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NONLOCAL PROBLEMS WITH DISPLACEMENT
FOR MATCHING TWO SECOND ORDER
HYPERBOLIC EQUATIONS

Zh.A. BALKIZOV

Abstract. In this work we study two nonlocal problems with a displacement for two second
order hyperbolic equations being a wave equation in one part of the domain and a degener-
ate hyperbolic equation of the first kind in the other. As a nonlocal boundary condition, in
the considered problems we use a linear combination with variable coefficients of the first de-
rivative and fractional derivative (in the Riemann-Liouville sense) of the unknown function
on one of the characteristics and one the line of the type changing. By using the methods
of integral equations, the solvability issue of the first problem is equivalently reduced to
the solvability of a Volterra equation of the second kind with a weak singularity, while the
solvability of the second problem is reduced to the solvability of aFredholm equation of the
second kind with a weak singularity. For the first problem we prove a uniform convergence
of the resolvent for the kernel of the obtained Volterra equation of the second kind and that
it solution belongs to a needed class. For the second problem we find sufficient conditions
for the given functions, which ensure the existence of the unique solution of the Fredholm
equation of the second kind with a weak singularity in the needed class. In some particular
cases the solutions of the problems are written explicitly.

Keywords: wave equation, degenerate hyperbolic equation of the first kind, Volterra inte-
gral equation, Fredholm integral equation, Trikomi method, method of integral equations,
methods of fractional calculus.
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1. INTRODUCTION. FORMULATION OF PROBLEM

On the Euclidean plane of points (z, y) we consider an equation

u:cac_uyy'f—f’ y>0:

where m, A are given numbers and m > 0, |\ < F; f = f(z,y) is a given function and
u=wu(z,y) is a sought function.
As y < 0 equation (1.1)) coincides with the equation

(_y)muxx — Uyy + )‘(_y)mT_qu =0, (12)
while for y > 0 equation (L.1)) is an inhomogeneous wave equation
Ugy — Uyy + f(x,y) = 0. (1.3)

Equation (1.2)) belongs to an important class of degenerate hyperbolic equations of first kind
[1]. An important property of equation (L.2) is the fact that as |A| < %, the Cauchy problem
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for it is well-defined in the usual formulation with the data on the curve of the parabolic degen-
eration y = 0 despite the Protter condition is violated [2]. As m = 2, equation becomes
the Bitsadze-Lykov equation [3], 4], [5], while for A = 0 equation becomes Gellerstedt
equation, which, as it was shown in monograph [6], arises in the problem on determining the
shape of a dam cut. A particular case of equation (1.2)) is also the Tricomi equation, which has
applications in the theory of transonic gas dynamics and aerodynamics [7], [8], [9].

Equation (1.1)) is considered in the domain 2 = Q; UQoUI, where €2, is the domain enveloped
by the characteristics

2 2
—AC r— () ™D2 =0 and oy =CB:at+ —(—y)mH2 =
o4 x m+2< Y) and o9 x+m+2( Y) r

of equation (1.2)) leaving the point

0= o= [ED)T

passing respectively through the points A = (0,0) and B = (r,0), and by the segment [ = AB
on the straight line y = 0. The symbol {25 denotes the domain enveloped by the characteristics
os=AD: 2 —y=0,04=BD: x+y=r of equation (1.3)) leaving the points A and B and

intersecting at the point D = (g, g) and by the segment I = AB.
In what follows we make use of the following notations:
o m — 2\ o m+ 2\ fm g g, = ™ G
1_2<m+2)7 2_2<m+2)7 — <1 2_m+27 /Yl—r(Ez);
I'(1—¢)(2—2¢)1 1 —
oo PUZDC22 ) Aol oy 1 o) - ole)
(1—e1) v(@) — () a(z)  B(z) +mno(z)

900(@2<§,—(2—26)5_1x1_a>, 901(93):(%,;), erl(x):(r—lz—x’r;x)

are the affixes of the intersection points of the characteristics leaving the points (z,0) with
the characteristics AC of equation (1.2)) and the characteristics AD and BD of equation (1.3)),
respectively. The functions

1 0o

B(p,q) = /tp_1(1 — )17 dt, T(x) = /exp(—t)tm_ldt, B(p,q) =

are the Euler integrals of the first and second kind and the relation between them:;

o0 Zn
Ep(zp) =)  mr——
=T (p+np?)

is a function of Mittag-Leffler type [10], while as p = 1 it coincides with the Mittag-Leffler
function E,(z,1) = Ey/,(2). The formula
|

sgnz c)
f r— t|1+o<7 a < OJ

D p(t) =

i1y [a]+1 al-1
Sgn[ Yo — )di[atrlD Sl (), a >0,

defines an operator of Riemann-Liouville fractional integro-differentiation of order |a|, where
[a] is the integer part of a number « [5], [11].
A regular in the domain Q) solution of equation (1.1)) is a function u = u (z, y) from the class

C () N C* () N C* (0 UCy), the substitution of which into equation (1.1) transforms the
latter into an identity.
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Problem 1. Find a reqgular in the domain € solution to equation obeying the conditions
ulfor ()] = ¥ (2), 0<z<r, (1.4)
a(w)2 Doy =ufoo(t)] + B(2) Do “u(t,0) +v(2)uy(2,0) = ¢o(z),  O<z<r, (L5

where a(x), B(x), v(x), ¥i(x), Ya(x) are given function defined on the segment [0,7] and
a?(z) + B (x) +v*(x) # 0 as x € [0, 7].

Problem 2. Find a regular in the domain ) solution of equation in the class
ug(z,0), D, *u(t,0) € Ly (0,7) satisfying nonlocal condition and the boundary condition

w0 (2)] = 1(z), 0<z<r, (1.6)

where a(x), B(x), v(x), ¥1(x), Ya(x) are given functions defined on the segment [0,7] and, as
in Problem 1, o*(x) + B8*(x) +v*(x) # 0 as x € [0, 7].

Goursat problem for a degenerating inside a domain hyperbolic equation was studied earlier
in works [12], [13]. In work [12] a uniqueness criterion was studied for the solution of the Goursat
problem for equation of form (1.2)), while in [13] there was explicitly written a solution for the
Goursat problem for a degenerating inside a domain model equation. In work [14] the Dirichlet
problem for a degenerating inside a domain hyperbolic equation was considered. In works [15]-
[17], there were studied boundary value problems for degenerating hyperbolic equations in a
characteristic quadrilateral with the data on opposite characteristics. Problems with shift for
a degenerating inside a domain hyperbolic equations were studied in works [I8]-|21]. Problems
with shift for a degenerating hyperbolic equation of first kind of form (1.2 as a generalization
of the Dirichlet and Neumann Darboux problems were studied in (1.1).

In the present work we study two nonlocal Problems 1 and 2, which belong to the class
of Zhegalov-Nakhushev boundary value problems with displacement [23]-[26] and are gener-
alizations of the Goursat problem and the problems with data on opposite characteristics for
equations of form (L.1)). We find sufficient conditions for the given functions a(z), 8(x), v(x),
1 (x), Po(x) and f(z,y), under which there exists a unique regular in the considered domain
solution to Problems 1 and 2. In a particular case, when a(z) = %
solutions of Problems 1 and 2 are written explicitly.

= a = const, the

2. STUDY OF PROBLEM 1
The following theorem is true.

Theorem 2.1. Let the given functions a(x), 5(x), v(z), ¥1(x), ¥ao(z), f(x,y) be such that

a(x), B(z),v(z) € CH0,r] N C*(0,r), (2.1)
Ui (), o (x) € C10,7] N C3(0,7), (2.2)
f(z,y) € C* (), (2.3)
and one of the following conditions holds true: either
v(z) — yoa(z) 0  forall x €]0,r]; (2.4)
or
v(z) — na(z) =0, B(x)+mnalz)#0 forall xel0,r]. (2.5)

Then there exists a unique reqular in the domain 0 solution to Problem 1.
Proof. We prove by using the method of integral equations. We introduce the notations:
u(xz,0)=7(x), 0<z<r and uy (z,0)=v(xr), 0<z<T (2.6)

Let us find fundamental relations between the sought functions 7 (x) and v (x) brought from
the corresponding parts €2; and €2y of the domain €2 on the line y = 0. First we consider the
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case |[A| < %. In this case a regular in the domain €2, solution to Problem ({2.6) for equation
(1.2) is written by the formula [27]:

u (2,y) I% /7' (3: +(1—¢) (—y)i (2t — 1)) e2—1 (1- t)s1—1 dt

['2-¢)y 1

—FFﬂ—eﬂF(L_Q)/”Q”*O‘gﬂ—wﬁﬁ@ﬁ-D)fﬁ(l—w52&,

where 7(z) € C[0,7] N C%*(0,r), v(x) € C1(0,r) N Li(0,7).
By we find:
1

ulfho()] u(g’_@_zg)e*lxl E " Bler,e2) /T (zt) =27t (1 — )" dt
’ 0

(2 —2e)1gt—e / - —e
€1 1 2 .
"B l-5) v(zt)t = (1 —1t)" 7 dt
0

Introducing a new variable of integration z = xt, we rewrite this identity as

(x — 2

__TE@ . [r@e
U{eoo (.CE)] —mm /ﬁdz

xT

['(2—¢) o1 [z (2)
T T(1—e)T(1—ey) (2= 2) /(:zc—z)52 dz.

0

In terms of the operator D% ¢(t) of the Riemann-Liouville fractional integro-differentiation, we
rewrite the latter identity as

[(e)x'e (2—-2e) ' T(1—¢)
U[QOO (I>] - F(EQ) F(]_ —81)

Using the following composition law for the operators of fractional differentiation and integra-
tion [6], [I1]

Dot [t ()] — D' [t w(t)] . (2.8)

Dg, t°? Dy g (s) =2 D tg (1), 0<a<1, B<0,

by (2.8) we find:

2% Doy *u[foo (1)) = 1 Dy “7(t) — 7ev(@). (2.9)
In view (2.9)), condition (1.5]) is rewritten as
[(z) = pea(z)] v(z) + [B(z) + ma(@)] Do *7(t) = Yo (x). (2.10)

The obtained relation is exactly the fundamental relation between the sought functions 7(z)
and v(x) brought from the domain Q; to the straight line y = 0.

Let us find a fundamental relation between the functions 7(x) and v(z) brought from the
domain €2; on the straight line y = 0. In order to do this, we employ a representation for
a regular in the domain €2, solution to problem for equation (1.3, which is written by
means of the D’Alambert formula [28]:

4y y x+y—t
(z+y)+7(r—y)

u(a:,y):T ZT —1—%/ t)dt + = //fstdsdt (2.11)

T—yY 0 z—y+t
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where 7(z) € C[0,7]NC?(0,r), v(z) € C*(0,7) N L1(0, 7). Substituting this representation into
condition (1.4, we get

ummmhw(ggyaiﬁgﬂg+%jy@ﬁ+%/i7f@ﬂmﬁ:muy

Differentiating this identity, we arrive at the relation

v(z) = 2¢y(z /f (v —t,t)d (2.12)

Relation is a fundamental relation between the functions 7(x) and v(z) brought from
the domain €2 to the straight line y = 0.

Excluding the sought function v (z) from (2.10)) and (2.12)), in view of the matching condition
7(0) = 91(0) and condition of Theorem [2.1] for the function 7(z) we obtain the following
problem for the first order ordinary differential equation involving a fractional derivative in the
lower order terms:

#(2) — a(z) DLEr(t) = 200 () — /fx—tt g, O<z<r (213)

7( — Yoa(x
7(0 )—wl( )- (2.14)

Integrating equation (2.13) in x from 0 to x, we arrive at an integral equation associated

with problem (2.13)), (2.14):

T@—ﬁ%/K@W@ﬁ:ﬂ@, (2.15)

where

Fi(z) = 2¢n(x /7 7204 //f(t—s,s)dsdt.

It follows from (2.1)), (2.2), that equation (2.15]) is an integral Volterra equation of the
second kind with the kernel K (x,t) € Ly ([0,r] x [0,7]) having a weak singularity as x = ¢ and
with the right hand side Fi(z) € C[0,7] N C%(0,r). In accordance with the general theory of
Volterra integral equations, equation (2.15)) is uniquely solvable and is written by the formula

T

ﬂ@:ﬂ@+/ﬁ@@ﬂ@m (2.16)

where
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is the resolvent of the kernel K(x,t);
Ko(z,t) = K(x,t), Ky(z,t)= /K(:p, s)K,(s,t)ds.
¢

Let us show that the resolvent R(x,t), as well as the kernel K (z,t) of equation satisfies
R(x,t) € Ly ([0,7] x [0,7]) and has a weak singularity at = = ¢, while a solution 7(x) to this
equation as well as its right hand side Fy(z) satisfies 7(z) € C[0,r] N C?(0,r).

Indeed, taking into consideration that a(x) € C'[0,r] N C?*(0,7), we find an estimate for the
iterated kernels fnﬁf(?) Let |a(z)] < My and |d/(z)] < M for all x € [0,r]. Then the first

Ko(z,t)
T'(e)

iterated kernel obeys the estimate

1 _L T — 1 a(z) _ a'(s) S
g ot = gl = | s - '

Mi(x — )=t My(x —t)°
ST e YT

Then

1 1|
S TCOIEL / K (e, 5) Ko, 1)ds

</ (F@)(aﬁw—l S ]V?g T 18>>€> (r@)(;M—l e A?((: 1? ) &

1

‘]\412 2e—1 e—1 e—1
Irg—(g)(l’—t) /3/ (1—y) dy

1 1

M, M. 3 M, M. [ )
3 2(x—t)2€/ya(1—y)aldy+ S (= 1)? /y H1—y)dy
0

el2(e) el?(e)

0
M? i
2 2e+1 5 5
—= (v —t 1—y)d
+F2(5+1)<I ) /y( y)© dy
0
Mz —t)*!
- T(2¢)
2M1M2(I’ — t)2€ 4 MQQ(.I' — t)2€+1
I'(2e+1) I['(2e +2)

In the same way we obtain

1 1| Mz — 1)1 3M2My(z — t)%
— | Ky(z, )] = K Ki(s, t)ds| < — L
mag) @0l =m / (z, 5) K (s, t)ds T3 | @+ 1)
t
3M1M22(£C _ t)3e+1 MQP’(Q? _ t>3€+2
(3¢ +2) (3¢ + 3)
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It is clear that
1 ~ O M ME (z — t)retht

K,_1(z,t)] < )
Ty Kn-1(@ )] £ T(ne + k)

(2.17)

where C* = #’_k), is the number of k-combinations of n elements. Observing that ['(ne+k) >
['(ne), by (2.17) we get the estimate

1 1 o
F—(€)|Kn—1(xvt>| < T(ne) > Ok MPF M (0 — 1)t
" n

k=0 (2.18)

1
= M + My(z — )" (x — )" 1.
gy (M1 + Mol = 10" (2 1)
For sufficiently large n, the exponent ne —1 of (z —¢) in formula (2.18]) is positive. At the same

time, the difference (x —t) can be replaced by a large scalar quantity r. Thus, for the resolvent
R(x,t) of the kernel K (z,t) we have the estimate

R(z,1)| = Z;mr-nl—((;” <;(M1 +£‘(4;3 . (2.19)

Employing the Striling’s formula for the Gamma function
I(n) = ——n"e ", 0<n<l,

and the Cauchy test for the convergence of the scalar series, we easily confirm that the series
in the right hand side of identity converges. Thus, the series for the resolvent R(x,t)
of the kernel K (z,t) converges absolutely and uniformly and this implies the continuity of the
resolvent of the kernel for each 0 < ¢ < 1 and each x # ¢ € [0, 7] as well as a weak singularity
at x = 1.

Representation and estimate for a continuous right hand side Fy(x) € C[0,r]
implies the following estimate for the solution:

T

= 1 L (My + Mar)" r7e
IT(z)] = F1($)+m/R(x,t)F1(t)dt < M 1+;

['(ne)

: (2.20)

where Mz = max |Fi(z)].
z€[0,r]

The convergence of the majorizing scalar series in the right hand side of inequality )
by the Weierstrass M-test implies an absolute and uniform convergence of the solution. This
yields the continuity of the limiting function 7(z) € C[0,r].

Let Fy(z) € C?(0,r). In this case by a twice integration by parts in the integral in the
right hand side of representation (2.16) we easily confirm that 7(x) € C?(0,7), that is, the
solution 7(z) of integral equation as well as its right hand side F}(z) belong to the class
7(z) € C[0,7] N C?(0,r).

As a(z) = a = const, the solution of equation can be written explicitly:

(2) = Fi(z) +a / (x — £ By ola(z — t)F: e Fi (1)dt. (2.21)
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If condition (£2.5)) is satisfied, then by system (2.10)) and (2.12)) we immediately find

_ e—1 ¢2(t)
“”‘D“[ww+%mmy

Pa(t)
[B(t) + ()]

As A\ = £%, the sought function 7(z) is again determined by one of the formulas ([2.16) or
(2.21), but
m (2 —2¢)° m

82:0, E=& = —, ’7120, ’}/QZT as )\:—E

u@):—D&{ }+mﬁ@y—if¢x—aodt

and

g1 =0, € =gy m v =1, Yo = (2 -2 (2 —¢) as A= —.

T mt2 2

Once the function 7(x) is found, the second sought function v(z) is determined by one of
formulas (2.10) and (2.12)). Then the regular in the domain €2; solution of the studied problem
is written by formula (2.7) or by one of the following formulas [27]:

w(zy) =—2 [ (:p G T 1)) (1— 1) = dt

T mt2 2
m + ) m + (2.22)
2 m+2 m
__Z (—y) = ——
1
2 2 m m
wley) === [ vlet —— (=)™ @ - 1| (1—0) 7= dt
+2 m+ 2
(2.23)
n L 2 ( )L"FQ 3 m
T+ ——(—y) 2 = —
m + 2 y Y 2 )
while in the domain €, the solution to the Cauchy problem for equation (1.3)) is found by
formula (2.11)). The proof is complete. O

3. STUDY OF PROBLEM 2
We proceed to studying Problem 2. Writing condition (1.6 for (2.11]), we get

T—x

u[erl(x)]zu(’”” r—x) :T(x)+7<r)+%/ry(t)dt+%/2

r—t
b ! [ £s.0) dsde = (o).
T+t
Differentiating this identity, we arrive at the relation

T—x

2

v(z) =1(z) — 2 (x) — / f(xz+tt)dt. (3.1)

0

This identity is a fundamental relation between the functions 7(x) and v(z) brought from the
domain {2, on the straight line y = 0 in the case of Problem 2.
Thus, for the sought functions 7(z) and v(x) we obtain a system of equations expressed

by relations (2.10) and (3.1)). Excluding the function v(z) from (2.10) and (3.1), in view of

matching condition 7(r) = 11(r), as in studying Problem 1, for 7(x) we obtain a boundary
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value problem for a first order ordinary differential equation involving a fractional derivative in
the lower order terms:

T—x

wQ—(:E)—l-/f(az—i—t,t)dt, O<z<r, (3.2)
(@) = nalz)
7(r) =1 (r). (3.3)
Integrating equation (3.2) in = from 0 to x, in view of condition (3.3]), we arrive at an integral
equation corresponding to problem (3.2)), (3.3)):

r

7'(x) + a(x) Do, °7(t) = 204 (x) +

(z) - % / Lz, O)r(t)dt = Fy(x), (3.4)
where
) K(r,1), 0<x<t,
L(m’t)_{K(r,t)—K(x,t), t<x<r,

r

Fg(:ﬁ):2w1(m)—w1(r}—/¢2—(t)dt—/7f(t—|—s, 5) ds dt.

Y(t) — v2a(t)

If the given functions a(z), 5(x), v(x), ¥1(z), ¥2(x), f(z,y) possess properties (2.1), (2.2),
formulated in Theorem then equation (3.4]) is a Fredholm integral equation of second
kind with the kernel L(x,t) € L; ([0,7] x [0,7]) and the right hand side Fy(x) € C[0, r]NC?(0, 7).

Let us find sufficient conditions for the given functions ensuring the unique solvability of
equation (3.4). In order to do this, we consider a homogeneous problem corresponding to
Problem by letting 1, (x) = 1(x) = 0 for all z € [0,7], f(z,y) = 0 for all (x,y) € Qy. Then
problem , becomes a corresponding homogeneous problem

b(x)r'(z) + Dy er(t) =0, 0<z<r, (3.5)
7(r) =0. (3.6)

We multiply equation (3.5)) by the function 7(x) and integrate by parts the obtained identity
in = from 0 to r taking into consideration condition (3.6). This gives

T

/b(a:)T(:L’)T/(:E)d:B—I—/T(x)Dé;ET(t) dx
bO)*(0) 1 |

/b’(x)TQ(a:) dr + /T(.T)Dé;ET(t) dr = 0.
0
It is known [5] that

/ r(2)Dr(t) da > 0,

0

and
T

/ 7(2)Di=*r(t)de = 0

if and only if 7(x) = 0 for all = € [0, 7]. Hence, if the function b(z) is decaying and negative, the
latter identity can hold if and only if 7(x) = 0 for all x € [0, r]. Therefore, under the mentioned
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conditions for the given functions equation (3.4) can possess only a unique solution 7 in the
class C[0,7] N C?(0, 7).
Thus, we have proved the following theorem.

Theorem 3.1. Let the given functions a(x), 5(z), v(z), ¥1(x), e(x), f(x,y) possess prop-

erties , , formulated in Theorem and
[B(z) + na(@)] [y(2) = vea(@)] 0 for all x € 0,7],
b(x) <0, b0)<0 foral ze€]0,r]

Then there exists a unique reqular in the domain ) solution to Problem 2.

In the case a(x) = a = const the solution of problem (3.2)), (3.3)) can be written explicitly:

T(x) = % (1/)1(7“) + Fy(x) — Fa(r) +a /(7’ — t)a_lEl/E [—a(r —t)%; | Fa(t)dt

—a / (x = O By [—ale — £): €] Fg(t)dt> |

and
E.[—ar] #0. (3.7)
It follows from Theorem [3.1] that inequality (3.7) holds true for instance for all a < 0.
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