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NEGATIVE BINOMIAL REGRESSION
IN DOSE-EFFECT RELATIONSHIPS

M.S. TIKHOV

Abstract. This paper is devoted to problem on estimating the distribution function and its
quantiles in the dose-effect relationships with nonparametric negative binomial regression.
Most of the mathematical researches on dose-response relationships concerned models with
binomial regression, in particular, models with binary data. Here we propose a kernel-based
estimates for the distribution function, the kernels of which are weighted by a negative
binomial random variable at each covariate. These covariates are quasirandom van der
Corput and Halton low-discrepancy sequences. Our estimates are consistent, that is, they
converge to their optimal values in probability as the number of observations n grows to
infinity. The proposed estimats are compared by their mean-square errors. We show that our
estimates have a smaller asymptotic variance in comparison, in particular, with estimates
of the Nadaraya-Watson type and other estimates. We present nonparametric estimates for
the quantiles obtained by inverting a kernel estimate of the distribution function. We show
that the asymptotic normality of these bias-adjusted estimates is preserved under some
regularity conditions. We also provide a multidimensional generalization of the obtained
results.

Keywords: negative binomial response model, effective dose level, nonparametric estimate.

Mathematics Subject Classification: 62G05, 62E20, 62P10

1. INTRODUCTION

The problem on estimating an unknown distribution is the most important problem in mathemat-
ical statistics for both complete and incomplete samples. In this paper we consider the problem of
constructing efficient estimates of a distribution function F(z) and a quantile function F~1()\) = z,
0 < A < 1, in the dose-effect relationship for a model of a negative binomial regression, and we also
study the asymptotic behavior of the proposed estimates. The aim of our paper is to provide usable
practical estimates of dose-response curves. Such problems arise in biology [I], toxicology [2], in the
evaluation of effective doses of drugs [3]. We note also that «dose-effect relationship» is a conventional
name. The model we consider can be used, for example, to estimate the confidence time limits for
the developmental stages of a child in pediatrics (see [I], [4]-[6]). This problem is most acute when
estimating quantiles of either small or relatively high levels.

There are two main approaches to estimating F'(z) and its quantiles: a parametric approach using
known distributions, in particular, the probit- and logit-models, and a nonparametric approach. The
biological mechanisms of drug action and toxicity are often so complex that the shape of the F(x)
curve is mostly unknown and fitting a wrong model can lead to large and unpredictable deviations
with unacceptable confidence boundaries. In this case, for the dose-response relationship, it becomes
reasonable to use a non-parametric approach, which is as follows. There is a binary response model,
which is conventionally called dose-effect relationship [3], [7]. Namely, let {(X;,U;),1 < i < n} be a
potential sample with replacement of an unknown distribution

F(2)G(z), F(z) =P(X; < x), G(z) =P(U; < z),
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instead which we observe the sample
U™ = {(U;,w;), 1<i<nl,

where W; = I(X; < Uj;) is the indicator of the event (X; < U;). The problem is to estimate an unknown
distribution function F(z) by the sample (™). Here U; are treated as doses and W; as the effect of
the dose U;. Let

T

F(z)= /_x f(¢)dt, G(z) = / g(t) dt, f(z) >0, g(x) > 0.

—0o0

We call such situation a random plan of experiment. Then the conditional expectation is equal to
EW|/U=2)=P(X<UlU=2)=PX <z|U=2)=P(X <z)=F(x),

that is, the unknown distribution function F'(x) is a regression and to estimate F'(x) by the sample
U™ = {(U;,W;), 1 <i < n} we can use kernel regression estimates.

Together with a random plan we shall consider fixed plans of experiment [8]. Namely, we suppose
that the injected dose U is not random and we let U; = u;, ¢ = 0,1,...,n 4+ 1, where

O=wup <up <...<uUp <Uptr = 1.

In the paper we study the behavior of kernel estimates by the fixed plans.
For the dose-effect relationship with random plans of experiment and binary responses [3], [7], as an
estimate for the distribution function F'(x), one usually takes the statistics

. Sgn(l‘)
- S1n(l’)’

if Sin(z) # 0, where Kj(x) = K(x/h)/h, K(x) is a finite symmetric density (kernel), h = h(n) — 0,
nh — oo as n — oo. If Sip(x) = 0, then F,(z) is supposed to be zero. For instance, as the kernel
function K (z) one often uses Epanechnikov kernel

1< 1 <
Sin(x) =~ Y Kn(x—U),  Son(x)= - > Wiy (x - Uy),
=1 =1

3
Kiw) = 5(1 - 22)1(|z| < 1),
as well as quartic kernel
15
Ka(w) = 1o (1— 2?1 2] < 1),

as h(n) one chooses n=1/%,

Under some regularity conditions, see 7], it turns out that as n — oo, the quantity n?/°(F,(z) —
E(F,(x))) is asymptotically normal N(0,02(x)), where

| K |?
g(z)

o2(x) = F(z)(1 - F(x)) 1K= [ K2 da,

For fixed plans of experiments the dispersion of the estimate F,,(z) equals
of(x) = F(z)(1 - F(x))|| K ||*.

The dose-effect relationship in the model with binomial regression, see, for instance, [9], [10], can be
described as follows. Suppose that the response W;; is equal to 1 if it gives a needed reaction and
Wi;; = 0 if there no reaction, which is observed on each fixed covariate u;.

Thus, W;; is the jth response of m subjects when the covariate is equal to u;, 7 = 1,2,...,n, and the
responses W;; are mutually independent. The relation between them is determined by the probability
that W;; = 1 under condition w;:

F(uz) = P(Wij = 1) = P(Xij < ui),
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m
where W; = > W;; has a binomial distribution B(m, p;) with the parameter p; = F(u;), and it is

j=1
well-known that the maximal likelihood for p; is given by the quotient w; = W;/m for each i. The data
(uj,w;), i =1,2,...,n, allow us to construct an estimator for the distribution function of the form
n
> wini(x)
i=1
Foz)=""——  ni(z) = Ku(z —w).

S milx)
J=1

For m = 1 we have a Bernoulli regression model. It was shown in [II] that for a fixed = the
difference vnh(F,(z) — E(F,(x))) is asymptotically normal N(0,0%(z)/m) as n — oo. At the same
time in each fiber we consider a sampling without replacing, in which the parameter p; = F(u;) of
the binomial distribution is not random. For a sampling without replacement we can suppose that
the parameter of the binomial distribution is random, for instance, it has a Beta distribution B(«, /).
In this case we obtain a Beta-binomial distribution, then instead of the parameter p; we have the
parameter «;/(a;+ ;) and as its estimate we take my ;/W; as ML-estimate of «mean» probability and
«mean» distribution function.

In this note, announced in [I2], we consider a negative binomial regression model (NBR-model).
More precisely, for a given m we consider a negative binomial distribution of the quantities Z; under
a given covariate u;:

L'(k+m) k—
PZi=k)= ————F—p""(1—p)"™™, k= 1,...,T(k+1)=k!.
( 1 ) F(k‘—Fl)F(m)pZ ( pl) ) m’m+ ) ) ( + )
We choose a sample Z = {(z;,u;),i =1,2,...,n} for determining an estimate for F'(z) of the form
n
Zl mn;(x)
Tn(z) = J:Li (1.1)
> zini(z)
j=1
For so-called quasi-random low-discrepancy sequences {u;},i = 1,2, ...,n, where u; are not random,

we prove the consistency and asymptotic normality of the constructed estimates as n — co. We show
that the limiting dispersion of the estimates under the normalization of vnh is equal to

K2
o3(z) = FA(@)(1 = F(x))=— —,
which is less that the limiting dispersion
K|
oi(z) = F)(1 - F(x)~

of the estimates of the distribution function F'(x) of Nadaraya-Watson type in the binomial regression.
On the base of statistics we construct estimates for the quantiles and prove its asymptotic
normality. On the base of unbiased estimate for the parameter p as well as of the estimate of the
maximal likelihood of the negative binomial distribution we propose an estimate for the unknown
distribution function.

A negative binomial distribution naturally arises for small value of the parameters of the binomial
distribution p; and large m, which can be approximated by the Poisson distribution. It is known
that the mixture of the Poisson and Gamma distribution, see [13] Sect. 5.13|, leads to the negative
binomial distribution. One can also consider Pdlya urn scheme and to show that the negative binomial
distribution can be obtained by passing to the limit from the Pdélya urn scheme, see [14], Sect. 10.9].

In applied problems, like our problem, apart of theoretical issues on treating specific situations, one
has to take into consideration the choice of covariates u;. They can be chosen deterministically with a
uniform step, it is possible to build purely random constructions, it is possible, using the quasi-Monte
Carlo method, to select them randomly from a given set. Under a good choice of the set, it is possible
to obtain almost optimal results. Here we propose to consider almost uniform sequences of covariates.
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2. MAIN CONDITIONS

Let {X;, i =1,...,n} be a sequence of independent identically distributed with X on the segment
[0, 1] random variables with the distribution function F'(x), and

P = {up,u1, ..., Up,Up+1}, up=0<u; <...<up<1l=upt1,
be a partition of the segment [0, 1]. We shall assume the following conditions.

Condition 1. Asn — 0o, the window width is h = n=/5.

We shall refer this condition as Condition (H).
Condition 2. K(z) >0, and K(z) =0, z ¢ [—1,1].

1
Condition 3. [ K(z)dx =1.
1

Condition 4. K(z) = K(—z), x € R.

Condition 5. There exist third continuous bounded derivatives of the function K(x) on the seg-
ment [—1,1].

Condition 6. || K| = sup |K(z)|=kj <oo.

—1<x<1

We let
1
K2 = / K?(x) du
S|

and defined a variation of the function f = f(x), a < = < b, see [I5, Ch. VII, Sect. 3].
Let g : [a,b] — R. A variation of the function g = g(u) on the segment [a, 8] is the following quantity

b

\/(9) = \/(9) = SUPZ | g(ups1) — g(uk) |,
P k=0

a

that is, the supremum over all partitions P of the segment [a, b].

Condition 7. A wvariation of the function K(zx) is bounded, that is, \/(K) < oo.

1

We observe that if K(x) is a smooth function, then \/(l)(K) = [|K'(z)]| dx.
0

In what follows, Conditions (2{7]) are referred to as Condition (K).

Condition 8. There exists a third continuous bounded derivatives of the distribution density f(x) =
F'(x) and f(x) > 0.

This condition (8]) will be referred to as Condition (F).
In the work we assume that Conditions (H), (K), (F) are satisfied; they will be called regularity
conditions.

3. AUXILIARY RESULTS

In this section we provide auxiliary results needed to studying the asymptotics of the introduced
estimates.

We provide a Koksma-Hlawka inequality, see [I6l Sect. 2.2|, which allows one to estimate the rate
of the convergence of the integral sums to the corresponding integral. Let B be the Lebesgue o-
measure on I°, where I = [0, 1], and ps is the Lebesgue measure on B, while P is the set of the points
ui, ug,...,uy € I*. We define a counter

An(B; P) = ZIB(Ui)
=1
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and a deviation
Dy (B; P) = sup | ————=
BeB
where Ip(z) is the indicator of as set B. We let D} (P) = D,(J}; P), where J* is the family of the

subintervals on I® of the form H [0,u;]. Here ps <H [(),ui]> = wug...us. The quantity D} (P) is
i=1 i=1
called a discrepancy of a sequence.

Definition 3.1. We say that a sequence P = {uj,uz,...} of random numbers is uniformly dis-
tributed if for each pair of real numbers 0 < a < b < 1 we have:

Ay ([a,b), P

lim ):b—a.

n—00 n

We shall deal with uniformly distributed sequences.

Theorem 3.1 ([16, Sect. 2.2|). (Koksma-Hlawka inequality). If a function f( ) (0 < u<1)is
continuous and has a bounded variation \/(f) on [0, 1], then for each uy,ua,...,u, € [0,1] we have

quz - [ wdu

For a multi-dimensional unit cube I* = [0,1)%, I* = [0,1]* and the variation in the sense of Hardy
and Krause the following result holds true [16], Sect. 2.2].

Theorem 3.2. [16 Sect. 2.2] If a function f(u) (0 < u < 1) has a bounded variation \/(f) on I°®

(f)D*(ul,..., n)-

in the sense of Hardy and Krause, then for all ui, us, ..., uw, € I° we have
1 n
o> fw) = [ Flw)dul < \/(DD; (),
i=1
It was shown in [16, Sect. 2.2| that D} (u1,...,uy) is a continuous function of variables (u1, ..., u,)
and if u; = 1, then D (u1,...,u,) = —. In the same way one can show that for a continuous partition
n n

1
of a s-dimensional unit cube I° the discrepancy of finitely many points is D} =< —, see [17]. For finite n
n

we can also calculate it using the algorithm given in [18].

Remark 3.1. In the finite-dimensional case, if ug =0 <up < us < ... < Up < Unt1 = 1, then

An(10,u); P k
D} (P)= max  sup An(l0,w): P) _ = max  sup ——u
0<k<n U <UL Ugy 1 n 0<k<n up<u<upyq | 1
k k
= max max | | — —x ——x
o<k<n < n k> k+1 ;

and this is the Kolmogorov statistics.

Thus, if we treat u1 < ue < ... < uy, as a variation series of a sample and as a zero conjecture
we choose the uniform distribution, then the discrepancy is the maximal deviation of the sampling
distribution function from the uniform one. Large values indicates D the concentration of the sequence
P in some domain.

This result is generalizaed on the multi-dimensional case [16, Sect. 2.2]. In this case the law of the
reiterated logarithm holds, which was proved by Kiefer [20]:

1.7\/ QWD;(P)
m ——=" =
n—oo \/2Inlnn

almost everywhere.
To extend possible applications of the results given in Section 4, we consider low-discrepancy se-
quences [16, Ch. 3], which are van der Corput and Halton sequences [21].
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Let
o0
n=> aj(n) (3.1)
§=0
be the representation of an integer number n > 0 by a natural base b > 2, where aj(n) € Z, =
{0,1,...,b—1} for each j > 0 and a;(n) = 0 for all sufficiently large j.

Definition 3.2. For b > 2, the radical inverse function ¢p be the base b is defined as follows:

op(n) = a;j(n)b="1  for each integer n >0, (3.2)
=0

where aj(n) come from representation with the same b.

Definition 3.3. For each natural b > 2, the van der Corput sequence by the base b is the sequence

{uo,u1, ..., up, ...} with u, = ¢p(n) for each n > 0.
Given a sequence S = {ug, u1, ...}, we shall write D,,(S) = Dy, (ug, u1, ..., un+1) for the discrepancy
of the first n terms in S and in the same way we write D} (S) = D (ug, u1, ..., Up).
It was shown in [16, Sect. 3.1] that if Sy is a van der Corput sequence by the base b, then
In N

D}k\[(Sb) < CIT for all N 2 27

where a constant (' is independent of b.

Definition 3.4. Let s be an arbitrary dimension and by,bs,...,bs = 2, be mutually prime natural
numbers. We define a Halton sequence by letting

w(n) = (¢p, (1), Pvy(n), ..., v, (n)) € I¥  for each integer n > 0.
As s =1, this definition is reduced to the definition of var der Corput sequence.

Theorem 3.3 ([I7, Ch. 5, Sect. 1|). If S is a Halton sequence, then there exist constants Cy and
Cs depending only on by, ba, ..., bs such that for all N > 1,

In N)s—1 N
(N><DN(S)<02 la

It was mentioned in [I7, Ch. 5, Sect. 1] that for s = 1 the uniform grids are the best ones, while
as s increases, they approach to worst ones. It was shown how one should modify the grid to make it
better. In the two-dimensional case a quadrature Fibonacci formula is also known [22]:

1< [k (b
bzf<b7{ Z_lk}> 5 b1:b2:17 bn:bn—1+bn—27 n
n n n

where {a} is the fractional part of the number a. Moreover, the following upper bound for the quad-
rature formulae was given in |23 Sect. 3.1.3|:

A

1 k b 1+InA

sup / f(x1,x9) dx1dae = 1 g f <A’ {Ak:}> < CT’
0,12 k=l

(InN)*®

Co

WV

3,

feH;

where r > 1, A and b, 1 < b < A, are mutually prime integer numbers and the function f(x1,z2)
belongs to the class Hy if in the unit cube I® it possesses continuous derivatives of the form

k
87 (0<k<rs, 0<k, <r).
8x]f1...8x33

We shall also make use a theorem on asymptotic behavior of the functions on such estimates.



102 M.S. TIKHOV

Theorem 3.4. |24, Th. 2.5.2] (Delta method). If p(n) — 0o as n — oo and
p(n)(T, — 0) n—>—<x>) N(0,7%)

then
() (9(T) — 9(0)) —— N0, 72(d/(0))2).
provided there exists a continuous non-zero derivative ¢'(6) of the function g(9).
4.  MAIN RESULTS

4.1. NBR-estimates. Asymptotic behavior. Let we be given a sample 2 = {(z;,u;), i =

1,2,...,n}, where z; has a negative binomial regression NB(m, F(u;)), and a sequence u;, i =
1,2,...,n, be a van der Corput one. We define a statistics
n
2 mn;(x)
To(z) = 5——  ni(z) = Kn(u; — 2).
> zini(w)
i=1
1 n
Since — Y n;i(z) — 1 as n — oo, we consider an estimate
n =1
- m
Fu(e) = 15 (41)
n zgl zimi ()
We denote

1
I : ;
S1=n22mi(x)’ Vj(K):/t]K(t)dtaJ €N.
1= —1

Theorem 4.1. Let Fn(x) be an estimate for the distribution function F(x) defined by formula

and {u;,i =1,2,...,n} be a van der Corput sequence and the regularity conditions be satisfied. Then
1— F(z))F?
V(@) - BF) 5 v (0, SR )
n—od

Proof. Tt follows from [25, Lm. 3.4] that \/(K}) = O(h™!) and this is why as n — oo we have
1 — U — T 1 « U — T 1 & U — T m
=E|— Z; K =— K E(Z)=— K —_—
(s () s o () men = o () i

Inn
—m/F < )d“ O(m)
(1—z)/h

1

—z/h

o | (F +50 (rim ~ 7))o ()

o0

_m F(z) — F(z + ht) Inn
“F) T /F(x)F(a:+ht) K(t)d”O(nh)'
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Now

= / F(ﬂz+ht)—F(x)K(t)dt

F(2)F(z + ht)

—0o0

_ /OO f@ht + (/2)f @hE + (1/6)f" @R + /20 OB

F(z)F(z + ht)

where ( is some «mean» point. Since

1
(<) £7(0)
’*/F@nmﬁww“#K@“/g“”““fﬁ%p@wmﬁww
-1
203h*
< Fla)(F(z) — o) for n>nq,
then
_ 1 T f(@)ht + (1/2)f(x)h22 \
TP / @+ (F@)/Fa)ht) + o) D+ O
_ ! i " Lo, 0o f@) 00 1f(@)f(x) 53 ,
_ FQ(m)é <f( Yt + 5 f'(x)h7t F<m)h =2 o) h3t >K(t)dt+0(h)
_ 1 7 N 1 / z 2,2 @ 2,9 . 9
— F2<x)_4 (f( Jht + 2f( Jh<t F(a:)h t )K(t)dt+ (h?)
"1 2 2
- <;§2((x)) - ;13(@))) h2va(K) + o(h?),
therefore

o0

m "z 2(g
B = Fy (3 res 1];38) ) o), k) = [ PR

—00

We consider the dispersion of statistics S;. We have
1 — U — T 1 « U — T
D(S)=D|—Y ZK|[|— = K*( - D(Z;
(51) (mz; < h )) thQ; < h ) (Z:)
1 < u; —x\ m(l — F(u;))
=—) K?
n?h? ; < h ) F2(u;)

m OO1—F(u) g [u—z
~— K d
nh? F2(u) < h ) “

om OOl—F(:B+ht) 9
" nh F2(x + ht) Ko(t) dt

m(l— F()
nh F2(x)

To prove the asymptotic normality of the S statistics, we check the Lyapunov condition, for which
we need the following inequality for a > 1:

12

|z +y|* <227 (2] + |y ), (4.2)
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which is implied by the convexity of the function |z |* as a > 1 and hence

r+y
2

1 U — T
= —Z:K .
& nh™’ < h >

n
Then S; = ) &;. Employing inequality QD as a = 4, we find:

j=1

a a a
cletiur,

Let

& —EE) " <8(& "+ [EE) 1.
Calculating the expectation of both sides, we obtain:

E((& — E())") <8(E(&) + (E(g))* < 16E(¢)).

We consider A4, = > E(f;-l). We have:
j=1

An =z 2_B(ZNK <h> '
j=1

We observe that a random variable Z has a negative binomial distribution with the parameters m
and p = 1 — ¢, then its characteristic function is

o) = (L2200

the dispersion equals D(Z) = mq/p?, and the fourth initial moment reads as

4 3 2
q q q q
E(Z*) = by +bs— + by + b1 -,
< pt p3 p? p
where

by = m(m? +6m* +11m +6), by =6m(m?+3m+2), by=Tm(m+1), b

I
s

In view of the above remarks we get that

n . wi)) - Wi o Wi _ Ui Ui — T
.- 24;@4“}752;” Py O P L F)Y s (1)

nt ) F3(u;) F2(uy) F(uy) h
1 1— F(z)) 1— F(z))? 1—F@)? . 1-F@)\ [ C
Nn3h3<4( F4(§:))) i F3(§:))) = F?(:E;))) b F(:r:() )> /K4(t>dt:rﬁ;ﬁ’

where ] is an universal constant. Hence, for the Lyapunov quotient,

;o 2= Bl ~EBE)Y _ann?_C o
" (Z?:lD(fj))Q = C9n3h3  nh n—ooo

that is, the assumption of the Lyapunov central limit theorem [26] is satisfied and

5B 4 N(0,1).
D(Sl) n—00 ’

In other words,

(s 555) 0 o (- 0 )
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m
Now we consider an asymptotic behavior of the statistics T' = —:

S1
Ly mni(a)
SN SN 1n(T 1
nh Z¢:1 zini () nh Z¢:1 zini ()

Here the quantities z; has a negative binomial distribution with corresponding parameters. This is
why, employing the delta method, we obtain:

The estimate F,(z) = Sﬂ satisifies F,(n) —— F(z) and this is why

1 n—oo

9(0n) = g(0o) + (6n — 00)g'(Bo) + O(( — 00)*) = g(6) — 9(00) = (6 — 00)g (o),

Vih(g(0n) = 9(00)) ~ Vnh(6, — 60)g'(60) ~ N (a, (4 (60))%m| K HQW) _

But
F(x)

‘21 - F(z) Fl(z) (1-F(x))F(z)
F2(x)

1—
! 2 2 _ 2

= m|| K|

and this implies

— X 2 X
Va(E @)~ BF) 5 v (0, SR )

n—oo

The proof is complete. O

Remark 4.1. In the estimate F,(x), instead of the statistics Sy, one can employ statistics [27]
n—1
ST @) = (uip1 — ug)zimi(z),
i=1

which is also asymptotically normal with the same parameters as S7.

Remark 4.2. Since the limiting dispersion of the estimate Fn(:p) depends on an unknown distribu-
tion function F(x), in order to estimate, one can use the statistics

9 n—1

m Z5 — Zj 2
5% (x) = o > (J%;@))Kh(uiﬂ — ) Kp(u; — ),

which is a consistent estimate of a function
m(1 — F(x)) H
F2(x)

Remark 4.3. On the base of an unbiased estimate for the parameter p

I2.

m—1
m+z—1
of the negative binomial distribution N B(m,p) [28], Sect. 5.8.2] we propose one more estimate for the
distribution function F(x) of form (m > 2)

N 1 <& m—1 U — T
Fo.(z) = — K .
(z) nh;m—i—zi—l < h )

The estimate p is an unbiased one and the Cramer-Rao lower bound for its dispersion reads as

p=

2
D(p) > 21,
m
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We first find the second initial moment and then its dispersion. By the definition,

. = (m—1)? m+k o - L(m+k—1
E(pQ): ( ) ( k_p Zm+k )k

£ (m+k—1)> KT(m —1 BIT(m—1) °

=p 2F1( —1,m—1,m;q)
1

tmfl
— — 1 m s
0
where 9 F1(a, b; c; x) is the Gauss hypergeometric function.
In this case
D(p) =p" 2Fi(m—1,m—1;m;q) _p2_
If m = 2, then

In 2
D(p) = —p’ (1+qp> > P21

and for small values of ¢ the left and the right hand sides are close. The limiting dispersion of the

estimate F),(z) is equal to
In F(x)
2 2
=-F 1 .
# = (14 250
If m = 3, then

. 2plnp 1+4p Pq
3 =DG) = (L2 4 1) 5 o -
since
2In(1 — z) 2
3 +

x x(1—1x)
and for small values of ¢ the left and right hand sides, that is, 032) and 08, are also close. We observe
that

2F1(2,2;3;2) =

m m— 2
B(?) - L [( " np+ <§)]

k=1

This relation was obtained first in work [29].
One can also construct a kernel estimate for the distribution function starting from the estimate of
the maximal likelihood, which is equal to

m

p:m—i-z'

In this case

_ m  T'(m-+k) &
(P) g:oerk WTm) P4 =P 1 (m,mym + 1; q),

and, [30, Sect. 5.2.11, Eq. (15)],

o0

o0 2
r k
— § : m . (m+ )pm k _ m2pm/t6mt(1 _ qe*t)*mdt.
k=0 0

— (m+ k)2 k!T'(m)
In particular, for m = 1 we have

_ plnp _ P ..
E(p) = — 7 E(p2)=5dllog(p)-
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As m = 2, we have:

2 2 [ Int
B() = (g +plup), BGP) = ~ o (np + dilog(p), where dilog(e) = [ 2 dr

1
In view of this we see that the maximal likelihood estimate p is not a consistent estimate for the
parameter p and this is why for m = 2, as a consistent estimate, we can propose the statistics
m 1—p
2(m+z)1+p(np—1)’
but this estimate has a greater risk than estimate .

6=

4.2. Quantile estimation. In this section we study asymptotic behavior of the quantiles estiomator
in the dose-effect dependence by the fixed plans of experiments in the model of negative binomial

regression.
We define an quantile estimator for £, of order 0 < A < 1 as follows:
£ =inf{z e R: F,(z) > \}. (4.3)
We let

(Af'(6) = 2f%(60)re(K)
2 o R
In the next theorem an asymptotic normality of the estimates &, is shown.

Theorem 4.2. Let ém be the quantile estimator of order 0 < XA < 1 defined by formula ,
{ui,i =1,2,...,n} be a van der Corput seugence, the reqularity conditions be satisfied and f(£\) > 0.
Then

2
Vih(éoy — & —ah?) %5 N (0’ N1 =) [IK]] > '

n— 00 mf2(€x)
Proof. Let ,
s (I=X)A 9 B B To
0" = — I K 5—5($)—f>\+7mf(§)\)~
We have:

o X .’/U) :P(én,)\ < 5) = P(Fn((s) > )‘) =P (1771(5) = /\>

P<VWUKQK&A—Q)<
n anl 2T
1 — m

=1

= <Tll > (ZiKn(ui = 6) — 6;) < %Z (% - 91)>
i=1 1=1
nh A2 & nh A2 " m

- (gs Z (ZiKp(u; —0) — 6;) < mha)\ ' %Z (X - 91)> )

— i=1
where
91‘ =E (ZZK}L(”U,Z — 5)) = F(UZ)K}L(UZ — (5)

We note that h? = 1/v/nh and the function Kj(u — §) vanishes outside the segment
In=[6x—h+ah’a/f(6x) 6+ h+aha/f(€).

Moreover, the function 1/F(u) > 0 decays monotonically on Jy, {u;,i = 1,2,...,n} is a van der
Corput sequence and this is why \/ 7 (1/F(u)) < oo and it follows from [16] that

1 — e m m Inn
an—n;@,-—H;F(Ui)Kh(ui—d)—/WKh(u—é)du—i—O(m) )

I



108 M.S. TIKHOV

Making the change

fo U 0
h
and taking into consideration that 0 < u < 1, we conclude that
1 (1-0)/h
an = /}%Kh(u—d)du - / W}{@)dt,
0 —5/h
where
=t 2
SRRV

and for sufficiently large n, n > nq,
1

an:/wK(t)dt.

Let |z | < L, where L is large enough and w; = w/\. Then

/
F(&x+ p1h) = A+ f(E)p1h + / (§A)p%h2 + wh® = M1 + arh + bih? + w1 h3),
where
_ f(&) _ 220 +£2f'(&)
a1 = 2 L, by = 2\ )
and it follows from the assumptions of the theorem that |w; | is bounded. Since

1
1+ arh +bih? +wih3
_ ' ((bl — a%)wth + (a1w1 + b2 — albl)h + 2a1b1 —wy — :1)’

— 14 arh — (a3 — by)h?

h3 < Oyh3
1+ ath + bih2 + wih3 2

and for n > n9 and

we obtain that

m mo ! —2f2 v
o= 22 (o OL6) 200N 1o

This implies that the sequence
X m (AS'(62) = 2L%(62))ve(K)
moh? (an B X) * <m 2\o

converges to zero uniformly in |2 | < L as n — oo, where L > 0 is chosen to be large enough.
Let

n

Sae) = 3 (Ziou(us — 6) — ).

i=1
We are going to show that

Vnh\2

mo

d
B(2) 5 N(0,1).

In order to do this, we consider the dispersion of the quantity ¥, (z):

D(Z,(z)) n2;D Zi Ky, (ui — ) nZZKh w; — 0)D(Z;)
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R u; — 6\ m(1l — F(ug)))
Wh?K( ) "

lm — u u —
! (1= Flu) 2< h5> du (1+ o(1))

T nh2 0 F2(u)

uniformly in |z | < L in the latter relation. This yields:

lim D (AZ\/%E”(:UO =1.

n—00 mo

The Lyapunov conditions can be checked as in the proof of Theorem Thus, the assumptions of
the Lyapunov central theorem are satisfied [26, Sect. 40| and this is why, for |z | < L,

2./
A nth(:c) 4 N(0,1).
mo n—oo

It remains to show that for each € > 0 we can choose L > 0 and n > ng so that

P (x/%f@ﬂém —al L)

<e.

Since 6n < Bln + ﬁ?na where

G _p (m,f@m(én,A —6) L) 4 _p (x/%f@)(én,A —&) _ _ L) |

(o2 g

we consider the first term. Arguing as above, we obtain:

nh\? 1 VR A2 1S m
51n=P< — 'n;(ZiKh(ui—5(L))—9i)> - -n;()\—@')>

We let x = L + a and ¢(z) = €®,¢ > 0. Then
P <>\22 (L) > x) <P (¢ (njjzn(L)) > 1/}(33)) < w

moh2 "

This is why

limlnP< X Yn(L) > x) < —tx + ¢(t),

n—00 moh2 ™"

where

2 2
o(t) = nh_)rrolo InE <exp <WZ\hQZn(L)>> = %

Since the minimum of the function —tz + ¢(t) is attained at t = x and is equal —x2/2, then the
Gértner-Ellis theorem [31] implies

li_}rn Bin < exp(—(L + a)2/2).

We choose L so that for a given ¢ > 0 we have exp(—(L + a)?/2) < £/2. In the same way we study

the second term and this is why for a chosen L we obtain lim 3, < e. This gives the statement of the
n—o0

theorem and completes the proof. O
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4.3. Multi-dimensional case. In this section we study asymptotic behavior of the estimates for a

two-dimensional distribution function in the dose-effect dependence by the fixed plans of experiments

in the model of negative binomial regression; we restrict ourselves by the two-dimensional case only.
We denote

82

Fi1 Fio hi 0 T hi
Hp = . H-= . JT=(@1,1), h=HJ-= .
F <F12 F22> <0 h2> (1.1) ha
Let K(z) = K(x1, z2) be a symmetric compactly supported square integrable distribution density such
that

F(x1,x2), F; = ——F(x1,12), Vi = (F1, F),

Fi; =

/:IJ:I:TIC(x) dr = v2(K)I,,

where 15(K) is a real number and I is the unit matrix of the second order,

Ku(z)=|H ]_1IC(H_1w) N = nino,
ni no
m

S; = Sy( i Ku (U . F = . 4.4
1= 8i(a) MMN;;;JH Uy~ ), Fy@) =g (4.4)

Theorem 4.3. Let FN(m) be the estimate for the distribution function F(x) defined by for-
mula ({-4), {wij,i =1,2,...,n1;5 = 1,2,...,n2; } be a Halton sequence and the regularity conditions
are satisfied. Then as N — oo,

(i) E(Si(z) = me) QF?(@ 2VERRTV 5 — v (K RHFRT) (1 + o(1));
m(l — F(z)

(i) D(Si(@) = g o |1+ o(0):

- T 2$
(i) NTHI(Ew(o) - ) 4 & (0, = EEEE )

n—oo

Proof. The proof follows the lines of the one-dimensional case and this is why we only mention the
differences. We expand the function F(x + Ht), where t7 = (t1,t3), into the Taylor series:

0 0
F(X—l—Ht) = F(a;l —l—tlhl,xg—i-tghg) :F<l’1,$2) |:t1h16 +t1h18 ] F(l‘l,xg)
X2

1
2

0

8 2
o +t1h18 J F(z1,22) + o(|HJ).

[tlhl

Then
1 —
1+aihy + agho + %(bllh% + 2b1oh1ho + bQQh%)

1
1 —ai1hy —aghy + 5 ((20,% — bn)h%
+ (4araz — bi2)hihs + (203 — 522)h§> +

0 0
1 ) [tlhla 9 2] F2(z1,29)

F(x1,x9) F(xy1,x9)

) o 2
<751h18 +751h18 - F($1,$2)>

F3(l'1, ZL'Q)

I ) o 1°
F

1] t1h18 +t1h18 2 (21, x2) )

2 FQ({L‘l,Z‘Q)

+ti1hy
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This yields:

In

(2VERh! Vi — vs(K)F(z)h"Hph) (14 0(1)).

m
F(x) 2F3(x)
the same way,

m(1 - F(z))

D(S1) ~ WH [

The Lyapunov conditions are confirmed as in the one-dimensional case and this gives Statement (iii)

of

o=

10.

11.

12.

13.

14.

15
16

17

the theorem. The proof is complete. O
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