ISSN 2304-0122  Ufa Mathematical Journal. Vol. 15. No 2 (2023). P. 7484

d0i:10.13108 /2023-15-2-74

SHARP JACKSON-STECHKIN TYPE
INEQUALITIES IN HARDY SPACE H; AND
WIDTHS OF FUNCTIONAL CLASSES

M.Sh. SHABOZOV, Z.Sh. MALAKBOZOV

Abstract. In this work we obtain sharp Jackson—Stechkin type inequalities relating the
best joint polynomial approximation of functions analytic in the unit disk and a special
generalization of the continuity modulus, which is defined by means of the Steklov function.

While solving a series of problems in the theory on approximation of periodic functions
by trigonometric polynomials in the space Lo, a modification of the classical definition of
the continuity modulus of mth order generated by the Steklov function was employed by
S.B. Vakarchuk, M.Sh. Shabozov and A.A. Shabozova . Here the proposed construction is
employed for defining a modification of the continuity modulus of mth order for functions
analytic in the unit disk generated by the Steklov function in the Hardy space Ha.

By using this smoothness characteristic we solve a problem on finding a sharp constant
in the Jackson—Stechkin type inequalities for joint approximation of the functions and their
intermediate derivatives.

For the classes of function, averaged with a weight, the generalized continuity moduli
of which are bounded by a given majorant, we find exact values of various n-widths. We
also solve the problem on finding sharp upper bounds for best joint approximations of the
mentioned classes of functions in the Hardy space Ho.

Keywords: Jackson—Stechkin type inequalities, continuity modulus, Steklov function, n-
width, Hardy space.

Mathematics Subject Classification: 30E05, 30E10, 42A10.

1. INTRODUCTION

Extremal problems on the best polynomial approximation of functions analytic in the circle
were studied in many papers, see, for example, |1]-|18] and the references therein. Among these
problems, one of the most important is on finding exact constants in Jackson—-Stechkin type
inequalities in various normed spaces. We recall that by inequalities of the Jackson—Stechkin
type in the considered normed space we mean ones, in which the approximation of a function
by a finite-dimensional subspace is estimated in terms of some characteristic of the smoothness
of the function or of its given derivative.

Recently, in solving a series of problems in the approximation theory, as a characteristic of
the smoothness of a function, various modifications of the classical definition of the modulus
of continuity are used. For instance, in the case of approximation of 27-periodic functions,
instead of classical shift operator T}, f(z) = f(z + h), in [19], [20] the Steklov function Sy(f)
was used. This article continues these studied and provides a generalization and development
of ideas presented in works [19]-[21].
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Let IN, Z, := NU{0}, C be respectively the set of natural, non-negative integer and complex
numbers, U := {z € C: |z| < 1} be an open unit circle in C and A(U) be the set of functions
analytic in U.

An analytic in the unit disk U := {z € C: |z| < 1} function

f(z):ch(f)zk, z=pet, 0<p<l, (1.1)
k=0
is said to belong to the Hardy space Hy [17] if
1 27 1/2
— o 2 it\|2
= W7l = i, (55 [ 15Ge at) < o (12)

It is well-known, see, for instance, [17], that the integral in (1.2)) does not increases as p increases
and almost everywhere on the circumference |z| = 1 there exist angular values f(e®) := F(t).
At the same time, F' € Ly := Ly[0, 27| and

2m 1/2
Il i= 10 = (5 [ IRar) (13)

We define the derivative of a function f € A(U) of rth order as usually:

f(z) = 01 = i k(k—1)---(k—r+Dep(f)2"", reN, (1.4)
k=r

dz"

while the angular value of the derivative is denoted by f)(e®). For the sake of brevity we
introduce the notation

n!

A i=nn—1)--(n—m+1) = n,meN, n=m.

(n —m)!’

Here we let oy, 0 = 1, ap1 = n, n € IN. Now we shortly write identity (1.4)) as
F=) =) o an()F (1.5)
k=r

Hereinafter, by the symbol H" (r € Z,, H{”) = Hy) we denote the set of functions f € A(U)
belonging to the Hardy space H,, the derivative of which of rth order f((z) also belongs to
H,, that is,

HY = {f € Hy: | fD, < oo}.

Let P,,_1 be the subspace of complex algebraic polynomials of degree at most n — 1. Since
for f € Hz(r), all its derivatives f), s = 1,2,...,r — 1, also belong to the space Hy, see 18],
then it is of a natural interest to find exact values of joint approximations for the functions f
and their derivatives ), s > 2 s =117 — 1,

En—s—l(f(S))Q = inf {Hf(S) - pizsz1||2 “Pn—1 € Pn—l}

on some subset M) C HZ(T) or on the class HZ(T). Thus, we need to find an exact value of the
quantity

ET(LS_)S_I(DJT)Q = sup {En_s_l(f(s))g f e Qﬁ} (1.6)

Since in the present work we use only the norms in the spaces Hs and Lo, in view of relation
(1.3) hereinafter we omit the subscripts of the norms || - ||2 and || - ||z,. In the same way we
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do for the quantities defined by means of these norms, for instance, instead of F,_,_; (f(S))
£, (9)2 we write En,sfl(f(s)), e ().

n—s—1 n—s—1

27

2.  AUXILIARY STATEMENTS

In what follows we shall make use the following known statements.

Lemma 2.1 (|21]). Let f € Hér), r,n € N, n > r. Then for each s € Z.., 0 < s < r the
wnequality holds:

0 1/2
«&slu“)=<§jdg%uw> : (2.1)

Lemma 2.2 (|21]). For an arbitrary function f € Hér), r € N, foralln € N, s € Z,,
obeying the condition n > r > s the inequality holds:
Enfsfl(f(s)> <

O B 1 (). (2.2)

n,r

There exists a function g € Hér), Jor which inequality (2.2)) becomes the identity.

Let

x+h
Snf(e™) = %/h fle™ydt, h>0 (2.3)

be the Steklov function of the boundary value f(pe®) of the function f € Hy. We let Sy (f) :=
Sh (Shi-1(f)), where k € IN and Syo(f) = f, E is the identity mapping in the space Ho.
Following |20], we denote the first and higher order differences by the relations

ALf(e®) =Suf () = [(e) = (Sh — B)f(e™),
A f(e™) =D (A1 () = (Sn —E)"f(e™) = Y (=1 ’f( k)shku( pll

k=0
where m = 2,3, .... Using the introduced notations, we consider a smoothness characteristics
of a function f € Hs:
Bon(f1) = B f1 )2 = sup {||&hmf<ei<->)u 0<h< t} , (2.4)

which we call a generalized modulus of continuity of mth order. Hereinafter we let
sint

— as t#0,

sinct := t
1 as t=0.

Since in view of identities and (L.1)
Al(fe 2h/ {f zert +f(z:c t) (e”)}dt

— Z cx(f)e™ . / {e* + e —2} at

k=1

8

1t >
cr(fet . E/ (coskt — 1)d Z cr(f)e™ (1 — sinc kh)
0

k=1

=
Il

1
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and by induction for each m € IN, m > 2, we have
oo
AT(f, %) = chk e**(1 — sinc kh)™, (2.5)
k=1
by applying the Parseval identity to (2.5)) we obtain

|A7(f) H—Z|ck )2(1 — sinc kh)>™

k=1
This allows us to write an explicit form for quantity (2.4)

1/2
O (f,t) = sup (Z\ck (1 — sinc kh)? > c0<h<t). (2.6)

It follows from identities (I.5) and (I.I) that the coefficients c;(f) in the Maclaurin series
of the derivative f) and the coefficients c;(f) in the Maclaurin series of the function f are
related by the identity

cr(f7) = e cr(f). (2.7)
Taking into consideration (2.7)) and (2.6, for an arbitrary function f € HQ(T) we have:
1/2
T (fT) 1) = sup (Z o lex(H)1*(1 = sinc(k — r)h)2m> c0<h<ty. (2.8)
Lemma 2.3. Letm,n € N, r,s € Z+, n>r > s. Then for eacht € (0, 4( ] the inequality
T (fT), 1) > —5(1 — sinc(n — 7)) ™ Ep_s_1 (f®) (2.9)
A s

holds true. This inequality is sharp in the sense that there exists a function fy € Hy), for which
this inequality becomes the identity.

Proof. Using the fact that for 0 < nh < 2 [22]
max{sincz : 0 < |t| < n7} = sincnr,

min{(1 —sincu)™ : u > nt} = (1 — m>a)§smc u)™ = (1 —sincnr)™,

by (2.8) for an arbitrary function f € H, (" we obtain

Z i lew ()P (1 — sinc(k — r)h)*™

> (1= sine(n - ) - ol lex()P
k=n
o0 2

= (1 sinc(n = 3 (20 o lalnP (2.10)
k=n kys

> (1 — sinc(n — r)t)*™ - min (

)
= (1 — sinc(n — r)t)?™ - min (O"”>2 B2 (F).
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It was proved in 22| that for k >n>r > s

. O (6%
min —- = —*, (2.11)
k>zn O s Ckn,s

and this is why, taking into consideration | -, by we obtain (2.9). For a function
fo(z) = 2" € HQ(T), which due to identities and ( satlsﬁes

En_s_l(fos)) = Qs wm(fO D ot) = ozm«(l — sinc(n — r)t)™, (2.12)
by (2.12)) we obtain:
C&m(fér), t) = ap (1 —sinc(n — r)t)™ = Onyr (1 —sinc(n — r)t)"a, ¢
Qs
= 2001 sine(n — 1)) Byt (£),
Qs
which implies the statement of the lemma. The proof is complete. n

In what follows by a weight function on the segment [0, h] we mean a non-negative summable
function ¢, which is non-equivalent to the zero on the same segment. The following theorem
holds true.

Theorem 2.1. Let mne N, r,se€Z,, n>r=>s, 0<p< 0<h<4(37:7,) and q be a
weight function on the segment [0, h]. Then the identity holds:

s h -1/p
oy /) B () _ { /O (1_Sinc<n—r)t)mpq(t)dt} | (2.13)

rent™ ho 1/p
[ o onw]
0

Proof. We take the pth (0 < p < oo) power of the both sides of inequality ([2.9), multiply by
the weight function ¢ and integrate from 0 to i, where 0 < h < ;=77 Taklng then the root of

the power 1/p, from the obtained identity we pass to the 1nequa11ty

([ a0 naa) ”

The obtained inequality holds true for an arbitrary function f € H2(T) and this is why it implies
an upper bound for the quantity in the left hand side of identity (2.13]):

1/p

> (aurfons) Baas (1) ([ (1 =sinen =ty et

-1/p

sup (nr/ns) - Enes—1(f®) < (/h<1 _ sine(n — r)t)””’q(t)dt) _ (2.14)

feHM b Hr
Y[ muesana)
0

In order to obtain a similar lower bound for the mentioned quantity, we consider a function
.

fo(z) = 2" € Hér), which was introduced in the proof of Lemma and for which identities
(2.12)) hold. Using identities (2.12)), we write the lower bound

sup {00/ B (U)o (@nr/Ons) - Enosr (1)

- </Oha£1(f(r)’t)w)dt) o (/oh@fn(fé’"),t)q(t)dt) N (2.15)
— (/Oh(l — sinc(n — r>t)mpq(t)dt) *1/p'

We obtain needed identity (2.13) by comparing upper bound (2.14)) with lower bound (2.15)
and this completes the proof of the theorem. O
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Theorem [2.1] implies a series of corollaries.

Corollary 2.1. Suppose that, under the assumptions of Theorem (2.1, m,n € N, r;s € Z,
n>r>s,p:1/m,0<h<4(2—7_r7,)7 q(t) =1. Then

sup

feH" " ~1/m( ¢£(r) "
2 w M t)dt
0

t
where Si(t) := / sinc u du is the integral sine.

0
If, under the same assumptions, q(t) =t, by (2.15)) we then have

(Ctnr/Ons) - Enes 1 (f®)  (n—1)>" { [(n - T)h} . {M] }_m, (2.16)

sup =

r) h m om
JeH, (/ tal/m ), t)dt)
0

In particular, it follows from (2.16)) with h = ﬁ that

(a"’r/a”ﬁ) ) En—s—l(f(S)) = ( 4 )m
=23 )

sup

feH ) /2 Jm( e(r)
(n—r) tow, ™ t)dt
0

3. WIDTHS OF SOME CLASSES OF FUNCTIONS

In order to formulate further results, we first introduce needed notation and definitions. Let
B be a unit ball in the space Hy; M be a convex centrally symmetric subset in Hy; A, C Hy
be an n-dimensional subspace; A C H, be a subspace of codimension n; £ : Hy, — A, be a
continuous linear operator mapping the elements of the space Hs into A,; £+ : Hy — A, be a
continuous operator of linear projecting of Hy onto the subspace A,. The quantities

b,(M, Hy) :=sup {sup{e > 0; eBNA,;1 C M} : A1 C Ha},

d,(M, Hy) :=inf {sup {inf {||f —gll2: g € A} : f € M}: A, C Hy},

0 (M, Hy) :=1nf {sup {inf {||f — L(f)|l2: f € M} : LHy C A} : A, C Ha},
d"(M, Hy) :=inf {sup{||fll2: f € MNA}: A, C Hy},

IL,(M, Hy) :=inf {inf {sup {||f — L (f)|l2: f € M} : L"Hy C Ay} : A, C Hp}

are respectively called Bernstein, Kolmogorov, linear, Gelfand, projection n-width. In the
Hilbert space H, these quantities are related as follows, see [23], [24]:

Using smoothness characteristics (2.4), we define the following classes of functions. Let ®(t), ¢ €
R, be a continuous non-decreasing function such that ®(0) = 0. By the symbol WIST) (Wi, D),
0 <p< oo, re Zy, we denote the class of functions f € Hér), which for each t € R, obeys

the inequality
1 [t 1/p
(;/ afn(f““),r)dr) < P(1).
0
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By t. we denote the point, at which the function sinct attains its minimal value on R,. This
point t,, 4.49 < t, < 4.51, is the smallest positive root of the equation ¢ = tan ¢. Following
[19], we introduce the notation

(1 —sinct), := {

1 —sinct as 0<t<t,,
t, <t <

1 —sinct, as t < o0.

We also let
E, 1(ON) = sup{En_l(f) fe ‘Jﬁ},
where 9 is some class of functions in H.

Theorem 3.1. Let m,n e N, re Z,, n>r, 0 <p < oo and the function ® for all values
t € Ry obeys the restriction

D(t) P - /0 : T)t(1 — sine 7)™ dr
(m) Z 2 — /ﬂ/z(l I . (32)

Then the identities hold
A (W (Wi, @); Ho) = By (W) (wi, @)

/2 —1/p .
— (%/0 / (1 — sinc t)mpdt> : %ﬂn . @(ﬁ), @3)

where A\,(+) is an arbitrary of the aforementioned n-widths. The set of majorants ® obeying
condition (3.2)) is non-empty.

Proof. Using relation (2.13), in which we let s = 0, ¢(t) = 1, h = ", for an arbitrary
function f € Hér) we write an upper bound for the quantity E,,_;(f ) :

©/2(n—r) P2 1/p
1 " N
E,1(f)2 < (1 — sinc(n — r)t) Pt / w%(f(r), t) dt
n,r ) )
w/2 -1/p 1/p (34)
1 2 _
= - /(1 — sinct)™P dt An—r1) / W% dt
Qpr \ T
b 0 O
Taking into consideration the definition of the class W, (wm, ®), on the base of relation (2.16)

between the n-widths and inequality (3.4)), we find:
)\n(Wp(T) ((:)m’ Q))’ HQ) g Enfl(wp(T) (wma q)))

—1/p
1 [2 [ ™ (3.5)
< — 1 — sinct)™Pdt SO — ).
Q. {7‘(’/0 (1= sinct) } (2(n - r))

To obtain lower bounded for the aforementioned n-widths, it is sufficient to estimate from
below the Bernstein n-width of the conisdered class. In order to do this, we introduce a ball

w/2 —1/p

% / (1 — sinct)™dt ®(ﬁ>

0

1

Bn+1 =4 Dn € Pn : ||an <

n,r
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By formula (2.8)) for an arbitrary function f € Hér) we have

HAm P P = Zamkk pn) (1 — sinc(k — r)h)*™

n

<al, Z(l — sinc(k — r)h)*™|ci(p)|* < a (1 —sinc(n — r)h)2™ - ||pa||*.
k=r

This yields
Db (0, 7) < (e )P(1 = sine(n — 7)7) 0 |[pa 7. (3.6)
Using inequality (3.6)) and restrictions (3.2]), for an arbitrary polynomial p,, C B, 11 we write

t t

1 [ 1
1 [ dr <o lmley [0 = sincln = nyrrar
0 0
w/2 -1 (n—r)t
2 1
< | - /(1 — sinc t)™Pdt —_ / (1 —sinc 7)™ dr - PP (L)
T (n—r)t 2(n—r)
0 0
<PP(¢).

Therefore, B, ;1 C W,Sr) (Om, @), and using relations (3.1) and the definition of the Bernstein
n-width, we obtain

An(WS (@, @); Ha) = by (W (@, @), Ha) = by (Bpyr, Ha)

—1/p
1 (2 [ (3.7)
> (— / (1 — sinc t)mpdt> @<L>
Qe \ T Jo 2(n —r)

Comparing inequalities (3.5)) and (3.7)), we obtain identity (3.3). The proof is complete. ]

It was shown in [19], that the set of majorants obeying restriction (3.2]) is non-empty and for
instance, this restriction is satisfied by the majorant ®,(t) := t™*/?, where

o= (m — 2)2 — 1.

w/2
27r/ (1 — sinc7)2dr
0

4. SOLUTION TO EXTREMAL PROBLEM (L.6) FOR CLASS W, (wp,, @)

There is a certain interest is in studying the behavior of the quantities En,l(f(s)), 5 =
0,1,...,r, on the class of functions W( (W, @), me N, r € Z,, 0 < p < oo. In other words,
one needs to find an exact value of quantity (1.6) as M) = ngr) (Wi, D).

Theorem 4.1. Let m,n € N, r,.s € Z,, n > r > s. If for each t € (0,2x] the majorant ®
obeys restriction (3.2), then for each s =0,1,2...,r the identity holds:

-1/p

ED (WD (wy,, ®)) = 0t {3/;/2(1—smc t)mpdt} @(Z(L). (4.1)

Qpy | 7
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Proof. By inequality (2.15) with ¢(t) = 1 and h = 7/2(n—r) for an arbitrary function f € Hér)
we obtain

m/2(n—r) —1/p w/2(n—r) 1/p
Bva(f9) <52 ([ (1= sine(n - ryyod JREL
(07°%s
' 0 0
/2 ~1/p x/2(n—r) 1/p
n,s 2 . 2 - ~
_Gns | 2 /(1 — sinc t)™Pdt An=r) / P (f") t) dt
Qn ™ s
0 0

Taking into consideration the definition of the class W,\" (W, @), we hence have

/2 —1/p

(s) (r) < Qn,s z o mp 0
Eo 1 (Wp (wm, @)) < anr | 7 (1 — sinct)™ dt o (Q(n — ) : (4.2)
0

It has been established in the proof of Theorem [3.1] that the set of algebraic complex-valued
polynomials p, € P,, obeying the condition

—1/p

1 (2 [?
[pnll < (—/ (1-— sinct)mpdt> @(L)
anr \7 200 =)

belongs to the class WZST) (W, ®). We consider the function

—1/p
1 2 [m/2 ™
— = s mp n
g(2) -~ (W/o (1 —sinct) dt> <D<—2(n—r)>z :

For each s =0,1,...,r this function satisfies

o 2 [™/? i T
()(z) = Lns [ 2 1 — sinc )™ dt <I><—> n—s
§() (MJ<WA (1~ sine1) )

-1/p

2 [7/? T
Bt = 2 (2 [0 serymae) a7 )
1(9 ) an,r (7‘(’ 0 ( SIC ) 2(’/1—7’)

and since

-1/p

1 2 (/2 s
= = 1 — si mp S —F—
Il %¢<WA ( sm@)dﬁ (G =r):

then g € W,\" (Wi, ), and this is why by (4.3) we have

5(5)

n—s—1

(Wér)<wma (I))) 2 Enfsfl(g(s))

—1/p
_ Hns “ 1 — s mp ol —" )
- (77 /0 ( sinct) dt) (Q(n — r)>

Comparing relations (4.2)) and (4.4)), we arrive at required identities (4.1)). The proofis complete.
O
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