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ON TAYLOR COEFFICIENTS OF ANALYTIC FUNCTION
RELATED WITH EULER NUMBER

A.B. KOSTIN, V.B. SHERSTYUKOV

Abstract. We consider a classical construction of second remarkable limit. We pose a ques-
tion on asymptotically sharp description of the character of such approximation of the num-
ber e. In view of this we need the information on behavior of the coefficients in the power
expansion for the function f(z) = e~ (1 4+ x)'/* converging in the interval —1 < z < 1.
We obtain a recurrent rule regulating the forming of the mentioned coefficients. We show
that the coefficients form a sign-alternating sequence of rational numbers (—1)" a,,, where
n € NU{0} and ag = 1, the absolute values of which strictly decay. On the base of the Faa
di Bruno formula for the derivatives of a composed function we propose a combinatorial
way of calculating the numbers a,, as n € IN. The original function f(z) is the restriction
of the function f(z) on the real ray x > —1 having the same Taylor coefficients and being
analytic in the complex plane C with the cut along (—oo, —1]. By the methods of the com-
plex analysis we obtain an integral representation for a, for each value of the parameter
n € IN. We prove that a,, — 1/e as n — oo and find the convergence rate of the difference
an — 1/e to zero. We also discuss the issue on choosing the contour in the integral Cauchy
formula for calculating the Taylor coefficients (—1)" a,, of the function f(z). We find the
exact values of arising in calculations special improper integrals. The results of the made
study allows us to give a series of general two-sided estimates for the deviation e — (1 —i—m)l/ r
consistent with the asymptotics of f(z) as  — 0. We discuss the possibilities of applying
the obtained statements.

Keywords: Euler number, analytic function, Taylor coefficients, Faa di Bruno formula,
integral representation, asymptotic behavior.
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1. INTRODUCTION

In the standard course of the mathematical analysis a base relation

. 1

ilLI(l] (1+x)z =e (1.1)
is proved, which forms a usual face of the theory of limits. The convergence rate of such
approximation is discussed much less; we mention famous problem books [I, Part I, Ch. 4,
Sect. 2, Probls. 170, 171], |2 Probls. 2.16, 2.17] and a recent paper [3]. Due to clear reasons
the issue on the convergence rate of the number e by means is of a natural interest. At the
same time, we failed trying to find in the literature a complete description of the approximation
picture including, for instance, asymptotic formulae for the deviation e — (1 4 x)Y/* as z — 0
supported by qualitative two-sided estimates. A small study made by the authors showed that
the situation is rather curious. In this note we discuss some problems arising here.
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Formula (1.1)) remains true while passing to the complex values of the variable. Indeed, using
the standard notation for the principal branch of the logarithm

In¢ =In|¢|+iarg(, e\ (—o0, —0], arge (—m, ),

f(z) Eexp{M— 1}, (1.2)

z

we obtain that the function

for real z = 2 > —1 obviously coincides with the function e~*(1+2)%* and the limiting relation
holds:

lim f(z) = 1. (1.3)

Formula (1.2)) with the convention f(0) = 1 defines an analytic in the domain D = C\ (—o0, —1]
function being a superposition of an entire function

S f(n) 0 n S n n
f(z)= Z ©) 2" = Z (—D)"ay, 2", |z| < 1. (1.5)
In view of (|1.3]) for real values of the variable we have:
f(a:):e_l(l—l—a:)% :1—1—2 (=)™ a, 2", —l<z<l, (1.6)
n=1

where a,, € R for all n € IN. As we shall see below, all numbers a,, are positive. This explains
the form of writing the coefficients in (L.5), stressing their sign alternation.

We note that the power series in (1.4) converges everywhere on the unit circumference except
for the point z = —1. This property is not inherited by power series : it turns out, see
Section 2, that its convergence domain is the open circle |z| < 1.

The study of Taylor coefficient of functions is the main content of this work. In the next
section we propose a way of calculating the coefficients in (|1.5)) and by means of this method we
prove the decreasing of the sequence a,,. Then in Section 3 we prove an explicit combinatorial
representation of the numbers a, arising from the Fad di Bruno formula for the derivatives
of a composed function. The fourth section is devoted to justifying a non-obvious property
a, — 1/e as n — oo. In order to do this, we employ the Cauchy formula for calculating
the Taylor coefficients of an analytic function with a specially chose integration contour. We
propose other options of choosing the contour leading to various integral representations of
the numbers a,, for all n € IN. Possible applications of the obtained results are discussed in
concluding Section 5.
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2. RECURRENT FORMULA FOR COEFFICIENTS

We begin with deducing a useful recurrent relation for the numbers a,,.
Proposition 2.1. The coefficients of power series form a sign alternating sequence of
rational numbers and
1 < k+1
n+1 prd k42

ap =1, Apt1 = An—r;, n € No = NU{0}. (2.1)

Proof. According to (1.2)) we have:

In(1 '
Fz) = f(2) (@ - 1) . 2eD=C\ (-0, ~1]. (2.2)
Since by (L.4), (1.5) in the circle |z| < 1 the representations hold
Fi(2) = (=" ap 2",
n=0
In(1+ = . n+1
kSl A | _ -1 n+l " " - n
(M) = g

relation (2.2)) gives the identity

i(—1)n+1an+lznz i(—l)”anz” 3 R eSS Y
n-+2

n=0 n=0 n=0
The product of the written power series is also a power series of form
o] n k + 1 . o] . n k + 1
Syt (=1 an_k> =) (-t | 2" |2l < L
n=0 ( k=0 k+2 n=0 k=0 k+2
Thus, in the unit circle we have:
-1 n+1 " no_ -1 n+1 . n
2 e = R U 2 )

and in view of ([1.3)) this yields recurrent rule (2.1]) for finding the coefficients of expansion ([1.5)).
This rule shows that all numbers a,, are rational. The proof is complete. O]

Calculations by formula (2.1)) give several first coefficients

1 1 1 /1 2 1 /1 2 11
M=y a2:5(§“1+§“0>:§(1+§):@
1 /1 2 1 /11 1 3 7
“3—5(§a2+§a1+1a°>:§(_8+§+1)zﬁ
1 /1 2 4 1 /7 4 2447
a4_1(5“3+§a2+1a1+3a°>_1(3_2+3 8§75) 570
1 /1 2 3 5! 1 [ 2447 7 11 2 5 959
“5:3(5“4+§“3+1“2+5“1+6 >:3(m 21 3‘2*5*6):m-
Hence,
In(1+ z 1 11 7 2447 959
f(z)zexp{%—l}:1—§z+ﬂ22—ﬁ 3+576OZ4_230425+”" |z] < 1.
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At the example of first coefficients we see that ag > ay > as > az > a4 > a5 since

1 11 7
ap = 1 ay = 5 = 0,57 a9 = 24 =0 458(3) as = E = 0,4375,
2447 959
= 0,4248263(8 = =0,41623263(8
= 5760 (), a5 =3530 (8).

As the index increases, whether the observed trend to a slow decreasing of arising numbers is
kept? The answer is given in the following statement.

Proposition 2.2. The numbers a,, given by recurrent rule (2.1)) form a decreasing sequence,
that s,

dn = an — Qp41 > 0, nc IN(). (23)

Proof. For accumulating the facts, we first calculated several first terms in the sequence defined

in (2.3). We get:

1 1 1 11 1 11 7 1
= - —= 1 —_—_ = - = - —_— — g — _— — —_—
do = ap — 5= hmm-e=g-g=on h=am-a=g—= g
72447 73 2447 959 11
ds=a3— 4=~ — 5~ =5 = dy=as—as = =

16 5760 5760’ 5760 2304 1280
First numbers (2.3)), the first differences of numbers (2.1, are positive and decrease:

do > dy > dy > ds > dy.

Indeed,

1 1
=05, di=g;=0,041(6),  dy= 2 =0,0208(3),
73 11

= 0,0126736(1 d = 0,00859375.
5760 (1), 47 1280

Let us find a recurrent law of forming the numbers d,,. By (2.1)) for n € Ny we find:

1
dO:E

ds =

1 n kf+1 1 n+1

an
n+1 pr k+2

k+1
n+2 pr k+2

dn+1 = Qp41 — Qny2 = —k = Apt1—k

1 = k+1 1 o= k+1 1

= T Qp—f — Upi1—k — ——
n+1k20 k+2 n+2k:0 k+2 n-+3

n

1 ZkJrl( )+ 1 ~ k+1 1
= —— (@ — Q1 Upy1—k —
ntl = k2 " T T a2 & k2 T g3

1 z”:kJrld L1 Ay | 1 1
nt1 & k+2 R n+2 & k+2 ek 13 n+3

n

- T o Un— —— Qp -
n+1 SN (n+1)(n+3)

pr k+2
1 - S 1 n+2
= dnf - —dnf — L Un - .
n+1 (kzzo g kZ:O k+2 k>+n+1a+2 (n+1)(n+3)

We take into consideration an obvious identity

E dnk = ag — Gpy1 = 1 — Ay
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and continue the calculations:

1 - 1 1 n+ 2
dn i 1_ mn - —dn— — 7 Un -
- n~|—1< 1 ;kw k)+n+1a+2 (n+1)(n+3)

n

1 n+2 1

1 |
- - - n — Up - dn—
ntl (n+1)(n+3) g (e~ ni) n+1k§k+2 k

n

1 1 1 1
- _ dyiy — .
n+1)(n+3) n+1 " n+1k§k+2 g

As a result we have:

n

n+2 1 1 1
D = - dy . neN,.
n+1 """ (n+1)(n+3) n+1; y2 "k 0

Thus, for the scalar sequence defined in (2.3)) we obtain the recurrent rule:

n

1 1 1 1
do=5,  dpr = —— S ——— N, 2.4
T AR <n+3 2k ’“> e R (24)

For instance, in accordance with (2.4,
1 /1 1 1 /1 1 1
d = — —_ — = d = — —_ — — = —
! 2(3 20> 2(3 4) 24’

1 /1 1 1 1/1 1 1 1
dy==(-=Zdy—=dy | == [-—2—-=) ==
73 (4 370 2 1) 3 <4 6 48) 48°

and this is supported by the above straightforward calculations.
We rewrite recurrent formula (2.4) in an equivalent form:

n

1 1 n+1 1 1
do==, dy=—, dypoy—= . de, neN. (25
0 YT MY T 2+ 2)2(n + 3) n+2;n+2—k o (2:5)
Writing (2.5) is better than (2.4) adapted to proving property (2.3)).

As n =1, formula (2.5)) gives

1 1 1 1 1

dy= o~ 7y = o~ —

T 36 6 36 144 48

and this coincides with the value calculated above twice in different ways. Let us prove the
positivity of differences (2.3) by the induction in the index n € Ny. Asn =0 and n = 1 we
respectively have dy = 1/2 > 0 and dy; = 1/24 > 0. Assume that

dy > 0, k=2,...,n, (2.6)
for some n € IN, n > 2. Then, as (2.5 shows, the estimate holds:
1
di < kE=1,... n. 2.7

Indeed, (2.7) for & = 1 becomes a true scalar inequality 1/24 < 1/12, while for other indices
k=2,...,nby (2.5) in view of (2.6) we have

k—1

. k 1 3 Lo k - 1
Tk +12(k+2) k+1 k+1—m ™ 20k+12k+2)  2k+1)(k+2)

m=1
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We need to show that d,1 > 0. Applying (2.7) in (2.5, we obtain

n

n+1 1 1
A1 > 2n+22(n+3) 2(n+2) ; (n+2—k)(k+1)(k+2)

(2.8)

We use a standard notation for harmonic numbers:

Hmzi%, m € IN.
k=1

The expansion into primitive fraction
1 1 1 1 1 1 1

42— Rh+)(k+2) (3 ntd) nt2—Fk nt3k+l ntdk+2
shows that

n

1 2H, 1 n>—n—8

; 2Rk I kT2 m+3)n+d)  2mt2)n+3)nrd)

Substituting this relation into (2.8]), we write the estimate

Qs n+1 H, n>—n—8
T +22(n+3) (n+2)(n+3)(n+4) 4(n+22n+3)(n+4)’
and it is equivalent to

4n+2%n+3)(n+4)dpyy >n* +11n+ 16 — 4(n + 2)H, 41

The positivity of the right hand in the latter inequality for n > 2 is implied by the upper bound
for the harmonic numbers:

m? 4+ 9m + 6
4m+1)
The checking of such rather rough estimate is elementary; for instance, by the induction in m.

Finally, we have found out that assumption (2.6) implies d,, .1 > 0. Hence, (2.3) holds. This
shows the decreasing of the sequence a, as n € Ng. The proof is complete. O]

Proposition [2.2] indicates the existence of the limit of sequence (2.1)):

H, < m = 3.

lim a,=a>0.
n—oo

A bit unexpected is the fact that this limit is non-zero. Patient calculations lead us to a
two-sided estimate

0.3433 < a < 0.3985. (2.9)

Indeed, due to the decreasing of the sequence a,, on the base of the facts we have we can
immediately write a < a, < a5 < 0.4163, where n > 5. Let us try to low the upper bound
and overcome the level 0.4. Owing to the monotonicity property proved in Proposition we
shall specify the upper bound continuing calculating the values a,, by formula for indices
n = 6. Reaching index n = 9, we find that

123377159
309657600
which implies the right inequality in . On the other hand, for all n € IN recurrent rela-
tion in view of the initial condition d; = 1/24 gives

n—+1 1 11n?2+19n+6

TS T2 13) A NnT2) At Do+ 220+ 3]

ay < 0.3985,
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Hence,
o 11m? —3m — 2
™S 24m(m 4 1)2(m +2)’
But then for the indices n > 2 we obtain
- 1 1 - 11 & 11m? —3m — 2 472 — 23
w1 = 1 — dp=1—1=4+— d, | >— — = )
(It mzo (2 tart 2 ) 21 mz 24m(m + 1)2(m + 2) 18

m=2 =2

m = 2.

The sum of the series is calculated by means of a famous result by Euler

0 2

1
— =
— m 6

applied after the transformation

11m? —3m — 2 1 1 1 1 1 1 1
24m(m +1)2(m +2) (m+1 m+2) 24 (m m—l—l) 2 (m+1)2
The found estimate

472 — 23
T
which is true for all n € Ny, demonstrates the validity of the left inequality in (2.9).

As we shall show below, the exact value of the limit @ is the number 1/e = 0.3678 ... being
of course in mentioned range . In our opinion, it is rather troublesome to derive an exact
statement from recurrent formula . At least, the tools of the complex analysis turn out
to be more effective in solving this problem. At the same time, approximate result is
very useful for understanding the situation in general. For instance, it implies the divergence
of the power series in on the circumference |z| = 1 despite f is a composition of two
functions analytic respectively in the entire plane C and in the domain C \ (—oo, —1], the
power expansions of which converge at the points z # —1 of the mentioned circumference.

In Section 4 we return back to the issue on calculating the quantity ¢ = lim a,, and now
n— oo

we discuss an alternative way of defining the sequence a,, of a combinatorial nature.

Qn > 0.3433, n =3,

3. FAA DI BRUNO FORMULA

The genesis of function suggests an idea to apply one general result known as the Faa di
Bruno formula for finding the coefficients in expansion , see, for instance, [4, Ch. 2, Sect.
8]. We mean here the rule of calculating the derivatives of a composed function. We employ
the following version of its writing

1 d° 1

@D ()™

_ — (mi+...+mnp) g (Z>
T M) = 3 e (9(2) H ( G e )
where the summation is made over all sets (my, ma, ..., m,) of the numbers Ny restricted for

a given order of the derivative n by the condition
my+2ms+ ... +nm, = n. (3.2)

Many interesting facts on the Faa di Bruno formula can be found in a retrospective collection
of Russian publications [5]-[7] and a detailed survey [§].
In our case

In(1+ 2)

hw) =expw,  g(z) = ———= -1 [(z) = h(g(z)), — hmFtm)(g(z)) = f(2).
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By (I-3). (L) we have

L 0 (1
oy =1 =

Taking into consideration these simple arguing, we substitute the point z = 0 into (3.1)) and we
obtain the formula

<_1) Un = n! _Zml!m2'~--mn!H(<j+1) ’ el

. =1

for the coefficients of Taylor expansion (1.5). We note that relation (3.2)) allows us to write

1 (55) - g

J=1 J=1

jeN.

for arbitrary n € IN. Therefore, the following result is true.

Proposition 3.1. For the coefficients in Taylor expansion (1.5) the representation

1
n — s S ]N, 3.3
“ Zm1!m2!...mn!2m13m2...(n—l—l)mn " (3:3)
holds with the summation by rule (3.2)).

Let us test formula by choosing the index n = 4. In this case, according to our above
calculations based on recurrent formula (2.1, we show obtain for a, the value 2447/5760.
Indeed, the equation

m1+2m2+3m3+4m4 =4

has exactly five solutions (mq, mq, ms, my) with components in the set INy, namely,
0,0,0,1),  (1,0,1,0),  (0,2,0,0), (2 1,0,0), (40,0,0).

Therefore, the sum

1
Z ml! mg! m3! m4! 2m1 3mz 4m3 §ma
consists of five terms each being calculated by its set of integer components:

! 1
0,0,0,1) = GO0 2 AT - 5’1 1
1,0,1,0) = 0N T0 203 4750 N 2.4 B 51
0,200 = 0!2!0!0!120324050:2-?:@1
21000 = s 243
(4,0,0,0) = ! =

41010101 24304050 24.16 384"
As a result we have:
1 1 1 1 1 2447
“TE R8T 217381 5760
and this is the desired fact.

As we see, a practical application of “explicit” formula (3.3) is complicated by a non-trivial
summation over integer non-negative solutions of Diophantine equation (3.2)) with n unknowns
and the natural parameter n. As the parameter grows, the number of such solutions grows
as well making representation obscure. Of course, Proposition has a peculiar combi-
natorial aesthetic, but it is not clear how extract from an information about asymptotic
behavior of the numbers a,,. This is why we aimed on seeking a “working” formula for a,, devoid
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of these disadvantages. In order to do this, we employ the technique of contour integration,
which is often useful in such problems [9, Ch. I, Sect. 1.3].

4. INTEGRAL REPRESENTATION OF COEFFICIENTS

A key result of the section and the entire work is the following statement.

Proposition 4.1. For the numbers a,, involved in expansion (L.5)) the integral representation

1
1 1 i
ap = — 1+—/M7”d7 , n €N, (4.1)
e s =71 —7)7

0

holds.

Proof. We choose the numbers r, R so that 0 <r <1 <1+ r < R. In the plane C we make
a cut along the ray (—oo, —1] and construct a contour I, g consisting of four parts written in
the order of passing them:

— circumference (counterclockwise) vz : z = Re?, § € [~m, 7];

— segment [, g from the point z; = —R till the point zo = —(1 4 r) along the upper side of
the cut;

— circumference (clockwise) v,, where 7, : 2= —1+7re?, 0 € [-7, 7];

— segment [, from the point 25 = —(1 + 7) till the point z; = —R, along the lower side of
the cut.

Each Taylor coefficient in expansion (|1.5)) is expressed via the contour integral by the Cauchy
formula

_ f(0) — L (2) dz n € IN. (4.2)

n! 2mi ntl
F'r, R

We fix n € IN and calculate the integral in (4.2)) as the sum

1 (2)

<_1)n Qn

i il dz = I n(R) + Iy n(r, R) 4 I3 n(r) + I, n(r, R), (4.3)
F’I‘,R
where
_ 1 f(z) _ 1 f(z)
]1’n(R) :% / Z"H'l dZ, IQ’n(T, R) = % Zn+1 dZ,
TR lr, R
_1 f(z) _ 1 f(2)
[3771(7") :2—m / Zn+1 dZ, 147n(7°, R) = 2_7m ﬁdz
T L. r
We write the integral over the circumference g as
1 f(z) 1 r —inf 0
I o(R) = — dz = " f(Re™) df.
1a(R) 271 o1 T or e / e f(Re”)
YR —T

Since function (1.2 satisfies the estimate

F(Re™)| = lexp {BAERD G [n(+ R | (MO R T
Ret® R
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holds for all § € [—, 7], then

1 f —inf i0 1 f i0 ‘ L R 1/R
< < — .
o /e £(Re™) do \%Rn/’f(}ze )| < =" (1+ R)
This is why for a given n € IN we have:
1 (2)
TR

Passing to the second integral in sum (4.3)), we observe that at the points z = z in the
segment [, r the function g(z) is defined by the rule
In(1+ 2 1
9(2) ml+2)

- —1:5(111(—1—36)4—7”') 1

This is why
—(1+4r)
1 1 1 .
]2,71(7“7 R) = — f(Z) dZ _ / (_1 - x)l/z 67’[’1/1‘ dI

27 2t 7T 9ed antl
I R -R
" 1/(1+r) y " 1/(1+r) 1
—1)" 1 —T ) —1)" T4+n— )
— ( ) : / Tn—i—l (_ _ 1) e Tl _7— — ( ) : / T e T dr.
2mei T T2 2el (1—7)7
1/R 1/R
Therefore, for a fixed n € IN the relation holds
1 (Z) (_1)n+1 7_7'—1—77,—1 .
Iy ,(r, R) = — dz — : ™ dr, — 0+, R — .
2n(r, B) 271 ot O 2red / (1—7)7 ‘ T " * oo
I r 0
(4.5)
We write the integral over the circumference 7, as
1 1 [ F(=14re®) re®
I3 n(’l") = (Z) dz = —— f< ) 1 dl.
) 27 an+l 2 (_1 + ’l“eie)nJr
i -
Since
, , i In(re')
-1 6 6 :7”6 :
f( +re )re XD Epe
1 Inr+ 6 Iyt i 1 re’(Inr + i)
=—exps ——— +Inr4+1=—-exp —mm—
e P11 e e TP T T e

for all § € [—m, 7], then as r — 0+ the integrand
f(=1+re?) re
(-1+ rew)nH

tends to (—1)"™! (1/e) uniformly in § € [—m, n]. Applying the known result on an integral
depending on a parameter, see, for instance, [10, Ch. I, Sect. 6], for each n € IN we obtain that

1 2) —1)n
_[3771(7“) :% %dz — %, 7"—)0+ (46)

Tr
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Finally, we take into consideration that at the points z = x of the segment [, the function
g(z) is defined as

In(1 + 2) 1 ,
E——1:—<1 —1—xz)— )—1.
g(2) . - n( x) — i
Hence
f( ) —(1+7)
1 z 1 1 .
Iy, R dz = — -1 1/x —m/zd
an(r R) = 27i / zntl : 2mei / gntl ( z) e .
lr_,R —R
. 1/(1+47) ) ; . Y
_ <_ ) / Tn-l—l <_ . 1) 67r7-i _7— _ (_ ) / T 67r7'i dr.
2mei T T2 2red (1—71)7
1/R 1/R

Therefore, for a fixed n € IN we have

1

Iy »(r, R) = JE) ) / T e d — 0+, R—=+ (4.7)
n r? = . ) r ) 0. )
4 2714 z”Jrl 271'67, 1—7)" T

l'rjR 0

Applying limiting relations (4.4)—(4.7) in (4.3]), we obtain that for an arbitrary index n € IN
the integral

1
1 e),,
271 zntl
F’I’,R
tends to the quantity
1 1
-1 n+1 T+n—1 ) —1) —1)" T+n—1 )
2rel (1—7)" e 2mei (1—7)"

which is obviously equal to

(—=1)" 1 / sin(7T)
1 _ I S A n
+ 7'1—7(1—7-)TT dar |,

0

if r — 0+ and R — +o0. Passing to limit in (4.2)), we confirm the validity of formula (4.1]).
The proof is complete. n

Taking exact values for the first four numbers a,, starting with a;, see Section 2, we obtain
by (4.1) a series of delicate identities

1 1
T -2 147 1le — 24
/ a—rr T ) sin(n7) dr = —W(GQ ), / —<1T ) sin(z7) dr = mlle —24) ;4 ),
— )T — )

0 0

= (7e — 16) [t (2447¢ — 5760)

72+ . m(7e — ToTT . s e —

/ = sin(nr) dr = ST / A= sin(nr) dr = 760 ,
0 0

which can be continued if it is needed. But the main destination of Proposition is another:
now it is easy to obtain a general impression on the asymptotic behavior of the Taylor coefficients
of function (1.2)).
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Proposition 4.2. A two-sided estimate

! 1+—2 < <1 1+ ! eN (4.8)
_ any, — s n s .
e m(n+1) e n+1

holds and it implies the order relation

Proof. We write integral representation (4.1 in a compact form

1
1
a,=- |1 —i—/ o(r)rhdr |, ne N, (4.10)
e
0

where

o(1) = A=) 7€ (0, 1). (4.11)

Function (4.11)) under the natural convention

e(0)= lim p(r)=1, @)= lim ¢(1)=1

T—0+ T—1-0

is continuous on [0, 1] and possesses the properties:
1) o(r) =p(l—7), 7 €0, 1],
2) (1) decreases on [0, 1/2] and increases on [1/2, 1],
3) min o(r) =¢(1/2) =2/m,  max (1) = @(0) = (1) = L.
The first property is obvious, the third property is implied by the second one. This is why it is

sufficient to confirm the decreasing of the function ¢(7) as 0 < 7 < 1/2. This can be done by
the standard tools of the analysis on the base of the relations

() =Inp(r) =lnsin(r7) —ln7 — (1 = 7)InT —7In(1 — 7), 7€ (0,1/2], n(0)=0,

1—7

) T E (07 1/2]7 77/(0+> = —00,

—In(1 —

T ( T)+1—T
= SRR R S S
TN=——F—+-+—=

1 sin’(rr) 7 T2 1-7 (1-7)%

n' (1) =mcot(n7) +InT —

7€(0,1/2], 7" (0+) = +oo.

More precisely, by means of the estimate

g3

sins>s—€, 5> 0,

/

we prove the inequality n”(7) > 0 valid for all 7 € (0, 1/2] and implying the increasing of 7
on the segment (0, 1/2] from 7/(04+) = —oo till 77/(1/2) = 0, and hence, the decreasing of 7 on
[0, 1/2] from 7n(0) = 0 till n(1/2) = —In(7/2).
As a results for each n € IN we have a two-sided estimate
1 1

1
2 2 n n w1
—ﬂ(n+1)_;/T dT</<p(T)T d7'</7' dT—n+1.
0

0 0

Applying it in (4.10)), we obtain (4.8)), (4.9). The proof is complete. O
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We demonstrate a quality of general estimate (4.8]) by numerical calculations. We successively
substitute the values n =1, 2, 3, 4 into (4.8) and we write:

0.4849...:2 <1+%) <a1:%<%:0.5518...,

0.4459...:% <1+3%) <a2=%=0.458(3)<;—620.4905...,
0.4264...22 <1+%) <a3=1—76=0.4375<45—620.4598...,

0.4147 :é <1+%) <a4:%:0.4248263(8) <%:0.4414

with a nice approximation, especially from below.
We also note that (4.10), (4.11) easily implies a recurrent relation

1
Upi1 = Ay — / W(r) " dr, n e N, (4.12)
0
where a positive function 1 is defined by the formula
1—7 sin(rr) (1—7\""
77b(7—) =— 90(7_) = ) T € (07 1)' (4'13)
e e T

Thus, we have found another way of justifying Proposition [2.2]

We also note that the choice of the contour in the proof of Proposition [4.I]seems to be optimal
in certain sense but initially there is a large experimental margin. Omitting the details, for
comparison we provide a result arising in the case when for an appropriate combination of the
parameters 7, R the contour I', r in the domain D consists of four parts:

— arc of the circumference (counterclockwise)
Yr: z=Re®, 0 € [—r+ arccos(1/R), m — arccos(1/R)] ;

— vertical segment from the point —1 + iy/ R? — 1 till the point —1 +ar;
— semi-circumference (clockwise) 7, where 7, : z = —1+re?, 0 € [-7w/2, 7/2];
— vertical segment from the point —1 — ¢r till the point —1 —iv/ R? — 1.
Such approach seems promising but this is just an illusion: the formula
n 1 (2)
(-D)"a, = 9 g dz, n e N, (4.14)
fr,R

after appropriate transformation of the contour integral followed by the passing to the limit as
r — 04+, R — 400 is reduced to

+oo
11 | In(iz)
n==" |31tz Red ———— d , e N, 4.15
= 2+7r/ e{(l—iac)"Jrl eXpix—l} v " (4.15)
0
with a converging improper integral. The integrand in (4.15]) is given by the expression
1 Zr—Inx T+zhnz
—————— 7 exp 2—2 cos 2—2 — (n+1)arctanz | .
(1+ 22)"3 1+ 1+

It is unlikely possible to derive from here Proposition by a simple analysis. The comparison
of (4.15)) with (4.1)) is very instructive. But as a kind of compensation, we obtain an opportunity
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possibility of an exact calculation for a countable set of exotic improper integrals like
+0o0o

1 5 —Inzx stohnw (e —1)
/ 12 P <—1—|—:c2 ) cos (W—2arctanx de = —
0
400
- 3¢~ Inw 3 telnx m(1le — 12)
/ A+a2 = <T> (W—?’M“‘O‘” A TE

Completing the section, for small » and large R we propose to replace the contour 1~1r7R in
Cauchy integral formula (4.14) by a modified contour of the form:

— arc of circumference (counterclockwise)
Yr: z=Re? ¢ [—71’ + arccos((1 4+ r)/R), m — arccos((1 + T)/R)} ;

— vertical segment from the point —(1 + r) +iy/R? — (1 + r)? till the point —(1 + r);

— arc of circumference (clockwise) -, where v, : z = —1+re? 0 € [-7, 7];

— vertical segment from the point —(1 4 r) till the point —(1 +r) — i/ R? — (1 +r)2.

It would be interesting to reproduce then mutatis mutandis the scheme of the proof of
Proposition [£.1]and to compare arising in this way an integral representation for the numbers a,,

with formula (4.15]).

5. CONCLUDING REMARKS

The obtained results can be applied in the initial problem on asymptotic behavior of the
deviation e — (14 x)Y/* as  — 0. Indeed, on the base of the power expansion

o0

1
(l+x)r=e—=x+—2a"——2°+ ... =¢ (—1)"a, 2", -l<z<l,

equivalent to (1.6) and a known property of Leibnitz type series (taking into consideration
Proposition [2.2)) we have a series of two-sided estimates

2N 2N+1

e Z (-1 ta, 2" <e—(1 +x)% <e Z (-1)"ta, 2", (5.1)

acting for all =z € (0, 1) for each N € IN. For instance, choosing x = 1/m and the first value
N =1, by (5.1) we obtain that

1 11 < 14 1\™ < 1 11 n 7
e | — — e — — e | — —
2m  24m? m 2m  24m?2  16m?

for all m € IN, m > 2. We independently confirm that as m = 1 the written inequality holds.
Therefore,

e, m € IN. (5.2)

14—
24m? + 48m3

12m — 11 ( l)m 24m? — 22m + 21
_— e — <
m

Letting = 1/m in (5.1) and increasing the value of the parameter N, we can form arbitrarily
large reserves of two-sided inequalities successively specifying (5.2).
We compare (5.2)) with the known two-sided estimate

e 1\" e
<e—|1+— < , € N, 5.3
om+2 - ( +m> om+1 (5:3)
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taken from [I, Part I, Ch. 4, Sect. 2, Probl. 170]. By obvious inequalities

2m-11 1 -1
m = 5
24m? 2+ 2’
24m? — 22m + 21 1
< > 9,
A8m3 om+1 "

new estimate (5.2)) is better than classical estimate (5.3) as m > 12 and the upper bound
in (5.2)) is better than the upper bound in (5.3)) for all natural values of the variable starting
from m = 2. Moreover, (5.2)) supports the asymptotic formula

. 1\™ e 1le L0 1 .
e — — = — — — m — 00
m o2m  24m? m3 /)’ ’

while (5.3)) gives a weaker result

1\" 1
e— (14— :i+0 — |, m — oQ.
m 2m m2

In a recent note [3], there was provided an inequality

1\" 1 1
—(1+=) (1 <
‘ < +m> ( +2m—|—1) 2(2m + 1)2

valid for all m € IN. We rewrite it as
1\" 2e(2m+1) +1
— 14+ — < € IN. 5.4
‘ ( +m) 2m+)m+1 " (5.4)

It is easy to check that estimate is stronger than the upper bound in for each m € IN
but is weaker than the upper bound in as m > 11. We do not continue discussing of
similar examples demonstrating the effectiveness of result (5.1)).

Of course, a general asymptotic expansion

p
e—(1+x)%:eZ(—l)”_lanx"—i-O(:UpH), r— 0+, peN,
n=1
holds and for calculating its coefficients we can use both recurrent rule (2.1) and representa-
tions (3.3), (4.1). It would be useful to specify order relation (4.9) by providing exact law of
tending to zero for the quantity

1
1 .
anzan—l/e:—/wrndﬂ n — 00.
=71 —7)7

e

A problem on asymptotic behavior of first differences (22.3)) is of certain interest and according
to (4.12)), they can be written as the moments

1
d, = / W(T) 7" dT, n €N,
0

of a positive on (0, 1) function (4.13).

There are reasons to believe that bounding property can be extended from the interval
x € (0, 1) to the ray x > 0. A simplest arguing for such conjecture is the fact that the two-sided
inequality

e—§m<(1—|—$)%<e

holds for all > 0. The issue is also important because of unexpected approximation effects
discussed in [11], [12].
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