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INVERSE PROBLEM ON DETERMINING TWO KERNELS IN
INTEGRO-DIFFERENTIAL EQUATION OF HEAT FLOW

D.K. DURDIEV, J.J. JUMAEV, D.D. ATOEV

Abstract. We study the inverse problem on determining the energy-temperature rela-
tion x(¢) and the heat conduction relation k(t) functions in the one-dimensional integro-
differential heat equation. The direct problem is an initial-boundary value problem for this
equation with the Dirichlet boundary conditions. The integral terms involve the time con-
volution of unknown kernels and a direct problem solution. As an additional information for
solving inverse problem, the solution of the direct problem for x = x¢ and x = x; is given.
We first introduce an auxiliary problem equivalent to the original one. Then the auxiliary
problem is reduced to an equivalent closed system of Volterra-type integral equations with
respect to the unknown functions. Applying the method of contraction mappings to this
system in the continuous class of functions, we prove the main result of the article, which
a local existence and uniqueness theorem for the inverse problem.

Keywords: Banach principle, resolvent, Volterra equation, operator equation, initial-
boundary problem, inverse problem, Green function.
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1. INTRODUCTION

Integro-differential equations with integral term of convolution type arise in many fields of
physics and applied mathematics for modeling the processes of heat and mass transfer with
finite propagation speed, systems with thermal memory, viscoelasticity problems and acoustic
waves in composite media. In [I] Gurtin and Pipkin derived the integro-differential equation

uy = Au(x, 7) + / K'(t — 7)Au(x, 7)dT + q(x,1), (1.1)

describing the heat propagation in a media with memory at a finite speed. Here A is the
Laplace operator in the variables = (z1,...,2,). Apart of equation (1.1)), in the literature
the following equation

w(z, t) = /K(t —7)Au(x, 7)dT + g(x,1) (1.2)

was considered, it is of the first order in the time variable ¢. Nowadays, equations and
are referred to as the Gurtin-Pipkin equations. It can readily be seen that equation (1.1
is derived from by differentiating with respect to the variable ¢ if we let K(0) = 1 and
q(x, t) = gt(xv t)'
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In the linear theory of heat conduction in media with memory the constitutive equations
between heat flux and gradient of temperature contain integral terms over the past history of the
material involving time-dependent convolution. In [2] Miller studied the existence, uniqueness,
and continuous dependence on parameters for solutions of the certain initial boundary value
problem for following system of integro-ifferential equations:

t

e(t,x) = ey + x(0)0(t, x) + /X’(t — 7)0(T, x)dr,

: (1.3)
ot 7) = —k(0)0,(t, 2) — / K (t — 7)0.(r, 2)dr,
e(t,x) = —q.(t,x) + r(t, x),

where t € (0,7], z € (0;1), e, = (9/0t)e, ¢, = (0/0z)q. In x(t) and k(t) are relaxation
functions of internal energy and heat flow, respectively. Moreover, (¢, x) is a function of
temperature, r(t,z) is an external heat source function.

The first and second equations in are linearized (with respect to certain constant eq en-
ergy) constitutive equations for internal energy and heat flow, respectively. The third equation
in expresses the fundamental law of thermal conductivity, the Fourier law. For £(0) = 0
these equations represent the linearized theory for heat flow in a rigid, isotropic, homogeneous
material as proposed by Gurtin and Pipkin, see, for instance, [1], [3]. For £(0) > 0 the equations
represent an alternate linearized theory proposed by Coleman and Gurtin [4]. For the direct
problem consisting in determining the distribution of heat from some initial-boundary value
problem for equation Grabmueller [5] gave a very general uniqueness proof for generalized
solutions in a Sobolev space and proved existence theorems in certain special situations.

The determination of the integral operator from the observable information about the solu-
tions of the corresponding equations is a new class of inverse problems that has not yet been
studied in details. In view of a wide range of applications, the theory of inverse problems
for integro-differential equations is one of the most urgent and rapidly developing direction in
mathematics.

The problem of determining the kernel K (t) of the integral term in equation (|1.1)) was studied
in many publications [0]-[14], see also the references therein, in which for one-dimensional
inverse problems the issues on well-posedness were investigated. Inverse problems to determine
time- and space-dependent kernels for initial, initial-boundary problem in hyperbolic integro-
differential equations with several additional conditions were studied in [15]-|26] and there were
proved existence, uniqueness and stability theorems.

In papers [27]-[31] inverse problems on determining the coefficients and kernel of parabolic
and pseudo-parabolic equation with several overdetermination conditions were investigated.
Solvability of these inverse problems in the classical and generalized sense were studied.

In the present paper, we study the inverse problem on determining the kernels of an inte-
gral convolution-type terms in the system of integro-differential equations by the single
observations at the points x = xo and z = x;.

Among the works close to our problem we mention [32]-[35]. In [32] the uniqueness theorem
for solution of kernel determination problem for one-dimensional heat conduction equation was
proven. Papers [33]|-[35] dealt with the inverse problems of determining the kernel depending
on a time variable ¢ and (n — 1)-dimensional spatial variable ' = (z1,...,2,_1). The main part
of the considered integro-differential equation was a n-dimensional heat conduction operator
and the integral term had a convolution type form with respect to unknown functions, which
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the solutions of direct and inverse problem. In these works the theorems of existence and
uniqueness of problems solutions were obtained.

It should also be noted that the statement of the problem and the technique used in this
paper differ from those in the above cited papers and the conditions in the theorems differ
essentially from those in them. A distinctive feature of this article is the inverse problem on
determining two unknown functions, we determine the energy-temperature relation x(¢) and
the heat conduction relation k(t) functions in the integro-differential heat equation.

2. PROBLEM AND AUXILIARY CONSTRUCTIONS

It is supposed a rigid body occupies a fixed interval (0,7) (one dimensional case). We also
suppose that the functions x(¢) and k(t) are sufficiently continuously differentiable functions.
If follows from ((1.3)) that

outa) = — X0 2y + B0 4y

@ " )
. (2.1)
s S s W W ()
+!(x@ ) = 00001 )

Throughout the paper x(0) and k(0) are given numbers such that £(0) > 0, x(0) > 0.
We rewrite equation (2.1 in a compact form:

O:(t,x) = f(t,x) + COp(t, x) — a(0)0(t, z) + / (Cb(t — 7)0pe(T,2) — ' (t —7)0(7,2)) dT (2.2)

forallt € (0,71, x € (0,1) and for this equation we consider a problem with an initial condition

0(0,x) = Oy(x), (2.3)
and a boundary condition
0, 0) =pu(t), 01 =p(t);  00(0) =pa(0),  Oo(l) = p2(0), (2.4)
where
MO X K i)
o ‘T e YT

In identities and (2.4)), by 0y(z), 1 () and p(t) we denote some given functions. If r(¢, z),
Oo(x), a(t), b(t), ui(t), pa(t) are given functions, then problem on finding the function 6(t, x)
from (2.2), [2.3), is called direct problem. This direct problem was investigated in paper
[32].

We pose an inverse problem. For given functions r(¢,x), 0o(x), p1(t), p2(t) and numbers
k(0) > 0, x(0) > 0 it is required to determine the kernels k(t), x(¢) (these functions are
included in the definitions of a, b of the integral terms in (2.2))) using additional conditions

about the solution of the direct problem ([2.2)), (2.3]), (2.4):

0 | rero= 1o(t), 0 |pmzy= U1 (t), xo, 1 € (0,1), t>0. (2.5)

Here 9y(t), 11 (t) are also assumed to be given functions.
Since the method for studying the inverse problem allow us to find simultaneously the solution
to the inverse problem and the solution to the direct problem, in what follows we regard the
inverse problem as a problem on determining functions (¢, x), k(t), x(t) from equations (2.2),
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Let C™(0;1) be the class of m times continuously differentiable on (0;7) functions. In the
case m = 0 this space coincides with the class of continuous functions. By C™"(Dr) we denote
the class of m times continuously differentiable with respect to ¢t and n times continuously
differentiable with respect to z in the domain D7 functions,

Dr:={(t,z):0<t<T,0<z <}
We need the following lemma.

Lemma 2.1. Suppose that x(t) € C?[0,T], k(t) € C'0,T], T > 0 is an arbitrary fized

number, and x(0) > 0,k(0) > 0. Then problem (2.9), , is equivalent to the

auziliary problem on determining the functions ¥(z,t), a(t), b(t)

~

m@@:@mgmm+ﬂ@@—ﬂmw@@—ﬂwwwm—/d@w@—n@m+
0 (2.6)

+0(t)CO, (x) + /R(t — T)F(ﬁ(T, x),9,(1,2),d (1), b(T)) dr,

=0 = f(0,2) + CO, (x) — a(0)0y(z),

19|a::0 = Nll(t)v 19|x:l = MIQ(t)a

) |$:$0: @Dé(t), i) |ac::v1: @Z)i(t), Zo, L1 € (O,l), t > O,
where

V(t, x) = 0,(t, x),
F is defined as
F(9(t, ), 9:(t, ), d'(£),b(t)) :=04(t, x) — filt,z) + a(0)I(t, z) + a'(t)bo(x)
+ /a'(7’)19(t — 1, 2)dT — b(t)CO; (x)

and R(t) is the resolvent of kernel b(t) and they are related by the identity
t

Mﬂ:—MQ—/Ru—ﬂMﬂm. (2.10)

0

Proof. The proof consists of several steps. At the first step, we find (¢, x) from the equation
O,(t, ) = V(t,x) :

t

O, 1) /0@7mr+%()

By ¢ we denote the function ,(t,z) := (¢, x). Differentiating (2.2)), (2.3)), (2.4) with respect
to t, we obtain the following problem:
t

Ou(t, ) =fi(t, x) + COa(t, ) — a(0)0,(t, x) — /a'(T)Ht(t —T,2)dT

0 (2.11)

t

+(NK09&¢)+¥/(N%ﬂQMx@——ﬂaﬁdr

0



INVERSE PROBLEM OF DETERMINING TWO KERNELS ... 123

The following statement was proved in [36], [37], see Proposition 2.1 in the cited works.

Lemma 2.2. If ¢(t),v(t) € L1[0,T] for a fited T > 0 and ¢(t), v(t) satisfy the integral
equation

v(t) = o(t) + /gb(t —71)v(r)dr, te]|0,T],

then the solution of the integral equation

() = plt) + / ot — T)p(r)dr, p(t) € L,[0,T],

15 expressed by formula
t

p(t) =p(t) + / v(t — 7)p(T) dr.

0

We observe that equation (2.11)) can be treated as integral Volterra equation of the second
kind with respect to C0,,(t, ) (044 = Vs) with the kernel b(t),

CVOpu(t, ) =04 (t, 2) — fi(t,x) + a(0)V(t, z) + /a’(r)ﬁ(t —7,x)dT

0
t

— Cb(t)0y (x) — /b(T)C’ﬂm(t —7,2)dT.
0
It follows from Lemma that the solution of this equation is expressed by the formula
t

COyr(t, ) =04 (t, ) — fi(t,x) + a(0)D(t, z) + /a’(r)ﬁ(t — 1,x)dT — Cb(t)6; ()

0
t

— /R(t —7) (ﬁT(T, x) — fr(1,x) + a(0)I(r, x)

0
-

+ /a’(a)ﬁ(T —a,z)da — Cb(T)QS(I)) dr.

0

Using the notation 6;(t, x) = J(t, z), we derive equation (2.7)) from equations (2.2) and (2.3,
boundary condition (2.8)) from identity (2.4) and also additional condition (£2.9)) from equation

(2.5). The proof is complete. m
Theorem 2.1. Let
fo(x) € C*[0,1], f(t,x) € CH(Dr),
a(t), p(t), pe(t) € CH0,T), R(t), b(t) € C[0,T], C >0

and the matching conditions
£(0,0) + CO5(0) — a(0)00(0) = 11 (0),  f(0,1) + COG(1) — a(0)fo(l) = p2(0)

are satisfied. Then there exists a unique classical solution ¥(t,x) to problem , , (@
in the class CY%(Dr).
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This theorem can be proved similarly to Theorem 1 in [32].

3. REDUCTION OF PROBLEM (2.6)), (2.7), (2.8), (2.9) TO INTEGRAL EQUATIONS

In this section, we reduce problem (2.6), (2.7), (2.8), (2.9) to a closed system of nonlinear
integral equations with respect to ¥(t, z), a(t), b(t) and some of their combinations.

The solution of initial boundary problem (2.6)),(2.7)), (2.8) satisfies the integral equation, see
[39):

t

o(t.0) =W(t.2) + [ [ Gt = r.0.6) (CHOBO) ~ a0)0(r8) — a'(7)60(6) ) der

/t/G t—71,2,8) /a’(a)ﬂ(T — o, &) dadédr
0 0 (3.1)

l T

+//G (t—1,2,¢) / R(T — ) (ﬁa(%f) — fale, §) +a(0)d(a,§)

a’(a)0o(§) + /a'(ﬁ)i‘}(a —B,8)dp - b(a)093(§)> dodgdr,

0

where

l
W(t,0) = [ Gt 0)(7(0.6)+ Co(e) — al0)6o(©)) de
0
¢
+ Gt —7,x,8) f-(,&) d¢dT
/]
+ Z/QZT—QR — (=1)"ps(7))e” sin Tnx dr,
n=1 0
Gt —1,2,8) = % g e~ TE O gy 7rl_n£ sin %x

is the Green function of the first initial-boundary problem for heat equation.
We differentiate equation (3.1)) with respect to t and taking into account the relations

lim G(t,x,€) = 6(z — §),
[

lim G(ta Z, 6)90(5) d§ = 90(17)’

t—0
0
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where §(-) is the Dirac delta function, we rewrite the result as
Ui (t, ) =V, (¢, 91:) + Cb(t)0; (z) — a(0)9(t,x) — a'(t)0o(z)

//2a — 7,2,€) (CHT)BLE) — al0)0(r,€) — a!(T)0o(€)) dedr

/ t—TxdT—//Gtt—Txf/ (@) (1 — a, &) dadédr

t

- /R(t —7) (197(7', z) — f(1,2) + a(0)I(1,x) + d' (1) (x) — b(T)CH; (x)

0
T t 1

+/a'(a)z9(7'—04,x) d&) dT—//Gt(t—T,x,f)/R(T—a) (ﬁa(a,f) — fala,§)

0

+ a(0)9(er, &) + d' ()€ / o — B,€)dB - bla) e”(g)) dadédsr.
0

(3.2)
Using conditions , from the above equation we obtain the integral equations of the second
order with respect to unknown functions a'(t), b(t) :

>~

(1) =5 (06 (2) (Walt, 7o) = al0)U4(8) = ¥ (1)) = 04 (x0) (Walt, 1) — a0 (1) = v (1))

+ % / / (GGl = 7,20,€) = Oy (20)Gilt = 7.21,€) ) (B (E) = a(0)9(,€)

t

—d(7)60(6)) dedr — (Qg(ml) / o/ (P (t — ) dr — 6} (o) / & (Pt — 7) dT)

T

_ %// (98($1)Gt(7§ —T,20,&) — Oy (20)Gy(t — T, th)) /a'(a)ﬁ(T — a, &) dadédr
+ % /R(t —7) (9(’)’(.7:1)17(19(7, 20), 9+ (7, 20), d (), b(T))

(o) F(I(r, 1), 0, (T, 1), ' (7), b7 ))) dr

t 1
1 /! /"
Zo/o/ 9 (21)G(t — 7, 30,&) — Oy (20) Gy (t — T, x1’£)>

. / R(r — a) F(9(a, £), ¥a(a, &), d'(a), b(a)) dadgdr,

(3.3)
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where A = 00(!E0)96’(l’1> — 90(1’1)06’([E0)7

b(t) =y (Aol ) (Welt, 20) — (00 (1) — w(6)) — Bo(m) (Welt, 72) — a0} (1) — (1))

LA / / (Bo(20)Galt = 7,0, €) = Bo(w0)Galt = 7,21,€) ) (BT} (€) = a0)9(7, )

—d(1)0 (f))dfdr — C’_lA (90(x1) / a (7)1 (t — 7)dT — Oo(20) /a’(f)@/](’)(t —7) dT)

0 0

T

LA // (00(I1)Gt(t —7,20,&) — Oo(20)Ge(t — 7, 21, §)> /a'(a)ﬂ(T —, &) dadédr

0
t

- CLA / R(t = 7) (Bo(21) F(9(7, 29), V+(7, 20), @' (7), b(7))

— O (o) F(I(7,21), 9, (T, 21), d' (), b(T))) dr
t o
CLA// )Gl = 7,20,€) — By () Galt — 7,1, 6)

0

[ RO = @) F0(,€),9(0,6). (@), la) dadar
" (3.4)

4. MAIN RESULT AND ITS PROOF

The main result of this work is a theorem on existence and uniqueness of the solution to

integral equations (2.10), (3.1), (3.2), (3.3), (3.4).

Theorem 4.1. Assume that

Oo(x) € C?[0,1],  wo(t), d(t) € C*[0;T),  pu(t) € C*[0,T), i=1,2,
Oo(wo) = ¥1(0),  bo(z1) =v2(0),  AF#0,  60(0) = pa(0),  6o(l) = p2(0).

Then there exists a sufficiently small number T* € (0,T) that integral equations , ,
, , are uniquely solvable in the class of functions 9(t,x) € CY*(Dr+), a(t) €

C2[0,7°), b(t) € CH07"], Dy = {(, Dl € (0,1),t € (0,7"]}.
Proof. We represent the system of equations (2.10)and (3.1)-(3.4) in the form
Ah = h, (4.1)
where
h :(hl, ha, hs, ha, h5>
(ﬁ(t, ), 0,(t, ) — COU(@)b(t) + a(0)0(t, ) + d' (D)o (), a'(£), b(t), R(t) + b(t))
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is the vector-function and the unknown functions are represented by functions hq, hs, hs, ha,
hs as follows:

V(t, x) = hqi(t), Di(t, ) = ha(t, ) + OOy (x)ha(t) — a(0)hy(t, ) — Oo(x)hs(t),
a'(t) = hs(t), b(t) = hy(t), R(t) = hs(t) — hy(t).
The operator A = (Ay, A, A3, Ay, As) is defined as

Ath =ho, + / / = 7,2,6)(Chu(T)O(E) — al0)hn (7, €) — ha(r)0o(€) ) dedr

// (t—7,2,8) /h3( )hl(r—afdad§d7'+// —7,13,8)

: /(hs)(T —a) = hy(1 — a)) <h2(0@§) — fala, &) + / hs(B)hi (o — @f)%)) dadédr,

0 0
t

l
Ash =hgz + / / Gt -7,z 5 0h4(7)93(5) — a(0)hy (7, ) — hg(T)eo(g)) dedr

t t 1

0/h3 T)hi(t — 7,2 dT—//Gt T,x,§)/h3(a)h1(7—&,f)dadﬁdT

0 0

T

hs(t — 7) — h4(t—r)](h2(7 ) — fo(ra +/h3 V(7 — a, x)doc)d

0

l
O/Gt T$§/(h57'—oc h47'—a)>

0

<:>\w o\

<h2a§ faa§+/h3 hla—65d6>dad§d7',

0
t

l
At=hoy + g [ [ (087 @G~ 7.20.8) — 0D (w0)Gult — 7.01,6))
0 0
- (a(T)OF(©) = al0)a(7,€) = ha(7)00(€) ) dédr
~ a0 [ halr)ui(e = rydr = 67 (a0 [ ha(r)ui(e - i)
0

0

t

l
- 3A// 05~ 2] (21)Ge(t 77330,5)_9(()872]')(350)Gt(t—77$1,5)>
0 0

T

(8-2) (. /
></hg(a)hl(r—a,g)dad{fdr—i-eo A( )/(h5(t—7')—h4(t—7))

0 0
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: ( §(T) — (1, 20) + al0)yh(r) + ha(T)05 ) (x0) + / hs(@)vh(r — @) da) dr

(8-24) (0 !
- eocj—:z(A ) / (hs(t — 7) — ha(t — 7'))( (1) = fr(1,21) + a(0)Y] (1)

0
-

n hg(T)H(()S_Qj) (z1) + /h3(a)¢g(7 — ) da) dr

0

+omes [ [ O w06 0.6 = 05 w)alt — 1,)
[ st =) = hutr ) <h2<a, &= falo, )+ [ halB)iula - 5.6) dﬁ) dodsdr,

here (9(()8_2j) (x;) is the value of the (8 — 2j)th derivative of the function 6y(x) at the points
w:xzvj:374722071a

t t

Ash = hos + / hs(t — 7)ha(T) dT + / hy(t — 7)ha(T) dT.
Denote
ho(t, ) == (hm(t, %), hoa(t, ), hoa (), hoa(2), h05(t)>
1

= (W), Wit ), g (08 (20 (Wt 30) — a(0)g(t) — ¥ (2)
— 08 (o) (Walt, 1) = al0)W4 (1) = (1)), (G = 3.4),0).

We also introduce the class of all real-valued vector functions continuous in the domain Dy
with values in R®; we denote this space by C(Dr, R®). The norm on this space is introduced
as

0l = max { max [hifw,6), i = 1,25 max [hy(0)], j = 3,45},

(z,t)eDr t€[0,T]
It is clear that the operator A acts from the space C’(DT, ]R5) into itself.
We observe that

||h0||:max{ max |hoi(z, b)), i =1,2; max |ho;(t)], j :3,4,5}.

(z,t)eDrp t€[0,7)

By S(ho, |[hol|) we denote the ball of vector-functions h € C(Dr, R®) with center at the point
ho and radius ||ho||, that is,

Stho, lholl) = {A |Ih = holl < llholl } € C(Dr, ).

It is clear that ||h|| < 2||ho|| for h(z,t) € S(h, ||hol|). We are going to prove that the operator
A is contracting in the Banach space S(ho, ||ho||) if the number T is chosen in a suitable way.

We begin by checking the first condition of contractive mapping, see 38|, for the operator
A. We let

Mo = ||0ol|c2po.0, My = [[fller @y My = {[[¥illcpory, @ = 0,1}
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Let h(x,t) be an element in S(ho, ||hol|), that is, h(z,t) € S(ho, ||hol|). Then for (x,t) € Dr
we have the estimates

[A1h = hoy | = Juax |(Arh = ho))

t)eDr

//G — 7,2, )(Cha(r)BRE) — a0}y (7,€) — ha(r)fo(€) ) déclr

T

t 1
+ max Gt —r1,2,8) | hs(a)hi (T — o, &)dadédr
[[oee]

0

l T

+ max /t/G(t—Taxyﬁ)/(hs(T—a) — ha(7 = @))[ha(@, §) = fa(e, §)

0

+/@wmm—&®wwwwr
0

AllhoPT

)

<(21(CMo + al0) + Mo) + (6] ho | +401)T* + ol

16||ho||*T3 AM, + 12||h
| Ash — hol| = max |(Ash — ho)| < ¢+<8||h0||2+ 1+ 12] 0||)T2
(z )EDT 3l l

4C My + 4a(0) 4 4C
n < 0 (0) + 12| o] +4M1)T> lholl,

l

8M,
A5k = hojl| < 3ZA<(2MO+a(O)+1,5lM2+lM1+la(O)M2+2MO||hO||>T
+(wmw+Mﬁ4M@Mﬂﬁﬂ+M%Wﬁﬂwm j=34,

| Ash — hos|| <8]|hol|*T

As a result we conclude that if T' satisfies the inequalities

Al P _

2T (C' My + a(0) + My) + (6]|hol| + 4M,)T? + 3 <1,

16||ho||?T? 4M 12| A,
|| 0” + 8||h0||2+ 1+ || 0” T2
3l )
) <4CM0 + 4a(0) + 4C
l

+ 12| Ao +4M1)T< 1, (4.2)

8 M,
s ((2M0 +a(0) + 1, 51My + IM; + 1a(0) My + 2Mo| ko)) T

+ (Bllholl + My + 200 o] ) T2 + 4llho|*T*) < 1, j = 3,4,
8[lho||T < 1

then operator A maps S(ho, ||ho||) into itself, that is, Ah € S(hq, ||ho|)-
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We proceed to checking the second condition of contractive mapping. In accordance with
(3.1) for the first component of operator A we have:

I (Ah1 Ah2 = max

(QZ t EDT

// — 3,80 [ ()—hZ(T)}eg’(g)dng

t

+ max /G —7,z,&)a(0 )(hi(T,f) — h%(T,f)) dédr

(mvt)EDT

t

l
+ max |g / [ 6= o)(bir) - BB)o0(6) dcar
t 1

(z,t)eDp

T

+ max / / Glt—m,2,6) [ (BB — 0,€) — B (r — 0, €)) daddr

+ max / / Gt — 7.2,) / (hi(r — a)hi(a,€) — h2(r — a)h(a€)) dadédr

4 O

(z,t)eDp
t 1 T
< _ T N 220
+(;gzﬁT O/O/G<t T,$,€)!(h5(T a) h5(T a))fa(aaf) dadédT
l «
L 1 1
+(x%2%T O/O/G —7,1,8) <O/h5 T— O/h3(ﬁ)h (a—=p,¢&)dBda
/h T—a /h — B,€) dBda)dedr
0

l
s | [ fou-rng
(xvt)EDT 0 0

+ max //Gt—r:cf /( AT —a) = hi(T — @) fale, &) dadédr

3 o\\‘

>
N
\]

|
£
>

—
—
e
N
|
>
NN
\]

|
£
>

(V)
—
Q
o
SN~—
SN—
IS
Q
I
on
U
\]

(m,t)EDT

" @by O/O/G ) (0/@7@ ihé(ﬂ)h% ~ .€) dpda

To estimate the integrands, we use the following inequalities:
1hahy = W3R\l = [|(hy — h3)hy + hi(hy — hi)|
< 2[A" = B2l max ([[Ra]], [A3]1) < 4llholllIR" — 72|,
Ihvhahg — Rhahs|| = [[(hy — hY)hohs + (hy — h3)hihg + (hy — ha)hihs|
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< 3[|ht — h?| max ([ hzhall, [|hihs]l, IR5 ) < 12[|hoI* IR — A2,
Therefore,
(AR — AR*)1|| <(C My + a(0) + Mo)T||h' — B
+ (10| hol| + M1)T?||A" — B2|| + 4||ho|)*T?|| R — 2.

The other components can be estimated in a similar way:

l l

12||h 2M
+ (20l ol + 2 )72 4 analr Yt - 22,

2 2 2
|(ARY — AR?)5|| < ((70M0 + Za(0) + =My + 12| hol| + 2f0)T

AM,
I(ARY — AR?); < Cj_SUA ((2Mo +a(0) + My + a(0) My + 4Mol|ho|)T
+ (6]l ko]l + 2Ma|[holl + M) T* + 8Hho|!2T3> Iht = B2l =34,

I(AR" — AR?)5|| < 8|l ho||T (IR — ||
If T satisfies the inequalities
(CMO +a(0) + M0>T + (10Hh0” + M1>T2 + 4| ho|PT? < 1,

2 2 2
(TCMO + Ta(O) + Mo+ 12| ho|| + 2fo)T

12(|h
+( H 0” —|—6Hh ||2

4 M,
CIi—3A
o+ (6llhol| + 20l Roll + M)T? + 8]|Ro|[PT*) < 1,
8||hol|T < 1
then the operator A satisfies the second condition of contracting mapping.
Therefore, if the number 7' is small enough to ensure inequalities (4.2)) and (4.3)), then A is
a contraction operator on S(hg, ||ho||) and by the Banach principle, the equation h = Ah has a
unique solution in S(ho, ||hol|).-

Since h involves ¥ and ¢;, this implies that 1} is differentiable in ¢. By the proved theorem
this implies that all functions in identity (2.6) are continuous except for ¥,,. Since system of

equations (2.6)), (2.7)), (2.8)), (2.9) is equivalent to operator equation (4.1)), then 1, is continuous,
i.e. ¥ is twice continuously differentiable in x. Thus, ¥(¢, ) € CY?(Dy). The proof is complete.

M
1>T2 + 4| |IPT? < 1,

l (4.3)

((QM(] + CL(O) + M1 + CL(O)MQ + 4MOHh0H)T

[
By the known functions a(t), b(t), solving the differential equations
X'(t) K'(t)
a(t) = b)) = L
RO

we find the functions

t
x(t) = x(0) + x(0) /G(T)dﬂ k(t) = k(0) + k(o)/b(T)dT

0 0
as solutions to inverse problem (2.2}(2.5).
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5. CONCLUSION

In this work, inverse problem is considered for determining the kernels x(¢) and k(¢) included
in the system of equations by simple observation at the points zg,x; € (0,1) of the
solution of this system with initial and boundary conditions (2.2), (2.3). We obtain conditions
for given functions, under which the inverse problem has unique solutions for a sufficiently small
time interval. We note that global solvability of this kind of problems is an open issue.
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