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ON A CLASS OF PERIODIC FUNCTIONS IN R"

A.V. LUTSENKO, I.LKh. MUSIN, R.S. YULMUKHAMETOV

Abstract. By means of some family H of separately radially convex in R™ functions we
define a space G(H) of 2m-periodic in each variable infinitely differentiable in R™ functions
with prescribed estimates on all partial derivatives. We describe the space G(H) in terms
of the Fourier coefficients. We find conditions on the family H, under which the functions
from G(H) can be continued to functions holomorphic in a tubular domain in C". We
obtain an inner description of the space of such continuations. The considered problems are
directly related with works by P.L. Ul’yvanov in the end of 1980s, in which he succeeded to
describe completely the classes of 2m-periodic functions of Gevrey type on the real axis not
only by the decay rate of the Fourier coefficients but also in terms of the best trigonometric
approximations. The obtained results are new both for the case of many variables and the
case of a single variable. In particular, the novelty is owing to imposing condition i4) on
the family H.

Keywords: Fourier series, Fourier coefficients, best possible approximation by trigonomet-
ric polynomials, entire functions, convex functions.
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1. INTRODUCTION

Let Cy(R™) be a space of 2m-periodic in each variable continuous in R™ functions f with the
norm ||f|| = max |f(z)]. Let C2(R") = Corn(R™) N C°(R™).

z€[0,27m]"
With each function f € Cy,(R"™) we associate its Fourier series

)~ Y e re R,
aEeZm™

where the Fourier coefficient f, is given by the formula

r _ 1 —i(a,z)
fa 2n) / f(z)e dzx.

[0,27]™

Establishing the relations between the difference and differential properties of the functions
from various subspaces of the space Cs,(R™) and the properties of their Fourier coefficients is
one of the main problems in the theory of the Fourier series. In this field we mention gentle
results by P.L. Ul’yanov [I]-]3] obtained in the end of 1980s. In particular, he succeeded to
characterize completely the classes of 27-periodic functions of Gevrey type on the real axis not
only by the decay rate of the Fourier coefficients but also in terms of the best trigonometric
approximations, see, for instance, [3, Thms. 3, 4]. These studies by P.L. Ul’yanov served as a
motivation for considering the following problem in the present note: to find subspaces of the
functions in C52(R™) with estimates for partial derivatives admitting the description in terms
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of the their Fourier series. In order to do this, we introduce the space G(H) as follows. Let
H = {h,}32, be a family of convex functions h, : R" — [0, 00) with h,(0) = 0 such that for
each v € N
i1) hy(x) = h,(Jz1], .. |znl), = (21,...,2,) € R™;
o
ip) lim = +00;
=00 ||z

i3) hy(z) = hy41(z) for each z € R™, and lim (h,(x) — hy41(x)) = +o0;

T—00

i4) the series
E oo W Jaa] o an ) =hp ) (InF e, InT [an])
a=(Q1,...,an ) EZ™

converges, where

R (x) = sup ((o, ) — hy(a)), x€R",

aeZmn
and, as usually, In"¢t =Int fort > 1, In" ¢t = 0 for 0 <t < 1. For each v € IN we introduce a
normed space

G(h,) = {f cCE®Y:|Ifly = sup D@L }

By Condition i3) the space G(h, 1) is embedded into G(h,) completely continuous. We note
that G(h,,1) is a proper subspace of the space G(h, ). Indeed, once we suppose that G(h, 1) =
G(hy), then for some C, > 0 the inequality holds

[l < Collfllvs | € Gh).

In particular, for the functions e/™®) with m = (m4,...,m,) € Z" we have

B (I ], I g} < Bl In® o)) + G

But this inequality is impossible due to Condition i4). Now we let G(H) = (| G(h,). We equip
v=1

G(H) with a locally convex topology by means of the family of the norms || - ||, (v € IN). With
this topology, G(H) is a Fréchet space.

In Section 2 we show that the space of the functions G(H) admits the description in terms of
the estimates for the Fourier coefficients Theorem [2.1] It interesting to find the conditions for
the family #, under which the functions from G(#) admit the continuation to the functions
holomorphic in a tubular domain in C", and to describe the space of such continuation. This
problem is considered in the second section of this note, see Theorem (3.1

2. EQUIVALENT DESCRIPTION OF SPACE G(H)

In the formulation of the main result, Theorem[2.1] the space C(H) is involved. We introduce
it as follows. For each v € N let C'(h,) be the space consisting of the functions f € Cy,(R"),
the Fourier coefficients of which f, for some a,(f) > 0 satisfy the estimate

| fal < ay(f)e o0 lealotnTlenh g = (. ap) € 2
Since, owing to Condition 4o, for each v € IN
h*
lim ﬂ = +00,
=0 |||

then the functions in C'(h,) are infinitely differentiable. We equip C(h,) with the norm

A * n+ o nJ,» an
p(f) = sup  (|fu]e 00T loahin® lanD)y

a=(a1,...,an)EZL"



ON A CLASS OF PERIODIC FUNCTIONS IN R" 71

Since h}(x) < R}, () for each x € R", then p,(f) < py41(f) for an arbitrary function
f € C(hy4+1). Hence, the space C'(h,41) is continuously embedded into C'(h,). At the same
time, C'(h,41) is a proper subspace of the space C'(h,). Indeed, there are functions C'(h,) not
belonging to C'(h,41). This is, for instance, the function

For this function p,(f,) = 1 and p,41(f,) = +00 since owing to Conditions iy) and i3)

lim (7,1 () = Iy, (2)) = +oo. (2.1)
We define the space C'(H) as the intersection of the spaces C'(h,). We equip C(H) by a locally
convex topology by means of the family of the norms p,.

We recall once again that the Young-Fenchel transform of a function g : R" — [—o00, +00] is
the function g : R" — [—o00, +00] defined by the formula

g(x) = sup ((z,y) —g(y)), = €R"
yeR™
In the proof of Theorem we shall need the following statement.

Proposition 2.1. Let g : R" — R be a convex function such that

lim _g(:l:) = 400

oo ]
Then g(a) = (gA"/)(a), aeZ".
Proof. By the assumptions on g, the convex in R™ functions ¢g* and g take finite values. Hence,
g* and ¢ are continuous in R™. Since
g(@) = (z,a) —g*(z), a€Z" xeR"

then g(a) > (gA"S(Oz) for each o € Z". We recall that g = § according to the formula of inverting
the Young-Fenchel transform [4], that is,

g(x) = sup ((z,€) — g(£)), = €R"

€eRn

Using assumptions on the convex function ¢ and it continuity, for each a € Z™ we find a point
&(a) € R™ such that g(a) = (a,&(a)) — g(&(e)). Now, using this identity and the inequality
g*(z) < g(z) for z € R™, we have:

(g°)(@) < gla) = (a,&(a)) — g(§(a)) < (a,&(a)) — g™ (&(@)) < (9%)(a).
Therefore, g(a) = (;]*v)(a) for each o € Z". O

The following theorem holds true.
Theorem 2.1. The spaces G(H) and C(H) coincide.

Proof. Let f € G(H). We are going to show that f € C(H). Since f € G(h,) for each v € N,
then

(D7 F)(@)| < [Ifllve™®), 2z eR", BeZi.
By the representations

£ (i) = !
fa( ) (27’()”

/ (D°f)(x)e " dx, a€Z", BeL,

[0,27]"
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we hence obtain

oho (8)

| fal < ”f“”(]a1|+)51 (e[ )P

for each a = (a1,...,0,) € Z", B = (B1,...,Pn) € Z", where t > 0 t* = max(t, 1). Therefore,

()

£l < inf a=(ay,...,a,) € Z".
|fa’ X Hf“yﬁi(ﬁl ..... 57L)€Zi (|Oél’+)ﬁl (’an‘+>6n7 ( 1, n)

That is,
[ fol < [ fllye et leabiTlenl) g = (ay, . a) € Z0

Thus, p,(f) < || fllo, f € G(H). In view of the arbitrariness of v we conclude that f € C(H)
and the embedding G(H) into C(H) is continuous.
Now let f € C(H). Then for each k € N

’fa‘ g pk(f)eth(anr |t ],y Int \an\)7 a = (061, o 7an) c A (22)

(| 1| ) T (| ”| ) "

for each o = (a1,...,00) € Z", B = (B1,...,0y) € Z7}. Hence, f € C32(R™). Let us show that
f € G(H). Let v € N be arbitrary. For z € R", 8 = (f1,...,8,) € Z} we estimate from above
|(D? f)(x)| employing inequality (2.2]) and Condition i3). We have:

(DA< Y Halllaa )% (Jan| )%

< py+1(f) Z e—h;+1(ln+ |eet [yeeesn |an|)(‘al|+)61 . <‘an|+)6n’ r e R

Hence, letting

we obtain that

sup  (BrIn™ |aa |+ +Bn InT fan|—hy (InT |oa ... In ¥ |an]))

|(DP £)(2)| < Tupys1(f)eteromern

This yields the inequality

up ((B,t)—h}(t))
(D £)(@)] < Tuposa (f)etet .

Using now Proposition 2.1, we get:
|(Dﬁf>($)| < Tupy+1(f)€h”(ﬁ)7 reR", pBeZ.
Therefore, for each v € IN the inequality holds:

Hle/ < Tupqul(f)-

Thus, f € G(H) and the embedding of C(H) into G(H) is continuous. The proven statements
imply that the spaces G(H) and C(H) coincide as topological spaces. O
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3.  ON CONTINUING FUNCTIONS FROM G(H) TO
HOLOMORPHIC ONES IN CONVEX TUBULAR DOMAIN

For each v € N we define a function u, in R" letting
u, () = hi(In" |zq|,...,In" |z,]), 2= (21,...,2,) € R"

It is clear that the function u, is continuous, negative and wu,(0) = 0, and its restriction to
[0, 00)™ does not decrease in each variable. By (2.1) we have

llm (Ups1(z) — up(x)) = 400. (3.1)
Hereafter we suppose that the functions u, obey the condition
TG BT S (3.2)
v—oo 2]
We define a set B, = {y € R" : u,(y) < oo}. It is obvious that if
lim () =400, veEN,

=00 ||

then B, = R™. By (3.2)) the interior By of the set B, is non-empty. Since the function w, is
convex in R", then B, is a convex set. Since u,1(y) < 4, (y) for each y € R", then B, C B,.4
(v=1,2,...).

o0
Let B = |J By; we see that B is a convex domain in R™.

v=1
We observe that each function f € G(#H) admits a continuation for a 27-periodic in each
variable holomorphic in a tubular domain 75 = R" + ¢B function F introduced by the rule

Fi(z) =Y fae"™, z€Tp. (3.3)

acZm
Indeed, for each v € N, for each z € R" +1B;,

S Ul € () 3 oo

aEZ™ agZm
sup (—uy (a)—(a,Im z))
< Tupu+1(f)€aezn = TVpV—H(f)e
= T,,p,,.,.l(f)eﬂ;(lmz) < 0.

Thus, the series in the right hand side in (3.3]) converges absolutely and uniformly in the domain
Tpe = R" + 4B, for each v € N. Hence, F} is holomorphic in T and

|Fy(2)] < Tupuﬂ(f)emlmz), ze R"+1B;. (3.4)

This continuation is obviously unique.

Below we suppose that for each v € IN the function u, is convex in R". This condition
and the fact the function u, takes finite values in R™ imply that it is continuous in R"”. Now
we define the space Hy,(Tgs, U,) consisting of 27-periodic in each variable holomorphic in T,
functions F, for which

uy (—Im 2)

|F(Z)| < CV(F)eaV(ImZ)a z € TBS?
for some ¢, (F) > 0. We equip Hor(Tgg,U,) with the norm
[F(2)]

euv(Imz)’

n,(F) =

ZETBg

F € Hor(Tgy, Uy).

Since u,11(y) < u,(y) for each y € R", then
ny(F) < nl,+1(F), F e H27|—<TBS+1 , ZNLV_H).
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Hence, the space Hgﬁ(TBSH, Ty41) is continuously embedded into Har(Tgs, Uy ).

We note that the space Hoq(Tps, ,U,11) is a proper subspace of the space Har(Tpg, ).
Indeed, if we suppose that HQK(TBSH,QVH) = Hyr(Tgs, Uy ), then for some ¢, > 0 the inequality
should hold:

nw+1(ﬁw < QJh&fWa PWG E&ﬂ(jbﬁaﬂuy

In particular, due to this inequality for the function e **? with a = (ay,...,q,) € Z", we
have

sup ({o,y) — Uy41(y)) < Ine, + sup ({a, y) — @, (y)).
yeBl, yeBy

This inequality can be written as follows:

ysg£(<a, y) — t41(y)) < lnc, + yseuﬁ(m, Yy) — U (y)).

Now we take into consideration that for each v € IN

sup (@, y) = (y)) = sup ({, ) — U (y)) = sup (o, y) — W (y)) = w (). (3.5)
yeBY yeEB, yeR?
Here at the final step we employed the formula for inverting the Young-Fenchel transform [4].
In view of this identity, by the previous inequality we obtain that u,.1(a) < Inc, + u,(«) for
each a € Z™ and this contradicts (3.1).
We introduce the space Hy(Tp,H) as the intersection of the spaces Har(Tgs, ). We equip
Hy.(Tg,H) by a locally convex topology defined by the system of the norms n,,.

Theorem 3.1. The spaces G(H) and Hor(Tp, H) are isomorphic.

Proof. Employing estimate (3.4)), we have: n, (F) < 7,py41(f) for each f € G(H). This means
that the linear mapping A acts from G(H) into Hs, (15, H) and is continuous. It is clear that
the mapping A is injective.

We are going to show that the mapping A is surjective. Let F' € Ho.(Ts,H). Then, in
particular, F' € C52(RR"™). Therefore,

F(z) = Z FLef@®)  peR™
aeZmn

Employing the analyticity and periodicity of F', we can write a representation for the Fourier
coefficient F, of the function F:

A 1 ) )
Fo = () / F(x +iy)e "t gz y € B.
[0,27]"
Then for each o € Z"
- 1
|F,| < Py / |F(z +iy)|e!*¥ dz, y € BC.
T
[0,27]™

Since F' € Hor(Tps, U,) for each v € IN, by this inequality we obtain that
|| < ny(Fe™Welew) 4 e Be,
Therefore,
|Fo¢| < nV(F)eyiEHBfg(ﬂu(y)Jr(avy))‘
In view of we have:

Jnf (0 (y) +{asy) = inf (U (—y) + (> 9)) = = sup (o, y) = w(y)) = —u ().
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By this and the previous inequality we find:
| Fy| <y (Fe (@), (3.6)

Hence, Fig» € C(H). But then by Theorem [2.1] we have Fjg» € G(#H). It is obvious that
A(Fjgn) = F. Thus, the mapping A is surjective. We also note that by estimate and The-
orem [2.1| the linear mapping A~ : F € Hor(Ts, H) — Ejg» acts continuously from Ho, (T, H)
into G(H). The proven statements imply that the mapping A makes an isomorphism of the
spaces G(H) and Hor (T, H). O
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