains to use the boundedness of the family {V }:

1= SpVaf,. = Vol = S0 F],., < CB (2 = S,

Let us prove that

1(1 = S]], < Cr,0)Bplw] Koao(f, h)pw
For each function g € Wp(w by inequalities (3.6) and (3.13) we have
107 =S50 ]l < 7= S0)°(F =9 H +[/(7 = 57) “QHW
< CO(r,a)Bylw]||f - ngw +CO(r, ) Bylw]h* || g**||

It remains to pass to the infimum over g.

Relation can be proved in the same way. The proof is complete. O

5. CONCLUDING REMARKS

In [7], 19], |26], |27] there was used a series of close statements called transference results. We
note that paper [27] was devoted to approximation in the spaces L, ,,(R) and involves the case
p = 1. Let us formulate one of such statements |9, Thm. 3.6] applied to the space L, ,,(T). Let
p € [l,+00), w e A, For f € L,,(T) and a simple function G we let

Frolu /fu+x|G( )| da.
If f,g € L, (T) and the inequality

sup | Fy.q(u)] < Cy sup | Fy.c(u)] (5.1)

ueER
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hods with some absolute constant C' for all simple functions G, then the inequality

1 llpw < Callgllp,w

also holds with some constant C5 independent of p and w.

This statement is wrong. Indeed, let us fix 7 € R and take g(t) = f(t + 7). Then it is
obvious that inequality becomes the identity as Cy = 1, while the quotient || f1|,.w/]|9llp.w
can be arbitrarily large if the space L, ,, is not closed with respect to shift. This is why the
statements proved with the help of this trick require a different proof. Those of them concerning
the Lebesgue spaces with Muckenhoupt weights have been proved in the present work.

In conclusion we mention that the methods of the present work can be applied for proving
direct and inverse theorems in more general functional spaces. If one succeeds to establish
estimates for convolutions of type , then the results of Sections 3 and 4 are obtained
immediately. For the sake of clarity, we have restricted ourselves to the Lebesgue spaces with
Muckenhoupt weights.
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