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INTEGRAL HARDY INEQUALITIES, THEIR
GENERALIZATIONS AND RELATED INEQUALITIES

F.G. AVKHADIEV

Abstract. Hardy inequalities have numerous applications in mathematical physics and
spectral theory of unbounded operators. In this paper we describe direct generalizations
of integral Hardy inequalities, their improvements and analogues. We systemize the rela-
tions between various interpretations of these inequalities and describe new one-dimensional
integral inequalities. We show that these known and new inequalities are valid also for
complex-valued functions.

We consider in details integral inequalities of Hardy, Rellich and Birman type for functions
defined on bounded intervals. In particular, we provide the proofs for the generalizations
and improvements of Birman integral inequalities for higher derivatives. We briefly discuss
multidimensional analogues involving integrals of the powers of the modulus of the gradient
of a function or of a polyharmonic operator.

Keywords: Hardy inequality, Rellich inequality, Birman inequality, Lamb constant, poly-
harmonic operator.
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1. INTRODUCTION

As it is known, Hardy inequalities are employed in justifying embedding theorems in Sobolev spaces.
Apparently, these applications played a key role in the popularization of one-dimensional Hardy integral
inequalities. We note that in the monograph by S.L. Sobolev[I] involves a separate section “Hardy
inequality”. In this section, several versions of these inequalities and some generalizations are proved
when the weight functions have the form ¢=*|In¢[?.

The appearance of different versions of Hardy inequality and related inequalities is due to a large
number of various applications. In this article, Section 2 is devoted to the basic versions of Hardy
inequality, where, in particular, we provide a justification for extending these inequalities to the case
of complex-valued functions.

Our main Section 3 presents inequalities for higher derivatives, and Section 4 gives improvements
of the inequalities in bounded intervals. We consistently describe the connections between different
interpretations of Hardy integral inequality and inequalities of the Hardy, Rellich and Birman type for
functions defined on infinite and bounded intervals. Thus, we systematize the connections between
different interpretations of Hardy, Rellich and Birman integral inequalities. Among new results ob-
tained in the article, we highlight Theorems and devoted to generalizations and improvements
of Rellich and Birman integral inequalities involving the absolute values of a complex-valued function
f: X — C and of its derivative f*) of order k > 2; the set X is X = (0,00) in Theorem and
X =(0,¢), ¢ € (0,00), is in Theorem [4.2]

In last Section 5 we briefly discuss the passage from one-dimensional integral inequalities to inequal-
ities for complex-valued functions defined in domains of Euclidean space of dimension n > 2. In this
case, we consider spatial analogues of inequalities for functions u : 2 — C, when the integrals over the
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domain Q C R" contain the modulus of this function and the modules of the gradient Vu(x) or the
polyharmonic operator A*/2u(z).

The author is grateful to I.Kh. Musin and B.N. Khabibullin, since an additional motivation for
writing this article was their questions and comments during a discussion of the author’s talk at
the International Ufa Scientific conferences “Complex analysis and geometry” in November 2021 and
“Theory of functions, operator theory and quantum information theory” in October 2022.

2.  ON BASIC VERSIONS OF HARDY INEQUALITY
An original Hardy inequality can be formulated as follows, see [2, Thms. 327, 328, 330]:

Theorem 2.1. Assume that p € [1,00), s € (—00,1) U (1,00) and we are given a function f :
(0,00) — [0, 00) obeying the condition f/t/P~1 € LP(0,00).
We define a function F : (0,00) — [0,00) by the identities

t (oo}
= /f(T)dT in the case s> 1, F(t)= /f(T)dT in the case s < 1.
0 t

Then the following statements hold: if p = 1, then the identity

ootfs( _ _1|/ «

0

Ooépfi) dt > ( = 1‘>p7Fp (2.1)
0

0

1s valid, while if p > 1, then

except for the case when f = 0. The constant (|s — 1|/p)P in this inequality is the best possible, that is,
it 1s maximal among all possible ones.

The next theorem can be regarded as a version of Hardy theorem since it is both a corollary and a
generalization of Theorem

Theorem 2.2. 1) Let 1 <p < oo, 1 <s < oo. Assume that a function g : [0,00) — R is absolutely
continuous on each bounded segment [0,a] and satisfies the conditions g(0) =0, ¢'/t*/P~1 € LP(0, 00).

Then
[l dt > [ st dt. (2.2)
Jotras (52) o

t5—Pp
If p > 1 and g # 0, then this inequality is strict and the constant ((s — 1)/p)P is sharp, that is, it is
best possible.
2) Let 1 < p < oo, —00 <o < 1. Suppose that the function g : (0,00] — R is absolutely continuous
on each ray [a,c], a > 0, and obeys the conditions

g(00) =0 and g¢'/77/P7' € LP(0, ).

yng )p\pd . <|0—1|> /Ig i (2.3)

0

If p > 1 and g £ 0, then this inequality is strict but the const(mt (lo — 1|/p)? is sharp, that is, it is
mazimal among all possible ones.

s—1
p

Then

It is clear that this theorem generalize and strengthens Theorem We stress that Theorem
involves no conditions related with monotonicity of sign-definiteness of considered functions g and ¢'.
On the other hand, Theorem [2.2]is a corollary of Theorem [2.1]from the point of view of inequalities.
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Indeed, let 1 < s < co. We define functions f and F' by the identities
¢
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t
/ §(1)]dr > |g(t)],
0

then F(t) > |g(t)| as t > 0 and inequality follows from inequality as p > 1, while for p =1
it is implied by the identity corresponding to the case p = 1 in Theorem [2.1]

Inequality is obtained from by the change of the variable 7 = 1/t and of the parameter
0 =2 — s. Thus, Theorem is a corollary of Theorem applied to the functions

F(t) = / g’ (7)|dr s> 1, F(t)= / g’ ()| dT o<1,
0 t

f(t) =14 s> 1, o<1

It is obvious that such formulas for defining the functions F' : (0,00) — [0,00) and f : (0,00) — [0, 00)
can be used also in the case, when the function g is complex-valued. This is why the following version
of Hardy theorem holds true.

Theorem 2.3. Suppose that p € [1,00), s € R\ {1}, a continuous function g : (0,00) — C is
differentiable almost everywhere, |g'|/t*/P~1 € LP(0,00) and the following conditions are satisfied:
1) if s > 1, then g(0) := %ir% g(t) = 0 and the identity
%

holds, where 0 <t < oo;
2)if s < 1, then

and the identity

holds, where 0 < t < oo.
Then the inequality holds:

o0 , P p oo p
t —1 t
[P s (ot o, o4
$s—p P s
0 0
If p > 1 and g # 0, then this inequality is strict but the constant (|s — 1|/p)P is sharp, that is, it is
mazimal among all possible ones.

Let k be a natural number. As usually, by the symbol C*(Q2) we denote the space of continuous
and k times continuously differentiable functions g : 0 — C, where () is a non-empty open set. By the
symbol C%(€2) we denote a subfamily consisting of the functions g € C*(Q), the compact supports of
which are located in 2.

Corollary 2.1. For each p € [1,00) and each s € R\ {1} the following inequality holds:

[Ftas (1) [
0 0
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for all g € CL(0,00) with a sharp constant (|s — 1|/p)P. For a function g # 0 the inequality is strict
for allp € [1,00) and s € R\ {1}.

In many applications of Theorem one needs its reduced versions related with usage of only one
of boundary conditions g(0) := PI% g(t) = 0 and g(o0) := tlim g(t) = 0. These reduces versions are
— —00

formally some generlizations of Theorem in the case s > 1 or s < 1, but in fact they are its
corollaries. Let us formulate two such corollaries.

Applying inequality to the function defined by the identities f(¢t) = g(t), 0 < t < to and
f(t) = g(to) = const, ty < t < oo, and taking into consideration the arguing by Hardy employed in
the proof of the sharpness of the constants, we obtain the following statement.

Corollary 2.2. Suppose that ty € (0,00), p € [1,00), s € (1,00), the function f : [0,ty] — C is
absolutely continuous, f(0) =0 and |f'|/t5/P~1 € LP(0,ty). Then the inequality holds:

Flrar, ( )/ 1 26)
0

t5—p
If p>1 and f #0, then the inequality is strict and the constant ((s — 1)/p)P is sharp.

s—1
b

The next statement can be proved in the same way as Corollary The difference is that we apply
inequality (2.4)) to a function defined by the identities f(t) = g(t), to <t < oo and f(t) = g(to) = const,
0<t<ty.

Corollary 2.3. Assume that tg € (0,00), p € [1,00), s € (=00, 1), the function f : [to,o00] — C is
absolutely continuous, f(co) =0 and |f'|/t*/P~ € LP(tg,00). Then the inequality

Mﬁ} (S;H)p/m'fi?’p dt (2.7)

o0

ts—p
to

holds. If p > 1 and f # 0, then the inequality is strict and the constant ((s — 1)/p)P is sharp.
The following corollary is true as well.

Corollary 2.4. Assume that —0o < a < b < oco. For each p € [1,00) and each s € R\ {1} the
following inequality

b b
_Tp+s—2 s — P _TS—Q
/ (b)!f’(f)!pdf>(b—a)p(| 1) [T orar vrecian @)

(r=ay ’ (r=ay

holds with a sharp constant (b — a)P (|s — 1|/p)P. For a function f % 0 the inequality is strict for all
p€[l,00) and s € R\ {1}.

Inequality (2.8)) is implied by inequality (2.5) under the change of the variable t = (1 —a)/(b— 7)
and the function g(t) = f(7).
The following corollary holds.

Corollary 2.5. Assume that —oo < a < b < 00, p(7) := min{r — a,b — 7}, where 7 € (a,b). For
each p € [1,00) and each s € (1,00) the inequality
p b D
> / IO 4 (2.9)
S pi(T)

b

1) [P

I
p*P(T)

holds for all f € Cl(a,b) with a sharp constant ((s —1)/p)’. For a function f % 0 the inequality is

strict for all p € [1,00) and s € (1,00).

s—1
p

a
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Proof. Applying inequality (2.6 for tg = (b — a)/2 and making linear changes of the variables of form
T =t+a and 7 = b —t, we obtain the inequalities

(a+b)/2 i N (a+b)/2 )
/ ‘f (T)|_ d7'> S — / ‘f(T)‘ dr VfECé(a,b),
(1 —a)sP P (1 —a)’
[P N[ LR
T s — T
Al > d 3 (a,b).
/ b=y T ( ’ > / b— 1) T VfeCya,b)
(a+b)/2 (a+b)/2
The sum of these inequalities gives desired inequality (2.9)). The proof is complete. O

We note that the quantity p(7) = min{7 —a,b— 7} is equal to the distance from the point 7 € (a, b)
to the boundary of the interval (a,b).

3. INEQUALITIES FOR HIGHER DERIVATIVES

Applying successively k times inequality (2.5) with the parameters p = 2 and s = 2(k — j) to the
functions ¢ = f) with s = k —1,...,0, we obtain the following statement belonging to Hardy as
k =1, to Rellich [3] as k¥ = 2 and to Birman [4] as k > 3

Theorem 3.1. Let k be a natural number. The followmg wmequality with a sharp constant holds:

_ 2
/|f t)|2dt > ((% D”) |ft(§,2‘ dt Vf e Ck,o0). (3.1)
0

9ok
If f £0, then the inequality is strict.

A detailed proof of inequality was provided in a book by I.M. Glazman [5]. The proof of
inequality can be found in several papers, in particular, in paper by M.P. Owen [6] and in paper
by F. Gesztesy, L.L. Littlejohn, I. Michael, R. Wellman [7]. In these works the sharpness of the constant
((2k — 1)!!/2"3)2 was shown for each k£ > 1

The Hardy theorem involves one special value of the parameter. Namely, for s = ¢ = 1 the inequality
becomes meaningless since the corresponding constant vanishes. We denote S;(1) = {1}. For the case
k € N\ {1} we shall need the set Sy (k) := U;?:l{l + (4 — 1)p} consisting of k special points.

The following direct analogue of the Hardy inequality holds true, which coincides with Theorem
as k = 1 and including Rellich and Birman inequalities as a particular case.

Theorem 3.2. Let p € [1,00), k € N and 0 € R\ S;(k), where S;(k) = Ule{l +(j — 1)p}.
Suppose that f € C*~1(0,00) is a comples-valued function such that the derivative FE=D of order k—1
is differentiable almost everywhere and t*=/P|f(F)| € LP(0, c0).

Let j € (INU{0}) N[0,k — 1]. Suppose that f©O) := f and the following conditions are satisfied:

1) if o > 14 (k—1)p, then fU)(0) := %g% fO(t) = 0 for all integer numbers j € [0,k — 1] and the

rdentity holds:
¢

00 = [ 1O 0<t<oc
0
2) if o < 1, then fU)(c0) := tlim fON(t) = 0 for all integer numbers j € [0,k — 1] and the identity

holds:
t
D) = /f(k)(T)dT, 0<t<oo

3) if 1+(m—1)p < o < 14+mp, where m € [1,k—1] is a natural number, then f9)(0) := %in& fO(t) =
—

0 for all integer numbers j € [0,m — 1], and also fU)(c0) := tlim fO(t) = 0 for all natural numbers
—00
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j € [m,k — 1] and the identity

holds.
Then the inequality

holds, where

The constant Cy(k, o) is the best possible. If p > 1 and f # 0, then inequality 1s sharp.

Proof. We suppose that k > 2 since as k = 1, the theorem coincides with the Hardy theorem, more
precisely, with it version formulated as Theorem [2.3] Applying Theorem with s = o — jp to the
function g = £, we obtain:

(J-‘rl _ —1IP (]
/“’; (N S lo j | /‘ftg — j=k—1,...,1,0. (3.3)

We stress that in Hardy inequality . by Theorem [2.3] - we need only one boundary condition: the
function ¢ = fU) should vanish either at the point t = 0 (if s = ¢ — jp > 1) or at the point t = oo
(if s = 0 — jp < 1). These conditions are satisfied due to Conditions 1), 2), 3) in the formulation
of Theorem Moreover, while justifying Hardy inequality (3.3), we need to confirm the condition
t1=o/P| f4)| € LP(0,00) for all natural numbers j € [1,k]. The condition t*=/?|f(*)| € LP(0,00) is
contained in the assumptions of Theorem This is why the inequality

O (b — 1V — T E=1) (4)|P
/\f’“(t)\ dt>“’ (k—1)p 1lp/\f’“(t)\ gt

to—kp pP to—(k—1)p
0 0

holds true. This implies t*~1=/P| f(k=1)| € L[P(0, 00). But then the inequality

[LHEDOF o= i—2p—1p |42

to—(k=1)p pP to—(k—2)p
0 0

holds and this implies that t*=2-7/7| f(k=2)| ¢ LP(0, 00).

Subsequently reducing the order of the derivative in this arguing, we see that t/=7/?| f0)| € LP(0, c0)
for each natural number j € [1, k] and this is the desired statement.

Applying subsequently inequalities tothecases j=k—1,7=k—2,..., 5 =0, we get

p _ _ _1|P (k—1)
TSP, lo-pk-1n-1¢ @
to—kp pp to( Dp

0 0

o —p(k—1) = 1|’ |o —p(k —2) — 1" \f(k’z)(t)lpd
pp pp to'f(k72)p

k P oo
O) ()P
7 e-1-s6-01) [
Jj=1 0

As a result we obtain required inequality (3.2).

OF,

dt

t>...

WV
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We note that as p = 2 and o = 2k, in Theorem [3.2] we have the Hardy, Rellich and Birman constants

since
2

k
Co(k,2k) = [ 27* ]2k + 1 - 2j) :<(2/<;_1)!1>2

2k
j=1

It is obvious that as k > 2, the proof of inequality does not allow us to state the sharpness of the
constant Cp(k, o). This is why it remains to prove the sharpness of the constant in the general case as
k> 2.

Suppose that the constant Cy(k, o) in Theorem is not best possible. Then for some set {p, k,o}
of fixed parameters p € [1,00), k € N\ {1}, 0 € R\ S} (k) there exists g > 0 such that for each
function f : (0,00) = C obeying the conditions of Theorem [3.2] the inequality

JREAIC] £
}tg_kp‘dt > (0 + Cp( / dt (3.4)
0 0
holds true.
Let € € (0,1). We consider a function f, € C(0,00) NC>((0,00) \ {1}) defined by the identities
L) =t o<t <1, fo(t) =t 1<t < .

We construct a function g. € C*(0, o) by letting

9e(t) = fe(t),  t€(0,1/2)U(2,00);  ge(t) =H(), te[l/2,2],
where H(t) is the Hermite interpolation polynomial for the function f. constructed by two nodes
to = 1/2 and ¢; = 2 of multiplicity k& + 1 and therefore, 2k + 2 conditions hold:

HDt,) = f9,), j=01,....k v=0,1
It is known, see, for instance, [§], that the degree of the polynomial H(t) does not exceed 2k + 1 and

chjgft _ Ftqrl
v=0 j=0 ¢=0 (tV tl_y) !

where cijq = (=1)4(k + q)!/(j'k!q!). Tt is easy to see
sup max |H(t)] =My <oo, sup max |[H® ()| =M, < oo,

e€(0,1) t€[1/2,2] £€(0,1) t€[1/2,2]
since
max sup |f9(t,)| < .
IV ee(0,1)
By straightforward calculations we obtain
00 2
|9-(£)[” 2 / [ H(t)[P
dt = — dt 3.5
to 25 T to ’ (3:5)
0 1/2
00 2
6 OF ,, _ Colko ) + Cplkio+e) [ HOO[ (36)
to—kp - %ee + to—kp : :
0 1/2
We note that
H(t HE) ()P
/ HOP 3~ iy #dt 0. (3.7)
€*>0 eHO (A
1/2 1/2

The function ¢g. € C’k(O,oo) satisfies the boundary conditions described in Items 1, 2 and 3 of
Theorem [3.2] Therefore, for a function f = g. in accordance with we have the inequality

5 (k) p
;/Wdt> (c0 + Cp(k, o)) 2/|g€( W (3.8)

o
0 0
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obtained from inequality (3.4) for the function f = g. by multiplying both sides of the inequality by
e/2.

Passing to the limit as € — 0 in inequality (3.8) and taking into consideration formulas (3.5]), (3.6)
and (3.7)), we arrive at the relations
. Cplk,o—¢e)+Cplk,0+¢) g0 + Cp(k,0)
Cylho) =ty LD 5 oy 22 QR
and this contradicts the positivity of the number &.

In view of the boundary conditions the property f # 0 implies similar properties for the derivatives:
f'20,..., f& 1D £0. This is why as p > 1 and f # 0 inequalities 1) and hence, inequality 1}

are strict. The proof is complete. O

=¢o+ Cp(k,0)

In what follows in the corollaries we consider only the case k > 2. Similar statements for the
case k = 1 are also valid and they are formulated in the Introduction as the corollaries of the Hardy
inequality.

A generalization of the Rellich and Birman inequalities is the following corollary.

Corollary 3.1. Assume that k € N\ {1}, 1 < p < oo, and f € C*71[0,00) is a complez-valued
function. If f*&=Y s differentiable almost everywhere, f*) € LP(0,00), fO)(0) = 0 for all j =
0,....,k—1 and

t
00 = [ 1 0<t<o,
0

then the inequality

7)f(k)(t)‘p dt > f[l(] B 1/p>p7 |ft(]2’p i
0 J=

0
holds true with a sharp constant. In particular, the inequality

o0 & o0
(k) _
O/)f t ]1;[1 j—1/p)* O/ dt

is walid for all f € CE(0,00).

As p =1, the latter inequality is meaningless since o = k € S (k) and the constant vanishes.
Letting p =1 and 0 =0 or 0 = k + 1 in Theorem we obtain the following statement.

Corollary 3.2. Let k € N\ {1}. Then for each complez-valued function f € C(0,00) the inequal-

ities
/tk’f dt>/<;'/\f )| dt, /| / k+1
0 0 0

hold. The constant k! is sharp in both mequalztzes.

Corollary 3.3. Assume that k € N\ {1}, 1 < p < oo, a complez-valued function f satisfies
f e CF10,00) and f*Y is differentiable almost everywhere, t*f*) e LP(0,00). If fW)(c0) :=

tli)m fO@t) =0 forall j=0,....k—1, fE1(¢ f FE(T)dr, where 0 < t < oo, then the inequality

00 » E—1 00
[ )50 de =TT G+ 1wy / FeyP ar
0 7=0 0

holds true. The constant Hté (j + 1/p)? is sharp.

The next two theorems provide generalizations of inequalities (2.6]) and ( .



INTEGRAL HARDY INEQUALITIES ... 11

Theorem 3.3. Assume that k € N, 0 < ¢ < 00, l < p< o and 1+ (k—1)p < 0 < oo.
Let f € C*¥1(0,¢) be a complez-valued function such that the derivative FED of order k — 1 is
differentiable almost everywhere and t*=°/P|f(®)| € LP(0,¢). If fO)(0) := }iH(l) fU(t) = 0 for all integer

—

numbers j € [0,k — 1] and the identity
t
= /f(k)(T)dT, 0<t<eg,
0

holds true, then the inequality

(k)( C P
/‘ftg ke > (ko) [0 (3.9)
0

18 valid, where

k
Collo) = [ Il = D/p =g+ 17"

J=1

The constant Cp(k, o) is best possible.

Proof. Let ¢ € (0,¢) and f € C¥~1(0,¢) be one of the functions obeying the assumptions of the
theorem. By these assumptions, this function and its derivatives up to the order of £ — 1 are extended
by the continuity at the point ¢ = 0. We can assurne that f € C*1[0,¢), £9)(0) = 0 for all integer
numbers j € [0,k — 1] and the derivaitve F*=1) of order k — 1 is absolutely continuous on the segment
[0,c — €] for each € € (0,c¢

Applying inequality to the function fU) asto=c—¢,s=0—jpand j=k—1,k—2,...,0,

we obtain

1 GHD () e @ e
STOOF L lo—pi — 1 /!f Or .

to—(3+1)p pP to—Jip
0 0
Employing the iterations of these inequalities, namely, applying this inequality to the case j = k — 1
and then successively to the case j =k —2, ..., 7 =0, we get
[l OF .,
to— " jo—kp
0 0

Letting ¢ tend to the zero, we obtain desired inequality .

It remains to prove the sharpness of the constant. Suppose that the constant Cy(k, o) in Theorem
is not best possible. Then for some set {p, k, o} of fixed parameters p € [1,00), k € N, 0 € (1 + (k —
1)p, 0o) there exists ¢g > 0 such that for each function f : (0,¢) — C obeying the assumptions of
Theorem the inequality holds

119 ’pdt > (0 + Cp( /’f dt.

to—kp
0

We apply this inequality to the function f.(t) = t(~179)/P 0 < t < ¢, satisfying the assumptions of
Theorem [3.3| for each € € (0,1). We then obtain:

£ €

Cylk,o+€)= > (0 + Cylk, 0)) =

Multiplying both sides by ¢ and passing to the limit as ¢ — 0, we get Cp(k,0) > €9 + Cp(k,0).
The obtain contradiction proves the sharpness of the constant Cy(k, o) in Theorem . The proof is
complete. O
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Theorem 3.4. Assume that k € IN, 0 <b < 00, 1 <p < o0 and —co < s < 1. Let f € C*~1(b, 00)

be a complez-valued function such that the derivative f*~Y of order k — 1 is differentiable almost
everywhere and t*=5/?|fF)| ¢ LP(b,00). If fU)(c0) := tli)m fONt) = 0 for all integer numbers j €

[0,k — 1] and the identity
t
00 = [ 19ryar

holds, where b <t < oo, then the inequality

[FRoF, Cy(k.s) / ’fi?‘pdt (3.10)

ts—kp
b b

1s valid, where

k
Gyl ) == T[ 165 — 1)fp — j + )P
j=1
The constant Cy(k, s) is best possible.

Proof. The proof follows the lines of the previous proof. The difference is that in justifying the required
inequality of Theorem we employ inequality for tg = b+ ¢, where € > 0, while in justification
of the sharpness of the constant we consider the function f.(t) = tE=1=9)/p b < ¢ < o0, satisfying the
assumptions of Theorem for each € € (0,1). This completes the proof of Theorem Ul

Remark 3.1. As k = 1, the stalement of Theorems and for real-valued functions f are
well-known, see, for instance, a monograph by S.L. Sobolev [1].

Now we provide a corollary of Theorem [3.3| generalizing and strengthening Rellich-Birman inequality
as k > 2.

Corollary 3.4. Assume that k € N, 0 < ¢ < 00, 1 < p < co. Let f € C*71(0,¢) be a complex-
valued function such that f*&=Y is differentiable almost everywhere and t*=°/?|f*)| € L?(0, ¢).
t
If f9(0) = %il%f(j)(t) = 0 for all integer numbers j € [0,k — 1] and f*= V() = [ f®)(r)dr,
- 0

0 <t <c, then the inequality
C

/C)f(k)(t)‘pdt> ﬁl(j_l/p)p/ |f(£2|p »
0 = 0

t
J

is valid. The constant H?:l (7 —1/p)? is best possible.

4. IMPROVEMENTS OF RELLICH AND BIRMAN INEQUALITIES IN BOUNDED INTERVALS

According to Corollary 2.3} for each ¢ € (0, 00) and each absolutely continuous function f : [0,¢] — R
such that f(0) = 0 and f' € L?(0,¢) the inequality

C C 2
[iropa= g [Hla (4.1)
0 0

t2

holds true with a best possible constant 1/4. H. Brezis and M. Marcus [9] employed the absence of
the extremal function, at which the identity in (4.1)) is achieved. Namely, they proved that under the
same conditions on the function f identity (4.1) can be strengthened, namely, the following inequality

C c 9 C
[iropas§ [LOCa+ 5 [iropa (42)
0 0 0

t

holds, where A = 1/4. K.-J. Wirths and the author [L0] found the best possible value for the constant
A in Brezis-Marcus inequality (4.2)). It is turned out that the best possible value for the constant A is
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A2, where z = Ao &~ 0.940 is the first positive root of the equation Jo(2) + 2z.J4(z) = 0 for the zero
order Bessel function.

In accordance with Corollary [2.3] for each ¢ € (0,00), each s € (1, 00) and each absolutely continuous
function f : [0,¢] — R such that f(0) =0 and f'/t*/>~1 € L?(0,a) the inequality

IOR, %1/v » (4.3)

ts2

0

holds with the best possible constant (s —1)2/4. This gives rise to a natural problem: prove that under
the same conditions for the function f inequality (4.3) can be strengthened, namely, the following

inequality
\f’()\th/ 3—1 /’f P /|f )2t (4.4)

t$2

is true with some positlve constant A > 0. This problem was solved by K.-J. Wirths and the author in
paper [I1]. For an exact formulation of the appropriate result involving inequality as a particular
case, we need some notation.

Let (p, q) be a pair of positive numbers. We shall need a function

v = Fupa(t) =123, (A C2p/0) "), te0,1],

where
oo
(_l)m t2m+1/
J(t) =
/() mz_o 22m+v I T(m + 14 v)

is the Bessel function of order v > 0, while I' is the Euler Gamma function and A,(2p/q) is a Lamb
constant defined as the first positive root of the equation (2p/q)J,(2) + 22J,(z) = 0 for fixed v > 0
and z = 2p/q > 0.

The zeroes of the function x.J,(2) + 22J/,(z) for fixed v > 0, x > 0 were studied by H. Lamb, see
[12] and [13], while for v = 0 they were studied in papers by K.-J. Wirths and the author [10], [IT]. In
particular, it was found that Ag(1) = Ao = 0.940.

By z = A\, (z) we denote the first positive root of the equation zJ,(2) + 22J/,(z) = 0 for fixed z > 0
and v € [0,z/2]. It was proved in papers [10] and [II] that the function

z=MX,:(0,00) = (0,00)
is monotonically increasing, the value z = A, (x) for each z € (0,1] or € [1,00) can be found as a
solution of the Cauchy problem for the equation
=z
dr 2 — 402 + 422
with the initial condition z(1) = A, (1).

While solving the problems related with the inequalities of Hardy type in convex domains 2 C R”,
in paper [I1] by K.-J. Wirths and the author the following statement was proved, see Lemmas 1, 2 and
Theorem 2 for p = s — 1 in [11].

Theorem 4.1. Let s € (1,00), ¢ € (0,00) and v € [0,(s —1)/q| and
z2=Ausqg:=M(2(s—1)/q)
be the Lamb constant defined as the first positive root of the equation
(2(s = 1)/q)Ju(2) +22J.(2) =0

for fited v > 0 and x = 2(s — 1)/q. If f :[0,1] — R is an absolutely continuous function such that
£(0) =0 and f'/t/>~ € L*(0,1), then

1
/f(t)|2dt> (s1)2;zﬂqz/lf(ti)Ith+ e [0 ). (4.5)
0

4 t54
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If v > 0, then the identity in is achieved if and only if f(t) = C F, s_14(t), where C' = const. If
v=0 and f £0, then the strict inequality

1 1
Lf' ()7 (s —1)? / [f()? Absq |f( )7
dt dt : dt 4.
ts—2 = 4 ts + 4 1574 (4.6)
0 0 0
holds true, where both constants (s —1)2/4 and q2)\gsq/4 in inequality are sharp, that is, they

are best possible in the following sense: for each € > 0 there exist functions fic, fae, obeying the
assumptions of the theorem and the inequalities

1

[ALOP, (=1 ) ve [UOF,

15— 2
0 0
1
|fés(t)|2 (5_1)2/|f2€( )’ 2)‘(2),s,q+€/’f25( )‘
/ pr) dt < 1 s dt + 1 I dt.
0 0 0

Inequality (4.5 also holds for complex-valued functions. Namely, the following corollary is true.

Corollary 4.1. Assume that the numbers s, q, v and A\, 54 are the same as in Theorem |3 . If
g:10,1] = C is an absolutely continuous function such that g(0) = 0 and |¢'|/t*/>~' € L?(0,1), then

1 1
g OF (s =17~ Ig N [ lo@)
prE; dt > dt —|— 1 = dt. (4.7)
0 0
Proof. Let g(t) = f1(t)+ifa2(t). It is easy to see that the functions fi(t) = Re g(t) and fa(t) = Im g(¢)
satisfy the assumptions of the theorem. This is why we can write inequality (4.5)) for the function f = f;
and for the function f = fo. Summing up the obtained inequalities and taking into consideration the
identities

g = [EO) + @), g OF = (f10)* + (f3(1)%,
we arrive at inequality (4.7). O

By straightforward calculations using the changes s =2 —o0,t = 1/7, g(1/7) = f(7) in the integrals
in inequality (4.7)), we obtain the following corollary.

Corollary 4.2. Let 0 € (—00,1), g € (0,00) and v € [0,(1 —0)/q]. Let
2= NAog:=M(2(1—0)/q)
be the Lamb constant defined as the first positive root of the equation
(21— 0)/a)Ju(2) + 2274(2) = 0

for fited v > 0 and x = 2(1 — 0)/q. If f : [1,00] — C is an absolutely continuous function such that
f(00) =0 and f'/7°/2~1 € L?(1,00), then

FF@Or .  (1-o0)? —uq \f PNy [0
o2 dr > d + 1 e dr.
1 1

In particular, letting 7 = v =0 and ¢ = 2, we obtain the inequality

o

[ /|f 2 H2/|f

1
where both constantsl/4 and Ao = \o(1) ~ 0.940 are best possible.

Letting v = 0 and g = s, using the changes ¢t = 7/c, g(t) = f(7/c) in the integrals in inequalities
(4.7), by straightforward calculations we obtain inequality of form (4.4) with sharp constants.
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Corollary 4.3. Let ¢ € (0,00), s € (1,00), z = X\o(2 —2/s) be the Lamb constant defined as the
first positive root of the equation

(2 —2/8)Jo(2) +22J(2) =0

for fized s > 1. If f : [0,c] — C is an absolutely continuous function such that |f'|/t*/>~* € L?(0,¢c)
and f(0) =0, then

FOF - s—l /\f PR (Ao( 2/3 /,f )|2dt. (4.8)

t52

0

The next theorem gives improvements and generalizations of Hardy-Rellich-Birman inequalities for
bounded intervals.

Theorem 4.2. Let k € IN, ¢ € (0,00) and f € C*710,c] be a complez-valued function such that the
derivative f*=1) of order k — 1 is differentiable almost everywhere and |f®)| € L?(0,¢). If f9)(0) :=
%iH[l) fUON(t) =0 for all integer numbers j € [0,k — 1] and the identity
5

t
FE=D () = / FOdr 0<t<e
0

holds, then

C

j‘f“”(t)fdt} < 2k—1 u)2/| )\Qk:(k' —1—61)(2ik+ )/\f(t)|2dt, (4.9)
0 0

0

where A\g ~ 0.940 is the Lamb constant.
Proof. If s =2m, m € IN, then 2 — 2/s > 1. Therefore,
)\0(2 — 2/8) = )\0(1) = )\0 = 0.940

since the function A, (z) is monotonically increasing.

Let fo be a function satisfying the assumptions of the theorem. The proof of inequality for
the function fy follows the lines of the proof of the main inequality in Theorem

Choosing s = 2m, m € IN and applying inequality to the derivative fék_m) withm=1,...,k
in view of inequalities A\g(2 — 1/m) = Ao we get

T VOR,,  @m=1? FITOR, mE
/ i i ; / L / fol0)]2dt.
0 0
Employing the iterations of these inequalities, namely, applying this inequality to the case m = 1, and
then successively to the cases m =2, ..., m = k, we obtain:

C 2 C 9 k 9 C
OYNE (2k — 1! [fo(®)] o J 2
/‘fo (75)‘ dt > <2k 12k d“‘)‘o;ng | fo()["dt.
0 0 - 0

Applying this inequality to the function g satisfying the assumptions of the theorem as ¢ = 1 and
taking into consideration the known identity 12 4+ 22 + ... + k? = k(k + 1)(2k + 1) /6, we find that

/l)g(k)(T)‘sz> ((zk;)z!)?/l SIF gl 2k 1) /1|g(7>|2d7.
0 0 0

By the change of the variable 7 = ¢/c and the function ¢g(7) = f(t) we then get inequality (3.10) and
this completes the proof. O
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Remark 4.1. The constant ((2k — 1)!!1/2F)? in inequality is best possible also in the case when
the second term is absent. Namely, as a corollary of Theorem[3.3 we have the following statement: for
each € > 0 there exists a function f. satisfying the assumptions of Theorem [f.9 and the inequality

Cc 9 C
/ f(k)(t)’2dt < <(2k — DH + g> ‘fa(t)‘Zdt.
0 0

e ok 12k
The constant N3k(k + 1)(2k + 1)/(6¢**) at the second integral in the right hand side of inequality
3. 10}) is best possible only as k = 1.

5. MULTIDIMENSIONAL ANALOGUES

Let us briefly describe a relation between one-dimensional integral inequalities and their multidi-
mensional analogues.

Let n € N, n > 2. By |z| = \/:U% + 23+ ...+ 22 we denote the Euclidean norm of a vector
x = (x1,29,...,2,) € R" and dx = dx1dzy - - - dx,, is a differential of the volume (area as n = 2). We
consider a domain Q C R™ and functions u : Q — C. For u € C1(£2) the norm |Vu(z)| of the Euclidean
gradient

_ (Ou(x) Ou(x) du(x) n n
Vu(x)._<8x1, 92y " O eC", z2ze€QcCR”,
is defined by the identity
V(o) = Z”: du(z) > z": Re 2ul®) 2+ 1y Q) 2
N = 8.Tj - = 833j &zj ’

In an arbitrary domain 2 C R"™, Q # R”, a direct analogue of the Hardy inequality is the following

one:
[Vu(z)[P / |u(z) P 1
VBT e > 0(s,Q) [ —2PL g u e CLO), 5.1
/ dist® P (z, 09Q) v b(s, ) dist®(x, 00Q) o 0() (5.1)
Q Q
where the constant C(s,2) € [0,00) is supposed to be maximal among all possible ones.
In the multidimensional case the role of the parameters p € [1,00), s € R is still important, but the

main appearing problems are
1) how to describe geometrically “nice” domains, that is, ones for which Cp(s, ) > 0;

2) how to obtain lower and upper bounds for Cp(s,€2) > 0 depending on the geometric characteristics
of the domain and of the parameters p, s.

A series of results on studying inequality (5.1]) can be found in recent monographs [I4]-[16]. We just
briefly describe some results on special cases of inequality (5.1]).
We can provide several domains, in which inequality (5.1)) is equivalent to inequality (2.5)), that is,

to
Fardo s—11\? [ lg®)P
/]g — dt}( > /g dt Vg e C}0,00).
s—p P ts
0 0

t

We note that following Theorems and belong to a folklore of the theory of multidimensional
Hardy inequalities.
Theorem 5.1. Let n € IN, n > 2. For each p € [1,00) and each o € R the following inequality

Vel (ol [, 652)

|z[7=P p ||

holds for all uw € C}(R™\ {0}) with a sharp constant (|o — n|/p)*.
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We are going to give a brief proof of the equivalence of inequalities (2.5 and (5.2)) for a fixed n > 2
We take s = 0 —n + 1 and employ spherical coordinates
r=rweR", r=|z| >0, weS:={yeR": |yl =1},

the formula dr = 7" !drdw and the inequality |Vu(z)| > |0u(x)/0r|. Applying inequality (2.5) to a
function v € C3(R™\ {0}) with a fixed w € S, we obtain the inequality

/8u rw)|? dr > |s — 1] p7|u(rw)]p
= p TS
0

° p -1 B p F »

/ ou(rw) |V r™tdr > lo —n| /|u(rw)| Ly,
or |z|7—P p ||

0 0

where |z| = r and 0 = s+ n — 1. Multiplying both sides of the latter inequality by dw and integrating
over the sphere S, we arrive at the inequality

/ du(rw) [P dz (]a—n]) /|u
2l s Edi
Rﬂ,

or
and this yields (5.2)). And vice versa, applying (5.2) to radial function defined by the identity u(z) =
u(|z]) =: g(|x]), we get inequality (2.5) with s =0 —n+1 and t =r = |z|.
If o =s+n—1<mn,then s < 1. Inequality (5.2)) is valid under the boundary property u(cc) = 0,
which is implied by the condition u € C}(R™). In particular, letting p = o, we obtain the following
corollary.

which is equivalent to

Corollary 5.1. For each p € [1,n) the following inequality holds:

—p\P p
/ V() Pdz > (” p> '“E;”'I))' dr Yue CLRM) (5.3)
R~ b R

with a sharp constant ((n — p)/p)?.

Inequality is usually called Leray inequality. It was discovered by J. Leray in 1933 for the case
p = 2, n = 3 in work [I7] devoted to studying Navier-Stokes equation. Thus, Leray was first who
considered Hardy type inequality in a spatial domain.

It is easy to show that inequality is equivalent to a corresponding inequality in the half-space
Hf ={z € R":z; > 0}.

Theorem 5.2. For each p € [1,00) and each s € R the following inequality holds:
p 1 p
[Vt 5 (=Y /|u )| 5.
)P 51
Hy
for all w € C}(H,}) with a sharp constant (|s — 1|/p)P.

We are going to describe several nontrivial results on inequality in domains 2 C R"™ not
coinciding with R" \ {0} and H,". More precisely, we consider inequality in domains Q C R",
when there are no simple formulas for finding the distance dist(z, 9Q2), = € Q.

We first of all mention that given below Theorems were originally formulated and proved
for real-valued functions. But these Theorems are also true for complex-valued functions since
their proofs are based on applying inequalities of form , which are also valid for complex-valued
functions.

For the case s > 1 the most complete results on inequality we obtained for convex domains
Q C R"™. Owing to efforts of a series of mathematicians, namely, by E.B. Davies, T. Matskewich,
P.E. Sobolevskii, H. Brezis, M. Marcus, V.J. Mitzel, LK. Shafigullin and the author, see paper [L§]
and the references therein, the following statement was proved.
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Theorem 5.3. Let n > 2. For each p € [1,00), each s € (1,00) and each convex domain Q@ C R",
Q £ R"™, the inequality holds

Vu(z)P 1Y [ o
B _ d
/ dist*P(z,09) P dist®(z, 09) "
Q Q

for all u € CL(SY), where the constant is best possible, that is, Cp(s,Q) = ((s — 1)/p)* for each convex
domain Q@ C R™, Q # R"™ for all p € [1,00) and s € (1,00).

Theorem is also interesting and amazing owing to the fact that various convex domains have the
same Hardy constant equalling to ((s —1)/p)?.
In [19] we proved the following theorem.

Theorem 5.4. Let n > 2. For each p € [1,00), each s > n and each domain Q C R™, Q # R", the

inequality
p —_n\? »
[Ty (2o [ e,
dist®* P (x,00Q) D dist®(z, 0Q)
Q

Q

holds for all u € C}(S2), where the constant is optimal in the sense that there exist domains, for which
the constant ((s —n)/p)’ is sharp.

We observe that this theorem involves no additional geometric restrictions for the boundary of the
domain. This is a quite rare situation in embedding theorems of such type.

As s € (—00, 1) “nice” domains are the exteriors of convex compacts. Namely, the following theorem
was proved by R.V. Makarov and the author in paper [20].

Theorem 5.5. Suppose thatn > 2, 1 < p < 00, —00 < s < n and a domain Q C R" is such that
R™\ Q is a non-empty compact set. Then

minj—12 _n|s — j*
pp

cp(8,8) = cpsp =

)

that is, for each complex-valued domain u € C}(Q) we have

[Vu(z)[P / |u(z)[?

1.  6—D/ > SN ETY YRR 9
/ dist 2(z,00) ™ 7 P | Gt (w, 00) ™
Q Q

where the constant is optimal in the sense that there exist domains obeying the assumptions of the
theorem and for these domains the constant cpsp, s sharp.

Multidimensional analogues of Rellich-Birman inequalities are related with polyharmonic operators
of order k > 2.

Let A be the Laplace operator. For smooth functions u € C¥(Q) we consider a polyharmonic
operator defined by the identities, see [21]:

j . 9
Ak/Qu(x) — A U(l') lf k 2] 18 ev:en,
VAu(z) if k=2j+1is odd,

with a formal convention A'/?y := Vu. It is obvious that in the one-dimensional case A*/2f(t) =
f®)(#) for a function f € C*(a,b) of a variable t € (a,b).
The following theorem holds.

Theorem 5.6. Letn > 2, k> 2 and let @ C R"™ be a conver domain 2 # R™. Then

k/20, ()12 da ((2]‘7—1)“)2 Ju(x)]?
Q/IA (2)2dx > 1 Q/dist%@m)

for allu € C'(’)“(Q). Foralln > 2, k > 2 the constant is sharp for each convex domain Q C R™, Q # R".
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The inequality in Theorem was proved by M.P. Owen in paper [6], in which it was pointed out
that the constant A(Q) := ((2k — 1)!1)?/4F is optimal since it is sharp for the half-space z; > 0. The
sharpness of the constant for each convex domain 2 C R™, Q # R"™ was proven in papers [22] and [23].

There are also several generalizations of this theorem for the case of non-convex domains. For
instance, the following theorem was proved in paper [24].

Theorem 5.7. Let k > 2 and Q C R? be a domain Q # R?. Suppose that the constant Ap(2) €
[0,00) is sharp, that is, it is the mazimal among all possible ones in the inequality

2
Q/ s > ) | G

for all u € CE(Q). Then

A(Q) = (k= 1)) A1 (9),
and the following statement holds: for each k > 2 the inequality Ax(2) > 0 holds if and only if the
domain Q C R? has a uniformly perfect boundary.

We note that in the proofs of Theorem [5.6] and an essential role is played by Theorems
and by the following generalized identity by O.A. Ladyzhenskaya [25, Ch. 2, Form. (6.26)] for m = 2
and |21, Ch. 2, Form. (2.12)] for the general case:

Q/\Am/m da:—/z 3 Z <6xkla%< >axk >2d:n

k1=1ko=1

for each function u € CJ*(2).
We provide several corollaries of Theorem [5.7] The boundary of the circle with a punctured center
is not perfect set. This is why the following corollary holds.

Corollary 5.2. If Q; C R? is the circle || < 3 with a punctured center, then A(Q1) = 0.

Removing from the circle a sufficiently “dense” closed set of point, we can construct a domain with
a uniformly perfect boundary. In particular, the next corollary is true.

Corollary 5.3. If Qo C R? is the circle |z| < 3, from which a classical Cantor set lying on the
segment [0, 1] is removed, then A(Q2) > 0.

We can provide explicit lower bounds for the quantity Ag(£22) as well as for the constant A (€2) with
using modulus characteristic with the domain . The simplest partial case is given in the following
statement.

Corollary 5.4. If Q C R? is a simply-connected domain, Q # R2, then Ap(Q) > ((k — 1)!/4)%.

In conclusion we mention that in recent papers [26] and [27] there was formulated a series of unsolved
problems on multidimensional inequalities of Hardy and Rellich type.
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