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GROUND STATES OF ISING-POTTS MODEL
ON CAYLEY TREE

M.M. RAHMATULLAEV, B.M. ISAKOV

Abstract. It is known that for low temperatures, a ground state is associated with a
limiting Gibbs measure. This is why, the studying of the sets of ground states for a given
physical system is a topical issue.

We consider a model of mixed type on the Cayley tree, which is referred to as Ising-
Potts model, that is, the Ising and Potts models are related with the parameter «, where
a € [0,1]. In the paper we study the ground state for the Ising-Potts model with three states
on the Cayley tree. It is known that there exists a one-to-one correspondence between the
set of the vertices V' of the Cayley tree of order k and a group Gy being a free product of
k + 1 cyclic groups of second order. We define periodic and weakly periodic ground states
corresponding to normal divisors of the group Gj. For the Ising-Potts model we describe
the set of periodic and weakly periodic ground states corresponding to normal divisors of
index 2 of the group Gg. We prove that for some values of the parameters there exist no
such periodic (non translation-invariant) ground states. We also prove that for a normal
subgroup consisting of even layers there exist periodic (non translation-invariant) ground
states and we also prove the existence of weakly-periodic (non periodic) ground states.
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1. INTRODUCTION

With each Gibbs measure, one phase of a physical system is associated. If there exists more
than one Gibbs measure, one says that there are phase transitions. A main problem for a given
Hamiltonian is to describe all associated limiting Gibbs measures.

It is known that a phase diagram of Gibbs measures for a given Hamiltonian is close to a
phase diagram of ground isolated (stable) states of this Hamiltonian. For low temperatures,
with the ground state a limiting Gibbs measure is associated, see [I], [2]. This is a problem on
describing ground states naturally arises.

In work [5] there were studied translation-invariant and periodic ground states for the Ising
model on the Cayley tree. In work [6] a notion of weakly periodic ground states was introduced.
Weakly periodic ground states for the Ising model with competing interactions were described
in works [6] and [7]. Periodic ground states for the Potts model with competing interactions
on the Cayley tree of order k = 2 were studied in works [§] and [9]. In work [10], for the Potts
model, weakly periodic ground states were studied for a normal divisor of index 2. In work [1T]
for the Potts model with competing interactions on the Cayley tree of order k > 2 there was
described a set of periodic and weakly periodic ground states corresponding to normal divisors
of index 4 of the group representation of the Cayley tree. In works [12] and [I3] periodic and
weakly periodic ground states for a A-model on the Cayley tree were studied. In work [14], for
the Ising model, periodic ground states with respect to a subgroup of index three were studied.
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In work [I6], on the base of the replica algorithm, by the Monte Carlo method, the phase
transitions of the antiferromagnetic layered Ising model on a cubic lattice were studied taking
into consideration intralayer interactions of the second nearest neighbors in small ranges. In
work [I7] there were studied various phase transitions and interactions of two and three nearest
neighbors for the Potts model as ¢ = 3 by the Monte Carlo method. It was shown in work
[18] that the transition from an antiferromagnetic and collinear phases into a paramagnetic
one is a phase transition of the first kind, while the transition from a frustrated domain into
the paramagnetic one is a phase transition of second kind for the Potts model as ¢ = 3 on
a triangular lattice. In work [19] a ferro- and antiferromagnetic three-vertices (¢ = 3) Potts
model were studied on a triangular lattice taking into consideration the interactions of second
nearest neighbors.

In recent work [20] the authors considered the Potts model on the Cayley tree and proved
the existence of new classes of Gibbs measures differing from one known earlier.

In the present work we consider a model of a mixed type and in what follows we call it an
Ising-Potts model in the Cayley tree of order k£ > 2. Ising and Potts models are related with a
parameter «, where v € [0, 1]. If & = 0, then the model coincides with the Potts model, while
for & = 1 the model coincides with the Ising model. For the Ising-Potts model with respect a
normal divisor the group Gy, which a free product of k+ 1 cyclic groups {e, a;} of second order
with generators a;, as, ..., agy1, respectively, that is, a? = e (see [I5]), we determine periodic
and weakly periodic ground states.

In conclusion we briefly describe the structure of the paper. In the next section we introduce
main definitions and recall known facts. In the third section we study periodic and weakly
periodic ground states.

2. DEFINITIONS AND KNOWN FACTS

Let 78 = (V, L), k > 1, be a Cayley tree of order k, that is, an infinite tree, each vertex of
which is an origin for exactly k + 1 edges, where V' is the set of vertices and L is the set of
edges 7F.

Let Gy, be a free product of k + 1 cyclic groups {e,a;} of second order with generators a,

as, ..., agy1, Tespectively, that is, a? = e, see [I5]. There exists a one-to-one correspondence

between the set of the vertices V' of the Cayley tree of order k£ and the group Gy, see [10], [4].
Two vertices x,y € V are called neighbors if they the end points of some edge [ € L; in this
case we write [ = (z,y).

For an arbitrary point 2% € V we let

W, ={x c V| d(2°, z) =n}, Vo, = U Wi, L,={(z,y) € L| xz,y € V,,},

m=0

where d(x,y) is the distance between x and y on the Cayley tree, that is, the number of edges
in a path connecting x and y.

We denote by S(z) the set of ‘direct descendants’ of a point x € Gy, that is, if x € W,,, then
S(x) ={y € Wyy1 : d(z,y) = 1}. By Si(z) we denote the set of all nearest neighbors of a
point x € Gy, that is, Si(z) = {y € Gi : (z,y)} and by x| we denote a unique element in the
set S1(z) \ S(z).

We consider a model, where the spin ranges in the set & = {—1,0,1}. A configuration o
on V is defined as a function z € V' — o(z) € ®; the set of all configuration coincides with
Q=0o".

Let Gy/Gt = {Hi,...,H,} be a quotient group, where G} is a normal divisor of index r > 1.
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Definition 2.1. A configuration o(x) is called Gy -periodic if o(x) = 0; as x; € H;, for all
x € Gy. A Gy-periodic configuration is called translation-invariant.

For a given periodic configuration the index of the normal divisor is called a period of the
configuration.

Definition 2.2. A configuration o(x) is called Gy -weakly periodic if o(z) = 0;; as x| € H;,
x € Hj for all v € Gy,

The Hamiltonian of the Ising-Potts model reads as
H(o)=-aJi Y o@)oly)—1-a)ly > b (2.1)
(zy)€ L (:Jc y)e L
where J = (J1,2) € R?, 0 < a <1 and 4, is the Kronecker delta
0 if @# 7,
b, = { 77

1 if i =j. (2:2)

3. GROUND STATES

For a pair of configurations ¢ and ¢ coinciding almost everywhere, that is, except for finitely
many points, we consider a relative Hamiltonian H (o, ), which is a difference between the
energies of the configurations o, ¢, that is,

H(o,0) = —adi Y _ (o(@)a(y) — o(@)e() = (1= )2 Y (Gowoty) — Sp@pw):  (3.1)

(z,y), (z,y),
z,yeVv z,yeVvV

where J = (Jy, J;) € R? is an arbitrary fixed parameter.
Let M be a set of unit balls with vertices at V. A restriction of the configuration ¢ on a ball
b € M is called a bounded configuration o,. We define the energy of the configuration o, on b

as follows: .

Uloy) = =5y > a(as)a(y)——l—a > Y So@ow) (3.2)

<z,y>€L <z,y>€L

The following lemma is known, see [6], [8].

Lemma 3.1. Relative Hamiltonian (2.2) is of the form
H(o,0) =Y _(U(oy) — Ulgn)).
beM
In this work we consider the case k = 2. By ¢, we denote the center of a unit ball b. Let
_={z € Si(e) : pp(x) = —1},
BO = {l’ € Sl<Cb) : (pb(ili) = 0},
By ={zx € Si(&) : pp(x) = 1}.
Let pp(cp) = 2z, 2z € ® and |B_| =d, |By| =t. Then |By| =3 —d —t. Tt is easy to prove the

following statement.

Lemma 3.2. For each configuration o, the belonging
U(O‘b) & {Ul, UQ, U3, RN Ulg}

18 true, where

3 3 3
U, =0, Uy = ——O‘J1 —S—a)h U= ;Jl,
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1 —
Ui=—adi — (1—a)ls, %_,%h_ 2ab, (%:—%L—ﬂ—aﬂz
o l—« Q
U, = §J1 - 5 J2, Us = aJi, Uy §J17
11—« 3 -3«
U = — 9 JQ, Un = — 9 J27 Uiz = —(1 - Oé)Jz-

Definition 3.1. A configuration ¢ is called a ground state of the Hamiltonian H if
U(SOb) = min {U17 U27 U3a BRI Ul?}
for each b € M.

A periodic (weakly periodic, translation-invariant) configuration being a ground state is called
periodic (weakly periodic, translation-invariant) ground state.

The aim of the present work is to describe the set of periodic and weakly periodic ground
states for the Ising-Potts model on the Cayley tree of order k = 2 corresponding to normal
divisors of index 2 of the group representations of the Cayley tree.

We denote C; = {yy : U(gpp) = U;} and

Ai: {JeRz : Ui:min{U17U27U37"'7U12}}7 (33)

where 1 =1,2,...,12.
A simple but bulky analysis show that A; read as

-1
Al:{(Jl,JQ)GRQ‘J12O; @ J22J1}7
a
Ay =9 (1, o) e R | J1 2 0; 5 Jo < Jig
A3 =< (J1,h) e R* | J; <0 - Jo = g,
1—
A4:A5:{(J1,J2>€R2 ‘ le—( a>J2; J2§0}7
a

A6:A7:A10:{(J1,J2)€R2‘leo; J2:0}7
Ay =Ag={(J1, o) €R* | J; = 0; Jo <O},

(1-a)

An = {(J1,J2) eER’| J; > _TJQ; Jy = O},

A ={(, ) eR* | 1 <0; J, =0}.

It is easy to confirm

12
W:Um
=1

On Figure 1 we show the location of A;, ¢ = 1,2,...,12, in the plane.

3.1. Translation-invariant ground states. In this subsection we study translation-
invariant ground states. We recall that a configuration o(z) is called translation-invariant
ifo(x)=iforallz eV, i€ ®.

We prove the following theorem.

Theorem 3.1. Let k = 2. The following statements hold true for the Ising-Potts model:
1) On the set Aqy there exists a unique translation-invariant ground state and it reads as
o(x) =0 for all x € G.
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FIGURE 1. Location of A;, i =1,2,...,12 in the plane.

2) On the set Ay there exist two ground states and they read as p(x) = £1 for all x € Gy
8) If (J1, J2) € R?\ (A1 U Ay), then there exist no translation-invariant ground states.

Proof. 1. Let p(x) = 0 for all x € Gj. Then for all b € M we have
90b<cb) =0, |B—| =0, ‘B+| =0, |BO, =3,

and therefore, ¢, € Ci;. Hence, the configuration ¢(x) = 0 for all z € Gj is a translation-
invariant ground state on the set Aj;.

2. Let ¢(z) =1 for all x € Gi. Then for all b € M we have
po(co) =1, |[B-[=0, [By[=3, [Bo|=0

and hence, ¢, € Cy. This gives that the configuration p(z) =1 for all x € Gy, is a translation-
invariant ground state on the set A,.
Let ¢(z) = —1 for all z € Gi. Then for all b € M we have
po(c) ==1, [B-[=3,  |Bi|=0, [Bo|=0

and hence ¢, € Cs. This implies that the configuration ¢(x) = —1 for all z € Gy is a translation-
invariant ground state on the set A,.
3. The proof is obvious. O]

Remark 3.1. We note that as o = 0, Hamiltonian (2.1|) describes the Potts model. Then
Theorem coincides with Item B.1 in Theorem 2 in work [8] in the case J5 =0 (J5 = J,
where is from work [§] ).

3.2. Periodic ground states. Let A C {1,2,...,k + 1}. It is known that each normal
divisor of index of the group Gy, reads as (see [10])

Hy = {LL’ c Gy, : wa(ai) is even} )

icA
We consider a quotient group Gy/H4 = {Ho, H,}, where Hy = Hs, Hy = Gy \ Hp. In this
subsection we study an H 4-periodic ground state. An H 4-periodic configuration reads as

o, if r € Hy, 3.4
g0(.1.)_{0'2 if ZEEHl, ( ’ )

where 01,09 € .
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Theorem 3.2. Let k =2 and |A| = 1. Then each Ha-periodic ground state is translation-
wnvariant.

Proof. For 01 = 049 we have that H 4-periodic configuration (3.4)) is a translation-invariant state,
which was studied in Theorem
We consider the case when oy # 05. Let

-1 if =z € H(b
901(‘6)_{ 0 if zeH,.

If ¢, € Hy then for all b € M we have
901,1;(01;) =—1, |B—| = 2, |BO| =1, ‘B-i-’ =0,
and therefore, 1, € Cy. If ¢, € Hy, then
p1p(ce) =0,  [B_[=1,  [By|=2, [B{[=0
and hence, 1 € Ca. Since AyNAjp = {0,0}, this implies that the corresponding configuration
is not a ground state on R?\ {(0,0)}.
Let
-1 if ze€ Hg,
Palr) = { 1 if xeH,.
If ¢, € Hy then for all b € M we have
pap(cr) =—1,  |B_[=2, [By|=0, [Bif=1
and hence, o, € Cs. If ¢, € Hy, then for all b € M we have
pap(ce) =1,  [B_[=1,  [By|=0, [Bi[=2

and hence, py;, € C7. Since AgN A7 = {0,0}, this implies that the corresponding configuration
is not a ground state on R?\ {(0,0)}.

Let
0 if ze€ H,,

#sl) = {—1 if zcH,.
If ¢, € Hy, then for all b € M we have
psp(cy) =0, [B_|=1,  [Bo|=2,  [B4|=0,
and therefore, 3, € C12. If ¢;, € Hy, then for all b € M we have
psp(cr) = =1, [B_[=2,  [Bo|=1 [B4|=0

and hence, 3, € Cy. Since A, N Ajp = {0,0}, the corresponding configuration is not a ground
state on R?\ {(0,0)}.

For the configuration ps(x) = —@1(x), ¢s5(r) = —ps(x) and pg(xr) = —p3(x), by similar
method we prove that the corresponding configurations are also not ground states on R? \
{(0,0)}.

We note that apart of ¢;(z), ¢ = 1,...,6, there exist no Hy-periodic and not translation-
invariant configuration. The proof is complete. O]

By a similar method for |A| = 2 we can prove the following theorem.

Theorem 3.3. Let k = 2 and |A| = 2. Then each H-periodic ground state are translation
wnvariant.
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We observe that as k = 2 and |A| = 3, the normal divisor of Hy4 is of the form
G,(f) = {z: |z|is even},
see [10]. For G;Q)—periodic ground state the following theorem holds.

Theorem 3.4. Let k = 2. Then for the Ising-Potts model the following statements hold
true:
I) On the set As there exist two G,(f)—periodic ground states and they read as

. 1 Zf I’GH(),
olz) = {—1 if xeH,.

II) On the set Ay there exist four G,(f) -periodic ground states and they read as
1 if x € Hy,
oo = {j if @€ H,
where |t — j| =1 (i,5 € ®).

Proof. We begin with proving Statement I. We consider the configurations

1 if IGH(),
Ul(x)_{—1 if = ¢ H,.

If ¢, € Hy, then for all b € M we have

@Lb(Cb) =1, |B—| =3, |BO| =0, |B+| =0,
and hence, ¢, € Cs. If ¢, € Hy, then
pip(c) ==1,  [B_[=0, [By|=0, [By[=3

and hence, ¢, € Cs. Then we see that on Ggf) the configuration oy (z) is a periodic ground
state on As.
Now we consider

A configuration o,(z) is also a periodic ground state on Ajg; this can be proved similar to the
same fact for o1(x).
We proceed to proving Statement II. We consider the configurations

0 if xe€ H,,
ilr) = {—1 it xeH.
If ¢, € Hy, then for all b € M we have
prp(ce) =0, [B_|=3,  [Bo|=0, [By[=0
and hence, ¢, € Cy. If ¢, € Hy, then for all b € M we have
prp(e) = =1, [B_[=0, [Bo[=3, [B=0

and hence, 1, € Cy. This shows that on G% the configuration o is a periodic ground state on

A
Now we consider .
-1 if z € H(),
22 =10 it remn,
A configuration ¢, (z) is also a periodic gorund state on A; that can be proved as the same for
p1(x).

—1 if =z € H,,
02(1’) :{
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We consider
0 if z¢ Ho,

#a() = {1 if xeH.
If ¢, € Hy, then for all b € M we have

9037b(cb> = 07 ‘B*’ = 07 |BO| = 07 ’B+| =3
and hence, p3;, € C). If ¢, € Hy, then for all b € M we have
903,b(cb> =1, ‘B*’ =0, ’Bol =3, ’BJr‘ =0

and hence, 3, € C;. This show that on G,(f) the configuration 3 is a periodic ground state
on Al-

We consider
1 lf T € Ho,

S0‘*(”“’):{0 if ze H,.

The configuration @4(x) is also a periodic ground state on A; and this can be proved as the

same has been done for ¢3(x). This shows that on G,(f) the configurations ¢;(x), i =1,...,4,
are periodic ground states on A;. The proof is complete. O

Remark 3.2. We note that as « = 0, Hamiltonian (2.1)) describes the Potts model. Then
Theorem coincides with Statement B.3 in Theorem 2 from work |8] in the case Jo = 0.

3.3. Weakly periodic ground states. We are going to study Hs-weakly periodic ground
state. An H 4-weakly periodic configuration reads as
00,0 if Xy S Ho, S Ho,
00,1 if ZE¢€H0, ZEEHl,
SO(CU) N 01,0 if Xy < Hl, x € HQ,
01,1 if .’L’J/GHl, %EHl,
where 0;; € ®, 4,57 =0, 1.
In what follows for the sake of convenience we write a weakly periodic configuration p(z),

z € G, as ¢ = (00,0,00,1,01,0,01,1).

Theorem 3.5. Let k = 2 and |A| = 1. Then for the Ising-Potts model the following state-
ments hold true:

I) On the set

(1—-a)

{(Jl,Jg) cR? | J, = — Jo; J2<0}

there exist six H s-weakly periodic (non-periodic) ground states and they are of the form
(1,1,0,1),(-1,-1,0,-1),(1,0,1,1),(-1,0,—-1,—-1),(-1,0,0,1),(1,0,0,—1).
II) Each H s-weakly periodic ground state except for the configurations provided in Statement I

are translation-invariant.

Proof. We begin with proving Statement I. We consider a configuration
©1=(1,1,0,1).
1. Let ¢, € Hy, then the following cases are possible:
a) ¢y € Hy and pq(cpy) = 1, then p14(cp) = 1, |[B_| = 0, |By| = 0, |B4| = 3 and hence,
©1,b € 04.
b) ¢y € Hp and ¢14(cpy) = 0, then ¢1,(cp) = 1, |B_| = 0, |By| = 1, |B4| = 2 and hence,
p1 € Cy.
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¢) cpy € Hy and ¢g(cpy) = 1, then () = 0, |B_| =0, |Bg| = 0, |B4| = 3 and hence,
o1y € Ch.

2. Let ¢, € Hy, then the following cases are possible:

a) ¢y € Hy and ¢ 5(cp) = 1, then p14(c) = 1, |B_| =0, |Bo| = 0], |B4+| = 3 and hence,
p1p € Cy.

b) Cp, € H; and (,0171,(Cb¢) = 1, then (,0171,(01)) = 1, |B_
P16 S 04.

¢) ey € Hy and @y (cpy) = 1, then p14(c) = 1, |B_| =0, |Byg| = 0, |B4| = 3 and hence,
o1y € Ch.

This implies that on the set

=0, |By| = 1, |B4| = 2 and hence,

1—
A1QA4I {(J17J2> ERQ ‘ le—( aa)JQ; JQ<0}

a weakly periodic configuration ¢, is a G,(f)—weakly periodic ground state.

We consider

vy = (—1,-1,0,—1).

1. Let ¢, € Hp, then the following cases are possible:

a) ¢y € Hy and g p(cpy) = —1, then po4(cp) = —1, |B-| =3, |Bo| =0, |B+| = 0 and hence,
oy € Cy.

b) ¢ € Hy and pap(cpy) = 0, then @o4(cy) = —1, |B_| = 2, |By| = 1, |B4| = 0 and hence,
2 € Cy.

c) ey € Hy and pap(cp) = —1, then ¢o4(cp) =0, |B_| = 3, |Bo| =0, |B4| = 0 and hence,
pap € Ch.

2. Let ¢, € Hy, then the following cases are possible:

a) ¢y € Hy and g p(cpy) = —1, then po4(cp) = —1, |B-| =3, |Bo| =0, |B+| = 0 and hence,
oy € Cy.

b) ¢y € Hy and @o4(cp) = —1, then poy(cy) = —1, |B_| =2, |Bo| = 1, |B+| = 0 and hence,
pap € Cy.

c) ey € Hy and @o4(cp) = —1, then ¢o4(cp) = —1, |B_| =3, |By| =0, |B4| = 0 and hence,
pap € Ch.

This yields that on the set

(1-a)

AlﬂA4:{(J1,J2>€R2|J1:— JQ; JQ<0}

are weakly periodic configuration ¢y is a G,(f)—weakly periodic ground state.
We consider

w3 =(1,0,1,1).
1. Let ¢, € Hy, then the following cases are possible:
a) ¢y € Hy and psp(cp) = 1, then ps4(cy) = 1, |B_| = 0, |By| = 1, |B4| = 2 and hence,
w3 € Cy.
b) ¢y € Hy and @sp(cpy) = 1, then @3,(cp) = 1, |B_| = 0, |By| = 0, |B+| = 3 and hence,
p3p € Cy.
2. Let ¢, € Hy, then the following cases are possible:
a) ¢y € Hy and p3p(cp) = 1, then ps4(c;) = 0, |[B_| = 0, |By| = 0, |B4| = 3 and hence,
@3 € Ca.
b) ¢ € Hy and @35(cpy) = 1, then @34(c) = 1, |[B_| =0, |Bo| = 0, |B4+| = 3 and hence,
w3 € Ca.
¢) e € Hy and @s3p(cpy) = 0, then ps,(c) = 1, |B_| = 0, |Bo| = 1, |B4| = 2 and hence,
p3p € Cy.
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This yields that on the set
(1-a)

AQﬂA4:{(J1,J2>€R2‘J1:— JQ, Jgg()}
a weakly periodic configuration @3 is a G,(f)—weakly periodic ground state.

We consider

w4 =(—1,0,—1,-1).

1. Let ¢, € Hp, then the following cases are possible:

a) ¢y, € Hy and pyp(cpy) = —1, then p4p(cp) = —1, |B_| =2, |Bo| = 1, |B+| = 0 and hence,
oap € Cy.

b) ¢y € Hy and @g(cp) = —1, then py4(cp) = —1, |B_| = 3, |Bo| = 0, |B+| = 0 and hence,
vap € Cy.

2. Let ¢, € Hy, then the following cases are possible:

a) e, € Hy and @yp(cpy) = —1, then pu(cy) =0, |[B_| = 3, |By| = 0, |B4| = 0 and hence,
pap € Cy.

b) ¢y € Hy and @g4(cp) = —1, then py(cp) = —1, |B_| = 3, |Bo| = 0, |B+| = 0 and hence,
oap € Co.

c) e € Hy and pyp(cpy) = 0, then @q,(cy) = —1, |B_| = 2, |By| = 1, |B4| = 0 and hence,
o € Cy.

This yields that on the set

]__
A2ﬂA4:{(J1,J2)eR2 | g = L ao‘)

Ja; Ja < 0}
a weakly periodic configuration ¢, is a G,(f)—weakly periodic ground state

We consider

w5 = (—1,0,0,1).

1. Let ¢, € Hp, then the following cases are possible:

a) ¢y € Hy and @5 (cpy) = —1, then p54(cp) = —1, |B-| =2, |Bo| = 1, |B+| = 0 and hence,
w5 € Cu.

b) ¢ € Hy and @54(cpy) = —1, then p54(cp) =0, |B_| =1, |By| = 0, |B4| = 2 and hence,
@5 € Ch.

¢) e € Hy and @s55(cpy) = 1, then ¢54(c,) = 0, |B_| = 2, |By| = 0, |B4| = 1 and hence,
w5 € C1.

2. Let ¢, € Hy, then the following cases are possible:

a) ¢py € Hy and @55(cp) = —1, then p54(cp) =0, |B_| = 1, |By| = 0, |B4| = 2 and hence,
w5 € Ch.

b) e € Hy and @s55(cp) = 0, then @5,(c) = 1, |[B_| =0, |Bo| = 2, |B4| = 1 and hence,
w5 € Cs.

c) e € Hy and @s55(cpy) = 1, then ¢5,(c,) = 1, |B_| = 0, |By| = 1, |B4| = 2 and hence,
o5 € Chy.

This yields that on the set

(1—-a)

AlﬂA4ﬂA5:{(J1,J2)ER2|le— JQ, J2<O}

a weakly periodic configuration @5 is a G,(f)—weakly periodic ground state.
We consider
Ve = (1, O, 0, —1)

1. Let ¢, € Hp, then the following cases are possible:
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a) ¢py € Hy and pgp(cp) = 1, then ggp(cy) = 1, |[B-| = 0, |By| = 1, |B4| = 2 and hence,
vep € Ci.

b) ey € Hy and @gp(cpy) = 1, then ggp(cy) = 0, |[B-| = 2, |Bg| = 0, |B4| = 1 and hence,
web € C1.

c) e € Hy and pgp(cp) = —1, then @g4(cp) =0, |B_| = 1, |Bo| = 0, |B4| = 2 and hence,
we,b € C1.

2. Let ¢, € Hy, then the following cases are possible:

a) ¢p € Hy and wgp(cp) = 1, then @gp(cy) = 0, |B_| = 2, |By| = 0, |B4| = 1 and hence,
wep € Ch.

b) ¢ € Hy and wgp(cpy) = 0, then @ep(cy) = —1, |B_| =1, |By| = 2, |B4| = 0 and hence,
we,p € Cs.

c) ey € Hy and @gp(cp) = —1, then @g,(cp) = —1, |B_| =2, |By| =1, |B4| = 0 and hence,
we,b € Ci.

This yields that on the set

(1-a)

AlﬂA4ﬂA5:{(J1,J2)ER2|J1:— JQ; J2<0}
a weakly periodic configuration ¢4 is a G,(f)—weakly periodic ground state.

We observe that in all cases the domain of the intersections of Ay, Ay, A4 and Ajs is equal to
the set

(1-a)

{(Jl,Jg)E]R2|J1:— Jo; Jggo}.

Hence, on the set
{(Jl, JQ) € R2 | OéJl = —(1 — Oé)JQ; (1 — Oé)JQ < 0}

the configurations ¢;, i = 1,...,6 are weakly periodic ground states. This completes the proof
of the first part of the theorem.

We proceed to proving Statement II. We consider an arbitrary configuration differing from
the configurations in Statement I:

Y7 = (L 17 07 _1)

1. Let ¢, € Hy, then the following cases are possible:

a) ¢y € Ho and pr7p(cyy) = 1, then @r4(cy) = 1, [B-| = 0, [Bo| = 0, |B+| = 3 and hence,
o1 € Co.

b) e € Hy and @75(cp) = 0, then @74(c) = 1, |[B-| = 0, |Bo| = 1, |B4| = 2 and hence,
o7p € Cy.

c) e € Hy and pr7p(cpy) = —1, then ¢7,(c) =0, |B_| = 1, |By| = 0, |B4| = 2 and hence,
o7y € Ch.

2. Let ¢, € Hy, then the following cases are possible:

a) ¢p € Hy and @r4(cp) = 1, then @rp(cp) = 1, |B-| = 2, |By| = 0, |B4| = 1 and hence,
o7 € Cr.

b) ¢ € Hy and prp(cpy) = 1, then @74(cp) = —1, |[B_| =1, |By| = 1, |B4| = 1 and hence,
¢7p € Cho.

c) ey € Hy and @7,(cp) = —1, then @7,(c) = —1, |B_| =2, |By| = 1, |B4| = 0 and hence,
o7 € Cy.

We note that the intersection A; N As N Ay N A7 N Ajg produces the points (0, 0).

This gives that the configuration ¢7; is translation-invariant. By a similar method we can
treat the remaining cases. Hence, all configurations excepts ones mentioned in Statement | are
translation-invariant on R?\ (0, 0). O
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Remark 3.3. It was proved in work [10] that for the Potts model on the Cayley tree of
order two, as |A| = 1, there exist no Ha-weakly periodic (non-periodic) ground states. At the
same time, for the Ising-Potts model on the Cayley tree of order two, as |A| = 1, there exist
H 4-weakly periodic (non-periodic) ground states.
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