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ON GELFAND-SHILOV SPACES

A.V. LUTSENKO, I.LKh. MUSIN, R.S. YULMUKHAMETOV

Abstract. In this work we follow the scheme of constructing of Gelfand-Shilov spaces S,
and S? by means of some family of separately radial weight functions in R” and define two
spaces of rapidly decreasing infinitely differentiable functions in R™. One of them, namely,
the space Sy is an inductive limit of countable-normed spaces

T 2D )]
Su, = { feC¥®Y): = swp )

a€Zi:\a|§m

<oo,m€Z+}.

Similarly, starting with the normed spaces

Sr./w;/t” — {f c COO(Rn) . pm,y(f) — sup (1 + ”xH)m‘(Daf)(x)’ < OO}

2ER™ Q€L M, (@)

we introduce the space SM. We show that under certain natural conditions on weight
functions the Fourier transform establishes an isomorphism between spaces Syq and SM.
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INTRODUCTION

In the mid-1950s, families of S-type spaces of infinitely differentiable functions in R"™ were
introduced, which, along with the Schwarz space, became one of the central objects of the theory
of generalized functions and the theory of partial differential equations and they had significant
applications in the theory of pseudodifferential operators and time-frequency analysis. Their
study was initiated in works by G.E. Shilova [I], I.M. Gelfand and G.E. Shilov [2]-[4]. They
characterized S-type spaces in terms of the Fourier transform of functions and then they applied
the resulting description to study the uniqueness of the Cauchy problem for partial differential
equations and their systems.

An essential development the theory of spaces of S-type was done in works by M.A. Soloviev
in studying problems of nonlocal field theory. In particular, he obtained [5, Sec. 4] a description
of the image of the space Sy(R™) under the Fourier transform; this space consists of the functions
f € C°(R") obeying the inequalities

(D" f)(@)| < CatlPbyy, zER", FEZL,

for some C' > 0 and p > 0 depending on f and a € 77, where, as usually, for the multi-index
B = (br,....0n) € 2%, |B| = Pr+ -+ + B, under the condition that a monotonically non-
decreasing sequence (by)2, of numbers by, > 0 satisfy the condition: there exist numbers B > 0
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and A > 0 such that
bii1 < Bh*by, k=0,1,...

One of the aims of the present paper is to generalize this result to a wider class of Gelfand-
Shilov spaces of such type.

1. SPACES Sy AND SM. MAIN RESULTS.

Let M = {M,}>2, be an arbitrary family of functions M, : Z — R such that for each
v € N:
i1) there exist numbers a; = a1(v) > 0, az = az(v) > 0 such that

M, () > alagal, CRSVAR

. . sz+1 (Oé)
1 — =
i2) \oa|i>rﬁoo M, (a) o0
We define the space Sy following the scheme of constructing the Gelfand-Shilov space S,

[3, Ch. 4]. For each v € N and m € Z let

2#(D* (o)
Smm, = e C"™(R") [ fllmw = TMpB)
e = FECTRY |l = sup ST <o

aGZi:\(ﬂgm

o0
We also denote Sy, := () Smm,- The class Sy, is non-empty: it contains compactly sup-
m=0

ported functions with the support in [—asg, as]™. We equip Sy, with the topology defined by the
family of norms || - ||, (m € Z,). By Condition i), the space Sy, is continuously embedded

into Saq,,, for each v € IN. We let Spq := |J Sa,. Being equipped with usual summation and

v=1
multiplication by complex numbers, Sy is a linear space. We equip Sy with the topology of
inner inductive limit [6] of the spaces Sy, .
Let us define the space SM. By v € N, m € Z,, we introduce the space

M — {fecw(w):pwm: . (1+||x|\)m|(D“f)(x)!<oo}_

z€R™,a€LT M, (@)

An equivalent topology in S can be introduced by means of the norms

|2°(D*f) ()|
o = su —_—
Gm.o(f) cernorzn, M)
pezn :||<m

It is obvious that the normed space S is continuously embedded into SM*. Let SMv :=

N SMr. We equip the space SM» by the topology defined by the family of the norms p,,,
m=0

(m € Z). In view of Condition is), the space SMv is continuously embedded into S*»+1. We

let SM:= |J SM~. In 8™ we introduce a topology of inner inductive limit of the spaces SMv.
v=1
The space SM is constructed by analogy with the Gelfand-Shilov space S? |3, Ch. 4.
We shall employ the following definition of the Fourier transform f of a function f € S(R"):
N 1 )
f@)= ——— [ F(e)&"0 de, zeRr™
(V2m)™ Jin

The following theorem holds true.
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Theorem 1.1. Let a family M be such that for each v € IN:
i3) there exists a number d, > 0 such that for all « € 77, B € 77, N[0, 1]"

MV(a + 5) § dVMqul(Oé);

i4) for each m € N there exists a number d,,, > 0 such that
Myi(a) > dymM,(a H L+ ag)™, a=(o,...,an) €Z.
k=1

Then the mapping F : f € Sy — f is an isomorphism between the spaces Sy and SM.

Corollary 1.1. Under the assumptions of Theorem [I.1] the Fourier transform is an isomor-
phism between the spaces SM and Sp.

Remark 1.1. If (by)32, is a monotonically non-decreasing sequence of numbers by, > 0 such
that for some B > 0 and h > 1, b1 < Bh*by, for all k € 7., then the family {h”"'o“bw}ff:l
satisfies Conditions i1) — —i4). In this case the space Sy coincides with the space Sp(R™).

Remark 1.2. If a monotonically non-decreasing sequence (bi)s>, of numbers by > 0 is such
1

that lim (b’;)—:l) = 1, then the family {(o—27)1b, }52, with o > 0 satisfies Conditions i,) —

) k—o0
—24).

Let H be an arbitrary family of non-negative functions h, in R” such that for each v € IN:
Hy) hy(z) = h(|x1], .-, |2a]), 2 = (21, .., 2,) € R
H,) there exist numbers Q1 = Q1(v) > 0, Q2 = Q2(v) > 0 such that

@) < S m Qs v =(a,. o m) € [0,00)"
1<j<n:x;#0 Ql

Hg) hjn (hy(l') — hy+1($)) = +o00.

We observe that the functions M, (a) = ale™™@) o ¢ 7", where h, € H, satisfy Condi-
tions 4;) and iy) imposed for the functions of family M. Thus, if M = {ale”™(®} ., then
the space Sy consists of the functions f € C°°(R"™), for which for some v € IN and for each
a € 7 there exists a number K, > 0 such that

27 (D f)(2)| < Kofle™™P, zeR",  peZ,
while the space SM consists of the functions f € C*°(R"), for which for some v € N and for
each 3 € Z there exists a number Lg > 0 such that
|2%(D f) ()| < Lgale™ (@) z € R",

for all a € Z7.

In order to select a particular case of the family M, we shall denote the space Sy by Sy,
the space SM> is denoted by S(h,), and the space S™ is denoted by S*.

Then Theorem implies one more corollary.

Corollary 1.2. Let the family M consist of the functions M,(a) = ale ™) o € 77,
where the functions h, € H satisfy additional conditions:
Hy) for each v € N there exists a number 7, > 0 such that

hu(x+y) I/+1 Zln 1+$k — Ty

for all x = (x1,...,2,) € [0,00)", y € [0,1]";



ON GELFAND-SHILOV SPACES 91

Hs) for all v,m € IN there exists a number 1,,, > 0 such that

hy(x) — hyy1(x) > mz In(1 4 xx) — Tom
k=1
for all x = (x1,...,x,) € [0,00)", y € [0,1]™.
Then the mapping F : f € Sy — f is an isomorphism between the spaces Sy and S™.

Indeed, Condition H,) ensures the validity of Condition i3), while Condition Hj) guarantees
Condition iy4).

Corollary 1.3. Let the family M consist of the functions M,(a) = ale™™® o € Zy,
where non-decreasing in each variable on [0,00)" functions h, € H satisfy Condition Hs).
Then the mapping F : f € Sy — f is an isomorphism between the spaces Sy and S™.

It is interesting to consider the case, when all functions in the family H obey the condition
hy,
Hg) lim (z)

a=voo |z
The matter is that in this case, whatever a function f is S*, for each ¢ > 0 there exists a

number c.(f) > 0 such that
(D f)(2)] < co(fe¥al,  zeR", aeZ”,

= 400 (||| is the Euclidean norm of 2 € R™).

and therefore, f admits a unique continuation to an entire function in C". We denote this
continuation by Fy, while by A we denote the mapping f € S* — F;. In a natural way
there arises a problem on describing the image S* under the mapping A. Its solution is
obtained under additional conditions for #, see Theorem [[.2] Let us introduce notation and
definitions involved in the formulation and proof of Theorem (1.2l For an arbitrary function

g: R" — (—o00,+00) such that lim 9(x)

Iz = 400 by ¢g* and g we denote functions defined on
T—00 ||
R™ by the rule:

g'(x) = sup ({2} — g(e)), = € R,

g(z) = ys;]}g«x,w -9(y), zeR"

The function § is called the Young-Fenchel transform of the function g [7]. Now for each v € N
we define a function ¢, in R" letting

o, (z) = hi(In" |z, ..., In" |z,]), r=(x1,...,2,) € R",

where In"t = 0ast € [0,1) and In" ¢ = Int as t € [1,00). Since a convex in R" function h
take finite value, then it is continuous in R™ [8, Sec. 11]. Thus, the function ¢, is continuous
in R™. Tt is obvious that its restriction on [0,00)™ does not decrease in each variable. In view
of Condition Hs) for some Q3 = Q3(v) > 0 the inequality

8011(1'>2%Z’mk’_@37 ZL’I(.Z'l’...,:L'n)ERn.
k=1

holds true. Owing to Conditions Hg) and Hj),
lim (h;,,(z) — h,(x)) = +o0.

T—r00
Therefore,
lim ((pqul(x) - SOI/(':C)) = +00. (11)

T—00
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Then, for arbitrary v € IN and m € Z, we introduce the space

Pl = { £ € HE) s pun(r) = sup LI e

zeCn

It is obvious that the space P,,+1(p,) is continuously embedded into P,,(,). Let P(p,) be the

intersection of the spaces P,,(p,). We equip P(¢,) with a topology of projective limit of the

spaces P, (). By (L.1) the space P(y,) is continuously embedded into P(p,41). We denote

the family {p,}>2, by @. Let P(®) := |J P(¢,). We equip P(P) by the topology of interior
v=1

inductive limit of the spaces P(p,). In Section 4 we prove the following theorem.

Theorem 1.2. Let the functions of the family H be conver and apart of Condition Hg)
satisfy the conditions:
H7) for each a > 0 there exists a number 1, , > 0 such that

hopi(+y) <h(z) + 1.,  x€[0,00)",  yel0,a;
Hg) for each v € IN there exists a number s € IN such that
Z eh’l’"rg(a)ih’l’(a) < 0.

la|>0
Then the mapping A is an isomorphism between the spaces S™ and P(P).
By these two theorems the following statement holds true.

Theorem 1.3. Let the functions of the family H be convex and satisfy Conditions Hs)— Hy).
Then the mapping AF is an isomorphism between the spaces Sy, and P(P).

2. AUXILIARY RESULT
In the proof of Theorem we shall need a corollary from the following statement.

Proposition 2.1. Let the functions of the family H satisfy Conditions Hg) and Hz), while
m € N is arbitrary and m = (m,...,m) € N". Then for each v € N

B (2) = W) + (@) — by, @ € RIL,
where 1, is the same as in Condition Hy).
Proof. Let m € N and = € R’.. Then
hy (@) = sup ((z,a) = hyp(a) = sup ({2, @) = by (@)

aEzn agZry
> sup((z, @) = hyy1(a)) = sup ((z, @ +17) = hypi (@ +m)).
a>nm aEZ’

Employing Condition H7) on H, we then have
hya (@) = (2, mm) + sup ((z, @) = by (@) = Ly
a€Z’

= (z,m) + sup ((z,a) — hy(a)) = lym = h,(z) + (x, M) — L) m.

aEeZ"

The proof is complete. O
Under the assumptions of Proposition the following corollary holds.
Corollary 2.1. For allv,m € N
o, () +mIn(1+ ||z]]) < ppi1(x) +bym >0, x€R",

where by, = 1, + 2mnln 2.
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3. PROOF OF THEOREM [L.1]

Let us show first that the mapping F acts from Sy into SM. Let g € Syq. Then g € Sy,
for some v € IN. This is why whatever m € Z, is, for all v € Z7} with |y| <m, p € 2%, x € R"
the inequality holds:

|[2(D7g) ()] < [|gllmp Mo (1). (3.1)
Let us show that g € SM. Let £ € R", a = (v, ..., ), B = (B1,....B,) € Z be arbitrary.
We denote kg := min(as,ﬁs) fors=1,...,nand K := (K1, ..., k). Since
\5\ . .
(i€)°(D*§)(€) / Z C” DP=g)(z) (D (ix)*)e' ™ da,
JEZY <K
then
€(D2g)(&)] < \/—) >, / (D7 g) () ]| D ()| . (3.2)
]EZ+ J<K Rn
According to [5], if u € S(R™), then for all x,j € Z" the inequality holds:
[ 1D utw)| do < V2 [ 1D o) de 33)
R" R"
Employing this inequality, by (3.2) we obtain:
EO9EI o Y 6 [ (D))l do. 3:4)

JGZ” <Kk Rn

We continue estimate following [5]. Namely,
1) we represent [ |2*(D’g)(z)|dz as a sum of 2" integrals over non-intersecting sets R"

described by n inequalities of form |x;| <1 or |zx] > 1;

2) in the integrals over the sets, in description of which the inequality |zx| > 1 is involved,
we multiply and divide the integrand by z7.
Then by (B.4), employing inequality (3.1)), we obtain that

(\/5)3n+1

| ( )( )| (ﬁ)n || ||‘ﬁ| w:(wl,niywn)eziz

Then, owing to Condition i3) on M, we have

€°(D*3)(€)] < Cullgllig2"” Mo (),
(\[dn+1

where C; = (—d dy11. Then for each k € Z, we can find a constant Cy > 0 such that

1+ €D ID*9)(©)] < CallgllpMutale),  a€Zl. (3.5)
Therefore, g € SM»+2. Thus, g € SM. By inequality (3.5)),
prv+2(9) < Collgllkws 9 € Sm,, k€Zy.

This implies that the mapping F acts continuously from Sx into SM.

It is obvious that the linear mapping F acts injectively from Sy into SM.

We are going to show that F is a mapping onto. Let F € S™. Then F € SM» for some
v € IN. This is why whatever m € Z_, for all v € Z7}, x € R",

(L4 [lz)™ (D" F)(2)] < pm o (F) Mo (7). (3.6)
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We let f(z) := F(—x), x € R". Then for each a = (av,...,a,), 8 = (B1,...,5.) € Z",
£ R",
8 pe py(e) - (oD 8 - \e i)

G (D)) = | DRy

That is,
\al
(1) (D")(¢) / S CUDIIR) @)D (i2))e 9 da,
EZ" J<k
where £ 1= (K1, ...,Kkp), Ks := min(as,ﬁs) for s =1,...,n. This implies
B( o J B—j J (o
(D )(E)] < <\/_ ZOR/ (DP9F) (2)|| DI () d.

Using inequality , we get:

CONEI< o >[I0 @ de

jEZ" J<kK Rn

This yields:

€7 (Df)(E)] <

Z CJ/| (DPF)(x)|(1 + ||z]) da.

EZ" <k
Let m € Z, be arbitrary. Then, for all « € Z7 with |a| < m,

dx
0O o= 3 0 [P )@+ el
JEZ" J<k Ra [T(1+27)
k=1
Employing estimate (3.6]), for each o € Z7 with || < m we have

(D )(E)] < V2 (\@ b MBS O

<2 (\/g) Prmtony (F)(m 4+ 1) (14 61)™ - (14 B,)" M, (B).

Finally, employing Condition i4) on M, we obtain that for some C5 = C3(v,m) > 0 for o € Z}
with || < m and all 8 € Z7

‘SB(D@f)(é‘)’ S CSpm+2n,y<F)Mz/+1(ﬁ)> 5 S Rn (37)

Therefore, f € Sy, Hence, f € Sy It is clear that f: F. Thus, the mapping F acts from
Snm onto SM. Estimate (3.7) means that

Hf”m,qul < C3pm+2n,1/(F)7 Fe SMV.

It implies that the inverse mapping F ! is continuous.
The proven facts imply that the mapping F is an isomorphism between Sy and SM.
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4. PROOF OF THEOREM [[.2]

Let f € S™. We are going to prove Fyu € P(®). Let m € Z, be arbitrary. Employing the
expansion Fy(z) (z =z + iy, z,y € R") into the Taylor series about the point  and the fact
that f € S(h,) for some v € IN, we have:

(L4 2™ E(2)] < o (£ A+ Ilyl)™ Y e H(|yj|+)“]’

a0

sup (ta Int |y1 [+ AHtn InT |yn|—ho 1 s(2))
< Bupma (N1 + [ly])e=cntmen |

where B, 1= Z ehvs(@=hu(@) "¢ ig from Condition Hg). Therefore,
|o|>0

(L4 121D [F¢ ()] < Buopmuw ()1 + [yl et =m2 2 e €.
By this estimate, employing Corollary we obtain that, for some K, > 0,
(L+ 12" Ff(2)] < Kumpmw (flere1dma 2 e

That is,
pl/—i-s—i-l,m(Ff) S Kl/7m/0m,u(f)7 .f € S(hV)

In view of the arbitrariness of m € Z,, Fy € P(¢y1s41). Thus, Fy € P(®). Moreover, the
latter inequality means that the linear mapping A is continuous.

It is obvious that A is a one-to-one correspondence from S* into P(®).

The mapping A is surjective. Indeed, let F' € P(®). Then F € P(p,) for some v € IN.
Let m € Zy, a = (aq,...,0,) € Z7. Employing the Cauchy integral formula and the non-
decreasing of ¢, in each variable [0,00)", we obtain, proceeding as in the proof of Theorem 1
in [9], that for each R € (0,00)" and each z € R"

pym(F)(1 + || R|)™ e

(14 [lz)™|(D*F)(z)] < e

Then, emplyoing Corollary [I.T| we have:
epr+i(R)
Ra
For the brevity we let ¢, 1]e|(r) := ppia(e™,...,e™), r=(r1,...,7,) € R". Then

L+ [z )™[(D*F) ()| < e alpym(F)

6901/+1 (R)

1 m(D*F < bu,m ‘VmF inf
L+ [l2l)"|(D*F)(@)| < e alpun(F) | inf  —po

eb”vma!py,m(F) eb”’ma!p%m(F)

exp(sup ((@.1) — @ [l(r))) ~ exp(sup ({7} — oy €](7))

e malp, m(F)
exp( sup ((a,7) = by (InT e, ... InT em)))

e malp, m(F) eb”lmoz!pl,’m(F)

exp(sup ((a,r) = b1 (7)) N exp(sup (o, 1) = (1))

= eby'ma!pu,m(F) eXp(_h:;—i-l(a))) = eby’ma!pu,m<F) exp(_hV-H (Oé))
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In the end of this estimate we have employed the fact that due to the convexity of the function
hy41 we have h}, (o) = hyq1(a) for each a € Z" according to Proposition 1 in [10]. By the
obtained estimate it follows that

Pt (Fgn) < €7p,m(F),  F € P(py). (4.1)

Therefore, Fign € S(hy41). Thus, Fig» € S™. It is obvious that A(Fg») = F and inequality
(4.1) ensures the continuity of the mapping A~'. Thus, the mapping A is an isomorphism
between S* and P(P).

1.
2.
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