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ON ESTIMATES FOR ORDERS OF BEST M-TERM
APPROXIMATIONS OF MULTIVARIATE FUNCTIONS
IN ANISOTROPIC LORENTZ-KARAMATA SPACES

G.A. AKISHEV

Abstract. In the paper we consider a well-known class of weakly varying functions and
by these functions we define an anisotropic Lorentz-Karamata space of 2w-periodic func-
tions of many variables. Particular cases of these spaces are anisotropic Lorentz-Zygmund
and Lorentz spaces. In the anisotropic Lorentz-Karamata space we define an analogue of
Nikolskii-Besov space. The main aim of the paper is to find sharp orders of best M-term
trigonometric approximation of functions from Nikolskii-Besov space by the norm of an-
other anisotropic Lorentz-Karamata space. In the paper we establish order sharp two-sided
estimates of best M-term trigonometric approximations for the functions from the Nikolskii-
Besov space in the anisotropic Lorentz-Karamata space in various metrics. In order to prove
an upper bound for M-term approximations, we employ an idea of the greedy algorithms
proposed by V.N. Temlyakov and we modify it for the anisotropic Lorentz-Karamata space.
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1. INTRODUCTION

Let IN, Z, R denote the set of natural, integer and real numbers respectively and Z, =
IN U {0}, let R™ be an m-dimensional Euclideatn space of points T = (x1,...,,,) with real
coordinates and

I"={zeR™ 0<z;<1; j=1,....m}=[0,)"
be an m-dimensional cube.

We recall the definition of a non-decreasing permutation of a function.

Definition 1.1. Let f be a Lebesgue measurable function of one variable on [0,1). A dis-
tribution function for |f| is defined as the Lebesque measure, see, for instance, [1, Ch. 2, Sec.
2]:

pr(y) = pfe €00,1) - [f(2)] >y},  0<y<oo.

Two non-negative measurable functions f and g are called equimeasurable if their distribution
functions are equal, see, for instance, [I, Ch. 2, Sec. 2.

Definition 1.2. A non-decreasing permutation of a function f of one wvariable is non-
decreasing on [0, 1) function f*(t) equimeasurable with the function |f(x)|, see, for instance, |1,
Ch. 2, Sec. 2|.
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A non-decreasing permutation f* of a function f of one variable on [0,1) is defined by the
formula,

fr@)=inf{y>0: puey) <t}, t€][0,1),

see, for instance, [I, Ch. 2, Sec. 2].
Now we recall the definition of a non-decreasing permutation of a function of m variables.

Definition 1.3 (see [2|-[4]). Let f(x1,...,zm) be a Lebesque measurable function of m vari-
ables on I™ = [0,1)". A non-decreasing permutation of a function |f(z1,...,xm)| in the the
first variable is the function f*'(t1,xs,...,Ty) equimeasurable on 1™, non-decreasing in t, and
such that the functions |f(x1,...,xy)| and f*(t1, 29, ..., 2y) are equimeasurable as functions
of one variable for almost all fived o, ..., x,,.

In the same way, considering a non-decreasing permutation of the function f*' (¢, xo, ..., Ty)
in the variable z,, for fixed t1,x3, ...,z we define a function f*'*2(t,t9, 3, ..., x,) equimea-
surable with the function |f(xy,...,x,)|. Continuing this process, we define a non-decreasing
permutation f*1*2-*m(¢y ty ... t,,) equimeasurable with the function |f(xy,..., x,)|-

Definition 1.4 (see, for instance, [5]). A function p(t) is called almost increasing on |1, 00)
if there exists a fized constant C' such that p(t1) < Cp(ta) for 1 <t <ty < 0.

A function p(t) is called almost decreasing on [1,00) if there exists a fized constant C' such
that o(t1) = Cp(ts) for 1 <t; <ty < 0.

Definition 1.5. A positive Lebesque measurble function b(t) is called slowly varying on
[1,4+00) in the Karamata sense if for each € > 0 the function t°b(t) almost increases on [1,00)
and the function t=°b(t) almost decreases on [1,00), see [6, Ch. 3, Subsec. 3.4.3|, [7, Ch. 1,
Sec. 1.1].

The set of such functions is denoted by SV[1,00). For a given slowly varying function v on
[1,00) we let V() = v(1/t) for t € (0, 1].

Given numbers p,7 € (1,00) and a function v € SV[l,00), a Lorentz-Karamata space
L,v.(T) is a set of all Lebesgue measurable 27-periodic functions f obeying

1 llovr = { / (f*(t))TVT(t)tfo—ldt}T < to0,

where f*(t) is a non-decreasing permutation of the function |f(27z)|, x € [0,1), T = [0, 27),
see, for instance, [6, Ch. 3, Subsec. 3.4.3].

It is known that L, v -(T) is a symmetric space, see, for instance, [6, Thm. 3.4.41].

We mention that as V'(t) = 1, the Lorentz-Karamata space L,, v, (T™) coincides with a known
Lorentz space denoted by the symbol L, ,(T), 1 < p, 7 < oo (see [8, Ch. 5, Sec. 3|) with the

norm
1 1/7
. Z * T %—1
Hpr,T = <p/(f (t)) 13 dt) < 00,

0
forl<p<oo, 1 <7< +00.

Given functions v; € SV([l,00), j = 1,...,m, we let V;(t) = v;(1/t), for t € (0,1], j =
L...omand V(t) = (Vi(t),...,Via®), D= (P1,---Pm), T = (71, ... Tm), where p;, 7; € (1,00).
Anisotropic Lorentz-Karamata space L;’V,?(Tm), consists of Lebesgue measurable functions of
m variable f having period 27 in each variable, for which the quantity [2]

1577 = " v M, Vi
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is finite, where f*'*m(¢y, ... t,,) is a non-increasing permutation of the function |f(277)| in
each variable z; € [0, 1) for fixed other variables.
By L;V?('H‘m) we denote the set of all functions f € L

(T™) such that

;,V,?
27T
/f(f)dxj:O, j=1,...,m.
0

For p = (p1,-..,pm) by Iz we denote the space of sequences {aﬁ}ﬁezr of real numbers with
the norm

P2 Pm
1

o0 o0 P Pm—1 P
[ESTR PR D 91 BN ) oyl L Ll S

Nm =0 n1=0
for 1 <p; <+o0,j=1,2,...,m and

||{aﬁ}Hloo(ZZ}) = ﬁseuz% ||

We introduce the notations: az(f) are the Fourier coefficients of a function f € Li(T™) over
a multiple trigonometric system {e i ﬁf)}7

55067 = 3 an(DET, where (77 =Yy,
nep(s) Jj=1
={k=(ki,....kn) €Z™: 27" < |kj| < 2%, j=1,....,m},
[y] is an integer part of a real number y and s; € Z,.
We consider a functional Nikolskii-Besov class
25373 |8( L,} <1V,
{H | PVT ) sezm l }
7

Sy B = {f € by (™) 5 ISl
where 0 = (01,...,0m), T = (r1,...,7m), 1 <0; < +00,0<7; < +00,j=1,...,m.
In the case V;(t) = 1 and 7; = p; = p, j = 1,...,m the class ST _B commdes with the

known Nikolskii-Besov space in the Lebesgue space Lp(']Tm), 1<p< oo see [9]-[11].
Given a vector ¥ = (y1,...,%m), v >0, j =1,...,m, we let

Qh =Upyop®),  T@Q) ={t@ = Y bpe'®)

keQn
and let £ 7)(f)]3 = be the best approximation of the function f € L7 i, (Tm) by the polynomials
in the set T(Q7).
We denote
E(W)(Sf 57 ) GB)@V@)f(Q) = ~ Sup Eﬁ)(f)é,vm,?@)’

T B
&5l v - 5

where § = (g1, - -, qm), V(i)(t) - (W”(t),...,vn@(t)), t e (0,1, 7 = (7, ..., 7% and
1<gqj, T ()<oo 1=1,2, 5 =1,.
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Let X be a normed space of 27-periodic functions of many variables. For a function f € X,
the best M-term trigonometric approximation is the quantity [12]

em X—lanf Zbekx

where {%’ } 1 | is the system of vectors F = — (kJ,..., k) with integer coordinates, b; are real or
complex numbers. If F is some functional class in the space X, we let

€M<F)X = sup eM(f)X'
fer

Estimates for the order of the quantity e (F)y in the space Y = L,(T™) for the Sobolev
class F' = W, Nikolskii-Besov class F' = S/ 4B, Lizorkin-Triebel class were studied by R.S. Is-
magilov [12], E.S. Belinsky [13]-[I5], Yu. Makovoz [16], V.E. Maiorov [17], R.A. DeVore [I8],
V.N. Temlyakov [19]-|21], A.S. Romanyuk [22], M. Hansen and W. Sickel [23], S.A. Stasyuk [24],
D.B. Bazarkhanov [25]-[26] and by other authors. A more detailed survey on this field can be
found in [27].

The estimates of best M-term approximations of the functions from the Nikolskii-Besov class
in the Lorentz and Lebesgue spaces with anisotropic norms were studied in [28]—[34].

The methods for proving upper and lower bounds for the best M-term approximations for
the classes of periodic functions of many variables of mixed smoothness were developed by
V.N. Temlyakov [19]-[2T] and they were used by other authors, see, for instance, [22], [24]-|26],
[28]-[32] as well as a bibliography in [27]. In the present paper for the proof of our main result,
Theorem we employ an idea of the method by V.N. Temlyakov with a modification for the
anisotropic Lorentz-Karamata space.

The paper consists of two sections. In the first section we give some auxiliary statements
needed for proving main results. In the second section we formulate and prove main results of
the paper. We note that in the case
vl =vPt) =1, te(0,1]

J

and p; — 70 =D, g :T]@) =q,0;=0forj=1,....mandr =...=7r, <1,y <... <"y
Theorem [3.1|coincide with earlier results by V.N. Temlyakov [19, Thm. 2.2] and A.S. Romanyuk
[22, Thm. 3.1] for the Lebesgue spaces and in the general case, our theorem generalizes these
results for anisotropic Lorentz-Karamata spaces.

By C(p,q,y,...) we denote positive quantities depending on the indicated parameters in the
brackets, sometimes without indicating the parameters, but independent of M-term of the best
M-term approximation. The writing A, < B, means that there exist positive numbers C7,
(5 such that C1A, < B, < (34, for n € N. To shorten the writing, instead of inequalities

B, > C1A, or B, < (A, we shall often write B > A or B < A, respectively.

2.  AUXILIARY STATEMENTS

In this section we define one class of functions and provide several auxiliary statements.

By SV L[1,00) we denote the set of all positive Lebesgue measurable on [1,00) functions
v(t), for which the function (log 2¢)~*v(t) almost decrease and the function (log 2¢)°v(t) almost
increases on [1,00) for each number ¢ > 0.

It is clear that SV L[1,00) C SV[1, 00).

Example. The function v(t) = (14 log(1 +logt))* € SVL[1,00), a € R. Hereinafter logt
stands for the logarithm of a number t > 0 with the base 2.
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Theorem 2.1 (see [35]). Let

]_gz(plw"’pm)u q:(qu--me); ?(1):<7—1(1)7"'7Tn11))7
7 = (70 7@, F=(r,....,rm), 6=1(6,...,0,)
and
1<V, 1P <400, 1<p;<q<+oo,
7 7 7 1
W esvino, V0= (7). re0l i=L..m
VO = (0, vPw), =12
If f e L;me(l)(']l‘m) and
m (2) —S;
si(L— L)V (27%)
H2 T |65 o € bz
1 s D, 7O T
{jl ‘/]()(2 J) p,V

sz

then f € LfV@) 7(2)(']1"7”) and an inequality holds:
q, T

1% 55
V. 84

J

m 2) /o
. SE-HH VT (2™) .
AN o oy S © {H2 R j(l)THf;s(f)”p’V(n’Tm
j=1

ElSYAk
+ l?(g)

Theorem 2.2 ([37]). Let

_ _ _ _ 2
=00 pm)s T=(q-qm),  TO=@Y D), 7O =P 9,
7:(717"'77771)7 7/:<71777;n>7 F:<T17"'7T7n)7 6:(01779m)

and

1 1
0<0; < oo, 1<7'j(1),7'](2)<+00, 1 <pj<gj <+oo, rip > — = —,
by q;
rit e~
= I<y<y d=loom,
Jo qu ij
1 1 i 1 1 .
rj0+f—f:m1n rj+f—f:j:1,...,m ,
djo  Pjo q; Pj
A:U:%:Lj:anmL j1 = min{j € A},
J

, . YAl
ol € SV1,00), VTNOzU?(¥)7 te (0,1,  j=1,...,m,

V(i)(t) - (V*l(i)(t), . Vmi)(t)), i=1,2.
o
1. If 1 < 7'],(2) < 0; < +oo and ﬁ € SVL[1,00), j=1,...,m, then
J
B (5 o B) 2 R R R G
P A 5 IS [[-2——n ) ,
vV /7L q,V< ),7_(2) V(l)(an)

j

jEA
for n € N such that n > ny.
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2. If 1< 0; < TJ@) < 400, j=1,...,m, then the relation holds

o (it alyrly) V@ (2n
BT ( ;V(” 71 §B>f*(2> o <2 o H J(l)( - :
, s ) q.,V' T JeA ‘/j (2 n)
, vf?) , , v () :
in the cases < € SVL[1,00), j=1,...,m and A\ {j1} =0 or J(T(t) almost increases and
Uj Uj

v
v@gt* almost decreases on [1,00), e >0, j=1,...,m and A\ {j1} # 0 for n € N, such that
J

n > ng, where ng is some positive number greater than 1.

The next statement will be employed in proving lower bound of M-term approximation of
the functions from the Nikolskii-Besov class in Theorem [3.11

Theorem 2.3. Let

1
Uj S SV[LOO), V;(t) = Uy (g), t € (0,1],
1<Tj>6j<+oo> 1<pj<)\j<oo, jzl,,m

If f e L;’Vf("ﬂ‘m), then an inequality holds:

ISy ...[i(ﬁzsﬂfj—%)vj(zsﬂ‘))ﬁ <H5s(f)H:,B)ﬁ]

Sm=1 s1=1 j=1

This theorem can be probed in the same way as Theorem 4 in [33] and Theorem 4 in [37].
We consider sets

Lemma 2.1. Let we be given functions V;(t) =v;(1/t), t € (0,1], j=1,...,m and

7/:(,}/17”.’,}/;1)’ 7:<717"'77m>7 §:<917"'70m)7
0 <7; <, 1 <0; < o0, j=1,...,m,

and

/

a € (0,00), (5:min{%:j:1,...,m},
J

A:{jzl,...,m:lfzé}, j1=min{j:j € A}.

Vi

Then the inequality

o , >
{WW I1 Vj(sz?} < C2 e [T vy /e dton
J=1 seym(n) |l JEA
in the following cases:
if1<60; <ooandv; € SV[1,00), j=1,....,m;
orifj =00, j=1,...,m and v; € SV[l,00), j=1,....m and A\ {1} = 0;
or if ; = oo, j = 1,...,m and the functions v;(t) almost increases and t~°v;(t) almost
decrease on [1,00) fore >0, j=1,...,m and A\ {j1} # 0.
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Proof. In the case 1 < 0; < oo and v; € SV[1,00), j = 1,...,m this lemma was in fact proved
in [37].
We consider the case 0; = oo, j = 1,...,m. We estimate the quantity
I,:= sup 2°°G7) HVJ(Q*SJ‘)_ (2.1)
sEY™(n,7') o

Let m = 2. The set Y?(n,%’) can be represented as follows:

/
{ (s1,82) € Z7% : 0<82<?,81>T}
2 1

n
U{ (Sl,Sg)GZiZ 522775120}.
2

By the assumptions of the lemma, v, € SV[1,00). Hence, the function vy(t)t~ almost decreases
on [1,00) for € > 0. This is why
v; (2%)

SW)HV s] — 9« (5,7)
= (2.2)

7 _97(772_“/71)1 n=s97
<C2 nﬂ/la2 272 74 U2<252)U1 2 M

’:]m

!
n—s
for s; > 7,272.
1

Let 22 — 2+ > 0. We choose a number 7 € (O, (:;—? — %) a). Since the function vy (t)t"
2 1 2 1

almost decreases on [1,00) for n > 0 and v(t)t~° almost increases on [1,00) for € > 0 and
0 <n—syvh < nfor 0< sy <n/vh, then by inequality (2.2]) we obtain

2 noS9Ye . r(22 D1y
2704(3,7) H‘/j(zfsj) <02 71 2 nn2(n 82“/2)771}1(2 7] )2 272(( ¥ «,i) W)U2(282)
j=1
—nq 1 —soyh (2 -y 2.3
<C2 " gy, (97 ) LTI (gm) .

—nq —na

<C2 "0 (270) = 02 " (2

5\\ 3
S~—

n—so7yh
for 0 < sy < 2 and 51 > 7,272

’72 ’Yl _ (2 71 L
Let 22 — 2 < 0. Choosing then a number n € (0, —(2 o %)Oz), similar to 1) we prove that

2

2o [T vi(27) < €2 REATE S (2.4)
=1
for 0 < 82< amdsl/iﬂé
Let 2 _ 7 = 0. Then by 1.) we have
- Y nosg1)
9 a(S”}')HVj(Q*Sj) <C2 M 0y(22)(2 M) (2.5)
=1

~ NS

for 0 < s <7 and 51 = . Since the functions vj, j = 1,2, almost increases, then

1

) 0<82<£/
Y2

m\\:

(%) (282) < CUQ(



8 G.A. AKISHEV

and

2
2—@(@7)1_[{/].(2—5]') <02 0 (27 0e(28) = €2 V(2T ) Va2 %) (2.6)

n—s275

for 0 < s9 <7  and s; >
1
Let s; > O and sy = 2. Then by the fact that the function v;(¢)t™° almost decreases on

!
2

in the case 2 — 1L =
Y2 71

2

[1,00), for € > 0 we get:

2
20009 [ y2-4) = 27000, (02000
I (2.7)

< 02" ()e(275) = 02 "V (1) V(2 )
Now it follows from inequalities , and that
I, < 0(2’"%“1/1(2_%) + 2_"%“%(2_%)) <o "2, (2.8)
ﬁ%—%>0
If 3—2 — i_i < 0, then it follows from inequalities , and that
I, < 2 AV, (2.9)
If 3—2 - 1—% =0, then by inequalities , and 1) we find:

_n

w)Vi(2 1) (2.10)

—nllq — nlla

Lo< ol e ) v o e ) < oo e

w\is

for almost increasing on [1, co) functions v;, j = 1,2.

This statement of the lemma was proved for m = 2 in the case §; = oo, j = 1, 2.

Applying then the induction and inequalities f, the statement can be also proved
for m > 2. The proof is complete. O

Lemma 2.2. [30, Lm. 4|. Let 7= (m,...,7m), 1 < 7; < 400, and j =1,...,m. Then a

relation holds:
1

=ni=2"7  nel.
I

o

Il
N

H {X%(n) () }EE%(n)
Hereafter x..(,)(5) is the characteristic function of a set:
x(n) ={5=(s1,...,5m) €Z : (5,7) =n}.
3. MAIN RESULT
In this section we prove the main result of the paper.
Theorem 3.1. Let
= _ - =(1) _ (1)
p_<p17"‘apm)7 q_(Qh"'JQm)a T _(Tl B ’
T=0O1,-59m), T =007, T=(1,...,Tm), 0=(01,...,0)
and

0 <6 < oo, 1<T;
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_|___L
qj pj .
%‘:#; Jg=1...,m,
Jo 2o DPig
1 1 ) 1 1
Tjy+———=minqr;+———:73=1,....m¢,
djo Pjo q;j bj
A:{jﬁ@:Lj:1,”m%, ji = min{j € A},
75
i i o (1 .
U]()GSV[]-?OO)u ‘/J()(t)zvj()(;)v t€(071]7 J=1...,m,
VO =), vPe), =12

1. If1< 7']-(2) < 0; < 400 and vj(?)/vj(-l) € SVL[1,00), j € A, then

v ~(rjgt 7 ()
eM(ng(l)f(l)’@B)q (2) =(2) =M Tio 9jo pJo H

jGAV ( )
T S > (Fm-7)
-(logM)(lA‘ D0t 255~ s (logM)JeA\m} 2

2. ]f1<0j:0<7}2):7'(2)<+oo,j:1,...,m, then

@ ar-1
_ _(T.+;_;) | (M~
eMm (Si 7O —1) *B)*VO) =) =M VN0 4G, Pj H . A p—
pV' mHe SV, ih Vj( )(M—l)
g 3y 4005

2 @
in the cases % € SVL[1,00), j € A and A\ {j1} =0 or - Et;t ¢ almost decreases for e > 0

o0
and % almost increases on [1,00) for j € A and A\ {j1} 75 0 for M € N such that M > My,

where My is some positive number exceeding 1.

Proof. Let f € S;,Vm,;(l),gB' We let

11 11 Tt =
rjo+———:min{rj+———:jzl,...,m} and %:#, 7=1,...,m.
4jo  Pjo d; pj Tjo + %o Dio
We choose numbers 7} > 0 so that 7; <;, j = 1,...,m and we introduce the notations

A= {j:lle, jzl,...,m}, j1 = min{j € A}.
75
We note that 7; = 7; = 1 for j € A. For a number M € IN there exists a natural number n
such that M =< 2"nl41=! where |A| is the number of the elements in the set A.
Then by the definition of the quantity ey (f )@V(z)f@) and by Theorem [2.2| we have
eM(f)q,V(Q)f(Q) < Efzﬁl)(f>@v(2)f(2)

(o) CvOe = e 31

) 2 (@
< 2 H ]1—nJ6A\{J1} 5 7 ,
eaviem)
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o
in the case 71> < 0; <00, j=1,...,m. Since 25 € SVL[1,00), j =1,...,m and °&* — 0 as
Y

J t
t — +00, then

=2 ——(n+1+log n‘A|*1)€(n +1)7F K

‘/}(2)((2nn|A\71)71) V'(Z)(M,l)

J

< :
(W) ( (gny | A—1)— oRys
Vi (@A) =) V(M)

By the relation M = 2"nl4~1 we have n =< log M and

*TL(’I" +L_771_ ) 11 *71(7" +L.*L.)
T S -) T (I Al— ST B |
2 0T ni€AIL} T](Q) % =2 oo n (4] 1)(7‘30+q] pjo)
1 1

_ BT S (—z—3)

LA (gt 5) ) T

IA-D (it =75 )+ ¥ (=)
(]O %o pm) jedtny Y

for n > ng, where ng is some positive number exceeding 1.

Then it follows from inequalities (3.1)—(3.2)) and relation (3.3 that

@) (771 (e 42 1

(i v (m (A1) (rjp+ =)+ ¥ ( )

en(f), 7@ 2o <M (o =55, ||—j<1)( 1)(logM) e ol ety
jea Vi (M)

for M > My > 1 in the case 7']-(2) < 0; <00, j=1,...,m. This proves the upper bound in the
first item.

We consider the second case 1 < 0; = 6 < 7‘}2) =73 < 00, j =1,...,m, and instead
of S;Vm’?(l)ﬁB and HfH;V<2>7?(2) we shall write S;,V“),?(l),eB and HfH;V(Q)’T(Q). For a function
f e va(l) — QB we construct the first approximating polynomial P(€/,7), which gives a

p7 7T b

required estimate for the approximation.
Let a natural number n satisfies the relations

M =< 2mplA=t no = [n+ (JA| — 1) logn|.
We construct the polynomial P(Q,,,7) as
P(Qu,7) = R(T) + Q(@),
where R(Z) = 3. 6s(f,7), while Q(Z) will be constructed in what follows. For a natural

(57")<n
number [ we let

gl — Z 2(Emo (H5§<f) ||;V<1>,?<1>)9

I<GEA)<I+1
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and we denote

Ty = [2”71"4'_12_[5}9] +1,
where [a] is an integer part of a number a. It is easy to confirm that the number of harmonics
K, which form the polynomial P(€;,Z) does not exceed M by the order. By the properties
of the norm,

I = P g <||f = 3 o IR = Qllgper s = i+ Jo. - (34)

@) 7@
< )’7 ><Tl0 qv
According to Theorem 2.1 Jensen inequality [9, Lm. 3.3.3], Lemma[2.1]as 6; = 00, j =1,...,m
and taking into consideration that 0 <~} <, for j =1,...,m, we have
©)
(2) (9—s, 2 2 T
1) VP (275)\ . ey
J1 <C Z H2 ) (W) <||5§(f)”,7,\7<1>5<1>>
57y =ne =1 j (
1
72) m (2) ro—s;
@ i L1y V(2799
siriT(2) * 85 (rj+g ) .
< S I (165 () 000 ) sup 2
(87)>n0 j=1 (&7)2m0 j1 V(2
G
0 oL 1y V.(2)(2—8j)
s4T (Tjg+o= —)(E,7)
<!y HQ i (||5 [ Tm) sup 2 Hm
SEZm . <57’7/>>n0 Jj=1 J ( !
(2) (2)(9—n
—ng(r 4L V RTINS N I V(2
<Co ot %)H# < 09"t e, WH#
J'GAV;' (27%) ]EAV (

for each function f € ST T v s o B In the case 1 <6 < 7@ < .
Now taking into consuieratlon the definition of the number ny and the fact that the functions
@)
%te almost increase on [1,00), j = 1,...,m, we get:
s

1 V'(Q)((anlA‘_l)_l)

1y it =)
Jy < (2l T e e T (3.5)
i Vj( )((an|A\—1)—1)

for each function f € ST P ) ,B in the case 1 <0 < 7@ < 0.

In order to estlmate Jo, we shall employ arguing from [19]. To each natural number [,
n < | < ng we associate the sum

> o). (3.6)
I<EF)<I+1

Let o;(f,1), i =1,2,...,my, stand for the numbers

m (2) ry—s.
sE-n Vi (27) .
27t = |55 ()] o o
taken in the decreasing order, for which the blocks ds(f, ™) are involved in sum (3.6). The sum
of such obtained “blocks” 05(f,T) over all [ € [n,ng) is denoted by Q(Z). Let D; stand for the

set of the vectors s obeying the condition n < (35,7%) < ng, for which the “blocks” ds(f, ) are

not in Q(7).
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2)
Since the functions % for 7 = 1,...,m satisfy the assumptions of Lemma then taking
v

J
into consideration that v; =1 for j € A, we have

- m (1) —Sj (1)
2<577>(rj0+%—ﬁ) H w >> 2l(7’j0+ P]O) H %
=1 Vi (27%) jea Vi (279

for 5 obeying the inequality (5,7') > [. Employing this inequality and taking into consideration
that

1

_'____

/ _ q5 Dpj

0< <= B
70]0—’_%0_;0]-0

for j =1,...,m we have

S=1 > 2“”90W4fﬂﬁvaM)9

I<(37)<l+1

m ) 92—Sj 0
) o+ 7=~ 5 /)
= 2 q]o pJo
> (H = )

I<E7)<I+1

0\ o
m s () VP ) .
<H2 (J ]> Jl)(2—s]-) 10s(A 7.0 7o
J

1) 5—1
oot 1 Y1)
2) r_

oy V;( )(2 1)

S

mo (-2 v \’
> (H2 & >%||6s<f>u;mfm>

ISEF)<I+HL \j=1
1
(1) ) (D o1
_ l(’”jo‘*‘qi-_i 2 Hrio+ ql prl- ) ‘/J <2 ) 5
=92 jo  Pio 2 l Zozk f, > 2 jo  Pio HWJQ%U,U
]eA k=1 jeA vy
fori=1,2,....m
Thus,
(@) 9—1
—I(r V 27°) -
Oéi(f> l) < i_ ( ]O+q30 pJO) H (1)< l) S
jeaV; (279

for i = 1,2,...,7y. Employing then Theorem [2.1 the above inequality, the definition of the
numbers S;, m;, we obtain

JQ_HZCS

seD ; qV(2> 7-(2)
i V& (27%) £ T
si(E-) V(2™ )
< Z <H2 T ](1) y ||5s(f)|’p,17<1),T(1>>
€Dy \j=1 V] (2 J)




ON ESTIMATES FOR ORDERS OF BEST M-TERM APPROXIMATIONS... 13

1
2)

(2) (5—1 ©) T

$5 g (T Y g ot

{ 2 0 959  Pjg (H V(l) 2—l)> Sl Z] 6
jeA V] ( Jzmy

1

11 no @y 111 V(Q)(2—l) 7(2) +(2
n, |A|=1\7(2) " o J0 j AR ) J 0
< (2l {§ G )( [1 —Vm@l)) SN
J

l=n JEA

Thus,

e

Jy < (2mnlI-1) 7 (3.7)

H
M:
o
L
BN
=
o3
o
+
3
sy
o
3
<L =
o
D=
BN
S
L
/N
S
—~ —
[ )
~ ~—
— —
IS
==
N———
B
®
BN
S

l=n JjEA

in the case 1 < 0 <79 < .
Then we consider two cases

1 1 1 1 .
a) rjlo = pJO 9o + 9 7(2)17 ) .
by L IS S S
) Pjg QJO <r ]O < pgo Qg + 0 7(2)

We introduce the notation

<2)
(2 t~¢ almost

In Case a), by the definition of S; and in view of the fact that the functions

]

decrease on [1,00) for e >0, j = 1,...,m, we have
@) (9
“n 11 1,1 V
J3 <2 (]O+qﬂo Pjo 9+T(2)) H (1)( B Hf” 2
A Vi(2o 5.0 (1) 7(1) g

for each function f € ST T vz o B- Therefore, by inequality 1) we obtain

2)(9—n
V2 (2 ) (a1

—n(r; -‘rq%—%) _l)
bz HV,<1>(2n> o (3.8)
J

jEA

for each function f € ST B in the case

p, V() 71) g

1 1 1 1
rioz———4 = — —, 0 <73,
” /pjo Qjo 0 7@

We proceed to Case b). By the definition of S, and the choice of numbers ngy as well as by

o)
the fact that 7, + - — L — 1 4 1. <0 and the functions Wie almost increase on [1,00)
430 DPjg T vj (t)

fore >0,5=1,...,m, we have

Jj€ ](2) (39)
o (raotaly—at it ) 77 Vi )
< | R
jeA Y (2_ ) 5\/(1) 7(1) ¢

for each function f € S” B.

V(l) T(l) 9
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Since ng = [n + (|A| — 1)logn], then 2" < 27pl4I=1 < 270+l This is why, by estimate (3.9)
we obtain

‘/}(2) ((an|A|71)fl)
‘/}(1)((2nn|A|—l>—l)

jeA
for each function f € ST EV D QB in the case

1 1 1 1 1 1 @)
———<7"j0<———+——ﬁ, 0 <71\,
Pjo Tjo Pjo Qjo 0 T
Therefore, taking into consideration that M = 2"nl4I=1 by ( m we obtain
it a5 7 Vi (@

Tj0 9y Pjo
V(1)<(2nn|A| 1)-1)

Jy < C(2mnlA=Y)”

JEA

(3.10)
= Mi(rjo+iipﬂo H ( )
]GAV ( )
for each function f € ST ey T<1) B in Case b), 0 < 7).
Thus, in view of estlmates and (| - we conclude that
2)pr-1
Jy <CM~ (50 q710 pylo)(loglAl 1M)(10+q30_p1o+é_7(12))+H—V}(l)(M ) (3.11)
jeAV} (M-1)
for each function f € ST V(1> (1) eB in the case 1 <0 <7 < 0o and - e T i < Tjy-
Now in view estlmates ) and (3.11)) by inequality (3.4) we obtain
2)ar—1
; ~(rig+ =55 1ot Vi (M)
Hf_P<QM>H§,\7(2),q—(2) < M 7% %o P (10g|A| 1]\4) 70 ajg pjg 0 (2 +H ‘/](1)<M_1>
JEA Y]
for each function f € S;V(U B, 1 <0 < 7@ < 0, p% - qL_ < 1j,. We recall that
y 5T ) Jo J0

y+ = max{0,y}. This completes the proof of upper bounds.

We proceed to proving lower bounds. For a number M € IN we choose a natural number n
such that M =< 2"n™ ! and 2"n™"! > 4 M.

We consider a function

_ 'X": gi ij(errlf%)

fo@) =n =7y H2V(1—J > e,

) (9—s
(5y)=nj=1 "j (2 J) kep(3)
Employing a relation [35]

i(k, %) s;(1--L
EZ =T e,
pV(l)T‘

kep(s Jj=1

for 1 < p;,7; <400, j=1,...,m and Lemma 2.2, we obtain

RERECEATE—

< 1F> =] -
1 *

1
_ZT
=

)
l
3
—
<
G

57‘7(1)7?(1) <§,F>:TL l§
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_ Z ng
<n = {1} em=all; < Co

ThUS fo 7 V(l) 1>,§B.

Let Qs be a set of M m-dimensional vectors {E(l), e ,E(M)} with integer coordinates. For
each vector 5 obeying (5,%) = n we consider the sets Q; N p(5). Then by the choice of the
number n the set S of the vectors S such that (5,7) =n and [Q N p(5)| < 5]p(5)| contains at
least half of all 5 such that (5,7) = n and therefore, |S| < n™" 1.

Let T(Z) be an arbitrary trigonometric polynomial with indices of the harmonics from ;.
Then by Theorem 2.3]as 5; = \; =2, j = 1,...,m we have

, s Gel) (@) o s,
1fo =TIl pe 7 > {H2 PV 65(fo - T)Hz}
(

.]:1 §7V>:n l?(Q)

- 51 (3= 3)1 /() (o—s;
> {HQ i Vj()(Q J)H(Ss(fO_T)HQ}
j=1 seS l<2)

S5

— .m % m Sj(lfi) @ . m 2 —8; (T]—l-l ;
> i=2 H2 2 9 V (27 7)H Vl) ) H22 (3.12)
= seS1|; @

J=1 j=1 "J

_ < 1 . m (2) S
e P <S”>HVJ (@)
Ve f
seS l?(2)
o5 L 1 m V~(2)(2_SJ)
=Cn FQQJQ (io o pm) H -
] V'(l)(27sj)
= ses l?(Q)

It is easy to make sure that if v; € SVL[l,00), j = 1,...,m, then 1/v; € SVL[1,00),
j=1,...,m. This is why in accordance with Lemma 1 in [37] we have

{H V‘(lej) }( < H V}(;_”) (n+ 1);:277; (3.13)

=1 J .
J S77>:n l?/

where 7 = (71, ...,7), —+ —17 l<1j<o00,j=1,...,m.
Applymg the Holder mequahty with (2 + (2), =1,j=1,...,m and letting V;(t) =
€ (0,1], j =1,...,m, in inequality -, We get

m (2) /o—s; m (1) r9—s
V7 (27%) Vio(27%)
_ J J
S|=> 1< {H @ (2-e) } {H o
s€8 J=1" seS I, J=1" seS il

N
—N—
—s
S
N
S
.
——
i)
0

L2



16 G.A. AKISHEV

Since |S] < n™" 1, we then obtain

Therefore,

This is why by inequality (3.12]) we obtain

m (2) (9—n 11

¥ —n(rjy+-——-L) V; (27™) > (7 —5;)
HfO _TH,—(Q) —2) > 2 9o Pio | | T

.V T o Vj( )(2771)

for each polynomial T'(Z) with the indices of harmonics in 2,,. Therefore,

m (2)(9—n SN (L _ 1

- ~rit— 1 Vi (27" 2w s,
em <Sf, F()7B> > 2 %o Pig

T Hmem

3.14
_(r. +;_L) m @) (m&)(rmfﬁm%)&:(ﬁ = (314
> M AT o) [ S = (log M) S A
SV (M
J=1"j
Let Tj(z) <0;,j=1,...,m. Since
1 1
|A] < m, Tjp— — +—>0
Djo Q5o
v
and v]<_1) € SVL[1,00), j =1,...,m, then
J
(2) -1 m— o oL 4 1 11
HV] W _) (lo M)( ‘AD(JO pj0+qj0)+j¢A%j1}(TJ('2) Gj)
VO 8
seA (3.15)
(2)9-1 m— R S 1 '
> H 5 @ —> (log 2)( IAD( " pj°+qj0)+jeAz\:{j1}(Ta('2) gj)
2 vie 7
i¢A
for natural numbers M > 2. This is why by inequality (3.14) we obtain
= —(r; ""%_%)
EM (Sp,v(l)’T(l):aB>q,V(2)77—(2) >>M 0" g5 Pjg
@) (- )y L1 L1
) —VJ (M) log M A= ijJrquHjeAz\:{n}(Ty@) )
v (log M)
JEA Y]

for natural numbers M > 2 in the case Tj(2) <b0;,5=1,...,m.
Let

1 1 1 1
0 <7? < o0, Tjo = —.

/___ -
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@)

Taking then into consideration that % € SVL[1,0), j=1,...,m, and |A| < m, we have (see
Y
(3.13):

H v<2> M) ogan ™ i) B G a)
o (2) )1 (3.16)
S H Vj(l)(M_ ) (log M)(\Alfl>(rjof%+a+f2>—g)
jea Vi (M)
for natural numbers M > 2. Then it follows from inequalities (3.14]) and ( - ) that
2) /2 -
em (S;Vmﬁ(l),eB)q,v<2>;<2> > M (%Jrﬁ_%) }_6[4 % fos M)(‘A|_1)(Tj°_ﬁ+ﬁ+ﬁ_%)

for natural numbers M > 2 in the case

1 1 1 1
0 <7? <00 and Tjo>___+__ﬁ-
Djo Qjo 0 T

Let
1 1 1 1 1 1
0 <7® <00 and e STy < =
YZn Q5o DPjo 5o 0 T
We consider a function
m 5=S; (7"]+1_i)
2 -
O -1y X
Jj=1 7j kep(sY)

Where EO = (s9,...,8%), s = s;if j € A and 32 =0if j ¢ A. Tt is easy to confirm that

m J
fie p v<1> T<1>,(;B-

Let QM be a set of M m-dimensional vectors {E(l), . ,E(M)} with integer coordinates. There
exists 5° € Z™ such that |p(s°)| < M and |p(s°)| > 2M. Then |p(s°) N Q| < G2

Let T'(Z) stands for an arbitrary trigonometric polynomial with the indices of the harmonics
in Q. Then by Theorem 2.3]as 8; = A\; =2, j = 1,...,m, we have

* . so(l_i) —sq
1o =Tl pio e > [T 27775 V2 (275) 180 (fo = T,
j=1
m —s?(rj—s—l—ﬁ)

—OHW PV

(Ip(°)| = M)"2

V(2) 957 1 V-(Q) M-t
>>H2 i) j(l)(—0)>>M T, p’O)H ](1)( !
Vio(27) jea Vi (M)

The proof is complete. O

Corollary 3.1. Let the numbers qj,pj,Tj(l 7y € R, g =1,...,m, satisfy the assump-
tions of Theorem[3.1] and the functions

UJ(-l)(t) = (1 +logt)% (1 + log(1 + logt))¥,
U](l)(t) = (14 logt)® (1 + log(1 + logt))%, aj,bj,c; € R, cj > by, J=1....,m.
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1. ]f1<7j(2)<9j<oo,j:1,...,m, then

7 —(rj +%_%) ¢ b
€M(Sﬁvu);m,gB)@mz)f(z) <M 0 %o P H<1+log(1+logM)>
jeA
1
(|A\—1)(rj0+%—%)(logM)jeA;{jl}(T;m ej)‘

- (log M)
2. If1 <0 < 7% < +o0, then

T —\7j “l‘i_L cjibj
em (Sﬁ,\‘/(nf(l),gB)q,Wz)f(z) =M o o %) H <1 + log(1 + log M))
jeA

1 1 1 1
(|A|—1)(Tjo+%—%+f(72)—§)+

- (log M)
Proof. 1t is known, see, for instance, [0, Ch. 3, Subsec. 3.4.3|, that the functions
v () = (1 +logt)¥ (1 +log(1 +logt),  o{"(t) = (1 +logt)® (1 + log(1 + logt))*,

belong to the class SV[1,00) for j =1,...,m and their quotient

(2)
v (1) es—b,
J(l) = (1 +log(1 +logt))s "
U, ()
: o P , L
increases, while fT(t)t_a almost decreases on [1,00), ¢ > 0, j = 1,...,m. This is why the
statements of the Jcorollary are true according to Theorem [3.1} The proof is complete. O

Remark 3.1. In the case Vj(l)(t) = Vj@)(t) =1,te(0,1], and p; = T;l) =p, q = Tj(Q) =q,
Oj=0forj=1,....mandri=...=7, <731 < ... <1y Theorem coincides with earlier
results by V.N. Temlyakov [19, Thm. 2.2] and A.S. Romanyuk [22, Thm. 3.1| for the Lebesgue
spaces and in the general case it extends these results to anisotropic Lorentz-Karamata spaces.
For V;.(l)(t) = Vj@)(t) =1,te01,5=1....myandr, = ... =71, <71y < ... <71y
Theorem coincides with |28, Thm. 3| and [34, Thm. 5].
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