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INEXISTENCE OF NON-PRODUCT HESSIAN RANK 1
AFFINELY HOMOGENEOUS HYPERSURFACES H" C R"*!
IN DIMENSION n > 5

J. MERKER

Abstract. Equivalences under the affine group Aff(R?) of constant Hessian rank 1 surfaces
S? C R3, sometimes called parabolic, were, among other objects, studied by Doubrov,
Komrakov, Rabinovich, Eastwood, Ezhov, Olver, Chen, Merker, Arnaldsson, Valiquette. In
particular, homogeneous models and algebras of differential invariants in various branches
were fully understood.

Then what is about higher dimensions? We consider hypersurfaces H" C R"*! graphed
as {u = F(x1,...,%,)} whose Hessian matrix (F o, ), a relative affine invariant, is similarly
of constant rank 1. Are there homogeneous models?

Complete explorations were done by the author on a computer in dimensions n =
2,3,4,5,6,7. The first, expected outcome, was a complete classification of homogeneous
models in dimensions n = 2,3,4 (forthcoming article, case n = 2 already known). The
second, unexpected outcome, was that in dimensions n = 5,6,7, there are no affinely
homogenous models except those that are affinely equivalent to a product of R™ with a
homogeneous model in dimensions 2, 3, 4.

The present article establishes such a non-existence result in every dimension n > 5,
based on the production of a normal form for {u = F(z1,...,%,)}, under Aff(R"™') up to
order < n + 5, valid in any dimension n > 2.
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1. INTRODUCTION

Letn> 1,z = (x1,...,2,) € R", u € Rand y = (y1,...,y») € R", v € R. We consider

equivalences of local analytic hypersurfaces H" C ]jo} and K" C ]RZIl graphed as:

u = F(zy,...,2,) and v==GW1,. . Yn),

under affine transformations ¥: R**1 — R™*1:

Y1 = 11T+ F a1 Ty + by u+ T,

(1.1)

Yn = an,la:l+"'+an,n$n+bnu+7—n7

v=cx+ vy +du+ T,
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where the (n+1) x (n+ 1) linear-part (%) matrix is invertible, i.e., belongs to GL(n+ 1, R).
The collection of all these transformations is the Lie transformation group Aff(R"*').
The Lie algebra aff(R™*!) of Aff(R""') consists of the vector fields:

0 0 0
L =T —+...4+T — 4+ T, —
18:1:1+ + na:cn+08u
0
+<A1,1x1+"'+A1,nxn+Blu)_
81’1
e
’ ’ ox,,
0
+(Cray 44 Con + Du) £
ou

A fixed hypersurface H" C R™"! possesses an affine symmetry group, which is a local Lie
group,for background see [1, Chap. 3|:

Sym(H) := {¥ € Aff(R""): W(H) C H},

where "C" is understood up to shrinking H, and where the transformations ¥ are close to the
identity. Then Sym(H) has a Lie algebra:

Lie Sym(H) = sym(H) = {L: L‘H tangent to H }.

Since all our considerations will be local, we can assume that everything takes place in some
neighborhood of a fixed point py € H; such neighborhood can be lessen finitely many times.

Definition 1.1. The hypersurface H is said to be (locally) affinely homogeneous if:
T, H = Spang {L| : L& sym(H)}.

According to the Lie theory, the l-parameter groups p — exp(t L)(p) stabilize H, and
Sym(H) is then locally transitive in a neighborhood of py € H.

The problem of classifying all affinely homogeneous n-dimensional local analytic smooth
submanifolds H" C R™"* is probably of infinite complexity. Even for n = 2 = ¢, it is not
completed.

In the hypersurface case ¢ = 1 and in dimension n = 2, the classification was completed two
decades ago by Doubrov-Komrakov-Rabinovich [2], [3] and by Eeastwood-Ezhov [4], see also
[5], [6] for a differential invariants perspective.

In dimension n = 3, and codimension ¢ = 1, all multiply transitive models were classified
in [7], while for the a special affine subgroup Saff (R**!) C Aff(R**!) was treated and completed
in the (unpublished) Ph.D. thesis of Marc Wermann [8], and the works of Eastwood-Ezhov [9,
10).

Jointly with Chen [I1], the author has studied a so-called parabolic surfaces H*> C R?, the
Hessian of which had a constant rank 1 (see also [6]). Somewhat analogous 5-dimensional CR
structures of dimension 5 whose Levi form is of constant rank 1 were studied in [12], [13].

Problem 1.1. Study algebras of differential invariants and classify homogenous models of
constant Hessian rank 1 hypersurfaces H™ C R"*!.

A similar problem can be formulated in the context of CR geometry, cf. [14].

In Winter 2021, using a computer, the author found all affinely homogenous Hessian rank 1
hypersurfaces H" C R™"! in dimensions n = 2, 3, 4; these results are presented in a forthcoming
paper [I4]. Exploring then dimensions n = 5, 6,7, the author was surprised to realize that there
are no homogenous models except the degenerate ones obtained by taking a product of R™ with
a homogeneous hypersurface H"™™ C R* ™! 5o that 2 < n —m < 4.
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He then tackled to prove a non-existence result, which, incidentally, provides a complete
classification (in the constant Hessian rank 1 branch). But the computational task appeared
to be unexpectedly hard, and it took one year to write a detailed proof in general dimension
n = o.

The main result of this paper concerns dimensions n > 5, but several results are true for all
n > 2, and will be useful for [15].

In the paper we may emphasize three statements. The first one appears as Theorem [13.1
below.

Theorem 1.1. Let H" C R be a local affinely homogeneous hypersurface having constant
Hessian rank 1. Then there exists an integer 1 < ng < n and affine coordinates (xq,...,x,) in
which:

H" = H™ x Ry

Tnpr+1s-5Tn

is a product of an affinely homogeneous hypersurface H™ C R™*! times a ‘dumb’ R""#~1,
and is graphed as:

2 2 H

x x32x T Ty, - xim
S SIC D S

m=3

i+ D1
oo
+ Z E™(x1,...,20,),
m=ng+2
with graphing function F' = F(xy,...,x,,) independent of Tp, 41, ..., Tn.
We notice that the variables (ml, B u) are present in such a graphed equation.

Of course, we are interested in the hypersurfaces for which ng = n. Such hypersurfaces can
be called nondegenerate, but we will not use such a terminology. With ny = n, Theorem
shows the graphing function up to order n 4+ 1 included. Up to order n + 3 included, we prove

Theorem 1.2. In any dimensionn > 2, every local hypersurface H" C R™™ having constant
Hessian rank 1, and which is not affinely equivalent to a product of R™ (1 < m < n) with a
hypersurface H"™™ C ]R"‘m“, can be affinely normalized up to order n + 3 as:

2
u = — —.I— E 1 g =
i,j>2 2 (Z - 1) (.] - 1)
itj=m+1
e, Ti X5
+ Fry1,10-0 L= gt E 5 !
(n+1)! ! = 2= —1)
i+j=n+2
n+3 n—+2 n+2 n+2
A ) 7 Ty Tn
+ F, ...l——i-Fn —+Fn 0 ———— + -+ F, 0l
+3,0-0 (n+3)! +2,10--0 CE) +2,0010---0 (n12) +2,0---01 (n12)
2" g T; T
Fn B 1 n+1 1 1]
-+ +1,10---0 n—' + Zy Z 2 (l N 1) <] B 1)
i,j=2

i+j=n+3
+ Oxg,..‘,zn (3) _'_ O$1,$2,...,$n (n + 4)
Furthermore, linear GL(n + 1,R) self-maps (fizing the origin) (%) = (‘C‘Z) (ﬂ) of such a
hypersurface are necessarily weighted dilations of the form:
1 1
Y1 = CIq, y2:07 Ys = Ex37 ceey Yn = —= 2

with ¢ € R*.
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In other words, the isotropy is at most one-dimensional. The more advanced Theorem [25.]]
gives terms of orders n + 4, n + 5, which are more complicated but unfortunately necessary in
order to establish our unexpected main result.

Theorem 1.3. In any dimension n > 5, there are no affinely homogeneous constant Hessian
rank 1 nondegenerate hypersurfaces H" C R+,

Here is the key reason why homogeneous models do not exist when n > 5. In Sections
and [27] we shall obtain the two equations I and IT shown in Proposition [26.1] that will contradict
homogeneity, at the infinitesimal level.

Readers could admit Theorem [I.2] or Theorem and go directly to Sections [26] and [27]
which are simple to read. Unfortunately, the core normalizations done in the previous sections
are hard, require patience, and indurance.

All computations were done on a computer fully in dimensions n = 2,3,4,5,6,7, during
more than two months of exploration, from December 2020, to February 2021. Especially,
all technical statements of this article were constantly checked to be true on a computer in
dimensions n = 5,6, 7. This acted as a guide to set up the general dimension by hand.

In fact, it happened to be unexpectedly hard to write by hand a detailed proof in general
dimension, the computer was unable to do that! It was really necessary to normalize {u =
F(xq,... ,xn)} up to order n + 5 as stated in Theorem because no contradiction occured
in lower order < n + 4 for the ‘particular’ dimensions n = 5,6, 7.

With slightly harder computations, it can be shown that in any dimension n > 2 we always
have

dim Lie Sym(H) < 4.

Thus, when dim H = n > 5, (infinitesimal) homogeneity cannot take place.
All statements hold for C instead of R, with the same proofs.

2. HESSIAN MATRIX AND ITS RANK INVARIANCY

We suppose that coordinates (z,u) are centered at py € M, so that pg is the origin. Denote
its image by qo := W(py). We also assume that g is the origin in R"}!, too. Then ¥(0) = 0

y7v ?
forces 0 =71, = --- =7, = 79 in (1.1), which becomes a general GL(R"™!) transformation:
Y1 aynl - Q1p by T1
= | ¢ e (2.1)
Yn an,l e an,n bl M
v ¢ ¢y d U

Importantly, the basic assumption that W(H) C K, namely that 0 = — v+ G(y) when (%) =
(‘cl Z) (ﬁ) as written above and when u is replaced by F(x), is expressed as the fundamental
equation:

0=—cay——cpty—dF(zy,...,2,)
+G<a171x1 +...—|—a17nxn+blF(J}1,...,xn), (2.2)
...... , anlzvl—l—---+an7n$n+an(m1,...,xn)>,

which holds identically in C{xy,...,z,}.

One step further, by composing ¥ with two elementary affine transformations, we may assume
that the tangent space ToH" = {u = 0} is horizontal, and that To K" = {v = 0} as well. In
other words, F' = O0,(2) and G = O,(2).
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Thus, order 0 and order 1 terms are absent in the following two expansions:

:L.O'l .. :L.O'n
_ _ 1 n
u = F(ZL‘) = E — in’l.‘.mgn (0)7
120,...,0n,>0 : :
o1+ ton =2

i RIS P
v=CGW = ), I Gpean(0):

7120,...,7n 20
LA >2

Lemma 2.1. The linear transformation (%) = (24) (%) sends u = 04(2) to v = 0,(2) if
and only if 0 =cy = --- = ¢,.

Proof. We write (2.2)) modulo O,(2):

0=—cioy— - —cpmy — 0,(2) + 0,(2).
]
This is interpreted as a group reduction:
0 1
11 - Qin by 11 - Qinp by
A
Ap1 = Qpn bn Qp1 " Qpn bn
cq o ¢y d o --- 0 d

We then necessarily have

det (CLi’j) §é 0 7é d.
In what follows, we shall need an equivalent expansion gathering homogeneous terms of fixed
order:

u = Z P Z Z Tiy Ty Py ooy, (0) = Z F™(z). (2.3)
m>=2 i1=1 im=1 m>2

The proof of this expansion is left for the reader.
At order 2 we have:

u = % Z Z Liy Tip fi1,i2 +Ow(3) and v = % Z Z YirYjo 9ir,jo +Oy(3)v

11=1 i2=1 J1i=1 j2=1
where:
firis = ﬂclezQ( ) = Jfizix and jr.ja = Gyjlij (O> = Y21+
With @ = "(xy,...,z,) being a column vector, we can abbreviate:
u—é z-F® .z 4 0,(3) and v=1"y- G® .y +0,(3).

Definition 2.1. At any point p € H", the Hessian matrix is well-defined in any system of
coordinates (x,u) centered at p = (0,0), in which H™ is graphed as u = F(x) with 0 = F(0) =
£, (0) = = F,(0):

Fxlxl (0) e F:mxn (O) fl,l e fl,n
Hessian(F') = : : = Do — @),
Fﬂcnwl (0) U Fxnmn(o) fn,l T fn,n
At first sight, this definition depends on coordinates, but a key invariancy lies behind.

Lemma 2.2. The rank of the Hessian matriz Hessian(F') is independent of the affine coor-
dinates (x1,...,x,,u) centered at p in which 0 = F(0) = F,,(0) =--- = F, (0).
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Proof. We take another system of coordinates (yi,...,yn,v) centered at p = 0 in which the

hypersurface is graphed as v = G(y) with 0 = G(0) = G, (0) = --- = G}, (0), namely:
v ="Ty-G?.y+0,03).
Hence, there exists an invertible linear transformation of form (2.1)) with 0 =¢; = --- = ¢, by

Lemma 2.1} namely, y = A -z + B - u and v = du, which sends u = F(z) to v = G(y).
Then we write fundamental equation (2.2)) modulo O,(3), observe that O,(3) = O,(3) when
y=A-xz+ B-F(z) = 0,(1) and we factorize:
0=—-v+G(y)
= —dF(z)+G(A-z+ B- F(z))

1
= —dETx-F(Q)-x—Ox(B)—I—%T[A-a:—I—B-F(x)] -G(Q)-[A-x—l—B-F(x)}—kOy(?))
1

= 3" (— dF(2)+TA~G(2)-A) cz+ 0,(3),

and deduce, since x € R" is arbitrary, that:
dF® = 714.G@ . 4.

Finally, since d # 0 # det A, we conclude that rank F® = rank G, O
Suppose that H = {u = F(z)} is given in coordinates (z,u) centered at py = 0, with
0 =F(0) = F,(0) =--- = F,,(0). At any other point p ~ py close to the origin with
p=(T1ps.-., Tnp,Up), Where u, = F(z,), we use the centered coordinates:
YL = T1— Tipy e Yn = Ty — Tpp,
v = u— F(z,) — Fy (3p) (21 — 21p) — -+ — Fo, () (T — Tnyp).
The new graphing function
G(y) = F(xp + y) - F(xp) - Fm(xp) - = Fxn(ajp) Yn,
satisfies G(0) = G, (0) = --- = G, (0), hence Definition applies. But since the correction
terms are of degree < 1in yy,...,y,, they disappear after the second order differentiation:
Gy (0) - Gy, (0) Foa () o0 Frop, (7))
Gynyl (0) e Gynyn (0) Fl'nzl ('rp) e Fxnl'n (xp)

Lemma 2.3. The Hessian of a graphed hypersurface u = F(x1,...,x,) is a well defined
matriz-valued function of x:

Frv(z) -+ Fpg (2)
Hessian(F)(z) = : :
Foo(x) o Fp . (2)

whose rank is invariant under affine equivalences (at pairs of points corresponding one to an-

other).

3. (CONSTANT HESSIAN RANK 1
We take a hypersurface H" C R""! with 0 € H" and TyH" = {u = 0} graphed as:

W= Flz) = % SOS wir; Fu, (0) + 04(3).

i=1 j=1

Its Hessian at the origin 0 is represented by the n X n matrix (Fj,4, (0)).
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Lemma 3.1. Whenever (szx](o)) is not the zero matriz, there exists an affine change of
coordinates y = Az, v = u, making nonzero (after renaming y =: x):

Foa, (0) # 0.

Proof. If there exists an index i, with F, ., (0) # 0, simply permute affine coordinates to set
€Ty = Ty, -

Assume therefore that 0 = F, ., (0) for all i = 1,...,n. By assumption, there exist i, and
jx # iy such that Fy, .. (0) # 0. We rename z; := z;, to have 0 # I, ., (0) and we change
jx = 2 to be the smallest satisfying I ., (0) # 0. We also abbreviate f;; := Fy.,;(0). Hence,

Since all diagonal terms are zero, only > remains, and we can expand modulo O,(3):
i<j

w= Y wwfig = Y @y fig+ Yy wag fi

i<i i< <
J<T* Jx<J

=125, fij. + E 125 fij + E %5 fij + E %5 fij-
Jx<J 2<i<y 2<i<j
J<ix* Jx<J

We let z;, := y1 +y;,, while x; := y; for j # j, and u := v, whence O,(3) = O,(3), so that the
first monomial becomes

n (yl + yj*) Jig.s
with a nonzero coefficient for y;y;. The three remaining sums cannot incorporate y,y;. Thus,
the new graph v = G(y) satisfies G, (0) =2 f1 ;. # 0. O

4. INDEPENDENT AND BORDER-DEPENDENT JETS

Up to the end of the article, we shall assume that
Fia, (0) # 0.

Also, our main assumption is that the Hessian matrix (Fj,,(x)) has constant rank 1 for all
x ~ 0 in some neighborhood of the origin.
It is elementary to verify that, for constants ¢; ; € R with ¢; 1 # 0,

P11 P12 0 Pin
Y21 P22 "0 Pan ; o
1 = rank ?1 ?2 . 2 = 0= | Yut PLj V2 <i,7 <n.
: : T : Pil Pig
Pn1 Pn2 ° Pnn
Main assumption. For all x ~ 0 in some neighborhood of the origin:
Fip (z) = — a Vi, j=2...,n. (4.1)
! Fra (2)
By differentiating this identity with respect to x1, 2o, ..., z,, by induction it is easy to prove

that every derivative F . i, ., () with iy + -+ - +14, > 2 and arbitrary 7 € IN is expressed as a
12 n
polynomial in the derivatives F' » » , () with 7] <1 divided by a certain power (Fxlxl(x))*
T T T

2 in

In fact, we shall need to know what formulae hold only for is 4+ --- 417, = 2.

Terminology 4.1. e The independent jets are the derivatives with iy =0 or i, = 1:
Fxgz...x;n (z), F 2. gin (z).

1‘112
e The border-dependent jets are the derivatives:

Fxfcz:i:cj<x)7 T =0, 0hJj=2,...,n.

1
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The way how these border-dependent jets Fir ., are expressed in terms of the independent

J
jets can be seen by differentiating (4.1]) v times with respect to .
We shall also employ the following abbreviations:

xl = (.TQ, SR ,..'En>, fi17i27---ain = F$11133122$%n (O)

5. NORMALIZATION AT ORDER 2

Assuming that fi, # 0, we begin with the identity
u = F(x) = %Z Z fijziz; + O4(3).
( J

Changing u to —u if needed, we can assume f;; > 0. The plain dilation y; := \/ fi1 1 makes
fi1 = 1, namely, using again the letters z, w:

u=gai+ 2 mwifijtg 2 @ fig+ 0a(3).
2<<n 2<4,J<n

We should say that our Main assumption is (implicitly) assumed in all statements.
Assertion 5.1. There exists an affine change of coordinates which normalizes u = F(x) to

u = a4+ 0,(3).
Proof. We first collect all monomials incorporating z;:

1 | S
u 5 (ZE1+ Z X ij) - 5 ( Z Z; fl,j) +§
2<j<n 2<j<n

Z J]iZL’j fl"j + O$(3),

2<i,j<n

J/
-~

new Ii

and we get with a modified f; ; that

U %x% + l 2@’;” z;x; fi; + O4(3).
This implies:

0 = Fpp;(0) forall 2 <j<n.
Finally, yields:

Fpe;(0) = 0 forall2 <i,j < n.

O
Next, starting from u = 1z} + O,(3), the goal is to normalize order 3 terms. But before

increasing the order, we must conserve or stabilize the normalization at order 2. This conducts
to group reduction:

GL(”+17R) Gi‘tab
0 _ 1
Q11 A12 Q1.n by 11 Qr2 - Qinp by
Q21 Q22 a2 n by Q21 Q22 a2 n by
>
Qp1 Gp2 Qp.n bn Qp1 Qp2 *° Qpn bn
Cc1 cy - Cn, d | 0 o -- 0 d
thab
_ 2
11 0 cee 0 b1
Q21 G292 a2 n by
ol
Qp1 QAp2 - Qpnp bn
0 O -.- 0 2




64 J. MERKER

Lemma 5.1. The subgroup G2, of Gl which sends u = 313 + O,(3) to v = yi +0,(3)
consists of matrices in G, with:

2
0=a2 =" = a, and d = aj ;-

Proof. We rewrite (2.2)) modulo O,(3) and we equate the coefficients at zyzo, ..., z12, to zero:

1
0=— v+§y%+oy(3)
1
= —du+ 5 (66171 T+ 1,2 T2 + -+ a1pn Tn + b1 u)2 + Ox(g)
1 1
= — d§ 2 —0,(3) + 5 ai 2+ ar @ (@22 + -+ a1 T, + 04(2))
+ (al’z T —+ 4 aLn Tn + Ox(2))2 + Ox(3>
m
6. NORMALIZATION AT ORDER 3
We proceed to the order 3 terms:
1 A e e
= 5:(:14— Z> mfalﬁzﬂza"'_ox(él)-
01,09,0320
o1+0o9+o3=3
In the sum, we pick the monomial %x‘f fi11- We recall 2/ = (za,...,x,). The remaining cubic

terms are of the form 23 A(2) + x1B(2') + C(2'). Hence, they are O, (1). Since they are cubic,
they are products of the form O,/(1) O,(2). Thus,

u = F(x) = gai+ 5] fiin+ 0p(1) 04(2) + 0. (4),
v=Gy) = 3yi + ¢4 9111+ Oy (1) 0y(2) + O,(4),
Lemma 6.1. One can normalize g, 11 := 0.
Proof. With free b; € R, use the map belonging to G2, :
Y1 :=x1 + by u, Yo 1= T, e , Yn = Tp, V= U.

Since y' = 2/, hence O, (1) O,(2) = O (1) O,(2), and fundamental equation (2.2) reads:

1
0=- § ZE% - %fl,l,l 1’? - Ox’(l) Ox(2) - Ox(4)
1 1, S| 3
+5 (T b+ 0.(3)) + g9 (21 + 04(2))" + Ox (1) 04(2) 4+ O4(4)
1
=i [= finn+3bi+g1a] + 0w (1) 04(2) + 04(4).
No monomial x? can appear in remainders. Hence, the coefficient at z3 must vanish. This
means that ¢;;1 = fi11 — 301 necessarily. But since b, is a free parameter in the affine
transformation, we can choose by := %f1,1,1 to normalize g1, := 0. O

To normalize further, we can restart from this v = G(y) having g;11 = 0, call it uw = F(x)
with fi11; = 0, and again normalize the new target v = G(y) with ¢ ;1 = 0. In other words,
both hypersurfaces are normalized similarly (as always):

w= F(z) = %x§+o+ox/(1)ox(2) +0,(4),

v = G) = 502 +0+0,(1)0,(2) +0,(4)
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Furthermore, before taking account of the normalizations fi;; := 0 and ¢y, := 0, remind
that the current stability group G2, is:

2
a1 0 cee 0 b1
Q21 Q22 -+ Q2p by
anp,1 Ap2 -+ Qpp bn
0 0 - 0 a2,

This being a subgroup of GL(n+1, R), its block-trigonal determinant must be nonzero, whence:

Q292 -+ Q2p
ay1 7’é 0 7£

Qp2 - Apn

Next, let cubic terms of the form z3 O,/(1) appear:

1 1
u = F(r) = §x3+0+§

Lemma 6.2. The remaining cubic terms x1 O (2) + Oy (3) = 0 are zero.

] (902 Tyt 4 pn fl‘n) + 21 04/(2) + O (3) + Oz(4).

Proof. Tt suffices to show that

0 % Fupp,(0) forall 2 <i,j <n, (6.1)

<

0= Frje,(0) forall 2 <, j,k<n. (6.2)

By previous normalizations, we have 0 = F,,,,(0) for all ¢ = 2,...,n. Differentiating (4.1)
with respect to x; and to xy, we get the following vanishings:

Fl’lxlxi(()) waj (0) + waz-(o)o mel‘j (0) Fxlxi(o)o F:cwj (O) Fx1x1z1 (0)

Frveay(0) = Fon (0 T En0EL0) "
Friz2,(0) = Foyz,, (0) leﬂfj(o)o+—Fm1mi(0)o Fayayo, (0) _ —Fxm( ) A s (0) Forna(0) = 0.
niaa Froar (0) Frons(0) v, (0)

O

Thus, the two hypersurfaces are

1 1
w=F(r) = 527 +0+ 527 (paa+ -+ @nwn) + Ou(4).

2 2
1 1
v=Gy) = gyl +0+ 5y (Yaya+ o+ Puya) +Oy(4).
Lemma 6.3. The property 0 = @y = -+ = @, 15 equivalent to 0 = Yy = - -+ = ,,.

Proof. The general map of G2, which stabilizes the normalization up to order 2 is

Y1 = a1 71 + by,
Yo = Q21 T1 + Q22T + -+ -+ agn Ty + bau,

Yn = Gn1 X1+ ApoTo+ -+ Qpp Ty + by u,

_ 2
v = aj,u.
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Therefore, fundamental equation (2.2)) reads as

1 1
§$%+§ﬁ (9021’2+“'+90n$n) +Ox(4)}

1 1

+ 5 (CL1,1 1+ by B I% + Oa:<3))2
1
2

2<j<n

Of course, the coefficient at z? is zero. Next, picking the coefficients at 23 and at x%z,, ...

2 .
Ty, We get:

by = —ai E ’(/)jaj,la

2<j<n

g02 = Z w] aj’g, ......... y gOn = Z w] &jm.

2<jsn 2€j<n

+ = (a1,1 1+ Ox(Z))2 [ Z 1 (aj,l Ty + QjaTo+ -+ Qjp Tp + Oz<2)):| + 0. (4).

)

(6.3)

Since the (n — 1) x (n — 1) matrix (a;y) is invertible, we have ¢ = "a -9, hence ¢ = 0 if and

only if ¢ = 0.

]

Before we discuss the two distinct affinely invariant cases ¢ = 0 and ¢ # 0, we must examine

infinitesimal affine automorphisms.

7. TANGENCY AT ORDER 2

We take a hypersurface normalized at order 2:
1
u = 5:zc%+0x(3) = F(z).
A general affine vector field reads as

0
L :<T1+A1,1$1+'--+A1,n$n+Blu>—
8x1

0
+ <T2+A2,11U1+"‘+A2,n$n+32u) o

aLE‘Q
_|_ .......................................
0
L

0
+<T0+C1$1+"'—|—Cn:€n+Du> %,

is tangent to the hypersurface {u = F(z)} if and only if:

L(— u+ F(z)) =0

u:=F(x)

identically in C{xy,...,x,}. By neglecting the terms of order > 2, this equation gives:
=—-Ty—Cizy—Coazg— - —Cphx, — DOL(2)
+ (11 + 04(1)) (z1 4+ 04(2))
+ (T» + 04(1)) O4(2)

whence:

(7.1)
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Hence,
0
L = (Tl +A171?L’1 + '--+A17nxn+Blu) -
8[E1
0
+ <T2 + Az 1y +"'+A2,n$n+32u> A
al'g
o (7.2)
0
+ (Tn +An,1x1 + - +An,n$n +Bnu)
o0z,
0
+ ( T, 21 + Du) —.
ou
8. PRODUCT CASE H" =~ H' x R*!
We first examine the afflinely invariant case gy = --- = @, = 0:

1
u = §x?+0+0x(4).
Notice then that (6.3) becomes b, = 0.

Lemma 8.1. If such a hypersurface is affinely homogeneous, then F(x) = F(x1) is indepen-
dent of xa,...,T,.

Proof. We examine tangency equation (7.1)) using L from ([7.2) modulo O, (3):
1
=—Tiz1—D (§x% + Om(4))

+ <T1 + A171 T + ALQ To + - + Al,n Tn + Ox<2)> ([El + Ox(3))

+ (T4 0.(1)) 0.(3)

The coefficients at x2, of x12, ..., of x12, must vanish and this gives:
D - 2A1’1, ALQ - 0, ...... 5 Al,n - 0
Thus,
0
L = <T1+A1’1l’1 —i—Blu)—
8x1
0
+ T2 +A271[B1 +A2723§2 + - +A27n$n+Bgu %
2
_|_ ................................................
0
+<Tn +An71$1 +An72x2 + - +An,nxn —l—Bnu) 87
0
+<T1 X1 +2A:, U) -
ou
Next, let order 4 terms appear:
1 LSRR Al
u=3 22+ 0+ F4x) + 0,(5), where  F*(z) := Z m Joroon

Lemma 8.2. This F4(x) = F*(x,) is independent of (xo, . ..
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Proof. We write and examine the tangency equation up to order 3:

1
0= — T1 T, — 2141’1 (5 [E% +O$(4)>

1
+ <T1 + A2+ By (5 r? + O$(4))) (z1+ F,, + 0,(4))

+ ...........................
+ (T + O4(1)) (Fy, + 04(4)).
This equation considered modulo O,(4) is a polynomial in (z1, zs, ..., x,) of degree < 3 which
must vanish identically:
0=TF, +B sal+TF, + - +T,F} . (8.1)
Notation. [Coefficient picking] For (11, 7o, ...,7,) € N, given a converging power series:
E(z) = E - Ty I 0
(l‘) = (mlax%"'axn) - Z m x;lxaz--.x%”< )7
01,02,..., on=0
we denote .

Therefore, in (8.1), the coefficients at all monomials x7'x3? - - xl» with 7y + 7o+ +7, =3
must vanish.

Disregarding the monomial o7 in order not to let By intervene, i.e., taking all 7y +7o+ - -+7, =
3 with 7 # 3, we get:

0 =13 ([afaz+-a7] (F1))

+ T <[x?x§2 . m;"] (F;g))

+ T, ([a:?x? o x:ﬂ (Fﬁn)>
The following goes almost without saying.

Observation 8.1. [Transitivity] Since Ty = 0, at the origin 0 = (0,0,...,0) € R}E!, the
value of L 1is

0 0 0
L =T — T — 4T, ,
‘0 18x10+ 28x20+ + oz, lo
and since also 9 5 5
rr = span (2| 2|2,
0 ban Oxylo” Oxglo 0w, 10
linear relation between Ty, Ty, ..., T, can hold only for H™ C R"*! being affinely homogeneous.
Consequently, the coefficients of T3, of T5, ..., of T, above must all vanish. Restricting

attention to 7, = 0, and taking all (7o,...,7,) € N*~ ! with 75 + --- + 7,, = 3, we obtain:

0 =1, ([o7 7] (F1))
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whence:
0= [x;2 x -x:ﬂ (ng), ...... , [x;2 = -x:ﬂ (an),
which is equivalent to:
0 = Fé, ...... , 0= Fﬁn.
Thus, F4(z) is independent of xs, ..., z,, and can be denoted by E*(x). ]

We can therefore let homogeneous terms of order 5 appear:
_ 1, 4 5
u = 2x1+O+E (x1) + F°(x) + O.(6).
We argue by induction. For m > 5 we assume:
1
u=3 ]+ 0+ EY(z) + -+ E™ N (21) + F™(x) + O, (m + 1).

To complete the proof of the lemma, we should show that F™(z) = E™(x;) is independent of
T2y, Tp.
Using L from (8.1]), we write and examine tangency equations up to order m — 1:

=Tz —2A, (%x§+E4+---+Em‘1+Ox(m)>
+ [T1+A1,1x1+Bl (Aai+E' 4+ -+ E" 7+ 0,(m — 1))}
' [xl +E, 4+ ET +F;}+Oz(m)]
+ [T2 + 0,(1)] [Fi2 + Oy(m)]

+ [T+ 0.(1)] [E]! + Oy(m)].

In the first two lines, all appearing monomials xz7'x3* - - - a]* with 7 + 75+ -- -+ 7, <m —1 are

such that 71 > 1 except the ones in T} F}".
Therefore, when applying the coefficients-taking operators [z3? - - - 27| (s) for all (7o,...,7,) €
IN"~! with 75 + - -+ + 7, = m — 1, it remains only

0= T ([o - ap] (5))

whence:
0= [af---al|(Fl), ... ;o a2l (B,
which is equivalent to
0=F.,, ... , 0=F".

Thus, F™(x) is independent of xs, ..., z,, it can be denoted by E™(z1), and by the induction
in m — oo we complete the proof of the proposition:

1 [e.e]
u = §w§+z E™(xy) =: F(x).

m=4
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9. INTERLUDE: EXPANSION OF F' IN HOMOGENEOUS (IN)DEPENDENT MONOMIALS

We expand:
F(l’) - Z l'(fl T x’fa-ln F0'1,...,0'n7
01,.-,0120
with F, = % F,-(0). In accordance with Terminology 4.1} we introduce

Terminology 9.1. A monomial x7'x5> - 20" Fy, 5, o, will be said:

e independent if oo + -+ 0, < 1;
e border-dependent if o9 + -+ 4+ 0, = 2;

e body-dependent if o9 + -+ 4+ 0, = 3.
Then F' decomposes into 3 parts:

F = Z 27 F, + Z 27 F, + Z 27 F,.

o2+-Fon<l o2+ ton=2 o2t Fon=3

If we want to emphasize independent monomials only, the dependent monomials can be
gathered as a plain remainder:

_ 01 .02 o
F = § LR A AL P sz,---,xn@)'

If we want to show also border-dependent monomials, the body-dependent monomials can be
gathered as a plain remainder:

J— 01,02 .. ,.0n 01,02 .. ,.0n ( )

F = E L1 Lo L, F‘7170'27~~-7‘7n + E L1 T L, F017027---70n +OI2,-~~7In 3).
T1,09;--+, on =0 01,0945 on =0
go+-Fon<l og+-ton=2

The decomposition of F(z) as a sum of homogeneous terms will be constantly used:

F(z) = Z Z ] a0 Fyy oy = Z F™(x).
m=2

m=2 o1+o2+-+opn=m

Then each F™(x) can be subjected to similar decompositions:

F™(z) = Z 7 F, + Z 2’ F, + Z 2’ F,

o1t+og+--ton=m o1t+og+--ton=m o1tog+--+on=m
oo+ ton<l oot ton=2 ooteton>3
g (on
= g 7 F, + g 27 Fy+ Oy 2, (3)
o1t+og+---ton=m o1+og+--ton=m
og+--+on<l ogt+-ton=2

= Z .73U Fo' + Omg,...,xn (2)

o1+og+--ton=m
o9+ ton<l

Finally, we recall the abbreviation:
= (wg,...,x,).

10. 'THE NONDEGENERATE ORDER 3 CASE AND STARTING INDUCTION

Disregarding the product case of Section , we assume that (vo,...,0,) # (0,...,0). A
natural affine coordinate change

1 1

u = 51’%4‘51’% (&02$2+"'+(10nx73)+056(4)7

=: new xs
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enables to normalize: ) )
u = 53:? + 535%.%2 + 0,(4).

Now we provide a general inductive reasoning. For some integer v with 3 < v < n, we assume
that, modulo dependent monomials which, by Section [9 can be all gathered as a remainder

O./(2), the hypersurface equation is of the form:

2 2 v—1
=1 oo ——= +0,.(2)+ O, 1).
u=S+—=+ +(V_1)'+ (2) +O0,(v+1)
Then let appear all independent monomials of order v + 1:
R O R
2 2 (v —1)!
x¥x ¥x,_ ¥z, ¥,
+901 ;‘1_‘_"'—{'901/—1 11/' 1+901/ 1/| ++Qpn 1 +O ()+Ox(7/+2)

Again, if (p,,...,0n) # (0,...,0), a natural affine coordinate Change

2 2 v—1
] HEHD) Ty Ty
U =— 4+ + .o e
2 2 (v—1)!

v

x
—f—ﬁ <301l’1‘f‘"‘_"@y—lxlj—l+50qu+"'+9071$73> +O$/(2)+Om(y+2)’

=: new T,
leads to , , .
T]  XiTy ] xy— i,
=1 0.(2) 4+ O, 2),
=+t +(y_1)!+y!+ (2) + O.(v + 2)
and then inductively to
2 2z ¥z, " :L‘n
u = ?1+IT2+"'+ S T+ 00(2) + Oa(n +2),
These are the hypersurfaces we mainly want to study. they involve all variables x1,xs, ..., 2,.
But before going further, we must study the situation where ¢, =--- = ¢, = 0:
2 2 v—1
N R
U= + 5 T+t =1
¥ x¥x,_
oL e g = 0+ 04 O (2) 4 Ou (v + 2),

This degenerate branch will again lead to a product situation.

Since the arguments in the next Section [L1] will again involve application of an affine vector
field L to the equation 0 = —u + F'(z), and since L is a first-order derivation, we need to know
the border-dependent monomials as well. Recall that, by Section [9] body-dependent monomials
that are not border-dependent can be gathered as O,/ (3).

To organize properly the thought, we consider simultaneously the two cases O - xigf” and

1. mif”, by setting up an

Induction Hypothesis 10.1. For some integer v with 3 < v < n, the hypersurface equation
reads as

u= g (T 2 GG o TR )
m=3 0,j>2

itj=m+1

+{9} l + 2y Z %xixjAZj+Ru+1(x1,m2,...,xy,...,a;n)+Ox(y+2)’
1,522
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where R™! is homogeneous of order m + 1 in (x1,Zo,...,Tm_1), and is of order > 3 in
(x9,...,Tm—_1), where the A}, = N, are unknown constants, and where Rt is homogeneous
of order v+ 1 in (x1,29, ..., 2y, ..., &), and is of order = 3 in (T, ..., Ty, ..., Tp).

We therefore assume that up to m = v —1, the values of the border-dependent jets have been
found, as they appear within the large parentheses. For v = 3, the formula holds true with
empty an;g To complete the induction on v, we need to show that R*™ = R**1(zy,... 2, 1)
is independent of z,,%y1,...,%,, and we should determine the values of A7;. In the nonde-

xzy

generate branch 1 - that we will treat later, we will have to show that A” = 0 whenever
i+jFrv+1, andthat/\ mwhenz—l—j—u—kl
Abbreviate the homogeneous terms of F'(z) normalized up to order < v, namely up to

m = v — 1 in the sum, as follows:

u = N?(z1) + N*(vq,20) + -+ + NY(21, 19, ..., 7 1) + O (v + 1),

where, for 3<m < v —1:

x'x Tixj
Nm+1 — 1+m m—1 () Rm+1 o o
m) +"L‘1 ”Z:Q (2_1)|(]_1)| + (ZL‘l,ZEQ, y L l)a

itj=m—+1

N |+

mz,,

and abbreviate also the full dependent remainder homogeneous of order v + 1 after { }
as:

v+1 . v—1 v v+1
S (ml,xg,...,ml,,...,xn) = a7 E x,xjA + R (a:l,xQ,...,xl,,...,xn),
1,522

which is of order > 2 in (x9,...,x,,...,x,), S0 that:
u=F(r) = N>+ -+ N"+{9 } +S”“+O(u+2)

Lemma 10.1. This function S**! is independent of TyyTyatly ey Lo

Proof. For any two indices v < k,/ < n, we must have by our constant Hessian rank 1 hypoth-

esis:

= Fiay () - Frpe,(¥) = Fiyoy (%) - Frya, ()

= (1+0.,(1 )(%3+O(Q

({9} gy e+ st 4 0u00) - ({9 i 2 o+ 5L+ 0.0)

= 57H 4 0,(v )~ utar -2,

since 2v — 2 > v as v > 3, and this yields:
0= S,

Since S**1 is of order > 2 in (z,...,x,), this completes the proof. ]

11. THE PRODUCT CASE H" = H"71 x R"™"
Here we treat the degenerate branch O - mlx” We have
u= F(x) = N*(z) + -+ N"(z1,... ,CB,,_1) +0+ 5"y, .., 1, 1) + O0,(v +2).

Notice that the term S**! (homogeneous of order v + 1) depends only on @1, ..., 7, 1, as does
the preceding one NV.

Lemma 11.1. If such hypersurface is affinely homogeneous, then F = F(xy,...,x, 1) is
independent of x,, ..., T,.
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Proof. Let homogeneous terms of order v + 2 appear:
u=F =N+ £ N+ S L F" (o, . a1, 2y,...,1,) +O(v+3).

We claim that F**? is independent of x,, ..., z,.
Indeed, using L from (8.1)), we write and examine tangency equations up to order v + 1:

=—-Tiz—2A, <N2_|_...—}-N”—|—S”+1+Om(u—l—2)>
=+ T1+A171$1+31(N2+—|—NV—|—OI(1/+1)):|

: [N2 o+ N2+ S FU 4 0,(v + 2)]

1

+ | T+ Asqy + -+ Agpwy + -+ + Ag @y + By (N2 + -+ + NV +Oa:(V))}

-[N§2+---+N;2+S§j1+F;j2+Ox(y+2)]

+ |:T,/,1 + AV,171$1 + -+ AV,L,/.Z'V +---+ A,,,Lnxn + B,,,l (N2 + Ox<3))]
NE S+ B 4 Ou(v 4 2)]

Ty—1 Ty—1

+ [TV + Ox(l)] - [F;jQ + O, (v + 2)]

+ [T+ 0u()] - [F2F2 4 0w +2)).
Forall (1,,...,7,) € N"*"! with 7,4+ - -+7, = v+1, we apply the coefficients-picking opera-

tors [x7 - - - 27](+) to this equation,. Since N%, N3 ... N¥ S**!depend only on (zy,...,7, 1),
we obtain:

+ T (lar ) (F22))

+ 1, ([ o] (F22))

whence
0= [z a2y [(F77), ... o ey ] (R,
which is equivalent to
0= F;’:r2, ...... , 0= F;’TTQ
Thus, F¥*? is independent of z,, ..., z,, and can be denoted EY™(zy,..., 2, 1).

Next, let homogeneous terms of order v + 3 appear:
u=F =N+ -+ N+ S L B2 PPy, a1, 20, 1,) + O(v 4+ 4).

By writing the tangency equation up to order v+2, we realize similarly that F'V*2 is independent
of z,,...,xz,. Proceeding by induction, we conclude that

w=F = N2+ ...+ NV 4+ gt o Z E™xy, ... ).

m=v-+2



74 J. MERKER

We now disregard this degenerate case.

xlxy

12. NONDEGENERATE CASE 1 -

At last, we can start to treat the most interesting branch 1 - o 2 Thus, as already stated

by the Induction Hypothesis we start from

22 2imy o (T 1 T
R S +mﬂ< ml g; 2@—1ﬂ@—1ﬁ+0“”M180
i+j=m+1
$Tﬂh, v—1 v
+ =+ > taw A+ Opyny (3) + Oa(v +2),
2<i,j<v—1
where we already know from Lemma that Ay, = 0 when i > v or j > v, and that the
body-dependent remainder R**! is independent of x,,2,,1,...,x,, hence is of order > 3 in
T2y ooy Ty—_1.
Here is the statement we mentioned.
Lemma 12.1. We have A}; = 0 whenever i +j # v+ 1, and A}; = m when

i+j=v+1.

Proof. First,
Foopy = 1404y 0y (1) + Og(v).

Second, for any two indices 2 < 4,5 < v — 1:

Li-1

Foiz; = (Z _1 1), + O$2,-~~7$V71<1) + Ox(l/),
x{;l

fﬁmjZ'Gij5r+0mww%A1%+OAV)

Here, we can also write O,/ (1) instead of the more precise (but not useful) O,, . ,(1).
Third, to compute Fj,, , consider two subcases:

e when4<i+j<v

inxj = :L,11+J 2 m + JBT_I AZ] + Ox’(l) + Oa:(V);

e whenv+1<i+7<2r—2
Fra, = 0+ 277" AY + Oy (1) 4+ O, (v).
The vanishing of the Hessian yields:
0 =Fop, - F R

(1+o (1) )({ } o 2+x;—1A;j+ox,(1)+om(y))

- (ﬁ +0u(1) + 0, (1)) (ﬁ +0u(1) + 0. (v)),
and it can be expanded into various cases:
e As4<i+j<v, itgivesA;’J:O.
e Fori+j=uv+1,it gives A}, = m
e Asv+2<i+)<2v—2, it gives A, = 0. n

This completes the induction from v —1 to v, while 3 < v < n, cf. Induction Hypothesis|10.1]
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13. SUMMARY AND BEYOND

We started from arbitrary hypersurface H® C R""! whose Hessian has constant rank 1 and
2 2 3 4 5
we showed, generally, that one can let appear monomials 2, *72 HZ - Z% - ZI% -0 yntil

20 T2l 0 T3l T4l 0 T
the process stops, and we proved the following theorem.

Theorem 13.1. Let H® C R™™ be a local affinely homogeneous hypersurface having con-
stant Hesstan rank 1. Then there exists an integer 1 < ng < n and affine coordinates
(T1,...,2,), in which

Hn — HnH X Rnanfl

Tng+15--Tn

is a product of an affinely homogeneous hypersurface H™ C R™ ! times a ‘dumb’ R"—"#~1
and is graphed as:

2 2 nH m
T]  T]T2 Ty, 1l 1 TiTj
= — = Ox x 3
u=g Tt | T Z G- —1) D n-1(3)
m=3 1,522
itj=m+1
+ Z E™(x1, ... &0y ),
m=ng+2
with graphing function F = F(xy,...,T,, ) independent of Ty,yi1, ..., Tn. O
Disregarding the product cases (branches) ngy = 1,...,ny = n — 1 which lead to similar
considerations in lower dimensions, we will from now on study the class of nondegenerate
hypersurfaces, those involving all variables (x1,...,z,):
2 2 n m
r]  T]T2 <x1 T, 1 1 TiTj )
Y 2 2 + Z m! o Z 2 i—1D!(5—1)! samor(3) ) + Ox(n +2)
m=3 1,722
i+j=m41

The next (substantial) task is to examine further the remainder O, (n + 2).
We gather all remainders O,, .. ,(3) as O, (3), where 2’ := (29, ..., x,), and we let appear
the independent homogeneous monomials of order n + 2, namely,

n+1 n+1 n+1
i Ty T Ty Tp
E, L L LR, L2 L4 F, i
+2,0,...,0 (n 2)! +1,1,...,0 (n 1)! +1,0,...,1 (n 1)!

A reasoning similar to that in the proof of Proposition shows that border-dependent mono-
mials of homogeneous order n + 2 have the same form, hence the equation of the hypersurface
reads as

2 2 n m
_ T T <a:1 T m—1 1 TiT; )
R Jﬂ;} R DY 2 -1 —1)

4,522

i+j=m+1
+F, A g AT K
2,0,...,0 1,1,..0 s 1,0,...,1
”* (n4+2)! " (n+1)! "* (n+1)!

n 1 T /
o ; 2(i—l)!(j_1)!+Ox(3)+0x(n+3).

Question 13.1. How to normalize these order n + 2 independent coefficients F,i20.. 0,
Fovia,.05 o Fayr0,..17
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14. NORMALIZATION OF ORDER 7 + 2 TERMS

Consider therefore another similar (nondegenerate) hypersurface, in coordinates (yi, . . ., Yn, v):
2 2 n m
Y Y2 (?h Ym m—1 1 YilYj >
v =2t 4 A2 + 5~
2 "2 Z ml Z (=D -t
m=3 0,522
i+j=m+1
n+1 n+1 n+1
Y1 N Y Y2 Y1 Yn
+ G, —+Gn +--- 4+ G, —
+2,0,...,0 (n+2) +1,1,...,0 (n 1) +1,0,...,1 (n+1)!
n YilYj
D + 0y (3) + Oy(n + 3).
S PE-DIG-np ’
i+j:n+2

From Section [5 we know what is the stability subgroup at order 2.

Step 1. Determine subgroup reduction stabilizing terms of order less than or equal to n + 1:

G2 Gliab
gy 0 - 0 b 17 20 -.-.-.0 ? 7°
Q21 Q22 - QAzn by T 7 7 ?
: : : ~ oo e :
Ap1 QApn2 “*° Gpn by 77 .7 ?
0 0 -~ 0 af, 00 -+ 0 af

Step 2. Determine how this subgroup acts on order n+2 terms, and normalize those coefficients
among G210, Gnt1,1,..05 - --» Gnt1,,...1 Which can be normalized.

This computational task being nontrivial, let us start in low dimensions. The calculations of
the next Section will not be detailed, and the remainders O, (%) will not be written.

15. STABILIZING ORDER n + 1 TERMS IN DIMENSIONS n = 2,3,4,5,6

e In dimension n = 2:
2 2 3 3

x]  TiT T 1Ty
u 2+ 9 + Fyo 21 + F31 6
the stability group is
3
aia 0 —a1,1a21
thab Q2,1 1 b2 )
0 O ail

and its action gives:

40 1 1 1 1 1
0= ——af, Fuo+s-al,Gao+ = aj a1 Gy + < a%,1a3,1+1ai1,

24 24 6 8
: 1 1
0 g - 6 ail F3’1 + 6 CLil G371.

The free group parameter by can be used to normalize G4 := 0.

e In dimension n = 3:

2 2 3 2.2
ry  TiT2 T3 TIT5
U =—_++
2 2 6 2
2l 4 4 3

1T 1T T1T2X
12 143 1243

+F500 +F410 + Fio1

120 24 24 2
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the stability group is

4
ay 1 0 O —a1,1021
G aga 10 _%a%,l — 3011031
stab - (3.1 0 ﬁ bg )
0 0 O ai,
and its action gives
500 1 1 1
= T 120 % F500+ —= 120 ? Gs00 + 24011021G410+ B a§1a21a31
1 1
+24a11a31G401+12a11
410 1
0 = —ﬂaleuo—f‘% 1 G410,
401 1 1
0= ——a, F G
22 1 Froa+ 57 01 Gron & 35 a1 02

The free group parameter a, ; can be used to normalize Gy 1 1=
bs can be used to normalize G50 := 0.

0, and the free group parameter

e In dimension n = 4:

y - m_% w2y xdrz  pixd  atzy 2l xdaexs
2 2 6 2 24 2 2
5 5 5
11 T1T2 T1T3
+ Fi L+ F — 4+ F
6,000 =g 5,100 790 50,10 Jo0
5 2,4 4 4,2
+ F > + x3x3Ts +
000 T TTTER T g 8’
the stability group is:
_ 45
a; O 0 0 —a1,1021
az; 1 0 0 —;a%l §a1,1a3,1
Glian: asy 0 ﬁ 0 —501,1@4,1 — (21031 ,
—2a3.1 1
Q41 0 T E b4
0 0 O 0 ai,
and its action gives
6000 1
= F + - G + == +—al,as1a
720 6,0,0,0 720 6,0,0,0 72 31 48 1,1 92,1 441
1 1
G aia G alia G alia at,|b
+120 5,1,0,0 @71 1 21+120 5,0,1,0 47 1 3’1+12O 5,0,0,1 07 1 41+48 171
5100 1 1
= — —aj, F +—0a, G ,
120 L1 5,1,0,0 120 L1 5,1,0,0
5010 1 I 5 1
= — ——aj, F +—-a, G ——aj,a3, — —=a + —a},[a
120 “11 15010 F 155 1 G010 T 5 M 021~ G 0 021 F 5 005 )
5001 1 o2 3 1
=~ g M Fheon ¥ g5 1 G + 1[G}
The free group parameters as i, asi, by can be used to normalize G501 = 0, G501 = 0,

G6,070’0 = 0.
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e In dimension n = 5:

Y- m_% N 229 N 373 N 27’ N rixy N iz N 32913
2 2 6 2 24 2 2
5 2, 4 4,2
— TIT5T
+120+2+123+ 6 8
ZL’6I1 IL‘GZL’Q ZL'GJ]g JIGZL'4 I6[)’J5
+ F70,000 5640 F6.1,000 = 790 + Fs0,1,0,0 7120 + F6,0,0,1,0 7120 + F6,0,00,1 7120
5 5
+ 3 rih + = 3 iy + 3 x‘llxgxg + E TITT, + — B w31y + — 2 oroms,
the stability group is:
- 16
a1 0 0 0 0 —ai10a21
agy 1 0 0 0 —3a3, — 2a1,103,
as,1 0 L 0 0 —Q2103,1 — l6l1,1a4,1
G6 a2171 2
stab ° azy 0O % % 0 —azia47 — §G§,1 — %al,laE),l ’
5“%,1 iO as,1 5212,1 1
A S i Su b
0 0 0 0 0 a2, |
and its action gives:
70000 1 1 1 1
= — 5010 @%71 Fr0000 + 5010 6111 G7.0000 + —— 114 Cll 1031041+ —= 540 Cll 1021051
1
+ 0 G6,1,0,0,0 G?J Qg1 + % G6,0,1,0,0 a(il asy + 50 G6,0,01,0 a?l a4,
1 6
720 G6,0,001 071051+ 5= 240 a1 1
61000 1 1
= — —— a  F 1 G
750 6,1,00,0 T ©== 720 6,1,0,0,0
60100 I 5 1 & I 2 3 3 2
= — ——aj, F G ——aj 0210 —aj;a —aj a5, G
750 aj 1 £'6,0,1,00 + 557 720 a7 1 G6,0,1,0,0 36 (11 92,1 431 + g 1 %21 + Taq @121 G6.0001
1 1
~ 916 ah az1 Ge0,001 — 360 az1 Gepo10 T — 144 ai1 7
60010 1 1 1 1 1
= - o0 4 a Fﬁoo,l,o + 5on 720 G6,0,0,1,0 T 39 @%,1 a%; 144 a:{’ 1021 G001 + = 79 a1 1 ’

60001 1 1 !
0= — 20 ail F.0,00.1 + 720 a?; G000 + 80 ail '

The free group parameters as 1, as 1, @41, bs can be used to normalize G001 := 0, G0,0,1,0 1=
0, Ge6,1,00 := 0, Gr0,0,00 := 0.

e In dimension n = 6:

"= :c; N xzxg N x{’g;g x%;% N xg? x%;‘% $%£l;g$g
I N
+ :I?;:gﬁ x%;g + 3 xi’az%’xg + 3 x%gx% + % 4x2x4 + = o w31y + — 2 :1:‘;’:172935
+ £738,0,0,0,0,0 42256210 + F71.0,0,00 ;ZS + £7.0,1,0,0,0 E(I)ZS + F70,0,1,00 ;gié
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7 7
iz 1T 1 5
145 6 5.3 3 4 4.2 2
+ F770,070,170 5040 + F700001 5040 + gxlmg + = 79 LE 5174 + = 9 T1XoT3 + — 3 T1ToT5
O 4 5 1 1 55 1
+ = G TiT5Ts + < 3 a2 :1:2955 + — R xlxga:g, + = 5 x1x2x3x4 + = 5 T1Toy + —— 120 $1x2336,
the stability group is:
ai 0 0 0 0 0 —a1,1021
1.2 2
az 1 1 0 0 0 0 —§a271 - §CL1,1CL371
1 1
as,1 0 TRy 0 0 0 —@210a31 — 501,104,1
2a2,1 1 2.2 2
Q4,1 0 m E 0 0 —Q2,104,1 — 3037 — 5011051
5a3 | 10 as.1 5a2 1 1 1 5
a 0 = — — = —— 0 —ag1a51 — 5011061 — 30310
5,1 a3, 3 al ) 2 o, i, 21051 — 3011061 — 303,104,1
a3 asg1 45921 as 1 a1 1
a 0 20%i%l _ 15ﬂ — 53t 22 103+ -9+ — b
6,1 af a%,l 2 ail,l “?,1 ‘1111,1 a%,l 6
0O 0 0 0 0 0 a% 1
and its action gives:
800000 1 9 7
= — ——aj 1 F300000 T 5= a11 Gs0000+
40320 BT EREOEE T 40320 B TSNS
+ —1 G7,1,0,0,0,0 CLI 1021+ =———=G7.01,000 CL7 1031+ =———=G700.1,00 @I 1041
5040 ' 5040 5040 ’
1
7 7
+ 5010 G7000,1,0011 51 + =~ 5040 G7.0,000,1 aq 1 G6,1
1 1 1 1
6 2 6 6 b
+——=aj1051+ 5071021061 T =07 1031051 + ———=
1152 LU 1440 T 720 b1 1440 11
71000 Iy 1
= — ——aj ;1 F710000+ == a1 1 G7,1,0000
5040 1,1 ,1,0,0,0, 5040 1,1 ,1,0,0,0,0>
701000 1 1 1 1
= - == F701000+ G701000 at Qo1 041 + 53 as, a; as
5040 sy 5040 ,U,1,0,0, 144 1,1 48 1,1 %21
1 1 1
2 4 4 2 5
— —A]1091 — 775011031 — 7=~ Q71021 G?,o,o,l,o,o
96 11 %21 7 576 911931 T H5e50 Y1
1
2520110216131(;700001 3366111@210700001
1 1
4 4 2
~ 1008 aq.1 4,1 G7,00001 — 1008 a1 021 G7,0,00,1,0
N a3, azy G000 + L aiy[as1];
1512 & 720 &
700100 1, 5 1 5 5
=~ zog0 M Frooneo + s ana Gr00100 + 557 @11 021 GT00001
1 1 1
4 a2 a3 3
—aj;a31G700001+ — a aj a2, 03,1
~ 502 Y11 I8 ay1091 — a8 M1
1 1
4 ol
— ——aj, 021 G700010 + =5 Q4.1
1008 ! 288 11 ’
700010 1,
= — ——a3, Fro0010+ ———aj G7.0,00.1,0
5040 1 1 IHUyUy Ly 5040 1 1 ]
1 1 1
3 2 2 3
— ——ay, 021 G700001 — 5= 01105 + —=aj[as;
560 1,1 80 1,1 2,1 240 1,1 )
700001 1

_— 1 1
5040 F7 0,0,0,0,1 + s 5040 i G7,0,0,0,0,1 + ﬁ CLil ,




80 J. MERKER

The free group parameters as;, as1, @41, @51, by can be used to normalize G70001 = 0,
G70,001,0 : =0, G7001,00 =0, G70.1,000 := 0, Gg0,0,000 := 0.

Instead of attempting to dominate the combinatorics of such formulas in any dimension
n > 2, we shall infinitesimalize the determination of the stability group at order n + 1, and
also, we shall infinitesimalize its action on coefficients of order n + 2.

16. TANGENCY AT ORDER 2 IN DIMENSION n

Before starting, in any dimension n > 2 and in continuation with Section [7] let us examine
the tangency of L up to order 2 to the hypersurface u = %x% + O,(3). Thus, in 1) we let
Ty :=0,...,T,:=0:

0
L =<A1,1$1+---+A1,n$n+Blu>—

0xy
+ <A271x1+---+A2,nx”+32u> %
J’_ .................................
+ (Aml w1+---+An,nxn—|—Bnu> ain
—l—( Du> %

Lemma 16.1. Tangency (L(—u+F) |u:F) up to order 2 holds if and only if the coefficients
matriz of L reads:

A171 0 cee 0 Bl 2
A2,l A2,2 e A2,n BQ
An,l An,2 e An,n Bn

0 0 --- 0 24,

Proof. We write the graph as u = 5 2% + 0,(3), and compute modulo O,(3):

N[ =

1
+ <A1,1 x1+Aipgxe+ -+ Az, + By Ox(2)> (531 + Ox(2>)

+ <A271 x|+ AQ’Z To+ -+ Agm Ty + BQ Ox(2)> (0 + Ox(2))

+ (An,l 21+ Ana o+ - + A T + Bn ox(z)) (04 04(2)).

The coefficients of 2%, of x12, ..., of x12, must vanish, which concludes:

D = 2A1717 ALQ = 0, ...... s Al,n =

17. TANGENCY IN DIMENSIONS n = 2,3,4,5,6

Before proceeding to treating the crucial order n+ 1 in general dimension n > 2, let us show
what formulae exist in low dimensions.



INEXISTENCE OF AFFINELY HOMOGENEQOUS HESSIAN RANK 1 HYPERSURFACES IN RN>¢ 81

e In dimension n = 2, with
2 xixs
1 1
U = — ,

2 2
L = (A1,1 r1+ Aigxe + By U) O, + (A2,1 x1 + Az 29 + By U) Oy, + (Cl 1 + Cyxg + DU) O,

the tangency equation in orders not exceeding 3

2 2
= — CllL’l—CQSL’Q—D (%‘i‘xlx?)

2
i
+ Al,l T+ ALQ To + Bl ? (.731 + 1'1]32)

+ (Az,l 1+ Agp 372) (%)7

gives at order 1 as we know

then at order 2 as we know
D = 2A1’17 ALQ = 0,

and it remains

0= — 2A1,1 (? -+ ) —+ Al,l x|+ Bl ? (Ll'l + .Tll'z) + (A2,1 1+ A272 .I'Q) ?
5 |1 1 9 1
= 5 B1 + 5 A2,1 + T1To | — Al,l + Al,l + 5 A272 s
which gives at order 3:
B1 = —A271, A272 = 0.
The reductions of the coeflicients matrix of L read:
0 1 2
A A By A A By Ap O By A 0 —Ay,
Ay Ass By ~ | Ay Ase By ~ | A Asp B ~ | Ayy 0 DBy
c, Cy D 0 0O D 0 0 24, 0O O D
e In dimension n = 3, with
2 2 3 2,2
s Tyt T

L = (A1,1 r1+ A1pxo + A1 323+ By U) Oy + (A2,1 1+ Agp w0+ Apz w3+ By U) Or,
+ (Ag’l 1+ Azox9 + Az 323 + B3 u) Ors + (C’1 x1+Cyxy+Csx3+ D u) Ou,

the tangency equation up to order 4, the expansion of which can be done, is

2 2 3
0= - Cl Tr1 — CQ To — 03 r3 — D (% ]712-1'2 x16$3)

2 2., r3xs
+ Alel + ALQ.CEQ + A173.CE3 + Bl + 12 T + 1T + 9

2
a3 at 2
+ A2711’1 + A2’2$2 + A273$3 + By ? 7 + 2772

xz

6

3
+ (A3’1.131 + Ag,gl’z + A373x3) ! .
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Starting from order 2 thanks to Lemma [16.1] the matrix reductions read

2 —

A, 0 0 B Ay 0 0 —Ay ]’
Ay Ass Ass DBy — Asn O 0 By
Az Aszp Asz Bz Azy Azp Aszz  Bs
0 0 0 24, 0 0 0 24,
(A4, 0 0 —Ay 7
| A 00 =34,
Azp 0 —Ay; B
0 0 0 24,
e In dimension n = 4, with
Y xt N 22y N 373 N r3xl N rizy N 3 .17:15332.%3,
2 2 6 2 24 2 2

L = (A1,1$1 + Ay oxo + Ay 313 + Ay axs + Bw)@xl
+ (Ama:l + A oxo + Ao sy + Az axy + Bgu) Ory
+ (A371$1 + As oo + Az 33 + Az s + Bgu) O
+ (A4’1$1 + Ayoxo + Aysrs + Ayaxy + B4u) Or,
+ (Clxl + Coxg + Csxz + Cyxy + Du) Oy,

one can confirm that up to order 4, the same equations appear as in dimension n = 3, and
hence we can replace the coefficients of L from what has been obtained just above, so that the
tangency equation up to order 5 becomes

[EQ 1’21'2 5(731‘3 .1741'4
=24, (Z2+2 L L
“(2+ > 76

ZEQ 1'21‘2 1‘31‘3 IL’2I‘3 ZL‘3J,‘4
A —A it STl Sl A Ml S} 1 it ekl
+ ( 1,121 2.1 [ 5 + 5 + 6 r1+ x129 + 5 + G

2 2 xixy x? 3,
Agqay — §A3,1 {El—f— 12 }) (?1+$%$2+ 12 )

2 3 3
+ (A3,1 x1 — A1p 23+ Bs [ﬂ]) (ﬁ + w)

_|_

2 6 2

$4
+ (A4,1 T+ A4,2 To + A473 T3 + A474 x4) (_1> .

24
By expanding this equation, one can see that the matrix reduction at order 5 reads:
- -4 -
Ap O 0 0 —24y, A, 00 0 —2A,,
Ay O 0 0 —2A;, Ay 00 0 —2A3,
A3,1 0 _Al,l 0 B3 ~ A3,1 0 _Al,l 0 —§A4,1
Ay Agg Agz Agy By Agr 0 =245, —2A4, B,
|0 0 0 0 2411 0 O 0 0 2411
e In dimension n = 5, with:
y :x_f wiry  xirz  wixd  atzy 2l xdwexs
6 2 24 2 2
5 2,4 4 4,2
+ 120 5 + xix503 + 6 3
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the tangency equation up to order 5 is

2 2 3 4 5

2 * 2 6 24 120

2?2 2ry  wdrs  xtay x2rs  wiry  xixs
A o A 1 1 1 1 1 1 1
+ ( 1,1 L1 2,1 |: 9 + 9 + 6 + o1 1+ 1T + 9 + 6 + o

2 22 2lry  2ixs x? s xlry
A BT 1 1 Ty | oo 173 1
+ ( 2,121 3 3,1 |: 5 + —2 + _6 5 + 2122 + 9 + _6

2 i riw 3 a3z xix
+(A3,1$1—A1,1£L'3——A4’1 |:_1_|_ 1 2:|) (_1+ 1 2_|_ 1 3)

4 2 2 6 2 4

«rQ l’4 ZLAI'
+(A4,1'T1_2A271$3—2A171$4+B4 |:?1:|> _1_|_ 1 2)

+ (A5,1 T+ Aso o+ As3 3+ As g + Ass 175) 120

and the matrix reduction is
_ -5

A1,1 0 0 —5142,1
0 0 0 0 —2A;,
0 0 —244,
Ay 0 =245 —24,;, 0 By
As1 Asp Ass A5,4 A5,5 Bs

)

0 0 0 0 0 24,

0 0 0 24y,
0 0 0 24,
—Aia 0 0 —%A4,1
24y, =241, 0 244,
—%A:m —5A21 —3A1, Bs
0 0 0 241,

As
0

0
S
—
©C O O O O O

e In dimension n = 6, with:

2 2 3 2.2 4 2,.3 3 5 2 4
== + + LT
U 5 + 5 + 6 7 21 + 5 + 5 + 120 5 TiT5T3 + 6

4,2 6 2.5
TIT5  XT[Te  TITH D g 4 5 o D 4, 1 1

s T 70 T g T gSiTals T gEITTy + maieha + peesta + o

the tangency equation up to order 6 is

_|_

1711‘21'5,

2 2 3 4 5 6
= — 2141 1

PR 6 21 T120 T 720

ZL‘2 IQI'Q ZEBI'g ZE4JZ4 IL‘5175
A —A 1 1 1 1 1
+<1’1x1 2’1{2+ > 6 21 120

2 6 24 120
3 3 4 5

2 22 2zy  wdrs  xiay x? 2rs  xiry s
A 24 |mm 1 1 T, 9 1 1 1
+(2”1 33’1{2+2+6+24 g Tt T T Ty

2 3 4 5
(:cl + a7y + - -
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2

2 2 3 w2 2dry,  xlrs  adny
A A _“ A 1 1 1 1 1
+<31x1 1’1x344’1{2+2+6} 6 T2 T4 T2
2 x?  xlxs xd atrs  2dxs
Ao =249, 03 =2 A2 — 2 A R e :
+( 101 2,173 1,1 T4 5,1 {24— 9 }) (24+ 6 12
+(A A 5 A 3 Ay s+ By | N
Ty — — T3 — Ty — x — —
5,121 3,113 2,1 T4 1,175 515 19 21
26
+ (Ag1 21+ Aso w2+ Ass v + Asaxa + Ass 25 + As 6 6) (710) ;
and the matrix reduction is
- 16
Ayp 0 0 0 0 0 —2A4y,
Ay O 0 0 0 0 —2A3,
As; 0 —Ap, 0 0 0 —2A4,
A4,1 0 —2142,1 —2141’1 0 0 —§A5,1
A5,1 0 —§A371 —514271 —3A171 0 B5
As1 As2  Ass Aga Ass  Ass  Bo
| 0 0 0 0 0 0 2A11 |
- 7
A 00 0 0 0 —2A,,
Ay O 0 0 0 0 243,
Az; 0 —Ap, 0 0 0 —2A4
v | Ay 00 =24y, —2Ap, 0 0 —24;,
As1 O —%Am —5A21 —3A1 0 _%AG,I
AG,l 0 —5A471 —1014371 —9142,1 —414171 B6
| 0 O 0 0 0 0 244,
18. PROJECTIONS 7™(e) AND 77 (s)
For each integer m > 1 and each power series vanishing at the origin
E(x) = E(xy,...,10) = Y 220" By, o,

T1seey on =0

we define:
" (E(z)) = Z ]t xlt By g

o1+top<m

Several times later, the following elementary fact will be employed.

Observation 18.1. Given two integers ki, ko € IN and two power series Hy(z) € Ou(ky)
and Hy(z) € Oy(ks), namely,

g o g lox
Hl(I) = : : Hl,gl ~~~~~ On xll.”xnn7 H2<I> = E H2,0'1 ..... On 1’11"'$n",

o1+ +on >kl o1+ ton >k

for each (homogeneous) order m > 0, we have
M (Hl . Hg) — M <7Tm—k2(H1) . ﬂ_m—]ﬂ(HQ))’

the right-hand side being understood as 0 when m < min (ky, ko).
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Since our hypersurfaces H" C R™"! have constant Hessian rank 1, independent monomials
are of interest. Accordingly, we define

o
._ i+1 i i
Tina (E(2)) = E (Ez’+1,0,.“,0 2+ B oxixe -+ Fig 1 l’ﬂn-);

i=0
and also
m [ m _ m
Tipd = T OTipd = Mnd O T
that is,
m R ) 7
Ty (B(z)) == ) (Em,o,..., "+ B oxim 4+ Eig, 951%-)-
0<i<m—1

Observation 18.2. Given two integers ki, ko € IN and two power series Hi(z) € Oy(kq)
and Hy(z) € O,(ks), for each (homogeneous) order m > 0, we have

T (Hy - Hy) = mitg (i (L) - mng ™ (),
the right-hand side being understood as 0 when m < min (ky, ko).

We shall need a notation to select homogeneous monomials of order exactly equal to some
fixed integer m > 1 (notice that the index m is lower-case now):

T (E(2)) = Z ol xy Eoy o,

o1+t+on=m

and also to select the independent homogeneous ones:

Wimnd (E(z)) == Eno. o2+ En-11

yLyeeey

m—1 m—1
0x] @+t B0 100 T

19. TANGENCY AT ORDER 71 + 1 IN DIMENSION 7,

Now we begin the induction in dimension. In each dimension n — 1, in coordinates

(x1,...,Tp_1,u), we know that the hypersurface equation up to order n — 1 + 1 reads as

2 i i 1 ;T

_ 1 2 1 Lm m—1 il )
2 +Z<m! ta ) 26— Dl(j - 1)
m=3 1,722
itji=m+1
—xl Tnt "2 xlx] O 2)+ 0O 1
+ (n o 1 ”Z>2 7/ o 1 j _ 1) + I27--~7xn—1( ) + x17x27-~~7In—1(n + )7
i+j=n

with explicit independent and border-dependent monomials.
A linear (vanishing at the origin) affine vector field reads as

0 0 0
L = Xla_l'l+ +Xn lafL’nl—i_U%’

with:

Xno1 = A+ + Ay 1 T + B u,
U = 011'1 +"'—|—Cn_1l‘n_1 + Du.

We consider tangency of L to such a hypersurface u = F(xy,...,2,-1) up to order n — 1,
namely, the condition

0= W"‘1<L (—u+F) |u:p)
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which is equivalent to

0 = mhat (L(-u+F)|_p).
We start arguing from Lemma [16.1] at order 2 considered in dimension n — 1.
Induction Hypothesis 19.1. The vector space of fields L which are tangent to order not

exceeding n—1 is of dimension n—1+1 parametrized by Ay 1, ..., Ay_11, Bo_1, with the other
constants defined by the formulae

. . 2
—(J—2) (1
Ai,2{ = 0, Al,j = 'A2,j =0, Ai,j = % (J) Az’fjﬂ,l, Bj = —F Aj+1,17
(1<isn—1) (3<jsn—1) (3<j<i<n—1)

(3<j<n—2)

or equivalently, the matriz of the coefficients of L is

[ AL 0 0 0 0 ~2451 ]
Ay; O 0 0 0 —2 A3,
Az; O —Ap 0 0 —2 A4
Ay O —2A5, —Aig 0 —§A4,1

Anan 0 =5 (") Anan 5 (00 Ansa 0 —ZAn-1
A 0 L("NA s ("N Anmar 0 —(n—3)A4, B4
0 0 0 0 e 0 24,

The goal is to show that similar expressions hold in dimension n. Thus, in coordinates
(T1,...,Tp_1,Tn,u), we consider a hypersurface, the equation of which up to order n + 1 reads
as

3 N T3 n ri (xTxm g Z 1 T ) + 2y ey
2! 2 =\ ml = 20-DiG -1t (n—1)!
itj=m+1
_ 1 TiT; TV Ty, 1 1 TiT;
+ 272 _— 2 + + 5 7 -
;22 2 (-1l —1)! n! ”22 2 (@—Dl(7—1)!
i+j=n i+j=n+1

+ O:Ez,...,xnfl,a?n (2) + Oxl,xg,...,rnfl,mn (n + 2)7
and we consider a linear vector field

0 0 0 0
L = Xla—l’1++Xn_1m+Xn8—%+U%,

with:
Xio =M+ -+ AT+ B,

Xn—l = An—l,l T+ - +An—1,n Tn +Bn—1 u,
Xn:An,lxl—i_"'—i_An,nxn—i_Bnu?
U=Cx+--+Cyz,+ Du.

Similarly, we consider tangency of L to such hypersurface u = F(xy,...,2,_1,2,) up to order
n, namely, the condition

0 = 7rn<L (—u+F) \UZF)
which is equivalent to

0=, (L (—u+ F) ]u:F>. (19.1)
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Letting ,, := 0, taking only m/'7'(s), applying the Induction Hypothesis we see that

the matrix of coefficients of L involves known elements in dimension n — 1:

A, 0 0 0 0 Ay, =24y,
Ar 0 0 0 0 Ay, —2As,
Az 0 —A 0 0 Az —2 A4,
Ayq 0 —2A5, —2A1, 0 Ay —2 44,
As 0 (A 2 A 0 s A
An 0 = (”gl) Azt =% (nZI)An%,l —(n—=3)A11 Anin By 1
Ani Ano Ans Ang Anin Ann B,
o0 o 0 0 , 2 A,

Without letting z,, := 0, by examining 7’3" (+), one can see that
Al,n = = Anfl,n = 07

and the detailed verification of these vanishings is implicitly contained in the proof of the next
Lemma Hence, the matrix is

Ay 0 0 0 0 0 —2 45,
Ay 0 0 0 0 0 —3 A3,
As; O —A 0 0 0 —2 A4,
Ay O —2A5, —2A;, 0 0 —2 A4,
Aoy 00 (") Anan () Ansr 0 0 —Fdn1n
Avn 00 ("N A A7) Anean —(n—3)A1; 0 Bn_1
Ap1 Ans Aps Apa Ap_1n Apn B,
0 0 0 0 0 2 A1,

and in order to complete the induction, we need to determine the values of A, 1, A,2, 4,3,
Apa, ooy Ap_in, Ans, Bao1, as follows.

Lemma 19.1. The tangency condition (19.1)) at order n + 1 forces the announced values

2
Bn—l = - ﬁAn,la

k—2 n
Ao =0, App = — k1 <k) Ap_kt1,1-

(3<k<n)

Proof. We abbreviate the hypersurface equation (19.1) including independent and border-
dependent monomials up to order n + 1 as follows:

F™ (@) + 04(2) + Oy (n + 2),

u =
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and start to examine the tangency equation:

0 =i (L(—ut P, _F)

—71'31—51< U(z,u) +ZX (z,u) - Fy,(x)

=1

uF(x))

= gt < U<x,ﬁ”+2<x> +0u(2) + Ou(n + 2))

+ Z Xi(2, 7" (@) + 00(2) + Ou(n +2)) - (Fo + 0u(1) + Ouln + 1>>)

=i (- U (P @) + X (0 P ) P ),
i=1
where we use the identity
0=mhg" (Ox(1)) = 7" (Ou(n +2))

as well as the fact that X <x,7n+1(x)) are all O, (1), hence multiplied by the last remainder
O.(n + 1) they become O,(n + 2).

In two steps, we want to apply Observation [18.2| to the products X - FZ;LQ above for i =
1,...,n. First, each X; is an O,(1) and hence,

w36 T = i (et - wa (F27):

Second, the vanishing orders at 0 of F

1ncrease as one can confirm by differentiating [19.1}

1 1 n—1
—n+1 Ty Tix2 Ty T
n (F ) -4
ind ( 1! 2! * (n—1)V
2 2 n—1
n =n+l) ﬂ T1T2 o Ty Tp-1
7Tind<F%2 ) BT TS TR TR
3 3 n—1
n () _ T TiTy Ty Tpoo
7Tind<F% ) T R TR
n—3 n—3 2 1
—=n+1 X1 Ty T2 Ty X3 Ty T4
(T = |
mha (P2 =3 =l T =42 =13
n (Fn+1 ) B z 2 n o2y 2 g
md \Ten=2 ) ()1 (n—3)11! T (n—3)!2!
n—1 n—1
—n+1 x4 Ty X2
”md< o) T =Dl T =2
n [—=n+1 xy
Tind (an > - n_1|7

here for later use, the vertical bar separates the pure monomials x] from the monomials
T2, ..., 2, Therefore, applying again Observation [18.2 it suffice to know the indepen-
dent parts of Xy, Xy, X3, ..., X,,_3, X,,_9, X,,_1, X, up to decreasing orders:

mit (0 FE) = it (ma () - ma (F2),
- F

1 n+1
it (X Fo) = it (mht () (Fi ),
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n —=n+1 n n— n —=n+1
an(gl (X3 F ) - 7Tinzl (Windz(X?’) " Tind (Fxg ) )7

mdt (Xos - To ) = i (mha(Xamo) - mina (F2) )

mi (Koo T ) = mift (mia(Xame) - mia (F20) )

mft (X - Fo) = i (nha(Xam) - mia (F2) )
mi (X T = migt (mha(X0) -7 (7))

We recall that in all the X;, before taking 75" (X;) as above, we have to replace u by Fnﬂ(x)
and for 3 < i < n — 2 this gives

Xi = Xz (w,ﬁn—i_l(l’)) = Ai’1$1 - Z i (;) AifjJrl Ty —

AZ Fn+2
3<j<il_]+1 +1,1 ()

@—1—1

with similar formulae for ¢ = 1,2,n — 1. Fortunately, for all 3 < 5 < 4, the values of the
coefficients of the x; will be unimportant, hence we shall abbreviate:

2
2 i

n—i+1 _
Toa (X)) = Ajpay —*x3 — - — %1 — z’—i——lAiH’l {5

2 n—i
o T (n—z’)!}

In X, there is also no contribution of B, u = B, ' since FH = 0.(2):
7T-ilnd(‘Xvn) - 71—ilnd (An,l e R An,n Ty + Bn 01(2))
= An,l Tyt + An,n Ty

Finally, we can write in length all the terms of the tangency equation (19.2)), as follows
without mentionining 7" (+):

T z2x ' x,
E—2A1’1 <—1+ 12+"'+ ! )

21 21 n!
2 x? 221, e,
A | [_1 1 1—”]
+( e T T A
2 n—2 n—1
(1' AT +< -2 <n—1>)

2 x? xQ 222,
Agrz1 — 2 A [ ) R —L———]
+(2ﬂh A |5 T T T

2 2 n—2 n—1
(m TS T +1un—3ﬂ+1un—2))
2 x? 2225 a3, s
Aa iy — e — 2 A [ 1 1 1—”]
+( R T TR P
3 a3z a2y, v e,
_ 1‘ 2N 85 . N 2
311 2 N(n— ) 2 (n—3)!
+ .........................................................
2 2| zimy A
(A =y == [ S ]
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e N 42 P a2 2y i
i! (e —1)N! (—Dln—i-=1! (i—1Dl(n—1)
+ ............................................................
2 22 2iry  adag
+ (An—3,1$1 — *T3 — - — kT3 — o 2An—2 1 [; + o 3l ]
ZL‘?_S ‘ n xy 32 ) 204 xy” Ley
(n —3)! (n—4)! " (n—=4)12!  (n—4)'3!
2 x x2x
+ | Apo1my — *¥T3 — -0 — *Tp Q_TlAn 11[2} + 12!2])
n—2 n—2 n—1
T T
' 1 ‘ T e T W
(n—2)! (n=3)!11!  (n—3)!2!
2 n n—1
1 Ty T2
+ (An171$1 — XT3 — - — *XTp_1 +anl|: | ) ( n_ 1 ‘ + (n_ 2>‘1‘)
xn
+ (Apaxy + -+ AppZr + -+ Appn) <n_1') )

We know by the induction assumption that 7’ ,(+) applied to this gives zero. Thus, when
applying F&ng(O), it suffices to collect all independent monomials of order n + 1, namely 7z,
2129, ..., v]x,, and to determine the coefficients of these monomials, which should all vanish.

Let us explain how to determine the coefficient of a general ‘intermediate’ monomial z¥z;
with2<k<n-1:

e the line © = n — k contributes two terms;

e the line : = n — k + 1 contributes one term;
e the line 7+ = k contributes one term:;

and that is all. Therefore, we obtain:

aha —LA L ! + 1
PR kT 2 k= D)I(k—= 1) T Kl (n— k)]

1 1
A, _ A .
+ Ay k+1,1 (TL — k’) (k — 1) + n,k)

The coefficients of x7z, and of x5 can be determined directly from what is written as well
as the coefficients of z7z,_; and of x7x,:

1 1 1
oot (b L)

2! (n—1)!
2 1 1 2 1 1 1

n - = - Ap11+ —A
T ([ n—12 (n—3)ll n—12!(n—2)!+(n—2)!1!0] Ll ”’2>
_|_ ..................................................................
e (o2 1 2 1

Lk n—k+120n—k+ k-1 n—k+1kl(n—Fk)!

1 1
A, — A,
+(n—k)!(k—1)!] k11 0 ’“)

_|_ ..................................................................
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. 1 1 1

So, we obtain the announced values for B, 1, A9, ..., Ank, -+, Ann—1, Ann. n

In conclusion, the induction on the dimension n is complete.

20. INFINITESIMAL ACTION AT ORDER n + 2

Beyond dimension n < 6 (Section , we have no explicit formula for the subgroup of
GL(n + 1,R), which stabilizes the normalization up to order n 4+ 1 and which would be
valid for each n > 2. We will therefore proceed in an infinitesimal manner. This will be less
expensive, computationally speaking.

Thanks to Section 19| we can take a vector field tangent to (19.1) up to order < n + 1:

2 2
L=(A —— A Oy A —— A Oy
( 1,121 o1 2 U) 1t ( 2,1 %1 51 U> )

341
+ ............................................................ (201)

2
+ (A371 xr1 + 0 + A371 r3 — —— A471 U) (9363

2
+ (An—l,lxl +0+A iz + -+ A 1T — o Ana U) s

+ (An,lxl + 0 + An,3 x3 + -+ An,nflxnfl + An,nxn + Bn u) aac
+ (2 A171 U) 5u,

where, for all 3 < j <7< n,

=i+ 1 \y

A, = —U=2 (Z) (20.2)

With small € ~ 0, this L has an approximate flow:

2
= A —-—A O(e?
Y1 r1+ ¢ ( 1,121 o102 U) + O(e7),

2
= A —— A O(e?
Y2 Tot+€ ( 2,121 21 3,1 U) + O(e?),

2
Ys = T3+ ¢€ (A371 1+ 0+ A371 T3 — ﬁ A4,1 U) + 0(52)’

.................................................................. (20.3)

2
Yn-1 = Tp-1TE€ (An—1,1$1 +04+ A qaz3+ -+ A 1T — n Ana U)

+0(e?),
Yn = Tp +e (An,lxl +0+ An,3 e R An,n—lﬁn—l + An,nxn + Bn U) + 0(52)7
v =u+e (241, u) + O(?).

For 1 <7< n —1, we can write the intermediate lines as follows:

2
Yi = $i+€<z4i,il’1+0+ Z Ai,jxj+0+"‘+0——i+1

3y

Ai-l-l,l u) + 0(62). (204)
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With its independent monomials of order n + 2, the hypersurface equation on the left is

2 2 n m
_ T, 7T (:Ul T el l T )
w=g e ) (T T 2 -1 —1)

m=3 0,52
itj=m+1
:L‘n+1$1 J]n+ll‘2 CL’”—HI
F, Bt TS 2 L4 F, it B (20.5)
+ I'n420,..0 (n+2) + L'nt11,..0 1) + -+ Fay0,001 1)
1 T
? = 0. (3) + O, 3).
tal D 2o T OB 03
4,522
i+j=n+2
Similarly, the hypersurface equation on the right is
p YL i +Z" (yi”ym gt Y 1 Yiyj )
2 2 m! L4 23-1DI(5—1)
m=3 1,5 =2
i+j=m+1
n+1 n+1 n+1
Y1 %1 Y1 Y2 Y1 Un
G, AN L e L2 LG, JL In (20.6)
+ Gnt20,..0 (n+2) + Gnt1,1,..0 (n T+ 1) + -+ Gpgp,..1 (n+ 1)l
1 YiY;
T E = 0,3)+0 3).

1,522
i+j=n+2

Now we assume that (y,. .., y,, v) are replaced from (20.3)) in 0 = —v+G(y), that u is replaced
by F(x1,...,x,) from (20.5):

0 = E(xy,...,2p,6) = E(z,e).

We consider the terms of orders not exceeding n + 1:

7Tn+1 ( Z EO'I,...7O'7L (5) ff(lfl s ‘/L‘Zn) - Z E0'17---,0'n (6) ICIT1 T Izn'

O1,-,0n o1+ +op<n+l

Lemma 20.1. The fact that L is tangent up to order n + 1 implies
0 =" (—v+Gy) = """ (E(z,¢)).
We look at order n + 2 terms:

0= 7"t (E(x,¢)) = Ty (E(x,€))

=: Ento0..0(6) #1721 + Engra,0(e) a7 oy + - + Epgag,.1(e) i .

For € = 0, the map is the identity onr, hence without computation we know that

_ FI/l,...,I/n GV1,...,I/TL 2
0= Y (e e e T+ O)) 4 O (153,

vt trvp=n+2

and our key goal is to determine the terms 7, . ,, that are of order 1 in ¢, more precisely, to
compute the independent ones:

Thi20.,...05 Toti1,..05 ce Thi10,..1- (20.7)
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Equivalently, we can write the fundamental equation by specifying the dependent monomials
as the remainder O, ,, (2):

0 =E(x,¢)

F, G
_ n+l ~ 'ny20,..0 nt20..0 | o O(s2
=271 < (n+2) + (n+2)! +eTh420,..0 + O(e ))

Foiia,..0  Guiig,..0 9
+ xn-f—lx _ + Lt iiis] sLyeeey + ng + O 6
! 2< (m+ 1) (n+1) a0 + O(E) (20.8)
+ ......................................................
F G
n+1 . n+1,0,...,1 n+1,0,...,1 T ) 2
PO T T ey D0 O ))
+ OCU27~~-75577.(2) + Oxlnyam:In (n + 3)
We introduce an operator
. d , : d
ind L ind _ _ind
() = 2| (7)) = mih (=] ),
which selects what we want to compute:
) In_HZEl J]n+1I2 xn—i—lx
mnd (g =1 7 Sl NNt LN )
o (E(7,€)) (n+2)! +2,0,...,0 T (n+ 1) +1,1,..0 T+ (n+ 1) +1,0,...,1

Also, for studying the remainders, we shall need to consider all independent monomials of order

not exceeding n + 2:
d
n+2 . = .TL+2 —_— . .
=0 (Tind ( )> Tind (d€ EZO( ))

Thus, we should apply I1,,42(¢) to all (numerous) terms of (20.6)). We start by the remainders.

Lemma 20.2. The identity
d

de

d
H@+2 o) = —
ind ( ) d€

(Ops..n(3)) = Ous,._ (2)

e=0

holds.
Proof. Take any monomial y5° - - -y with vy + - -- + 1, > 3, and abbreviate as:
y; = x5 + ¢ Ri(x) + O(e?), 2 <i<n,
whence,
(124 e Ry +0(e))* -+ (20 + € Ry + O(e%)”
= (w? +ay e Ry + 0(52)) e (3:%" +vpain e R, + 0(52)>
= ap?-x4e [1/2 Ty Ryak a4 ok ~x2’flll/nx2"_an} + 0(e?),
and here vo —14+v3+---+v, 22, ..., o+ + VU, 1+, —12>2 as well. O
Thus, the remainder O,, . (3) in has contribution equal to 0 in II["}?(E).
Next, still in , we consider border-dependent monomials from the sum Zn:g, but only

for m < n —1 at first.

Lemma 20.3. For every 3<m <n—1 and for all i,7 > 2 with i+ 75 =m+ 1, we have
0= Hiﬁlﬁ2 (yin_lyiyj) :
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Proof. To simplify (20.4]) after replacement of u by F', we abbreviate
2 Aiyr

Q; = — - s
i+1(n+1—m)!
and use --- to denote monomials of order not exceeding n — m + 1:
2 anttme
i =X +eq A E Aijr; ——=A 1 L Ou(n—m+3
Y * { 1t RO | H’l{ * (n+1—m)! 0 * )1}

3<j<i

+ 0(e?)
=x;+¢€ { o T m g+ Op(n —m+ 3)} + O(e?).
We write a product
m—1
vy = (33‘1 +e€ { v T+ Op(n —m 3)} + 0(52)>

1
, (x i { T g+ Ol — m 3)} - 0(62))

1
. (xj + e { cee 4 o x?+1im Tptl1-m T Ox(n —m + 3)} + 0(52)> )

and we expand:

T2 (U yiy;) = me(fT_Hﬁxﬁo4-5{$T_2(ﬁﬂ)alx?H_manfmﬂhﬁj

m—1 n+1l-m
+xy oy Tpt1—m T

m—1 n+1l—-m 2
+ 2"z o o] xnﬂ,m} + O(e7).

To complete the proof, we observe that z;x; are dependent monomials, and since n —m+1 > 2,
observe that the two monomials x,,41-y, ; and 11—, ; are also dependent. O

It therefore remains to compute

2 2 3 n—1 n
in Yi o YiYe | Yiys Vi Yn1 | YTYn | nea 1 Yiyj
mrrd_ ( — gLy J1Je y J1I0 z
"+2( ot Ty Tt oy T T 22 2 G—1)I(j—1)
et
n+1 n+1 n+1

Y1 Y1 Y2 Y1 Yn
+ G, L4 a, A4+ G, ~L
+2,0,...,0 (n+ 2)' +1,1,...,0 (TL n 1)| +1,0,...,1 (n_'_ 1),

1 YilY; )
+ == . :
! 2;2 2 (i—1)1(j —1)!
iti=n+2
Since T2, (¢) is linear, we can proceed termwise.
We compute the first term
; - d
ind [ _ ind [ % oy 2
I, (—v) 7Tn+2(d€ £:O< u—e2A1u+0(e )))
2 2 n n+1
__ind ﬁ T1x2 o T1Tn $1 T
= 7Tn+2(— 2A1 [2! + 91 + ] + Fhi20,..0 n+2)!
(L‘n+1$2 xn+1xn
+Fui11,..0 (nl+ D)1 + - 4 Fut10,..1 (rz 1) + 04,z (n+ 3)} ),
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and we obtain:

. 2 2
H;?j%(—v) = - (n T 2)| Fn+2,0 ..... 0 A1,1 $7f+2 - m Fn+1,1 ..... 0 A1,1 I?H@
' ) 20.9)
5 (
— m Fn+1,0 ..... 1 A1,1 1’?“3571-
Next, for k € IN, abbreviating
R = O:Bz ..... Tn (2) + 011,22 ..... T (H>7
we compute the second term:
2 2
in Yy in 1 2 T
an2 (é) = ang (5 <!E1 + €{A1,1$1 — 5142,1 [?1
n—1 n 2
A tx,
+ot (1n — 1),1 + ;“ +04(2) + Oz(n + 2)] } + 0(52)> )

md (1 2 i Ty n 2
= an2<§<$1 +5{ i §A2,1 ;' +R +2} + 0(52)> )»

expand the square, select the coefficient of !, select the (single) independent monomial, and
we obtain:

2 n
in Yy 1 2 Ty Ty 1 n
() = 3o (Ga) e - e o

We treat the third term:

2 n—1
md [(Yi¥2\ _ rima (1 2 L1 Tn-1 n+1 2\ 2
Hn+2(_2 ) —Hn+2<2'<271+€|:—2142’1 (n—]_)' +R :|+O(€ ))
2 e, 1
.. A -1 el Rn-i—l] 0 2 )
<$2+E[ 3 3.1 (n—l)! + + (8)
that is,
2 n—1
ind Y1y o 1 2 2 Ty Tp-1 2 1 n+1
Hn+2 (T) = §ZE1 (—g A3’1> W = —gmA&l Ty Tp41- (2011)
Similarly,
3 n—2
md [ YiY3\ _ pyina [ 1 2 Ty Tn—2 n 2)?
e (T) - H””(i(”"l“ [ g A gy R +0E)
2 A 1
Agy T R0 4 0())
(SE3+€|: 1 4.1 (n—2)' + + (5)
that is,
3 n—2
in Y1Ys L3 2 L1 Tn—2 2 1 n+l
mind (222) = — ——A _— = ——-—— A 2.
"+2< 3! ) 3!”@1( 1 4’1) (n—2)! 431 (n— 2y AL A=
Now we consider general m with 3 <m <n—1
md (Y1'Ym\ _ rpina (1 2 x?fmﬂl’n—mﬂ n—m+3 20"
Hn+2< m‘ ) = Hn+2(ﬁ<$1+€ |:---—§A271 (n_m+1)' +R ] +O(€ ))
9 xn—m-l—lx B 1
. . = Am 1 n—m-+1 Rn—m+3:| 9) 2 >
(x +8[ m+1""" (= m 4 1) * +0E)) )
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that is,
yinym 1 2 QZ? m+1$nfm+1
Hmd _ - m [ __ 2 Am
”+2< m! ) ml 1 ( m+1 H’l) (n—m+1)!
9 1 (20.12)
= — Am—l—l 1 lﬂlﬂ_lxn—m-i—l-
m+1 ml(n—m+1)! ’
For m = n, the result is different, two monomials are obtained:
ind 1 n ind 1 2 3 n
Hn+2 mylyn :Hn+2 a(l'l‘Fff['“——AQl +R}—|—O( ))
1 n
: (xn+€ [-~~+Bn%+7€3} +O(e2)> >
1 n ‘T% 1 n n—1 2 ZC%
:al‘l Bn§+m(1) ) <—§A271) El'n,
that is,
. 1 1 1
ind n n+2 n+1
I+ (aylyn) = —op Baal” WAQNC T, (20.13)

Next, for all 7,7 > 2 satisfying i + 7 = n + 1, whence 7,7 <n — 1:

in n—1 YilYj . 1 1
e (yl 20— 1)I(j —1)! ) T2 -1 1)

-H?ﬁ2(<x1+s[~ —2A21 5 +R3}+O( ))n_l

2 1
(e = s B R+ 0()
2 3 o\ !
<$J+€|:—j—+1AJ+112+R]+O(€)>
1 1 1 2 x%
=— n — = A 1.
2 G- ( it 1 *“) o i
1 1 1 2 :13%
MR (_j+1AJ+1’1> Pl
that is,
i 11 YiYj 1 1
Irind n—1-" 1JJ _ A, ntl,. .
. (yl 2 (1= —1)! ) 2(i+1) (i — )G — I o
1 1

n+1
- . - . Aj+171 Ty Xy

In fact, we need to find a sum:

n—1
=Y 1 YiY; 1 1 1
I (yn 1 2 1 ) - _Z A,_; 2"y
n+2 . - - n—j+2,1 T1 j
S5 20-DiG -1 24z n—j+2 (-G - 1)
i+j=n+1
n—1
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and by exchanging j <— ¢ in the first sum, the two sums are equal:
n—1
[yind <yn—1 Z 1 Yil; > 1 A ioqa™
nt2\71 2 (i—1)l(j —1)! n—z—|—2 (1 —1)(n—4)! TR T

1,52 =2
i+j=n+1

(20.14)

The next term is

) n+2 G ) n+2
Hﬁﬁz (Gn+2,0,...,0 ( % ) = Trt20, Hglfz <($1 +e [Am T + RQ} + 0(52)) )

+2)! (n+2)!
Gri20,..0 (n42y nil
“ Tt L0)E A
has value
Hind G y?+2 o Gn+2,0,..,,OA n+2 20.15
n+2 n+2,0,...,0 (TL + 2)' - (TL + 1), 1,121 - ( . )
Then
ind yi s Gni11,..0 1yind 2 )"
iz (G”“’l"”’o (n+ 1)!) = g1y e (”71 te [A“ TR ] + 0l >>
1
. (SL‘Q + e |:A271 x|+ R2:| —+ O(€2>) )
Gnii1,.0 » Gni11,..0 n in
— m gjl+1 A2,1 T+ m Ty ( '1"1) A171 r1T2,
that is,
n+1
in Y1 Y2 Gn+1,1,...,0 n Gn+1,1,...,0 n
anz <Gn+1,1,..., <nl+ 1)!) = m A2,1 351+2 + T Ay 1,1 331+1$2- (20-16)
Next term is
n+1
ind Vi Y5\ Gn1,01,..0 rrind 2 20"t
0% (Groron0 n T 1)!) =) e ((“”1 e | + R +0()
1
. <l‘3 +¢€ [A371 T — A171 T3 + R2] + 0(82)> )
— —G”+1’0’1""’0 {x"HA x1— 2" A s+ 2" (”H) Aoz }
(n+1)! 1 3,1 L1 1 1,173 1\ 112123 ¢,
that is,
n+1
in Y Y3 Gn 0,150, n n n
Iy, (Gn+1,o,1,..., ( 1+ ] > = (;:Loi), 0 {A3,1 i+ CESI Apqait! Is}‘ (20.17)
Then for general k with 3 < k£ < n, we compute in 0- ---0, the 1 is at position k — 1:
n+1
in Y1 Yk Gn41,0-10 (rind 9 5\t
yind <Gn ...... ) - 1 ( [A R } 0 )
n+2 +1,0-+1--1 (n+ 1)! (n+ 1) n+2( T1te|A12 + + (6 )
1
. <37k +é [A]ﬁl xr1 + Z Ak,j z; + R2:| + 0(62)> )
3<j<k

Gn+1 0---1---0 +1 < 1
(n+1)! 1 kol 1 3§.<k kg X T (") A

G +1,0--1---0
_ Tntl, ' Ak 1 xn+2 + Z Ak,] TH_l.TJ
(n+1)! 3<j<h—1
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(Akk+(n+1>z411> 1 Ik}

Now we replace the Ay ; by their values from (20.2)),
Apr = —(k—2) Ay,

and we obtain:

Hlnd (G y?Jrly ) — 1 G A 2" n+2
n+2 | Gn41,0--1--0 (n+ 1) n+ 1) n+1,0--1---0 Ak,1 Tq
1 J=2
— ) Gra1.01-. Ap_; ntly
e D E— 41 ) Gronoao Ay 2T
n—Fk+3 _—
man+170...1...0A171l‘1 T
(20.18)
Finally, for all 7,5 > 2 with i + 7 = n + 2 we have
) 1 Yili 1 1 . n
Hlnd(n_ 9] ):— Hlnd < [A R2:| 9) 2>
n+2 912( 1)(3_1) 2(@._1)'(]._1)' nt2| |1+ € [A1px + + (8)
1
<xz + € [ i1T1 + Ai,k T+ Rﬂ + 0(52)>
3<k<i
1
<x]+6[ R DY Aﬂxl+7€2] +0(e )) )
3<Ie
that is,
; 1 YiY; 1 1 1 1
Hmd ( n — tJ] ) _ Az n+1 - A n+1 .
e\ GG T2 oG = T S g — T
We find a sum:
[7ind (Z/f Z ! 9 ) = — li ! Ap_jyorai e
n+2 - n— s
i = 2(-DIG -1 244 (n—j+ G- !
i+j=n+2

n

1 1
- 5 Anfi xn+1xi7
2,22:(1—1)(71—”1) 2

1=

and by exchanging j <— i in the first sum, the two sums are equal:

n

i 1 YilY; 1
M | 2. 3 j == Ap_iyor iz (20.19)
+2 1 = 2 (Z — 1) (j — 1) P (Z _ 1) (7’L — i+ 1) , 141
i+j=n+2

We sum all terms (20.9), (20.10), (20.11), ([20.12), (20.13), (20.14), (20.15), (20.16), (20.17),

(20.18)), (20.19):

2 2
Hn — G = - Fn A n+2 = Fn A n+1
+2 ( v+ (y)) (n T 2)! +2,0,...,0 41,1 T (n T 1) +1,1,..,0A411T] T2
2
o m Foiio,..1 411 x?HSUn A2 1 ZUonn
1 1 n
BERCE R
2 1

n+1
Am+1,1 xl xn—m+1 -

S m+1mln—m+ 1)



INEXISTENCE OF AFFINELY HOMOGENEQOUS HESSIAN RANK 1 HYPERSURFACES IN RN>¢ 99

2 1 1 1
s - il n+2
n (n—1)!2! Ana o+ o B

A n+1 "
ni2 (n— 122t

1
- - - ; An+2—i,1 fL“nHl"i
;n—2+2(z—1)!(n—z)! !

1 1
- Gn A n+2
Ty e AT

n+2
Gn+1,1,...,0 A2,1 Ty

n
+ — Gn+1,1,0,...,0 Arq i xs

4 ] Ol A xn+2
z { oty Gomnaro s

3<k<n
1 ] -9 N )
— Z (n + 1)' k — ] + 1 (]) Gn+1’0...1...0 Ak—j-l—l,l Il-i-lxj
3<y<k—1 :
n—k+3
——— Gur1,0-1.- A .
" (n+1)l n+1,0--1-0 A1 77 }
A, il
+; i—1)! n—l—l—l) 42127 T

and collect the coefficients of the independent monomials:

2 1
0= - — Fn A — Gn A
Ty { ( )l +2,0,..,0 A1,1 + (n+1)! 4200 A11

1 1
———— Gpt1.0-1-- A — B,
+ Zn (n+1)! 101 Lt F nl2 }

" 2
+—x1+1x2{ —>ZET;TISEP%+1J, ,1411'+ (;n+1J, 0*41J

2 1 1 1 1 1
———Anl———An,1+——An,1}

n(n—112"""  nll(n—2) 1 (n—1)!
= A A [F2-(n-D2n2] = An 2k [z242.] =0
" 2 n—3+3
+ $1+1$3{ - m Foii010A411 + w Grt1010 411 +* Ao+ -+ x A, 94
2 1 1 1 1
A1 — —
+ Ana n—1(n—2)3! n—12!(n—3)!+2!(n—2)!}}

= A1 Gty (2= (0234 0-03] = Anos gl [ 248

2 n—4+3
n+1
- F, oA _— G, 0A A A, _
+ x; 4{ 1) +1,001---0 A1,1 + 1) +1,001-0 A1,1 T * Ag 1 + + 3,1
2 1 1 1 1
A, _ — —
+ Anaa n—2 =3 n—23n_4a) 3!(n—3)!} }

g

= Anfgyl m [727(n73)4+(n72)4] = Anfgyl m |:72+4j|

" 2 n—>5+3
+ gy { - m Fot10001-0A411 + m Ghni1,0001-0 A1 + % Ao+ -+ %Ay 41
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Ay 2 11 Lo, ]
LT 3 (n =) n—34(n—>5) " 4l(n—4)

N J/
-~

= Ans1 sy |2 (0= 0)5+(n-3)5] = An_s1 iy [-2+5)

2 n—k+3

+ { TG e A

Tl)' Gri101-0A11 + %A1+ -+ *x Ay pr11

+Anfk+2,1m [— 2+/{7]}

4
ey - ———— Fi10.10A4 ————Gpr10-104 * A
+xy 1{ (nt1) +1,0--10 A1,1 + n+ 1) +1,0.-10 A1,1 + 2,1

1
—l—As,lm[—Q-f—n—l}}

2 3

+ e, — ——— Foi000 A+ ——— Grgr0.01 A
1 { (mt 1y L mo-on AL ey Gnoeor Avy

= A1 51 |:f2fn+2n} = A1 51 |:n72:|

With this expression, we have therefore computed the quantities T),420 .0, Th+11,..0
TnJrl,O,l,...,U; ceey Tn+1,07._.’1 introduced in 207

21. NORMALIZATIONS OF ORDER (n + 2) MONOMIALS

Coming back to (20.8)), thanks to the above expressions of Ty, 100 0y Tnt11...00 Tn+1.01...05

ooy Try10...1, the coefficients at o772 27y, 27 ey, ..., 27 2, should vanish and hence,
for the first three of them we obtain:
0= ! F, + L G

2 1
+¢€ { — m Fn+2,0,...,0 Al,l + m Gn+2,0,.“,0 Al,l

1 1
+ Z m Gn+170...1...0 Ak,l + — Bn} + 0(62>,

n!2
2<k<n
1 1
0=—- ——F, — G :
(e D10 T G e
1 1
0=-— anH,m,...,o + mGnH,OJMO

2 n—34+3
+ e { — m Fov101,..0 A1 + m Gnt101,.0A11 +*%Agq + -+
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—2+3

MR o 3 7

Anl,l} + 0(52),

and for general £ with 3 <k <n —1 we get

1 1

Foi101..0 + m Grng1,0--1.0

 (n+1)!

2 n—k+3
+eqd —— Forio10411 + ——— Goti01-0 411
(n+1)! (n+1)!

24k
+x Ao+ Ay g+ m An—k+2,1} + 0(52)a
and for the last two we find
0= L F, + L G
- (n+ 1)' n+1,0,,1,0 (n—i— 1>‘ 7'L+1,0,,1,0
2 4 —24n-1
- = _F, A — G, A A —_—
+ 5{ n+ 1) 41,0,..,1,0 A1,1 + 1) 41,0,..,1,0 A11 +* Ag1 + 31 (n— 1) }
+0(e%),
0= ! F, + L G
2 3 —24+n
+e€ { - m Foii0,..01 411+ m Gnt10,..01 411+ ol A2,1} + 0(52)-
We are going to solve the G, in terms of the F,. For some v = (v4,...,1,) € N", we consider

an equation with constant o, 5, A,:
= —-F,+G,+c{aF,+8G, +A,} +0().
To determine the term S, with
G, = F,+¢5,+ 0(?),
we replace and identify
E—JQ+P%+fSy+O@%+€{aEAﬁ3Kﬂ+6&ﬁ4xgn%ﬁy}+0@%
=c{S, +(a+B)G, + A} +0(e?),

and hence,
S, = —(a+p)G, — A,.

Formulae of the same kind exist for a linear system involving several F,,, GG, as above.
We therefore obtain:

2<k<n

Gni20,..0 = Frgop0,..0—¢€ {n Foioo..0A11+ 2 (n+2) Fup10.10Aks + (n—f) Bn} + 0(g?),

Gni11,..0 = Foy11,.0— € {(n —1) Fotia,..0 A1,1} + 0(62)

—243

CESEL (n+ 1) A1,

Gnt101,,...0 = Foy101,.0—¢€ {(n —2)Fo101,. 0411+ A0+ -+ %A, o1 +
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for general k with 3 <k <n—1:

Gnt1,0-10 = Fog1,00100 — € {(n —k+1)Fi1010410+x Ao+ +x Ay pi11

—2+k
T krogm Y An—k+27l} +0(e*),

and

—24n-1

Gnt1,0,...10 = Fot10..10 — €82 Ft10.. 104110 + %A1 + AT
3l(n —1)!

(n+1)! A;M} + 0(e?),

—24n

Gnt10,..01 = Fat10,..01 — € {1 Foii0,..01 411+ ol

(n+1)! A271} +0(?).

It is more natural to begin with the last equation.

Lemma 21.1. It is possible to on the right, and then on the left:

Gni10,.01 = 0, Fuii10..01 =0,
Gra10,..10 = 0, Foi10,..01 = 0,
Gn+1,0,1,...,0 =0, Fn+1,o,1,...,0 =0,
Gni200,.0 = 0, Fri200,.0 =0,

while the coefficient of ﬁ o xy s a relative invariant:

Gn+1,10--.0 X Fn+1,10~-~0-

Proof. Indeed, the variable A, is free to make the first normalization, then the variable As; is
free to make the second one, and so on until B, is free to make the last normalization. We also
observe that the system is triangular. Two other views of these normalizations will be given in

the next two Section 23] and O

22.  ALTERNATIVE MORE DIRECT NORMALIZATIONS AT ORDER (n + 2)

As we know from Section [19] the matrix of coefficients of a vector field L tangent up to order
n+1is

[ A, O 0 0
Ay; O 0 0
As; 0 — Ay, 0
Ay 0 —2454 24,
Anag 0 (") Anean 55 (") Ansa
Anin 0 =5 (") Ansn 5 (") Anan
Any 0 () An2n 5 () Anosa
| 0 0 0 0
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0 0 0 —%AQJ ]

0 0 0 —§A3,1

0 0 0 —%Au

0 0 0 —5A4,1
_(711_4) (Z—@Al,l 0 0 _nzlAn—l,l 7
,(71274) (z:;) Az f(nlf:a) (n_l) Aiq 0 — % Ana
() Ay TR ) Ay TR ()AL By

0 2A11

With these coefficients,
0=mi! (L (—u+ F(x)) {u:F(I)> :
Then we apply the derivation L(s) to the hypersurface equation written up to order
n+ 2, and we are going to compute 2, (L (—u+ F(x)) |u:F(x)>, namely we are going to find
szan(') of

n n+1

2 xlxy xx 2"y
=—-2A = 1 " L F, L
1,1 (2! + 91 + + ol + Fni20,..0 ( n 2>!
2y Ly
F, e L 4+ F, 1 =n
+ L'nti11,..0 (n+1)! + o Iat10,01 n 1 1)

2 n
Ty Ty
e R REEE = ”D
2! n!

2 x?
A — S Ay |2
+ ( 1,121 5 /12,1 [2!

1 2 n—1 n+1
=1+ +oo+———+ F, L
(1! 1! (n—1)! F200 )

n

Ty r'x,
+ Fn+1’1, .0 ! | + -+ Fn+1,0,...,1 L ] )
n! n!
222y e,
1 1 n—
+ =+ + —]
2! (n—1)!

z1
<A2 1T1 — —A3 1 [
2 2 n—1 n+1 n
: (5\ +or e s Bt +

921
11l 11 (n —2)! (n+ D! I(n—1)

2 x rix o,
<A311'1—*A11I3——A41[ 1‘—]— 1 2+_|_1—2:|)

21 21 (n — 2)!
n—1 n+1 n
( ‘ 2u1| +2!(n—3) R B +2!(n—2)!>
+ ............................................................
. 2 x?
+ Ai,lfﬂl - *Ai—2,1$3 — = *A2,1$¢—1 - (l - 2)14171% - 1 i+1,1 [2, ‘

+ +oe

r2xy R }
5] (n—i+1)
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) i n—1 n+1 n
N Rt e b T Foiioo.
(i! Gonm T G iy T ooy +1)!+(z—1)(n—z+1)>
+ ...........................................................................
+ <An3,1$1 — %A, 5103 — - — *Ag1Tp_g — (N — D) A1 1Tp-3
2 A [a:_% n w2y x3T3 x‘llmD
n—2 "2l 2! 3! 41
n—3 n—3 n—2 n—1 n+1 n
. F,
<<n U T = T =l T =yl e 000 T T 4)!4!)
+ (An—2,1$1 - *An—4,1$3 — *A2,11Un—3 - (n - 4)A1,1$n—2
2 x? [EQ 232
- e[|+ e
T T
n 2 n—1 n+1 n
F,
((n ) (n—3) | (n—ay2l 0100 T T 3)!3!)
2 x?  xix
+ | Az — %A, 51703 — — %A 1Tp_o — (N —3)A11Tp—1 — — A [—1‘ + = 2}
n 2! 21
n—1 n+1 n
) F,
((n—l).)+(n—2)!1‘+ 1.0 ”0(n+1)!+(n—2)!2!>
2
+ An’lacl — *An,271$3 — — *AQ 1Tp—1 — (n — 2)141 1T, + B |:2']
n n n+1 n
Ty T1To xq HER)
B (et T 8 R
<n! (= D) 00 T (n—l)!2!)

By careful inspection of the products and after relevant simplifications, we find exactly the
same factors (up to sign) of €' as in the equations preceding Lemma m

22 n
0 E( :_2 14 Fuiao.0 Ay + Z (n+2) Fut10.1-0 Aea + ("52) B,
! ) 2<k<n
xn-i-lx
(nl—i— 1; {(n — 1) Fogia0 A1,1}
i —2+3
(nl—l- 1;" (= 2) Fapr01..0 Arg % Agy oo b x Apg + =13 (n+ 1) A1,
e e
gy
(n 4 1)| (n —k+ 1) Fn+170“.1...0 A171 + % A271 4+ 4 x An—k—l—l,l
—2+k
ke ! A}



INEXISTENCE OF AFFINELY HOMOGENEOUS HESSIAN RANK 1 HYPERSURFACES IN RN>% 105

+ ...........................................................................
e, —24n—1
+(171T1>1{2Fn+10, ,1,0A11+*A21+ﬁ(n+1) As

e, —24n
—|—1—1 1Fn+10 0,1 A71+W(7’L—|—1>!A271 .

In conclusion, this computation is a shortcut of the longer computation done previously with
infinitesimal ¢

Examples 22.1. In dimension n = 2:

xd
41 {2F40A11+4F31A21+6Bz},

3z
+ ;2 {F3,1 A171}-
5

} {3F500A11+5F410A21+5F401A31+1033},

In dimension n = 3:
x
5!
LL’%JJQ
4!
Illll’g
4!

{2 Fyip A1,1},

{F401A11 +2A21}

In dimension n = 4:
6

x
6} {4F6000A11+6F5100A21+6F5010A31+6F5001A41+15B4}
5

T1T2
5!

T 10
+ L7 {2F5010A11—2F5001A21+§A31}

+

{81001},

(’JT

T1T4

=] {1F5001A11+5A21}

In dimension n = 5:

7
Ty

7!

25z
+ %,2 {4F61000A11}

283 10
t— 6l {3F60100A11 _2F60010A21_§F60001A31+5A41}

28z

%l : {2 Fe001,0 411 — 5 Fe0001 A21 + 10 A3’1},
28z
T %'4 {1F60001A11 +9A21}

In dimension n = 6:

1,8

8!

+

{5F70000A11+7F61000A21+7F60100A31+7F60010A41+7F60001A51+2lB5}

+

{6F800000A11+8F710000A21+8F701000A31+8F700100A41

+ 8 F7.0,00,1,0 451 + 8 F70,000.1 As1 + 28 36}7
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7
xlx
+ 17, 2 {5 F710000 A1,1},
rixs 10
+ o {4F701000A11—2F700100A21—§F700010A31—5F700001A41+7A51}
ZE7(L'4
+ = 3F700100A11—5F700010A21—10F700001A31+—A41
II Ty
+ 7 {2F700010A11—9F700001A21+21A31}
iz
+ = {1F700001A11+14A21}
23. NORMALIZATIONS AT ORDER (n + 2) VIA JET PROLONGATIONS
As before, we treat u = u(xy,...,x,) as a function of (z1,...,x,). The letter F' will not be
used. Then to each partial derivative U1 g (z1,...,%,), we can associate an independent co-

ordinate (variable), denoted similarly w1 o, or sometimes more simply w,,, .., . Background
appears e.g. in [11].

For each integer x > 0, we introduce a jet space of order k, namely, R" (") equipped with
the coordinates

<$1,...,£L’n,u, (uml’l Z.VVL> )
R B A S I

We shall employ an abbreviation:

) 1<vi+-4vn<k .

For i =1,...,n we also introduce also total differentiation operators
0 0 N 0
D, == — +u, — + U, " —,
o ox; 7 Ou Z Z wieyts Oy g
m=1 vi+-+vp=m n

which commute one with another.
Given a general vector field in the (x, u)—space

(x,u) — o

its extension [I1] to the infinite jet space

L) =L+ Y U 0

Vi,.-sVn )
T >1 auxquzn
Vit tvn 2 1

expresses how the (differentiated) flow of L acts on higher order jets, and its coefficients U, _,,
are uniquely determined by the formulae

U,/17__.7,/n = Dxl{l s an ( X *Ug, ) + X' Uxbxll’lxzn

1<i<n 1<i<n

It is known that they depend on jet coordinates of order not exceeding vy + - - - + vy,:
Ulll,...,un == UVl,...,l/n (;E’ U, u(V1+"'+Vn)) .

According to Section [19] (see also the matrix in the beginning of Section [22)), the general
vector field, which stabilizes the normalizations up order n + 1, i.e., which is tangent up to
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order n + 1 to (19.1)), reads as

0 2 0 2 0
L = <A1 171 — —A2 1U) — + (A2,1$1 - 5143,1“) EI + (A3,1$1 — Ay x5 — ZA4,1U> Er

8 T a 2 8 3
_l_ .................................................................................
1 n—3 2 0
An - —(";" Anf —— e — (! A n— _An
+ < 1,171 n—3( 3 ) 3,173 1 (n 1) L1%n-1 = ,1U) oz
A — () Aoy — = PR Y Ay — P2 () Aysy + Bou |2
n,1+41 n—>9 3 n—2,143 9 n—1 2,1bn—1 1 n 1,14n n axn
0
2A1 ju—.
+ Mu@u
Then we extend it to the jet space of order n + 2:
n n a
L( +2) :L + Z UVL.--,Vn (.I',’LL, u(l)) + 4 Z Uyl’.”,l/n (x,u, U( +1)) auul—y
Vit drn=1 Vit dvp=n+l T
n 0
-+ Z UV17-~7 (QZ u, u( +2)) authun

vy +"'+V7L:n+2

The following (admitted) statement can be established in a general theoretical context.

Lemma 23.1. If L is tangent to (20.5) up to order n+ 1, then at the origin (x,u) = (0,0),
it holds:

0= U (0, 0, u(”1+"'+”")) for all v+ -+, < n+l
Furthermore, at order equal to n+ 2, by considering only independent jets, still at the origin,

it can be shown in a general theoretical context that one recovers, up to sign and a change of
notation, the expressions appearing in Section

Lemma 23.2. If L is tangent to (20.5) up to order n+ 1, then at the origin (x,u) = (0,0),
the identities hold:

Un+2,0,...,0 (0: 0, U(n”)) = —NUp420,...,0 A1,1 - Z (n + 2) Up+1,0---1---0 Ak,l - (n;ﬂ) By,
2<k<n
Unt11,...0 (07 0, U(n+2)) = —(n—1)up11,.0A411,
Unt1,0,1,...0 (0, 0, U(n+2)) = —(n—2)Uny101,.0411 —* Aoy — - —x A9
—2+43
_— 1A, _
(n— i D A
Un41,0-1-0 (0, 0, U(n+2)) = -—n—k+1u101.0411 —%Ag1 — - — %Ay i1
-2+ k
_— A, _
ko D Ak
—24+n-—1
U, 0,0,u™?) = —2F, A Apq — A
+1,0,...,1,0 ( U, u ) +1,0,...,1,0 A1,1 — * Ag 1 3 —1)! (n+ 1)1 A3y
n —24+n
Up+1,..01 (0,0, ul +2)) = —1F,110,..01 4110 ———— (n+ 1)1 Ay,
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Example 23.1. For instance, as n = 3, the vector field from Section [I7 reads as

2 0 2 0
L = (Al,l T1 — §A2,1 U) 8_931 + (A2,1 T1 — §A3,1 U) 0_x2

2 0 0
+ (Agyl T — A171 r3 — ZA471 U,) a—mg + 2 A171 U%7

has continuation of order 5 above the origin (z,u) = (0,0) given by

L) = — (Bus g Ar1 +5uioAsg + 5ugor Asy + 10 Bs)

Us5,0,0

0 0
— (ug01A11 +2A27)

-2 U4,1,0 A1,1

aU4,1,0 aU4,0,1

Hence, for n = 3, in the space R® € (us00,us1,0,Us01) 0of pure (n + 2)-jets, we have a linear
space of vector fields parametrized by four free coefficients Ay1, Asq, Asq, Bs. This is in fact
the Lie algebra of the action of the stability group in orders < n+ 1 acting on pure n+ 2 order
monomials.

Without computing the flows of these vector fields (which would amount to recover the for-
mulae of Section , we can realize that the two normalizations

F4,0,1 = 0, F5,0,0 = 0,

are possible.
e DBy taking Az :=1 and the others zero, we have
0 0 0
L® = -5 -0 ) :
Lo 50,0 Ouy,10 Qg 0,1

and the flow of the constant vector field along the wyo1-azis clearly crosses the azis {ugo1 = 0}.

o Assuming uso1 = 0, by taking Bs :== 1 and the others zero, we have

0
-0 4 -0 0 ,
a105,0,0 8“4,1,0 3U4,o,1

L® = —10
a vector field that stabilizes {us o1 = 0} and whose flow crosses the axis {us oo = 0}.

24. NORMALIZATIONS OF ORDER (n + 3) MONOMIALS

Thanks to Proposition 21.1] several order n + 2 independent monomials can be normalized
to zero:

Fri20,..0 =0, Foyi01,.0 =0, ... Foti0,.1 =0, (24.1)

hence if we come back to (20.5) and let appear the next order n + 3 monomials, disregarding
as before the body-dependent ones, we get the equation

2 2 n m
_ T T (:1:'1 - el 1 ;T )
w=g =g ) (T T 2 2 -1 —1)

m=3 i,j>2
itj=m+1
n+1
Ty 1 TiTj
1 2 i
+ 04 Foprg 0~ + 0+ 4+04+2] Y o
(n+1)! — 2@(-DI(G-1)!
i+j=n+2
22, 22, o2, "2,

+ Fht30...0 (n+3) + Fnt21,..0 (n+2) + Fni2001,..0 (n12) + + I'nt20,..1 (n+2)!
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" oy 1 Tk
F, S ntl g - - O, (3) + 0O, 4
MR R AV T T (8) + Ozln +4),
1,j22
i+j=n+3

where the border-dependent monomials written in the last line involve a supplementary mono-
mial 4110 m?fjm; this can be confirmed by reasoning as in Proposition [12.1]

We come back to the expression of a general affine vector field L tangent up to order n + 1.
Taking into consideration current normalization , by looking at the equation in the end

of Section we see that the tangency of L up to order n + 2 requires
A2,l = 0, A371 = O, ...... 5 Anfl,l = 0, Bn = O,
hence coming back to (20.1)), we get the following vector field:

2
L = Al,l xy, &El -+ 0812 — A171 XT3 &,33 + -+ + <—(n - B)Allenfl — ﬁ An,l U) (9

Tn—1

+ (An,lxl — (TL — 2)141711}71) &En + 2 A171 U@W

the flow of it, according to Lemma [20.1] at the next order stabilizes monomials of order not
exceeding n + 2.

In order to see the action on order n 4+ 3 monomials, we apply 7"d(.) to the tangency
equation, and not writing terms which do not contribute, we find:
n+2 n-+2

0=—-2A4, ( et Fn+3,0,...,0% + Fn+2,l,...,0%

+ Fn+2,0,1,...,0% + o+ Fageo,.1 %)
+ A2y ( -+ Fn+3,0,...,0% + Fn+2,1,...,0%

+ Fn+2,0,1,...,0% +-+ Fn+2,0,...,1%>
+0— A3 ( oo+ Fn+2,0,1,...,0% 4 it ﬁ)
— 24,74 ( ot Fn+2,070,1,,,,70% + ! ﬁ)
e e
(-0 ann - 2an i+ B )

n—1 n—1 n n+2 n+1

' ((nxl— 1)!’ + 1(7(:711 —x22)! 2!(21f32)!  Fnt20...10 (nx1+ o+ 3;125—93;)!)

n
Ty

nl

+ (AnJIl — (n — 2)141711’”) (

n n+2 n+1
——— + F, .
T oy 0 gy 2!(n—1)!)

We then collect all the independent monomials of order n + 3:

2 1 1
0=z"3{ — —F, A ——F, A ——F, A,
Ty { (n+3)! 43,0,...,041,1 T (n+2) 43,0,..,041,1 + (n+2) 12,0,...,1 ,1}

1
—1)'Fn+2,1,...,0141,1}

—2
+ m?+2x2{m—Fn+2,1,...,oA1,1 + o+

+2)!
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-2 1
+ I?Hxs{an+2,o,1,.‘.,oA1,1 + an+2,o,1,...,oA1,1
1 2 1
-—— _F, A —S—" A,
(n+2)1 "HOLOTL T g1y — 1)1
21 1 1
e A A,
R =22 T om0 ’1}
n+2 =2 1 2
+ 2 "2y an-i-Q,O,O,l,...,OAl,l + an+Q,O,O,1,...,OA1,1 - an+2,0,071,...,0A1,1
+ .................................................................................
-2 1
+ ffﬂxn—z{an+2,o,...,1,o,oA1,1 + an+2,0,...,1,o,oA1,1
n—4

Fn+2,0,...,1,0,OA1,1}

 (n+2)!
-2 1 n—3
n+2 n— —Fn A —Fn A - Fn A
+xy 1{(n+2)! 120,..,1,041,1 + n+ 1) +2,0,...,1,041,1 —(n—i—2)! +2,0,...,1,041,1
-2 1 n—2
4 $?+2xn{an+2,o,m,1A1,1 + an—kQ,O,“.,IAl,I — an-i-Q,O,...,lAl,l}-

After simplifications, this becomes

_Il { (n ‘l— 3)' n—+3,0,...,0411,1 + (n +_2)' n+2,0,....144n,1

. n
+ 2722, { an+2,1,...,oA1,1}

n n—1 1
+ 331+2$3{anH,O,L...,oAl,l + %An,l}

n—2
+x?+2‘r4{mFH+2,O,O,1,...,OA1,1}
_|_ .................................

n+2 LF A
+ a7 0 (n+2)! n+2,0,...,1,0,0411,1

N 3
+ 27w, { msz,o,...,LoAm}

2
+ x?#x”{—(n o) Fn+2,0,...,1A1,1}-
Hence, we can normalize as
Fn+2,0,1,...,o =0,

while all the other independent coefficients of order n + 3 are relative invariants.
Finally, to stabilize the obtained order (n 4 3) normalizations,

2 2 n m
_ Tt (Hm gy L R
TR +ng SRR DD SR

i,j5>2
i+j=m+1
In+1$2 1 -
+ Fri1,1,.0 : +0+---+0+ 27 - J
(n+1)! ! Z 2 (i—1)!(j—1)!

i+j=n+2



INEXISTENCE OF AFFINELY HOMOGENEOUS HESSIAN RANK 1 HYPERSURFACES IN RN>¢ 111

xn+2$1 l’n+2$2 xn+2x4
F, Sl S T O L 22 L0+ F, 1 -
+ Fni3,0,..,0 (n+3) + Frni21,..0 (n+2) + 04 Frni200,1,..0 (n+2)]
"2y " oy 1 Tk
Fn 1 n Fn 1 n+1 - (e}
20,1 G T L0 T 2 2 (i—1)!(j —1)!
z‘+fj:/n+3
+ 0, (3) + Ox(n+4),
we deduce that
Aml = 0.
The isotropy Lie algebra is 1-dimensional and is represented by the matrix:
[ 4, 0 0 0o - 0 0 0 |
0 O 0 0 0 0 0
0 0 —A, 0 e 0 0 0
0 O 0 —2A,, 0 0 0
0 O 0 0 <o —(n—3)A1, 0 0
0 O 0 0 0 —(n—2)A;, 0
0 O 0 0 e 0 0 24,
25. ORDERS (n+4) AND (n + 3)
The corresponding matrix Lie group
[a;; O 0 0 0 0 0
0 1 0 0 0 0 0
0 O ;11 0 0 0 0
0 0 0 = 0 0 0
1,1
0 0 L0 0
ayn
O O n—2 0
ay
0 0 0 0 - 0 0 ail i
consists of the plain dilations
1 1 9
Y1 = a1 1, yo = 0, Y3 = — T3, ceey Yn = ——5 Tn, v = ajqu.
a1,1 a1 7

Lemma 25.1. All power series coefficients Fy,, .. are relative invariants.

Proof. Possible remaining maps fixing the origin which send a hypersurface normalized as above
— o1 g
u = § ity Foy o,
01y--,0n
to a similarly normalized hypersurface
— o1 fog
v=> y Y Gy
015-+,0n

are only the dilations

1 1 2
Y1 = axy, y2 = 0, Ys = 1 Yn = —
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where we have abbreviated a;; =: a@. After replacement

; . 1 g3 1 On
Au= Y (aw)" (22) (5 96‘3) (W x”) Gor,mon

O01,..+50n

an identification gives:

Fol,-~.,an =a’aa - a "I GUI:-~~70'n'

Thus, each pair of power series coefficients are nonzero multiple one of the other. Thus, they
vanish (or do not vanish) simultaneously. O

Consequently, at the next two orders n + 4 and n 4+ 5 we shall not perform any further
normalization since this would create some branching. But we must determine the independent
and border-dependent monomials of homogeneous degrees n + 4 and n + 5.

Proceeding as in Lemma to take account the assumption that the Hessian matrix is of
constant rank 1, we obtain the following explicit expressions. We skip presenting the details of
computations.

Theorem 25.1. In each dimension n > 2, every local hypersurface H® C R"™! having
constant Hessian rank 1 which is not affinely equivalent to a product of R™ (1 < m < n) with
a hypersurface H"™™ C R™™*! can be affinely normalized as

2 2 n m j P
itj=m+1
n+3 n+2
+ Z; % = 11)7 éj_ o + Fot30-0 (7;751T+3>‘ + Fhi2,10-0 %
i+j=nt2
+ Fnt2,0010-0 % toot Fopoenn ??:-2 ;; + Fasino-o W
oy ntd "

i+j=n+3
+ F43,010--0 % + F43,0010--0 % + -+ Pz %
e St S e G

T T,
+ ; (i —1)! J]— 1! }
itjmntd

+ Fris5.0-0 (n?TJr;)' + Fhta10-0 % + Frta,010-0 %
+ £544,0010--0 % + -+ Fogao-01 %
() (5 )

(o o s B
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Frt2.0010--0 Fn+2 0-- 01 T; T
+7—$3$4—|—" + ———— X3, +
2l (n+2)! 2l (n +2)! ; (e — D! — 1)
i+j=n+5
+ Ox27---,1'n (3) + O$17$2:-~~7$n (n + 6)
This explicit expression of the graphing function F(zy,...,xz,) is our new starting point.

26. SUMMARY OF PROOF OF MAIN THEOREM

We take a general affine vector field which does not necessarily vanish at the origin:

0
L :(TO‘f—Cll’l+025U2+"‘+Cn719€n71+0n9€n) —
ou

0
+ (Tl + Al,l 1+ ALQ To + -+ Al’n,1 Tpn_1+ Al,n In) 87
1
0
+ <T2 + A271 T + A272 i) + -+ A2,n—1 Tp—1 + A27n .CEn> %
2
+ ......................................................
0
+ (an +A i+ A0+ A1 T + A xn) E
n—1

9
Ox,,
We recall that if L is tangent to the hypersurface H = {u = F(xy,... ,:z:n)}, then Ty = 0,

since u = F' = O,(2). Here the parameters T71,...,T,, are tightly related to the infinitesimal
transitivity of the action since the value of L at the origin is

+ (Tn + An,l r1+ An,Q To+ -+ An,nfl Tp_1+ An,n xn)

0
Ll =T — T, ——.
| ! 8$1 Tt 82L‘n

since homogeneity requires
ToH = Spanp {L‘O: L|y tangent to H },
and since, again due to F' = 0,(2),
0 0
T[)H = Span {%, ceey %}
1 n

Observation 26.1. For (infinitesimal) affine homogeneity to hold, the parameters Ty, ..., T,
should remain absolutely free in all computations.

Such general affine vector field L is an infinitesimal affine symmetry of our hypersurface
H = {u = F(xy,... ,:(:n)} graphed as in Theorem if and only if L|y is tangent to H and
if and only if the following power series identity holds in R{xy,...,z,}:

0=L(—u+F)

u:F'
We shall in fact ‘only’ study independent monomials of order not exceeding n + 4 in this
fundamental equation, namely, we shall examine 7/ (L(— u+ F )’u: F) Recalling that

Fopo = 0,(1),  Fp =042), - F,,=0,n-1), F, = 0,n),
we can therefore begin with writing
0=Ag+A+--+Aq +A,,
where
Npi=—Ciaxy —Coag— - —Chy2p_1 — Crxp,— D [7‘('17;1—54(}7)],
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Ay = < + A4 Apaot 4 A1 T + A, + By [ 3133(1?)])&1,
Ay = <T + Agry+ Aspmo+ -+ A1 Tt + Aspy + Ba [ QEQ(F)DF@,
Ag = (T + Agy @1+ Asa @y + -+ Agp1 Tn 1 + Ay + By [7 ggl(F)])Fms,
Ay = <T4+A4,1x1+A472x2—|—~--—|—A4n 1 Tt + Agp @y + By [ d(F)])Fm,
As = <T +Asix1+ Asp o+ -+ As 1Ty + Asn Tn + Bs [771 1(F)]>Fx5,
Ag = <T + Aga 1+ Aga s+ -+ Agpoy Tnoy + Agn i + B [0 (F)])F%,

Anfl = <Tn71 + Anfl,lxl + An71,2x2 + - Anfl,nflxnfl + Anfl,nxn + anl [and(pﬂ ) Fl‘n—l?

A, = (Tn +Appar+ Anpra+ -+ Apno1 T + App tn + By [Wiélnd(Fﬂ) Fan.

In the next Section 27, we shall compute some of the coefficients of the monomials in this
large equation, namely, we shall find

Ep,..on = [a:‘” x -xzn} (L (—u+F)
which are linear in C,, D, T,, A.., B,, and which should vanish for L to be tangent to H:
E[01,...,an] = 0.

), o1+ +0o, < n+4,
u=F

In particular, we shall find
I:= Epip,..01 =0,
Il := Ejuysp,..01 = 0.

But before proceeding to the (non-straightforward) computations, let us summarize the key
reason why affinely homogeneous models do not exist in dimension n > 5. We use * to denote
any unspecified real number whose value does not matter.

Lemma 26.1. For a hypersurface {u = F(x)} normalized as in Theorem [25.1], after taking
into consideration some of the other equations Ej,, ., =0, these two specific equatzons I, 11
become

I 1 2
02 s« 45Ty — —— Tyt —— Frinoo1 AL,
e T o T T gyl e A
08 T 45Ty +%T 1 T3 g A

Admitting temporarily this fact, we can easily complete our main non-existence result.

Proof of Theorem[1.3 If the power series coefficient F,,150..01 = 0 would be zero, then the first

equation:
0L &7y ++Tp— —12(n1_3)n! Ty,
would consist of a nontrivial linear dependence relation between 77, ..., T, contradicting in-
finitesimal transitivity. Hence, F,190..01 7 0. But then we can find the isotropy parameter by
equation I:
Ay = Ty + 1o + x Ty,
that we replace in II, getting, whatever the value of F,,13..01 is

1
0= «Ty ++Ty+ Ty ++T) — ——— T,
HE R T TR P
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But such an equation is also always a nontrivial linear dependence relation between T7,...,T,
contradicting again infinitesimal transitivity. O

Observe that n > 5 was used in this argumentation.

27. TANGENCY EQUATIONS AT ORDERS <n+4

It remains to prove Lemma [26.1

Proof of Lemma [26.1. We find Ag:

2 2 n—1 n+2,,
Np=-Cazy—--—-Chzx,— D Rl R + F, —_—
0 171 {2'-!— o + (n— 1) + Lny,10- 0( )
n+3 n+2 n+2 n+2
", Ty "xa Ty Tn
+ Fry30.0 ———v + Fry2.10.0 o + F, 4ot Fryogn0 ——
+3,0--0 (n+3)! +2,10--0 (n12) 42,0010 0( ) +2,0--01 (n+2)!
n+4 n+3 n+3 n+4
Ty "o Ty X3 Ty T4
+ F 0. et S F, it SN F, e S A ) P
+4,0--0 CE] +3,10--0 (n13) +3,010---0 (n13)! +3,0010---0 (n+3)!
n+3
i
4+ F, 30 ZL e
+3,0--01 (n—|—3)!}
Now we write Ay, ..., A,, which all involve products. We denote the products using the sign

“” Here is Aq:

A = <T1 +A i+ A+ o+ A H AL,

2 2 n n+1 n+3
x TTTo 1Ty Ty X2 T
+ B |2+ = w0 o T Fagso..
1 |:2| 2| n' +1,10---0 (n + 1)| +3,0---0 7 o\y ( + 3)|
n+2 n+2 n+2
7 X Ty "Xy Ly Tn
+ Foio1000 —=+ F, 0=+ F 900 ——
+2,10---0 n+ 2), +2,0010---0 (n+2)! +2,0---01 (n+ 2)!])
n—1 n+2
22 A 1Ty o
-<J}1+ZE1(L’2+ 12' +"'+h+Fn+1100 : +Fn+30 0( 12)!
2, g, 2
+F,i010.0 —= + F, 0 4+ Fio00] —
+2,10---0 (n+ 1) +2,0010---0 (n+ 1) +2,0---01 (n+1)!
n+3 n+2 n+2 n+2
VT, Ty TT3 Ty T4
+ Frig00 ——— + Frig10..0 ——= + F, 0=+ F, B
+4,0---0 (n T 3)' +3,10---0 (n + 2>‘ +3,010---0 (n + 2)| +3,0010---0 (n T+ 2)|
n+2 n+4 n+3 n+3
T, T Ty T2 Ly I3
e Fray30.01 e 4 Fri5.0-0 ——— + Fry410.0 e + Fri4,010-0
n+3 n+3
Ty Ty Ty Tp
+ F, )=+ Fpig gl ——
+4,0010--0 (n+3)! +4,0--01 (n + 3)1>

Quantity A, reads as
Ay = <T2 +Ag1 a1 + Aspxo+ o+ Ag 1 Ty + Aoy Ty

2 2%z xxn "y
—i—Bz[—l—i- 1 2+-~+ L IERTS 0—(1+1§|])

2! 2!
n+1 n n—+2

f i, x
- ( + Z 1 (m +Fn+1 10-0 7)) + =1 + Fri2,10--0 n+2)
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9 iL‘n+3 2) :L'n+2£L'2 xn+2x3
+ Frit10m0 — 2" 09 + Fois 1000 ——— + Frio10m0 ——— 4 Fpi1 1000 ———
+1,10 On! 1 2 +3,10---0 (n—|—3)! +2,10---0 (n+1)! +1,10---0 21!
n+2 n+2 nt+4
I ) Ty "Xy Ty
+F, w0+ Py o 0 + Foug 100 —
+2,0010---0 (TL I 1)' +2,0---01 (n + 1)| +4,10---0 (n + 1),

(n+2)! (n+1)!
( 300100 | Foii10 o) x?+3x4).

2F 13100 Fhiso0.0 o Frt3.010--0 Fri2.10-0 L3
Lo (n+2) " 2Am+1))t 7

(n+2)! 3!n!
We find Asj:
2 23x, TV Ty
As = T3+A3,1x1 +A372$2+"'+A3,nflxn71+A3,nxn+BB 5"’ ol +"'+T
3 n m—1 n n+1 n—+3
(3! i £ 21 (m — 3)) o =2 Ty T o0
[En+2l’3 C(Zn+4 F, 3.010---0 F, 2.10---0
Fn it ) Fn 1 n+3, n+2, n+3
T 100 Ty Enaoi0-0 ( 42 2(mrin) "
]}n+3$4 xn+3x
+ £42,0010---0 2 (n+1)! + o F Iy20-01 2 (n + 1>!)
For A4 we get:
Ay = (T4 + AT+ Ao+ Agp 1 Tt + Agpp
x2 xlxy A
B, | 2L 1 St S 1
- 4{2!+ ST P
4 m—1 n n+2 n+1
(4 E,
(4! * mz_5 B (m—4) | Bl(n—3)1 R0 o 3 o))
n+3 n+2 n+2
AN T x,
F, 0 ———— + F, )
+ F543,0010--0 (n+3)! + Fni2,0010--0 CES G
n—+4 n+3
x Fr13,0010--0 Foi110-0 Ty XT3
T o000 7T ( (n+2)! ipl )T T2 Fna00i0-0 o T

Here is As:

As = (TS + A5 +FAspxo 4+ As 1 X1 + As Ty,

+ B B—?eri? ++%D

' (ﬁ—? * mj; ZEZK’”S! N 4!56(%1_2)! + Fnt200010--0 (5?:;! - Z!?(:in;!

+ F43,00010--0 % + Ft2,00010--0 (g;?ff;, j;;:in;,

+ F44,00010--0 % + £43,00010--0 % + F42,00010--0 2!%:;_?;)! 4!1:1:3_1;;)!

)
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We find Ag:

Ae = (T@' +Ag121 + Aspxo+ -+ Ag o1 Tp1 + Ao Tn,

x? 2z "3,
+ Bg {_14_ 1 2+...+1—3})

2! 2! (n—3)!
noom—1 n n+2 n+1
(3 e T o A
+ F43,000010--0 % + F542,000010--0 (fff; ;711(;23?;)2'
+ Ft4,000010--0 % + F43,000010---0 % + Fn42,000010--0 2!3?:13:;)! ;i:iné)ll)

We calculate A,,_1:

ANy = (Tnl +A g +F A2+ A1 T + A1 Ty

2 2 3 4
o+ Bat {EJF ST TR D
n—1 n—1 n n+2 n+1
((n )L Tt T ey e o T =3l
xn+3 l,n+2$2 iL‘n+2£L‘5
Fri5.0.010 ——— 4+ FLi00.. ! !
+ L'n43,0--010 (n T 3)! + Fnt2,0-010 (n + 1>! (n _ 2)!4!
l‘n+4 l,n+3$2 $n+3l’3 mn-&-?;',l;,(;
Fr40010 ——— 4 F130..010 ———= 4+ Fpia0.. ! ! :
+ Lnta0-010 (n+4)! + 30010 (n+2)! + nyz0-010 20 (n+ 1)1 " (n—2)5!

Finally, we find A,:

2 2 3
An = (Tn + An71 T —|— An,2 To + [N _|_ An7n_1 Tp_1 _|_ An7n T + Bn |:% + x123'3‘2 x;jj?):|>
n n n+2 n+1 n+3
1, T2 | Ty X3 x
(m (n— DI 200 Gy T iz R0 g
$n+2m2 l‘n+2$4 :L,n+4
l’n+3l'2 ZEn+3fL‘3 ZL‘n+3ZE5
Frosoos 22 o p o0 i |
R P R Ty Crus T e TP

By looking carefully at these products, we can determine the coefficients of some relevant

monomials.
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First, to get equation I, we extract the coefficient of the monomial z"z,. By inserting

vertical bars, we indicate from which Ay, _, the written terms come from:

Ao A1
1 Fri20.01 Fris0-01 Fri20-01 Fots0-0
0=1| — B N bt TN — A —+ A, ——
w2 | T g T e T it o)
Ao
Fri20.-01 Fri210.0 1 1
4y fnd20e0L |y Eni21000 g 0 g
2D o o P
As Ay As
1 1 F 200100 Fnt2,00010--0
A T ——M 1 A n+’— As,, —————
TG | TR T T | T (et 2)!
A6 A7 An—l n
Fot2,000010--0 Frt20-010 Foio0.01
Ay, —20000 Ay, 200D A, et
T T | T T T T | T A 2!
Second, to get equation II, we extract the coefficient of the monomial 23z,
A() Al
o Fuisoor | p Fuvaoor oy Foisoeor oy Fuiaoo
(n+3)! (n+3)! T (n+2)! " (n+ 3)!
A2 AS
v g, frr2oeon g Fupoor | Frpaoon Fian0-0 Friz0-00
"2l (n 4 1)! (n+2)! i+l TP (n42)! P2 (n+1)!
A As
Fi3010.0 1 1 1 Fr 1300100
Ay, Drts010-0 g By | + Ay 4 A, 2800100
T3l A=)l | M B =) A T (1 3)!
Ag A7 An_1
1 Fot3,00010-0 Flot3,000010--0
Ty Ay, —EBO000 g 2 S OU00I00
“An—1) " (n+3) O (n 4 3)!
A Friso.ot0 | Fats0-01

We see that we need to determine the parameters:

D7 A1n7 Bla A217

An—2,m
Anfl,m
An,na
in terms of 74, ..., T}, Ay ;.
By

we determine
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We then get:
E[l,o,...,o,l]i 0 = Al,m
1
Epo.....01] 0 = o A2m:
1
Ezo.,.01: 0 = 51437“
E 0 = L A
[n—2,0,...,0,1] - - (n — 2)| n—2,m»
1 1
Enf 0 = n—1,m;
[n—1,0,...,0,1] 1 =) + = 1) 1
1 1 1 1
E, : 0=—-D—+A T o
[1,0,...,0,1] o + A1 (n—1)! + 13 (n— 1) I
Replacing the obtained values, we find:
I Frio0..01 Fris0.-01 Fri20..01 Frio0.01 n+1
0=—-(ThL+2A : T : Al ———+ Ty —">——+ By ———
(L2400 o T o P o T e ey TP
1 1 Fri20.-010 Fri20.-01
Sol(n—1)1 " T3l (n—1)! B (n 4 2)! (0 +2)!
and
i Fris0.-01 Fria0.-01 Foys0..01 n+4
0=—(Ty+2A ’ Sl 0O L B Fieool —————
(T 1) (n+3)! a3 T (nr2) TR g 1 2)!
Frio20..01 Frio0..01 3n+2 1 1
A : : Bs—+ A T;
T T TN T B 2 M S T P (= 1)
Fis30.. FLis0.
LA, Tes0-00 o Paiso-o1
" (n+3)! " (n+3)!
To find By, By, Bs, and Ay, A3, As1, we consider by patiently chasing in Ay, Ay, ..., Ay,
the three equations:
YR 1 ™ 1
0 = TnA2001 , p 2 4 g A
e O o T | TR T
Epntip,..00): . As
1
Ay, Lnt110-0 T
Tl | TR o
A1 A2
0=|m1 Fri20.-010 b Ay Fri110-0
(n+1)! o (n+1)!
E[n+1,o,...,0,1,0} : . . As . Ay .
B B A T
T o T P | T Aot T s — 2
Ay - As - As .
0 = | 7 fr2o-om00 yos ntL10-0 | g
(n+1)! (n+1)! 212! (n — 3)!
Eln+t10,..01,00: Ay As
1 1
B A
RN P YT e e Ty ey
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in which the three underlined parameters vanish thanks to:

1
E[z,o,...,o,l]i 0 = A2,n 5;
1
Epo,.00,0: 0 = Asp o
1
E[2,0,...,0,1,0,0]3 0 = AQ,n—Q 5
After simplification, these three equations become
Fri20.-01 1 1 n-+2
0="1T : T: A —_—
Tl TGy T o T
Fri20.010 1 1 n
0 =1T; : T A3 ———+ By ———
O T T ) R TN o TR TR o DT
Frt2,0.-0100 1 1 3n—4
0= T, 2000000 o F 0 g oNTR
L T T P T (R R Ty o

The obtained 3 + 3 equations are organized as 3 pairs and they allow us to find

2 n
By =11 F, 0. T ,
1 12,0 01(n—|—1)(n—2)+ 33 (m—2)
2 2n—1
As1 = —T1 Foi00.. — Ty = ——,
2.1 14420 Ol(n—i—l)(n—Q) 33 5
and
4 I1n—1
By = T, F,i9.. - 7
2 1 Fnt2,0 010(n—3)n(n—|—1)+ —
6 I1n—2
As1 = —T1 Fi00... Ty —,
3.1 14420 010(n—3)n(n+1) 153
as well as
12 1 n—2
By =T, F, 90. Ty — ——,
3 180420 0100n(n—4)(n2—1)+ 510 m—4
24 2n—3

Ayr = —T1 Fpap.. —T5 - .
4,1 1 Fny20 010071(71—4)(712—1) |

Replacing all these values, we obtain I:

I Iln—1n+1 1n—2 1 1
0= L aT 45Ty 4Ty (= _1
PR 4(6n—3 207l 2n—32!(n—1)!+3!(n—1)!>

2 1 n—2
A Fn - - )
T ALL 20 01( m+2)  (mrD) (n—|—2)!)

which is exactly what Lemma [26.1] stated and we also obtain II:

- 1 n—23n+2 2n-3 1 1
* iyl 5<1on—4 127l 5n—43!(n—1)!+4!(n_1)!)
2 1 n—2
Ai1 Foisonor | — - )
T A1 a0 01( (n+3)  (n+2) (n+3)!>

which is also exactly what Proposition stated.
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