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ON LINEAR-AUTONOMOUS SYMMETRIES OF
GUEANT-PU FRACTIONAL MODEL

Kh.V. YADRIKHINSKIY, V.E. FEDOROV

Abstract. We study the group properties of the Guéant-Pu model with a fractional order
in time, which describes the dynamics of option pricing. We find the groups of linear-
autonomous equivalence transformations of the corresponding equation. With their help,
we obtain a group classification of the fractional Guéant-Pu model with a nonlinear free
element. In the case of a non-zero risk-free interest rate r, the underlying Lie algebra of
such a model is one-dimensional. For zero r, the main Lie algebra is three-dimensional in
the case of a special right-hand side and it is two-dimensional otherwise.
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1. INTRODUCTION

More and more new nonlinear modifications of the Black-Scholes equation describing the
dynamics of option pricing [I], [2], taking into consideration various properties of the real market
that were idealized when deriving the linear equation, such as market illiquidity, hedging costs,
and the impact of transactions on price formation, etc., are proposed by researchers over the
last half century [I]-[I0]. One of the nonlinear Black-Scholes models is the Guéant-Pu equation

2

o 1
00 =710+ (1 —15)q — phs — o 0ss — 57026’"”‘”(95 —q)* + F(t,0,), (L.1)

which models option pricing taking into consideration transaction costs and the impact of
transactions on market under a number of assumptions |11, [I2]. Here r is a constant risk-free
rate; v is an absolute risk aversion parameter; o is a volatility; ¢ is the number of shares in the
hedged portfolio; S is a share price; p is a trend forecast, an expected profit of the underlying
asset; the function 0(¢, S, ¢) models the price of indifference call option.

In [I3]-{16], equation (1.1)) was studied by methods of group analysis [17], [I8] under various
conditions for the function F' of two variables. The present work is devoted to studying the
symmetries for a fractional version of model

2 1

g
D0 =10 + (1= r8)q — phs — 5055 - 570—2@“”0(95 —q)* 4 F(t,0,), (1.2)

where D¢ is the operator of Riemann-Liouville fractional derivative of order a € (0,1]. As
it is known, the fractional derivatives model processes with a memory [19], |[20]. Fractional
derivatives, as they are often called, were introduced into option pricing theory to take an
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advantage of their memory properties, allowing one to capture both large moves over short
periods of time and long-term dependencies in markets [21]-[24].

In the present work, by the methods proposed in works by R.K. Gazizov, A.A. Kasatkin
and S.Yu. Lukashchuk [25]-[28], we obtain the generators of the groups of linearly-autonomous
transformations admitted by equations . As the same time, by Theorem 2.7 in work
[29], equations resolved with respect to the fractional Riemann-Liouville derivative in a se-
lected variable and involving the derivatives of only integer order in other variables, possess no
other admitted groups. We obtain a group classification up to linearly-autonomous equivalence
transformations of equation (1.2)) with a nonlinear in 6, free element F.

2. PRELIMINARIES
A fractional Riemann-Liouville integral of order § > 0 and a fractional Riemann-Liouville
derivative of order o € (n — 1, n] read as [20]

t

JPO(t) = ﬁ /(t — 5)"719(s)ds, D26 := DrJro0(t),

and we also assume that J20(t) := 6(t). Here D! is the operator of differentiation of an integer
order n € IN. We also recall the definition of the Mittag-Leffler function [20]:

o k

z
E = JRE— )
a,ﬁ(z) ];:O F(Oék _‘_6)7 aaﬁ € R+, zeC

The relations are known [20]

= r 1
pri= " pop o EUED
I(1-a) I'v+1—a) (2.1)
Dt F =0, ke N, k<a+1,
and a formula for the general solution
n t
U= DBt By ) [ (= 5 BN 9)°)(5) s, (22)

Jj=1 0

of the fractional differential equations Dfy(t) — Ay(t) = f(t).

3. EQUIVALENCE TRANSFORMATIONS GROUPS FOR GUEANT-PU EQUATION

We consider equation (1.2)), where 0 < o < 1, § = 0(¢,5,q), yo # 0. In order to find
the equivalence transformations groups, we consider the function F' and all its derivatives as
variables. We seek the generators of the equivalence transformations groups as

Y =70, + £0s + B0, + 10 + (OF,

where 7, £, 8, n depend on t, S, ¢, 0, while ( does on ¢, S, ¢, 0, F, 0;, 0g, 0,, Dy0. Here
0, = a% is the operator of the partial differentiation in the variable wu.
Following [27], [28], we seek the operator Y in a linearly-autonomous form:

59:07 7-9:07 59:07 W:P(t’S,QW‘i‘g(t’S,Q)

with the condition 7(0) = 0. In order to take into consideration the dependence of F only on ¢
and 6, we add the equations

Fs=0, F,=0, F=0, Fpog=0, Fp, =0,  Fp, =0. (3.1)

S
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We treat system (|1.2)), (3.1) as a manifold 97 in an extended space of corresponding variables.
The extended operator Y read as
Y =Y + n“Opeo + 1" 09, + 1° g + n?0p, + 1°50pss + (' Or, + (O,
+ anFq + CeaFe + CDfeaFD,?‘G + CGS@FGS + Ceaneq :
Applying the operator Y to the both sides of identity (1.2), we obtain:

SS 2 r(T—t)

N o? r
0 == (= rS)B +rel + pn® + 5 = Syote (05 — )’

+70%e" T (05 — q)(n® = B) — (Jm = 0.

In order to calculate the coefficients of the extended operator 17, we employ the operator of
total differentiation

(3.2)

Dt:%+9t%+..., DS:%+GS%+..., Dq:%+0q%+...,
Dt—%JrFta%Jr..., DS—%+F58%+..., Dq—a%Jran%Jr...,
DQ:%+F9%+..., nggzagge—i—FD?@aiF—F...?
Dgszaies+ngaiF+..., ng:a%qﬂLnga%Jr....

With help of them we define continuations in the variables S and ¢
0" = Dsn — 0:Dst — 0sDs& — 0,DsB, 0" = Dy — 0:Dg7 — 05 Dg€ — 0,D,f,
n°% = Dgn® — 05y Ds7 — 05sDs& — 05, Dsf.
By Theorem 2.8 in [27] and in accordance with its generalizations for the case of many variables
and by Theorem 3 in [28], we obtain a continuation in the fractional derivative
n* = D (n — 70, — €05 — BO,) + 7D + DR 0s + BD,,.

In order to exclude the derivatives of form #; under the fractional differentiations, we use the
identity D¢ (760;) = D ((10);—7,0). Using (1.8) from [27] or differentiating (2.43) in Theorem 2.2

in [20], we obtain the identity
t—a—l

[(—a)

Dy (70); = Dy (76) — (76)(0)

In view of the condition 7(0) = 0 this implies the identity
D (18,) = DX (70) — DX (7,0).
Then the continuation in the fractional derivative becomes
N = D{(n — &0s — B0,) + EDJ0s + BDF0, + D (0) — DY (70) + 7D,

By the generalized Leibniz rule for the fractional derivatives we find:

(0% a - o a—n n - « a—n n (0%
" :Dtn_;(n) D; egptg—z;(n) D{™"0,D; B + £D} s
(6% . « a—n n . « + 1 (0% —n n «
+5Dt9q+2(n)Dt eDt“T—Z( ; )Dt“ 0D + 7DI0
n=0 n=0

o0

—opn =3 () peosois = 3 () DEa,Da + €705
n=0

n=0
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oo 9] 1
+ 8D, + Y (z) DyDp =y (‘;‘ i 1) De"9Dy T,
n=0

n=0

where
a\ F(Oz—i—l)
n) Tn+)(a—-—n+1)
Since
a-+1 _Oé—{-l Q
n+1) n+1\n)’
then

n* =Din — Z (n) Dy "0sDy¢ — Z (n) Dy="0,Dy' B
n=1 n=1

. QN — QX n npgryntl
+;<n)n+1Dt oD 7.

Further calculations for linearly-autonomous transformations give
a _ Mo - o a—n n n—ao n+1
n —Dt9+§(n>Dt ‘9<Dtp+n+1Dt T)

- (07 a—n n . « a—n n
_ ; (n> D "gs DI — ; <n> Dy="6,DyB.

The coefficients at the derivatives of F' in the extended operator Y read as
(¥ =Dg( — F,Ds7 — FsDs& — FyDg3 — FyDgn
— FpegDsn®™ — Fy,Dsn' — FoeDgn® — Fy, Dsn’,
(" =D, — F,D,m — FsD,& — F,D,8 — FyDyn
— FoeoDyn®™ = Fy, Dyn = Fog Dyn® — Fy, Dyrf?,
¢ =DyC — F,Dy7 — FsDyé — FyDyf3 — FyDyn
- FDtaeDena — Fy,Dgn' — FypgDgn® — Feqbeﬁq;
(P?® =DpegC — FyDppom — FsDpeo& — FyDpeoB — FyDpegn
- FD,?HDD?M& - Fat[)DgoT}t - FGSDDgaﬁS - FanDgenqa
(" =Dy,¢ — F;Do,m — FsDy,& — FyDy, 8 — FyDg,n
- FD?GDtha — Fy,Do,n' — Fys Do — Fy, Dy,
(% =Dgs¢ — FyDoy7 — FsDg,& — FyDoy B — FyDoyn)
— FDtae[)eST]a — F(;tD(aS??t — ngﬁgsns — Feqﬁean'

We apply the operator Y on equations and we obtain
Clm=0, Iw=0, lm=0, ¢"lm=0, ¢"|lm=0, ¢*|m=0.
Expanding them and substituting (3.1)), we get
Ol = (s — Fyrs — Fp,n&lm = 0, Con = G — Firq — Fy,nllm = 0,
Clon = o — Fyrg — Fy,milon = 0, (P = Cppolm = 0,

¢"lon = Co, — Fo,me. lon = 0, ¢ | = Cog — Fy g lm = 0.
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We expand n? and, passing to the manifold 20, we obtain:

Cs — Fy1s — Fy, (psql + sty + gsq — 0:7sq — 05€sq — 04Bsq) =
Cq — Fi7q = Fo,(Dagt + Poby + Gag — 01Taq — 05E4q — 04Beq) = 0
Co — Fo,pq =0, C(peg=0, (o +Fp,7=0, Co5+ Fp,§q=0
Separation of the variables gives
s =0, 7,=0, §=0, p,=0, (=0, (=0, (=0, (ppg=0,
Co, =0, Cos=0, ps—B8sq=0, By=0, gsq=0, ggu=0.

Substituting into (3.2)) for the formulas for the coefficients of the extended operator Y and the
equation 7 = 0 from (3.3)), we obtain:

ey = a a—n n n—oa. .,
Dtg+z<n>Dt Q(Dthrn—HDtHr)
n=0
- « a—n n - Q a—n n
-3 (n) Dt QsDtg—Z(n) D"9,D" 3 — rph —rg — (u —1S)
n=1 n=1

+ 7€ + p(psf + phs + gs — OsEs — 0,8s) — 27026"” D(0s — q)°r

(3.3)

(3.4)

2

g
+ 5(17559 + gss + 2psts — 0s€ss — 0455 — 205,85 + 0ss(p — 2£s))

+70%e" T (0 — q)(psO + phs + g5 — OsEs — 0,85 — B) — Clm = 0.

Passing to the manifold 97 in equation (3.4) by means of the expression for D6 in (1.2)), we
obtain

2
(0% - « a—n n n
Dtg+2(n)Dt Q(Dtp—l— +1D+1)
n=1
> « a—n n . « a—n n
-y (n> AR EDY (n) D ~"9,Dr 3
n=1 n=1

—rpf —rg— (p—rS)B+rq¢
+ 1(pst + gs + pls — 0s&s — 0,0s) — 77025@ D(0s — q)*

2 1
(p—an) <T6’ + (n—1rS)g — ubs — 0—955 — 57026T(T_t) (0s — q)* + F)

2

g
+ 5 (psst + gss + 2psbs — 0s€ss — 04855 — 205,05 + O0ss(p — 28s))

+ 702" T (05 — q)(psh + gs + phs — Osés — 0,85 — B) — ( = 0.

Separation of variables gives:

n—ao
Do g - D'p 4+ ——Dr = =1,2,... .
t 0 tp + n + 1 t T 07 n ) <y ) (3 5)
Dy " : D¢ =0, D{™"0,: D=0, n=12..., (3.6)
2
o
Ogg : ?(—(p —an)+p—2) =0, (3.7)
eSq . 65 = 07 Ps = Oa (38)
1
0% : — —y02e" T D (p —ar) — T—Twa "0 4 yo?erT=D(p — €g) = 0, (3.9)

2 2



ON LINEAR-AUTONOMOUS SYMMETRIES OF GUEANT-PU FRACTIONAL MODEL 117

2

_ g
Os : (p = am)(—p+ qr0"e™ ™) + plp = &5) = &ss
+r7qyo’e’ T 4 40%e" T (g5 — B — q(p — &) = 0, (3.10)
2
1: (p—an) (7"9 + (n—1rS)q — %7026T(T_t) + F)
0.2
+Dig =1l —rg—(p—=rS)B+7¢€ + pgs + 5 gss
rq’ 2 _r(T—t) 2 _r(T—t)
-5 oe T —qyo’e (9s — ) —C=0. (3.11)

By (3.6)) we find that & = 0, 8; = 0. Identity (3.7) implies one more identity ar; —2¢s = 0 and
hence, 74 = 0, {55 = 0. Then by (3.5) with n =1 we obtain p; = 0. Taking into consideration

that p, = 0 by (3.3) and ps = 0 by (3.8), we have a constant p = p.
For the functions 7, &, 8 we have 7; = 0, 7, = 0 and 7¢ = 0 by (3.3); & = 0 and £sg = 0,

¢, = 0 is implied by (3.3)); 5: = 0, S5 = 0 is yielded by (3.8) and 5,, = 0 follows from (3.3). In
view of the identity ar, — 265 = 0, by (3.7) and the condition 7(0) = 0, an integration gives:
M
p=py, T =Mt 52%5—1—14, B =DBq+ K, (3.12)

where M, A, B, K are various arbitrary constants. The substitution of (3.12) into (3.9), (3.10)
followed by a cancellation gives the identities

0% : —rMt+py =0, (3.13)
M M
s : uaT + ryo2e" T Mg + yo?er T (gs —Bg— K — an) = 0. (3.14)

By (3.13) we obtain 7M = 0, py = 0. Since gg, = 0 in (3.3)), by differentiating (3.14) with
respect to ¢ we obtain B = rMt — aM/2 = —aM /2. Therefore, it follows from (3.13), (3.14))
that

aM aMer®=T)

rM=0, p=0 B=-"" go=K-p>-" (3.15)
2 202

Since g4, = 0 by (3.3), the integration of gg gives

aMer(t—T)

g=2_5 (K — 5707 ) + N(t)g+ V (t), (3.16)

where N(t), V(t) are arbitrary functions. We substitute identities (3.12)), (3.15)), (3.16) into

(B.11)), then

2

—aM ((,u —1rS)q — q—”yazer(Tft) + F) + SDp} <K — 1

aMer(t—T)
z )

2v0?
aMet=T)
+ q.D?N(t) + D?V(t) — TS (K — Mﬁ)
i (3.17)
2
aMer 1) aM 2 r(r_ M

e e LR

—rN(t)g—rV(t) — (u—rS) (—%q%— K) +rqA

+ uK — i?
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In view of the identities (s = 0, (; = 0, (p = 0 from (3.3]), we consider (3.17)) as a polynomial
of S, q, 8 and by means of the identity rM = 0 we obtain the following equations:

M r(t=T)
DON(t)—rN(t)+rA=0, D (K - u%) ~0, (3.18)
2vo
M r(t—T)
—aMF + DoV () — V() — 122 =0

Under the assumption r # 0, by the identity rM = 0 we get M = 0. Then by (2.1) the
second equation in ([3.18)) gives
Kt
DK = —— =0
t ['1l—a)

Therefore, K = 0. In accordance with (2.2, as 0 < a < 1, the first equation in (3.18) has a

solution of the form
t

N(t) = Ht* 'E, o(rt®) — rA/(t — 8)* By a(r(t — s)*)ds,
0
where H is an arbitrary constant. Then the operators become

7—:07 5:147 5:07 C:D?V(t)—TV(t)7
n= (Ht" "Eqo(rt*) — rA(t — s)*Eqas1(rt*)) g + V().
If » = 0, then by (£2.1) the solution of (3.18) is

M
N@t) = Ht°l, K= p s

2vo?

Taking into consideration also results (3.12)), (3.15)), (3.16]), we obtain the following statement.

Theorem 3.1. 1. A basis of the Lie algebra of the groups of linearly-autonomous transfor-
mations of equation (1.2)) as r # 0 is formed by the operators

Y] = t* 1B, o (rt®)q0s,

Yy = 0g — 1t Ey a41(1t%)q0p,

Yy =V (t)0s + (DyV(t) — rV (t))Or,
where V(t) is an arbitrary function.

2. A basis of the Lie algebra of the groups of linearly-autonomous transformations of equation
(1.2) as r =0 is formed by the operators

Y] = t*"q0y, Y, = 0Os, Yy = V(t)0p + D2V ()0,
Yy = 2y0%t0, + ayo?S0s + a (u — yo?q) 8, — o (290 F + 1i*) Op,
where V(t) is an arbitrary function.

As o =1 and r # 0, equation (1.1 possesses, among other, the equivalence transformations
groups generated by the operators
Yilaz1 = €q0y and  Yi|a—y = V(£)0p + (D} V() — vV (t))0p,

see [14, Thm. 1].

It follows from the first part of Theorem the groups of linearly-autonomous transforma-
tions admitted by equation as r # 0 and for all F' are generated only by the operators Yy
for V such that D&V (t) — rV (t) = 0, that is, the function V reads as

V(t) =t B, (rt?), Yie1p, p(rte) = 1% Eq o (rt*)0p.
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By the second part of Theorem [3.1] the group of linearly-autonomous transformations ad-
mitted by equation ([1.2) as r = 0 and for all F' generated by the operators Y, and Yy with
V(t) =toL

Some of the equivalence transformations groups obtained in Theorem will be employed
in the group classification of equation (1.2)), while other can be formally used for simplifying
the form of the equation.

4.  GROUP CLASSIFICATION AS Fy g # 0

Now we are going to seek admissible groups of linearly-autonomous transformations of equa-
tion ([1.2) as 0 < o < 1, since due to Theorem 2.7 in [29] the systems of equations resolved with
respect to the fractional Riemann-Liouville derivative in time and involving only derivatives
of integer order in other variables possess no other symmetries except for linearly-autonomous
ones. We consider a free element F' = F(t,6,) nonlinear in 6, that is, under the condition
Fy0, # 0. The linear case has its own features, see, for instance, [I5], and we shall study it
later.

We seek the symmetry operator in the form X = 70, + £0s + 80, + 10s. The action of the
extended operator

X=X + naapge + 773895 + nqaeq + 77550955
on (1.2)) after the restriction to the manifold 9N defined in the extended space of variables by

equation (1.2 gives
o s o’ ss T2 r(T-t) 2
0 =1 = (p=rS)B+rg + pp” + o = gyoteV (0s — q)°r
+ 'YJQeT(T_t)(QS —q)(ns — B) — By — Fy, 0| = 0.
We substitute the extension formulas, which have been obtained above while calculating the

equivalence transformations under the assumption n(t, S, ¢, 0) = p(t, S, q)0+g(t, S, q), into (4.1))
and we obtain

(4.1)

ey = « a—n n n—o ., - a a—n n
Dig+ Y (n) DS Q(Dtp+n—+1pt+lr) = (n) D& "9g D¢
n=0 n=1

=3 () D Dns = 0+ ) — (e 75)5 -+ e
n=1

,
+ 1 (psh + gs + pbs — 0,7 — Os€s — 0,8s) — 570267”(%” (0s — q)°1

2

ag
+ ?(psse + gss + 2psls — 0,755 — 0s€s5 — 04855 — 20575 — 205,085

+ Oss5(p — 265)) + 02" T (05 — q)(psb + gs + ps — Oi7s — OsEs — 0,85 — B)
— by — FGq (pq9 + gq + p9q - ‘9th - ‘95511 - eqﬁq)"ﬁ =0.

The passage to the manifold 91 gives the equation

2

1
(p — Oth) (7“9 + (,u — T‘S)q — ,UﬁS — %055 _ 5,)/0.267’(T—t)(05 _ q)g + F)

o - « a—n n n—oa ., - «@ a—n n
+Dtg+2(n)Dt 9<Dtp+n+lpt+17>—z<n>Dt 05 D¢

n=1 n=1

=3 () D Drs = r0+ ) = (o= 1515 + o
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T
+ 1 (pst + gs + phs — 075 — 0s&s — 0,8s) — 5’70267@%)(95 —q)°T (4.2)

+ %2(17559 + gss + 2psts — 0iss — 0s8ss
— 048ss — 205,75 — 205405 + Oss(p — 2Es))
+ 70" (05 — q)(psh + gs + phs — Oi7s — OsEs — OgBs — B)
— Fim — Fy, (pgf) + g4 + p0q — 074 — 05&g — 048,) = 0.
By Theorem 2.7 in [29],
7(t,S,q) = At + Bt*, & =& =0=0s=0, p(t,S,q) = h(S,q) + k(A + 2Bt),

where A, B are some constants, k =0 as B=0and k = (o« — 1)/2 as B # 0. This is equation

(4.2) becomes
2 1

g
(p—am) (re + (= 718)g = phs = —bss — 57005 — q)* + F)

+ Dig —r(pf +g) — (n—1S)B+rq§
,
+ p(hsl + gs + pbs — 0s&s — 0,85) — 5702€T(T_t)(95 —q)*t

(4.3)
2
o
+ ?(hssg + gss + 2hgls — 0s€ss — 0,855 — 205,85 + Oss(p — 2£5))
+ 702" T (05 — q)(hs + gs + pis — Os&s — 0,85 — B)
— B — Fy,(hef + gq + 00y — 05& — 0453,) = 0.
We separate the variables 0g, 0gg, 05, in (4.3) and we obtain
QSq : 55 = 07
955 . aTy — 255 = 07
9?9 : p—r7 =0, (4.6)
2
o
Os : (p—oam)(—p+ VUQGT(T_t)C]) +pulp —&s) + 7(%5 —&s9)
+ry02e" T g7 + 70%e" T (heb + g5 — B —q(p — &s)) + Fp, &, =0, (4.7
1
1: (p—am) <r€ + (u—rS)q — 57026T(T’t)q2 + F)
+Dg—r(ph+g) — (11— rS)B + rgf + p (hsh + gs) — =0’ T Vg7

2
2

o
+ ?(hsse + gsg> - ’70’2€T(T_t)q(h5¢9 + gs — 5)
— By = Fy,(hef + g4 + Py — 0454) = 0. (4.8)

It follows from (4.5) that 7 = 0, g5 = 0, this is why B =k =0, 7 = At, p = h(S,q). In view
of the assumption Fjy g, # 0, the differentiation of (4.7)) in 6, gives £ = 0. Thus, in view of

(.4), (.9,
QA_2€S:O7 TTt:pt:Oa hS:hq:Oa 555207 525(8), 5:5((])
The integration gives the identities

aA
T=At, rA=0, 5275+E, =08, p=0, n=g=g(tS,q), (4.9)
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where A, E are constants. Equations (4.7, (4.8) now become

aA aA
pt SCACA (gs - B- CIT) =0, (4.10)
1
—aA <uq = 50t + F> +Djg—rg—(u—78)8+7r4E + ugs
) (4.11)
o
+ 055 — q0°e" T (g5 — B) — FLAL = Fy, (9, — 0,5,) = 0.
We express yo2e" ") (gg — B) from equation (4.10) and substitute into (#.11)) and we obtain
aA aA
0%’ (gs — B) = 0% T — p—- (4.12)
—aA( 5 +F> +Dyg—rg— (u—1S)B+1rqE + ugs
2 (4.13)
+59ss — FrAt — Iy, (94 — 048¢) =
By equation (4.12]) we obtain
aA
= B(@)S+=-Sq - rt=TS + Gt 4.14
9=pB(q)S+ q nge + Gt q), (4.14)

G(t, q) is some function.
The differentiation of (4.13)) by 6, gives

(Bq - OéA)ng - thth - FBqu(gq - Gqﬁq) = 0. (415)

Differentiating equation (4.15) in S, we obtain gg, = 0. By (4.14) this implies the identity
B, = —aA/2, B = —aAq/2+ L, where L is a constant. Hence, §,, = 0 and by differentiating
(4.15) in ¢ we get goq = Gy4g = 0. Thus,

aA aA
=——9q+1L =LS —p——e NS+ N M 4.1
8 g atLl, g=1LS oty S+ N(t)g+ M(t), (4.16)
where N(t), M(t) are some functions.
Substituting (4.16) into (4.13)) gives
A r(t—T)
St (M p) o (£ AT
2v0?
O{Aer(th)
+ DIN(t)g+ DEM(t) —r (L — “W) S —rN(t)g—rM(t)
aA / aAert=T) (4.17)
—(u— ML E L— e -
(n 7"5)< 5T )+7“q +u( L o )
A
—FtAt—ng( (t) +6, 0‘7) = 0.
We equate to zero the coefficients of polynomial (4.17) on S and ¢:
aAer(th)
S: DY\ L—p————) =0, q: D{N(t)—rN(t)+rE =0, (4.18)
202
yadert=T) aA

1: DEM(t) —rM(t) — p — aAF — F,At — F, ( (t)+6 —) =0. (4.19)

2v0?

Since a solution of equations (4.18)), (4.19) depends on r, we should consider the cases r = 0
and r # 0.
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4.1. Case r # 0. In this case A = 0 and this is why identities (4.9), (4.16), (4.18), (4.19)
cast into the form

=0, §{=F, f=1L, n=g=LS+N(t)q+ M),

DL =0, D{N(t)—rN({t)+rE=0,  DIM(t)—rM(t)— Fy, N(t) =0.  (4.20)

Differentiating the third equation in (4.20) with respect to 6,, we obtain N = 0. We substitute
the obtained identity N = 0 into the second equation in and we obtain £ = 0. In view
the first equation in gives the expression Lt~*/T'(1 — «) and hence, L = 0. Thus,
the function F' in this case is arbitrary up to the nonlinearity condition Fy g, # 0. Solving the
equation DM — rM = 0 by means of (2.2), we obtain the following theorem.

Theorem 4.1. The main Lie algebra of equation (1.2)), where Fy 9, # 0 and r # 0 is gener-
ated by the operator Xi = t* "' E, (rt®)0.

Hereinafter the notion “main Lie algebra” is used in the sense of monograph by L.V. Ovsyan-
nikov, see [17].

Comparing with the symmetries of equation [14], we can observe that the condition
7(0) = 0 leads to the loss of symmetry with the shift in time and several symmetries of the
equations of the first order in time are absent in the case of a fractional time derivative because
of the equation & = 0, 5, = 0 in the determining system of equations. The symmetry 9, + S0
of equation in this case is absent since the fractional Riemann-Liouville derivative of a
constant is not the zero. The operator X; in the case of equation becomes X |q—1 = €"0p.

4.2. Case r = 0. We substitute r = 0 into (4.18]), (4.19) and we obtain

aA aA
Dy (L — =(L—p——=)Dj1l= DYN(t) = 4.21
P(b-ng) = (b-ngag) ri=0. DEN() = (1.21)
N 5 A A A p aA
Dt M(t) — U 270_2 — F—Ft t—ng N(t)+ q7 =0. (422)
Solving (4.21)) by means of (2.1), we get
A
N(t) =Pt L=p—
2~0?
Substitution of the obtained relations into (4.9)), (4.16) gives
aA aA aA
= At = — E = —— — = pt! M(t
T . E=5S5+E B TR q+ M(1),

where A, E, P are some constants. We represent (4.22)) as
A
aAF + FtAt + ng (Pta_l + Qq%) - R(t) = O, (423)

where R(t) = Dy M (t) — p* 5225

4.2.1. Case A # 0. Integrating equation (4.23]), we obtain

Pta/2—1 =
Pt (1o, - )

t
— +—/Rtt“‘1dt,
As-1) " A (¥

where @ is an arbitrary function. On the obtained expression we apply the equivalence trans-
formation 0 = 0 + a,;t* g from the group generated by the operator Y; in the second part
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of Theorem with the group parameter a; = A(g]il) and then we apply the equivalence
2

transformation B )

0=0+ aVV(t), F=F+ avaV(t)
generated by the operator Yy of the group (see Theorem 2) with ay = 1 and a function V(¢)
such that

t
t—Oc
D2V (t) = —T/R(t)to‘_ldt.
0

The function V'(¢) is defined by formula (2.2]) with A = 0. As a result we obtain the function
F=t"7® (t—a/%)q) . Substituting it into determining equation (4.22]) gives

aA
D¢M(t) — pi? — N(t)t=3e/29 = 0.
PM) - 15 = N )
Since by our assumption Fy e, # 0, we obtain ®” # 0 and hence
aA
N(t)=0 DM (t) — pi? = 0.
0 =0, DEM() -
Thus, integrating M (t) by means of (2.1), we get
aA t«

_ a—1 2
M(t) —Mot + 1 Wm

As a result we have
aA aA aA

= At =—S+F = —— —
T , § 5 ot E, B 5 4t oo
Mota_l 2 oA te
n= s — :
() 2702 T (a + 1)
4.2.2. Case A =0. We obtain identities (4.20) with » = 0, that is,
T=0, ¢&=E  B=L  n=g=LS+N({t)g+ M),
DyL =0, DYN(t) =0, Dy M(t) — Fy,N(t) = 0.
Then L = 0 and differentiating the third equation in 6,, we obtain N(t) =0, M (t) = Myt 1,
F is an arbitrary function. We have proved the following statement for equation (1.2 as r = 0.

Theorem 4.2. The main Lie algebra of the equation
2

g 1 -« -«
D0 = pg — pbs — —-Oss — 5702(95 —q)? +t7® (t7°20,),

where ®" £ 0, is generated by the operators
X, =05,  Xo=1t"""0,,
/L2Oéta

Jites
< :2 — _— _— .
X5 to; + aS0s + ( aq+70 >8q+fya2f(a+1)89

2

For the equation

o2 1
D0 = pg — pbs — —-Oss — 5702(95 —q)> + F(t,0,),

where Fy g, # 0 and F(t,0,) is not equivalent to the function t~*® (t_a/QGq) in the sense of
equivalence transformations generated by the operators Yy, Yo, Y3, Yy in the second part of
Theorem [3.1], the main Lie algebra is generated by the operators X1 = Og, Xy = t*~10y.

We observe that the form of the obtained symmetries agrees with the results of Theorem 2.7
[29], in which there was found a general form of symmetries for such systems.
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