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ASYMPTOTICS FOR SOLUTIONS OF PROBLEM

ON OPTIMALLY DISTRIBUTED CONTROL IN

CONVEX DOMAIN WITH SMALL PARAMETER
AT ONE OF HIGHER DERIVATIVES

A.R. DANILIN

Abstract. We consider a problem on optimally distributed control in a planar strictly
convex domain with a smooth boundary and a small parameter at one of the higher deriva-
tives in the elliptic operator. On the boundary of the domain the homogeneous Dirichlet
condition is imposed, while the control is additively involved in an inhomogeneity. As a
set of admissible controls we use a unit ball in the corresponding space of square integrable
functions. The solutions of the studied boundary value problem are treated in the gener-
alized sense as elements of some Hilbert space. As the optimality criterion, we employ the
sum of squared norm of the deviation of a state from a prescribed one and the squared
norm of the control with some coefficient. Such structure of the optimality criterion allows,
if this is needed, to strengthen the role of the first or the second term in this criterion. In
the first case it is more important to achieve a prescribed state, while in this second case it
is more important to minimize the resource expenses. We study in details the asymptotics
of the problem generated by the differential operator with a small coefficient at one of the
higher derivatives, to which a zero order differential operator is added.

Keywords: small parameter, optimal control, boundary value problems for systems of
partial differential equations, asymptotic expansions.
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1. INTRODUCTION

The paper is devoted to studying the asymptotics of solution to a problem on an optimally
distributed control [I] in a planar strictly convex domain with a smooth boundary and a small
parameter at one of the higher derivative in an elliptic operator. Such operators are typical for
the steady processes of heat conduction and diffusion in layered media, when the propagation
of heat (diffusion) has significantly different coefficients in perpendicular directions (in a layer
and when moving to a new layer) |2 Ch. I, Sect. 1, Ttem 3].

Asymptotics of the solutions of the Dirichlet problem for such elliptic equations in such
domains was studied in [3], [4]. An asymptotics of the distributed control for an operator with
a small coefficient at the Laplace operator in an essentially different domain was considered in
[8], [9], while the case of a similar domain was treated in [I0]. We also note that the study
of the problems on optimal control described by partial differential equations is permanently
relevant, see, for instance, [5]-[7] and the references therein.
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2. GENERAL FORMULATION OF PROBLEM AND OPTIMALITY CONDITIONS

Let © C R? be a bounded strictly convex domain with a smooth boundary I':=T (Q is a
manifold of the class C*° with an edge).
We consider the following problem on a distributed control [I, Ch. 2, Sect. 2, Eqgs. (2.8)—

(2.9)]

, 022, 0%z

Loze:=—¢ oz By +a(z,y)ze = f(z,y) — u(z,y), (z,y) €Q, 2 € Hol(Q)a (2.1)
J(u) =z — za|* + B7|u|]| —inf, welU, (2.2)
U=U(T), where U(r):={u € Ly(Q): ||ul]| <r}. (2.3)
Here ¢ > 0, H}(Q) is the Sobolev space of differentiable functions with zero trace on the

boundary 092 (see, for instance, [I1]), || - || is the norm in the space Lo(£2),
f,za,a € C=(Qs), alx,y) =>a*>>0 as (z,y)€ Qs, (2.4)

where 6 > 0 and €)s is a d-neighbourhood of the domain €.
The scalar product in Ly(€2) is denoted by (-, -). A solution of equation ({2.1)) is treated in
the weak sense, that is, for each v € HJ () the identities hold:

0z Ov 0z Ov
’ 9.7 9. a 0 a. =
© (8m’ aq;) + <3y7 ay) + (a(z,y)2,v) = (f +u,v).

By ({2.4) for all small £ > 0 the relation is true:

Sov]]? ||ov])?
(ﬁsva U) =" ozl tlasll T (a(x,y)v, U)
ox dy
>e? || Y P a?([o)2 = 0]l on-

In this case the unique optimal control u.(-) and a corresponding z.(-) in problem (2.1)—(2.3)
are characterized as follows: there exist p. € H}(Q) such that [I, Ch. 2, Sect. 2, Eqgs. (2.10)]
Lszs = f(x,y) + U, 'Ceps — Re = —zd(x,y), (I,y) € Q, Zey De € HOI(Q)a
ze=0, p.=0, (z,y) €T,
Voelu (p+ B topt, (0 — topr)) = 0. (2.6)

As it was shown in Lemma 1 in [12], in this case condition (2.6|) is equivalent to the following
one:

(== =2epe) A (0 € O:8) A (Acllpell S T) A ((B=A) - (L= Allpel) =0). (27)
Thus, the original problem is reduced to the system of equations
£EZE+)\gp5:f($,y>, (a:,y) €Q7
Eaps — R = _Zd<x7 y)> Rey Pe € Hol(Q)a (28)
z2=0, p-=0, (z,y) €T,
depending on a scalar parameter A\. with additional condition (2.7)).
The aim of the work is to study the behavior of 2., p. and \. as € — 0 and to find complete
asymptotic expansions for these quantities as € — 0.

In what follows we often denote by the letter K, sometimes with subscripts, various positive
constants which depend only on the domain € and the function a(zx,y).
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3. APRIORI ESTIMATES

The first part of inequality (2.5 implies the following lemma.

Lemma 3.1. Let the function a(-) satisfies the conditions in (2.4). If f € L2(Q) and L.z, =
f, then the inequality

{o®||ze]l, azllz]l, allz ]} < 1] (3.1)
holds true, where 2, = g—; and 2, := g—;.

Corollary 3.1. Let conditions hold. If \., z. and p. satisfy (@, , then there
exists a constant A, > 0 such that for all small € > 0 the inequalities \. > )\, and

Izl <@ 2(If1+1), el < @ ?flzall + a7 (1f]] + 1)
hold true.
Proof. Two latter inequalities are implied by (3.1)), while the first inequality follows from the
boundedness of ||p.|| and (2.7). O

Together with (2.7)) we consider a system

£525,A + )\ps,)\ - fs,l(xa y)a ‘Csps,)\ — Ze A = fs,2($7 y)7 (IE, y) € Qa (3 2)
2 =0, p =0, (x,y) €T, '

Theorem 3.1. Problem is uniquely solvable for all f.; € La(?) and € > 0, i = 1,2,
and its solution satisfies z, p € H*(Q). If f.; € C=(), then z., p.x € CZ().

Proof. This theorem can be proved similarly to Theorem 1 from [13]. ]

As f.1 = f and f.o = —z4, we denote the solution of system (3.2)) by z: x4, Pera-

Remark 3.1. We note that if B||p.p.all < 1, then z. gq = 2z and p. pa = pe, while restrictions
for the control are not essential.

Let z.n,pen € H(Q) be solutions of system (3.2), then for all ¢ > 0 the identity
(Leze s Per) = (e, Lepen) holds. Then by (3.2]) we obtain

HZE,)\H2 + )\Hpe,)\HZ = (fe,lupe,)\) - (fs,Qu Zs,)\)~ (33)
By (3.3), the norms ||z.,|| and ||p. || satisfy a quadratic inequality

1z lI” + Mlpeall® <l fenll - Ipenll + 1L fe2ll - lzeall,

which yields
/el [feall | [1feoll
< =, < =,
HZ&)\H Hfs,Q” + 2\/X “ps,)\” \ + 2\/X
By (3.4) and (2.5)) we get apriori estimates for the derivatives

o 1. llo. |

gz + | e < HeaalUgeal + Alpesl
o P 1o |

= P I o [ P [{ e R )

Thus, if A € [A, A*] C (0,+00), there exists K > 0 such that for each small ¢ > 0 the
inequalities

3

5 e + lzeall < K feall + L2l

+ H 0 z
a_ €,\
Y (3.5)

€ + lpeall < K feall + [ £221D)-

o2
axpa,/\ aypa,)\
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hold.

4. LIMITING RELATIONS

We consider a “limiting” for (3.2)) problem
Lozox + Apox = foi(z,9),

/COp(L/\ — 20\ = f0,2($7 y)7 (x,y) € Q’ (4'1)
z=0, p=0, (z,y) e, A=0,
where the operator Ly is obtained from L. once we formally let £ = O:
*v
Lov = “op + a(x,y)v, v € Hy(Q).

Since the domain () is strictly convex, there exist points M; = (z;,y;) € I', i = 1,2, at which
the equation of the tangentials to I' reads as x = x;, respectively. The points M; partition the
boundary I' into two parts I';, a lower one (j = 1) and an upper one (j = 2). Both these parts
are the graphs of the functions ¢;(x), € [z1;22]. At the same time,

w;(z) € C([x1; 22]) N C™(21; 22), w;(x;) = yi, gog(xz — (=1)"0) = co. (4.2)
In the vicinity of the points M; there exists one more parametrization of the boundary T,
namely, z = 1;(y), respectively. We observe that 1; is convex (¢] > 0), while 15 is concave

(¥ < 0) and ¢;(y;) = 0.
In what follows we assume that

Ty =11 =0, 1(y1) >0, 5(y2) < 0. (4.3)

Theorem 4.1. Let conditions , hold and fo1, fon € C>(Qs). Then problem
is uniquely solvable and its solutions are infinitely differentiable in Q\ {My, Ms}. At the same

time, for each segment [A, \*] C (0,+00) there exists K > 0 such that for all (z,y) € Q and
all continuous in S functions fo1, foo the aprior: inequality

0 0
|20 (2, )| + a—yZO,A(«%’,y) + [pox(z, y)| + a—ypo,A(OC,y)‘
w2(z) (4.4)
<K | (Ifor(z,9)| + [ foa(z,y)]) dy
e1(x)
holds true.
Proof. If X = 0, then by the first equation in system (4.1)) we obtain
a 2
(fO,le0,0) = (/3020,0,20,0) = Ha—yzo,o + (@(fay)zo,o,zo,)) P 042H20,,\H2
and this yields
o?llzo0ll < [l foall,  @llpooll < [l fo2ll + a2l foall. (4.5)

Similarly to (3.3) we show that each solution z y, po . of system (4.1) satisfies the identity
[zoall? + Mlpoall? = (for, o) = (foz: 200);
and hence, for A € [\, \*] C (0, +00) there exists K > 0 such that
[Zoll + [lpoll < K ([ forll + [l fo2ll)- (4.6)

The equations in (4.1)) is a system of ordinary differential equations in y smoothly depending
on the parameter z. Since this system is Fredholm, we consider its solution as f; = 0 and f; = 0.
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By under these conditions we obtain that zy, = 0 and pg, = 0. Thus, problem is
solvable for each x € (z1;x3), while by the theorem on solutions depending on a parameter we
obtain the smoothness of 2y ) and pg  in 2.

Applying Theorem 3.1 from [I4, Ch. XI, Sect. 3] to system (4.1]), in view of the continuity
in Q5 of the fundamental matrix of the linear system associated with system (4.1)) we obtain
apriori estimates . The proof is complete. O

As fo1 = f and foo = —z4, we denote the solution of system (4.1)) by 2 x4, Poxd-
Theorem 4.2. Let conditions and be satisfied. Then

as € — 0.

| zend — zonall = 0, |Pera —

Proof. We consider the functions z, := x, ()20 14 and p, := X, (2)po r 4, Where r is an auxiliary
small positive parameter, while y,.(x) is a cut-off function, that is,

Xr() €CYMR),  [|xo(z)] <1 forall z€R,
0, x € (—oo;7/2) U (22 — 1/2;400),
, x € [rjxe — 1]

The functions Z,, p, are infinitely differentiable on €2, vanish on I' and satisfy the identities

EOgr + )\ﬁr = Xr(x>fand £Ofﬁr - gr = _Xr(a:)zd

This is why

, 0% _ , 0% _
ﬁszr + )\pr = Xr(x>f + € Oz 221“7 ‘Cspr — Zr = _Xr( )Zd + 5 m

Since Z,, p, € C=(€Q), there exists K, > 0 such that

82
’@Zr X r7 Ha 2pr \ r-
We denote 2z, := 2. x4 — %r, Dey :=Perd — Pr- Lhen
, 0% _ ~ _ 0?

L:sgs,r + )\ﬁs,r — (1 - Xr('r))f + 5 a 227'7 Lsps,r - Zs,r — _(1 - Xr(x))zd + 52@}57“
By ({3.5) the inequalities hold
[E=

| < KL= MU+ zall) + 267K, 47
[Perll < '

K1 =Xl + llzall) + 2K,

Since

Zend — Zond = Zer + (1 — xr(2)) 200,45 Perd — Pord = Der + (1 — X0 (2))P0 2 ds

then by (4.7)

0< hammf |zexa — zoxall < hmsup |zexa — Zoxdll
+

< K1 = [+ Tzall) + 111 = xl - 1zl
0 < liminf ||pe xa — porall < lmsup ||p-ra — pordll
e—+0 e—+0

< KT =2 [T+ Hlzall) + 10 =l - llpo.xall-
But ||[1 — x|l — 0 as r — +0 and this is why

Tim (KIL = Xl + Dzall) + 110 = Xl Ipoall) =0,
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and hence, ||z: 4 — 204l = 0 and [|p-x.d — Porall = 0 as € — 0. The proof is complete. [

Corollary 4.1. Let conditions and be satisfied. Then
1. If
Bllposall <1, (4.8)
then \. = B for all small € > 0, that is, the restrictions for the control in problem f
are not essential and ||z: — 20 pall = 0, ||pe — Poall = 0 as e — 0.
2. If B|lpogall > 1, then for all small e > 0 the restrictions for the control in problem (2.1])-
(2.9) are essential and \.||p.|| =1 for all such e.

Proof. If Bllposall < 1, then for all small € > 0 the inequality 5||p.saql < 1 holds and by

Remark the identities 2. g4 = 2. and p. g4 = p. are valid. The proof is complete. O
Lemma 4.1. Let
Lozg# f and  Blposall > 1. (4.9)
Then there exists a unique Ao € (0, 3) such that
Aol[Por.all = 1. (4.10)

Proof. In (4.1) we pass from the functions zp,q and pgrg to the functions Z,:=zp 4 and
Py:=Apora- Then {Z,, P\} satisfies the system
{EOZA+PA = f(z,y), LoP\ — M2\ = —Xz4(x,y),

4.11
Z)\|FIOIP/\’1*. ( )

We consider a function F(X):= ||Py||%. Then F'(A) = 2(Py, 2 P).
Let Z, := 8%2,\, and P, := B%P)\. Then by the theorem on the differentiability in the parame-

ter of the solution to a system of ordinary differential equations, the pair {Z As ﬁk} is a solution
of the system

{»COZA + P, =0, LoPy — \Zy, = /\(ZA — zq(z,y)), (4.12)

Zylr = 0= Pyr.
Let us show that PA # 0 for all A > 0. OtherW1se by (4 we obtain that Z\ = 0 and

Zy = Z,\ = z4. But in this case it follows from that Eopo rd = 0 and hence, pg )4 = 0 and
Lozora = Lozq = f, which contradicts condltlon 1)

By (4.11) and (4.12)) we have:
(Pr. P2) = =(LoZa, Pa) = ~(Z0, LiFa) = —(Za, Mza = 2a(,y)
= —(Z0, L3Py = A2)) = M ZiP + |1BAI* > 0.
This is why F'(A) > 0 and the function F(\) strictly increases, is continuous on [0, 3] and

F(0) =0, while F(8) > 1. This is why there exists a unique \q € (0, 8) such that 1 = F(\g) =
Aol[Po.ro.all- The proof is complete. O

Theorem 4.3. Let conditions be satisfied. Then
Ae— X0, ||ze — 2ox0,all = 0, |pe — Porg.dll = O as € — 0,

where N satisfies .

Proof. First of all by the assumptions of the theorem for all sufficiently small € > 0 the identity
holds:
Acllpe| = 1. (4.13)
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Let \g € [0, ] be a partial limit of {\.}, that is, A\., — Ao for some {)\., } such that e, — +0.
In the rest of the proof, to avoid bulky writing, we shall omit the subscript k£ of €.
We consider the functions Z, := 2, — 2. 5,4 and P :=p. — D »,.4. Since

EEZE + )\OPE = (>\O - As)psa £€P€ - Za = 07
then by (3.5)
1Z:|l < KA = Ac| - lpell. [1P]] < KfAo = Ac| - [|pell,

and by using Corollary [3.1] we see that || Z.|| — 0 and || P.|| — 0. Applying Theorem [4.2] we
obtain:
Ize = 2000all = 0 and [[p: = pore.all = 0.

Passing then to the limit in (4.13]), we find that A\ solves equation (4.10). By the uniqueness
of solution to equation (4.10]) this shows that \g is the unique partial limit of \. and therefore,
Ae —> Ag. The proof is complete. n

5. APPROXIMATION THEOREMS

In order to justify asymptotic expansions for solutions of problem (2.8)), (2.7), we need theo-
rems on estimates for the deviation of the exact solution {z.,p., A\.} of this problem from that
of the approximating problem

LZen+ Aepbeny = f(@,9) + frr (@,9) €Q,
LPery = Zey = fory — 2a(,y),  Zp, Doy € Hy(Q), (5.1)
Zeny =0, Dery =0, (x,y) €T,
in the case when as ¢ — 0
fj,v S Cw(ﬁ)a ”fjn” = 0(5’7)7 ] = 1, 27 (5~2)
and we also need an approximation of condition ({2.7)).

If for all sufficiently small £ > 0 the restrictions on the control in the original problem are
not essential, then )., = 3. Otherwise an additional approximation condition reads as

AeryllDeq|l =1+ 0(£7). (5.3)
If Xm = (3, then 1) provide needed estimates for the approximation errors.

Theorem 5.1. Let XM = . Then
0

~ 0 -
2 )| + \—<z %) e~ 2l = 06,
 (p. . = )l = O
£ 8_[E pg,y = ps,’y De Pey - €

as ¢ — 0, where Z. , and D~ 5 a solutwn of problem 7 .

In the case when the restrictions for the control are not essential, that is, approximation
condition (5.3 holds, to prove an approximation theorem we need an auxiliary statement on
the dependence of the optimal ., in problem (2.1)-(2.2) on r under the condition ¢ = U, and

[tepl| = 7

Theorem 5.2. Let conditions be satisfied, and u., be a solution of problem ,
with U = U, and ||uc,|| =7 for all r € [ri;7r*]. Then

Vo' €lrgrt], Vee (0;e], |ur—upr| < Klr—1'| (5.4)
for some K >0 and ¢y > 0.
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Proof. Let z. o be the solution of problem (2.1)) with v = 0, and an operator A, : Lo(2) — Lo(Q2)
maps the function w. into the solution of problem (2.1) with f = 0. Then 2. = 2. + A.u. and
the quality functional becomes

J(ue) = || Acue + U0||2 + 6_1||U6H27
where vy := 2.9 — 24. By Theorem 3 in [I5]
4
[y = wnrl| < Ky fr =7 AP (1A + Jlvoll) ™

By estimates and the definition of ||A.|| we get ||A|| < K. At the same time ||vo|| < K3,
where K, and K3 are constants determined by (3.1). Thus, [ju, — uy| < K|r — 7| for all

sufficiently small € > 0. The proof is complete. O
Theorem 5.3. Let identity hold for all sufficiently small ¢ > 0. Then
e e = 2|+ | e = 3| e = 2l = 086,
N 2 )| | e )| + e — )l = OF)
856 De pa,'y 83/ Pe pe,'y De ps,'y - ;

Ao — Ay = O(),
as € — 0, where 2., pe, and Xe,'y are the solution of problem f.

Proof. This theorem can be proved similarly to Theorem 4 in [15] taking into consideration
1) and (53). 0

The approximation theorems show that the construction of an asymptotic expansion for the
solution of problem (2.8), (2.7) is reduced to constructing its formal asymptotic solution [I6],
Ch. 1, Sect. 1].

6. OUTER ASYMPTOTIC EXPANSION

In contrast to [I0], since for ¢ = 0 system (2.8) remains a system of second order ordinary
differential equations smoothly depending on the parameter x, by means of the outer expansion
we succeed to satisfy the boundary conditions without an exponentially decaying boundary
layer.

We seek outer expansions for z. and p. and an expansion for \. as

Zout —25 2k(2,Y),  Pout —Ze%pk (x,y), A\: —Ze%)\ (6.1)

k=0

We substitute these series into system (2.8)) and equate the terms of llke smallness order. As a
result, for determining the functions z;, pr and constants A, we obtain the equations

Lozo + Aopo = [(2,y),Lopo — 20 = —za(z, ),
Loz + Aopr + Aepo = Frp,Lopr — 21 = Fay, k>1, (6.2)

2klr = 0 = pglr,k > 0,

where an operator L is obtained from L. once we formally let e =0:

0? 8z 0?
Lo:=——= +a(z,y), Fir= kl ZAlpk o Far= 81%21' (6.3)

By Theorem [£.1] system (6.2)), (6.3) possesses an unique solution for a given set {A;}.
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Thus, the outer expansion has been constructed for a given set {\;}. By its construction,
this expansion is a formal asymptotic solution for problem in subdomains of the domain
(), in which series keep their asymptotic property.

We are going to show that these series are valid in the entire domain €). In order to do this,
we consider the asymptotics of the functions z; and py as (x,y) — M;, i = 1,2. The arguing
for all such neighbourhoods are similar and this is why we consider only the neighbourhood of
the point M; = (0,0).

Let
“+o0o
diy) = 2y <1 + chy’“> . y—=0
k=1
Then the functions ¢, determining I'; have the following asymptotic expansions as x — +0:
o1 () cxl/Q—i—Z 1/2  oa(n) = cxl/z—i—z 1/2 (6.4)

By o(z), sometimes with subscrlpts, we shall denote smooth on (O;xl) functions having a
power asymptotic expansion as x — 40, which can be differentiated infinitely many times.
By o(z,y), sometimes with subscripts, we shall denote smooth in Q functions having a power
asymptotic expansion as 2 3 (x,y) — (0,0), which can be differentiated infinitely many times.

We shall group the terms in the asymptotic representation of the functions o(x,y) into
homogeneous of (2, 1)-degree polynomials, where deg(,1)(2*y") := 2s+r. Homogeneous of (2,1)-
degree n polynomials are denoted by P,. Such polynomial reads as

Z,yssn%

s:m>2520

Thus, as 3 (z,y) — (0,0),

“+oo
r,y) = Pulx,y).
n=0

As for usual homogeneous polynomials of degree n,

Pn(az,y)Pm(x, y) = Pn-&-m(zay)'
We note that P,(z,y) = 2™2Q(y/\/7), where Q(n) is some polynomial of 7.

+o00o

If o(z,y) = > Pu(z,y) as Q > (z,y) — (0,0), to stress this fact, we shall employ the
n=k
notation o(z,y; k).

By (6.4), the functions ¢; and @9 can be represented as

o1(z) = —2 %0y (x) 4+ 209 (), ©o(x) = 21201 (x) + zoo (), 01(0) =c. (6.5)
It follows from (6.5) that the following asymptotic estimates hold:
pi(z)

=c+0(x) as z—+40, i=12

VT
o(z,y;n) = O(ZB”/2> as Q3 (z,y) — (0;0) wuniformly in y.

(6.6)

Lemma 6.1. If w(z,y) is a solution of the problem

‘CO,Owk = 0?/2 =y, (xvy) € Qa Wy, r = 07
then
wi(z,y) = Ny 4yl B os (2, y) + 21Dy (2, ). (6.7)



ASYMPTOTICS FOR SOLUTIONS OF PROBLEM ON OPTIMALLY DISTRIBUTED ... 51

Here [b] is the integer part of a number b and v, = 1/((k + 1)(k + 2)).

Proof. By an explicit formula, the solution of the considered equation wy(x,y) is of the form

we(@,y) _ e 222 =01 (@) | o1(@)ea(@) (92(@) — pa (@)

o I o@) — (@) £2(7) — o1 ()
Since by
£2(7) — p1(2) = 2/T01 (), a(w)pn () = 205 (2)? — w0y ()7,

and for a natural number m

2s<m

(PZ(x)m . 901(CC)m _ 2\/5 Z CglerlxmfsflO,l(x)25+10_2(x)m72571’
s=0

then by standard procedures with power asymptotic series we obtain formula (6.7)). O
Corollary 6.1. If wy(x,y) is the solution of the problem
£0,0wk :Pk(x7y)7 (a:,y) € Q> wk‘p :Oa

then
wi(z,y) = o(z,y; k+ 1).

Proof. By the linear property of the considered problem, it is sufficient to confirm this fact for
a monomial, that is, for Py(z,y) = x°y*~2%. In this case by formula (6.7) we obtain

wi(,y) = sy 4yl oy (2, y) 4 26229 Plg (2 y).
Considering even and odd k, we see that the relation

wi(x,y) = o(z,y; k4 1)

is true. The proof is complete. O
Lemma 6.2. If v(z,y), w(z,y) is the solution of problem with foi(x,y) = oi(z,y; k),
1 =1,2, then

v(z,y) = oz gk +1),  wz,y) = o,y k+1).
Proof. We first of all observe that a(x,y) = o(x,y;0). Let

+o0
foi(z,y) = ZPm’l(x,y), =12,

n=k
where P, ;1(z,y) are homogeneous of (2, 1)-degree n polynomials, while vy (z,y) and wy(z,y) is
the solution of the problem

Loovi = Preaa(r,y), Loowr = Proa(r,y), (z,y) € Q, vl =0=wi|.

Then vy = 0, 1(z,y;k+1), w1 = oy1(z,y; k+1) by Corollary , and the functions Vi :=v—;
and Wi :=w — w; satisfy the system

“+oo
LoVi+ AWi = for —vi —a(@,y)vi — Ay = oz, yik +1) = Z P2, y),

n=k+1
+o0o
LoWr = Vi = foo — w1 — a(z,y)wi +v1 = oz (2, y;k + 1) = Z Praa(z,y),
n=k+1
‘ﬁ ::O ::LV1 .
r r
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Now we consider the solution ve(x,y) and wq(z,y) of the problem
Loova = Pry112(2,y) Loows = Pii1292(2,y), (z,y) € Q, Ul‘r =0= wl‘r'
Then the functions Vi :=v — v; — vy and Wi :=w — w; — wy solve the system

LoVo+ My =012z, y; k + 2), LW — Vi = o99(z,y;k+ 1), Vl}F:O:I/VllF-

+00 +oo
Continuing this process, we obtain asymptotic series V := > v, and W := > w,, which are

n=1 n=1
a formal asymptotic solution of problem (4.1). By estimates (4.4) and the constructed
series are asymptotic expansions for the solutions of problem (4.1]). The proof is complete. [

Theorem 6.1. Let conditions and hold. Then for each set {\;}72, C [A; A*] C
(0; +00) the solution of system , read as zp = 0,1 (2,Y), Dk = opr(T,Y).

Proof. By Lemma we have zp = 0, 0(x,y) and py = 0,0(z,y). Since by the definition a
function of for o(z,y) (0/0x)o(x,y) is again a function of form o(z,y), then

2 2
Loz = ﬁzo — Mipo = 0.0.1(7,y), Lopr = @po = 0poa(z,y),

and hence, z; = 0,1(z,y) and p; = 0,1(x, y). Then we continue arguing by induction and this

completes the proof. O

Thus, the outer expansion is valid everywhere in Q and by Corollary [3.1] this is an asymptotic
expansion of the solution of problem (2.8) for each fixed A. with an asymptotic expansion of
+00
form Y g%\,
k=0
We note that for a single equation with 1 (y) = y* a similar result was obtained in [3, Thm.
2|. At the same time, if 1;(y) = y*, then the functions in the outer expansion have increasing
singularities as © 3 (z,y) — (0;0), see |3 Sect. 1.2].

7. COMPLETE ASYMPTOTICS FOR SOLUTION

1. Let condition (4.8) hold. In this case the identity \. = [ is true and hence, \g = f3,
M, = 0 as k > 0. This is why by Theorem we arrive at the following theorem.

Theorem 7.1. Let conditions , and (@ hold. Then outer expansion with
A = B, A, =0 for k > 0 is an asymptotic expansion for the solution of problem (@ with

Ae = B as e = 0.

2. Let condition (4.9) hold. In this case the conditions determining {\;} are generated by
the asymptotic identity A?||pyu|* = 1 as € — +0.
Equating the coefficients at the like powers of €, we obtain the identities

ollpoll = 1, 220k [|poll? + 273 (po, pr) = ha, ke NN, (7.1)

where h;, is completely determined by previous z;, p; and A, 0 < I < k. Thus, as A\g we choose
a unique solution of the equation A||po || = 1, which is ensured by Lemma [4.1]

As in [I0], for k£ > 0 it is convenient to represent z and py as zx = Zx + \e2, Pk = Dk + A\l
where z;, pi is the solution of the problem

{Eozk +Xopk = P, Lopr — 2k = Fop, k
k

Zklr = 0 = pklr,

bl

1
0,

VoWV

(7.2)



ASYMPTOTICS FOR SOLUTIONS OF PROBLEM ON OPTIMALLY DISTRIBUTED ... 53

while z, p is the solution of the problem
Loz + Aop + po = 0, Lop —z =0,
Zlr =0 =1Dlr.

(7.3)

We observe that the functions zy, pp are completely determined by previous z;, p; and A,
0 <! < k. Under such representation, equations ([7.1)) for determining A; become

Nollpoll =1, 2 (Qollpol® + A(po. 7)) =Fu, K EIN. (7.4)
Lemma 7.1. If condition hold, then

Xollpoll® + A5 (po, B) > 0.

Proof. We note that
- 0

Z =

_ 0

) P = 37
Ao 0o\ d

 F0,\d .
oA Ao

This is why by Lemma (4.1

)
0< 5</\2||p0,>\,d||2> ‘HO = 20llpol2 + 2X2(po, B).

The proof is complete. 0

Thus, problems (6.2)—(6.3), (7.2)—(7.4) are uniquely solvable and outer expansion (6.1)) is
a formal asymptotic solution of problem (2.8), (2.7). Thus, in this case we also have a final

theorem.

Theorem 7.2. Let conditions , and hold. Then outer expansion with
the coefficients determined by problems f, f 18 an asymptotic expansion for

solution of problem (2.8) as e — +0 with an additional condition \.||p.|| = 1.

CONCLUSION

We note that under condition (£.3) considered problem (2.1)—(2.3) turns out to be regular
and the asymptotic expansion for its solution coincides with the outer expansion. However,
as ¥(y) = y*, the outer expansion is no longer valid everywhere in Q and for constructing the
asymptotic expansion for the solution of the considered problem in this case one has to employ
the method of matching asymptotic expansions [16].
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