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HADAMARD TYPE OPERATORS IN SPACES OF
HOLOMORPHIC FUNCTIONS ON A BALL

O.A. IVANOVA, S.N. MELIKHOV

Abstract. We study Hadamard type operators in the spaces of functions holomorphic in
an open ball in CV centered at the origin. These are continuous linear operators, for which
each monomial is an eigenvector. We obtain a representation of Hadamard operators in the
form of a multiplicative convolution. The proof of this representation employs essentially
Fantappie¢ transformation realizing dual to the spaces of holomorphic functions and the
holomorphy property of the characteristic function of a continuous linear operator in them.
The applied method allows us to reduce the problem on representation of a Hadamard
operator to the problem on holomorphic continuation of a function holomorphic at the point
0 into a given open ball in CV with [;-norm. We prove that the space of the Hadamard
type operators from one mentioned space into another with the topology of the bounded
convergence is linearly topologically isomorphic to the strong dual to the space of the germs
of all functions holomorphic on a closed polydisk.

Keywords: Hadamard type operator, space of holomorphic functions.

Mathematics Subject Classification: 46E10, 47B91

1. INTRODUCTION

A natural interpretation of the Hadamard product of holomorphic functions in the operator
theory is the notion of a Hadamard type operator. This is the name for continuous linear
operators defined on a complex locally convex space containing all polynomials, for which all
monomials are eigenfunctions. At present, there is a complete description of the Hadamard
operators in the space of all functions holomorphic in an arbitrary simply connected domain
in C [2], [3], [6], [18]. In the case of many complex variables a corresponding result, as a corollary
of a more general description of the almost Hadamard type operators was obtained in [5] for
the space of all entire functions in C". For the spaces of functions holomorphic in domains in
CV different from CV such description is absent. We mention a rather large number of such
results for the spaces of real analytic, infinitely differentiable functions and distributions of
both one and several variables [9]-[14], [L9]-[23]. In the present work we study Hadamard type
operators acting from the space H(B,) of all functions holomorphic in an open ball B, of radius
r € (0,00) centered at the point 0 in CV into the space H(Bg), R € (0,00). The main result
of our paper is Theorem in which we obtain a representation of Hadamard operators as a
multiplicative convolution. A similar description holds also for in all earlier studied situations.
An essential point in the proof of Theorem is the employing of the Fantappie transform, by
means of which we realize a natural duality for the spaces of holomorphic functions of many
variables. This allows us to reduce the problem on representing a Hadamard operator to the
problem on holomorphic continuation of a function holomorphic in a vicinity of the point 0
into a given open ball in CV with [;-norm. We also employ the property of the holomorphy
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of a characteristic function of a continuous linear operator acting in the spaces of holomorphic
functions.

The obtained representation is interpreted in terms of the Hadamard product of holomorphic
functions. In Theorem [2.2] also by means of Fantappie transform and the corresponding family
of quotients defining it, we show that the space of Hadamard operators with a natural topology
of bounded convergence is topologically isomorphic to a strong dual to the space of all functions
holomorphic on a closed polydisk in CV and to the Fréchet space holomorphic in an open ball
in CV with l;-norm.

The facts from the theory of locally convex spaces, which we use here without citations, can
be found in [§].

2. DESCRIPTION OF OPERATORS OF HADAMARD TYPE

2.1. Representation of Hadamard operator as multiplicative convolution. We fix
N € N. We let

N 1/2 N
2| := <Z yzﬁ) c (2= bz, tze= ()N, tzeCV,
j=1 j=1

L-M:={tz|te L, z€ M}, uM :={u}-M forsets L, M cCC", wuecC",
B, :={ze CN||z| <}, B, ={zeC"||z| <1},
D, :={ze€C"||z] <r1<j< N}, D, :={ze€C"||z] <r1<j< N},

N N
U= e Yl <r), U= {zeC Y |al<r),  0<r< oo
7j=1 J=1

PN = {]_,,N}
In what follows we shall use the sets of points with non-zero coordinates. We define C* :=
C\ {0} and for Q C CV we let Q) := QN (C*)N.
Remark 2.1. For all 1, p € (0,00)
(i) By, = D, - B,;
(ii) the set U,, can be represented as the product of balls; one of them can be thinned out:
U,=DB.-B,=BY.B,
(iii) U, = B, - B,,.
We define the quotients p.(z) := ﬁ for ¢,z € CN such that (¢,2) # 1. For a set Q C CV,
the dual for ) set Q* is defined by the identity
Q" = {t € CV | {t, z) # 1for each z € Q}
[, [I7, Sect. 1], [7, Ch. 3, Sect. 12, 4], [15, Ch. IV, Sect. 4.7].
Example 2.1. Let r € (0,00).
(i) According to [T, Ch. 3, Sect. 12, 4, Prop. 2|
B: = El/ra E: - Bl/r'
(ii) The identities hold D = U, ., D, = Uy,

Identities in (i) can be confirmed by straightforward calculations.

For a domain @ in CV, by H(Q) we denote the space of all functions holomorphic in Q with

the topology of uniform convergence on compact sets in Q. The symbol H(D,) with r € (0, 00)
stands for the space of all germs of the functions holomorphic on D,. Let (s,)nen be a strictly
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decreasing sequence of positive numbers such that s, — r and H.(Ds,) be the Banach space

of all holomorphic in D,, and continuous on D, functions with a norm max |f(z)|, n € N.
z€Ds,

Then H(D,) = |J H.(Ds,) and in H(D,) we introduce a topology of inductive limit of the

nelN
spaces H.(D, ), n € IN, with respect to their natural embeddings in H(D,). This topology is
independent of the choice of the sequence (s,)new as above. For a locally convex space E the
symbol E’ denotes a topological dual to E space and Ej is a strong dual space for E.
The Fantappie transform of a functional v € H(C")" is defined by the identity

(v)(t) = v(t) == v(p).
According to [I5, Ch. 4, Sect. 4.7], a function ¥ is holomorphic at the point 0, that is, in some

neighbourhood of the point 0.
By |17, Thm. 2.2|, [I], |15, Thm. 4.7.8], the following lemma is true.

Lemma 2.1. For each r >0, the transformation v — ®(v) is a topological isomorphism of
H(D,), onto H(Uy,,).

We are going to prove a natural analog of a known result by G. Kéthe [16, Thm. 19|
for many complex variables; this result is about characteristic functions of continuous linear
operators in the spaces of holomorphic functions of one complex variable. For r, R € (0, c0)
by L(H(B,), H(Bgr)) we denote the space of all continuous linear operators from H(B,) into
H(Bg). For A€ L(H(B,), H(Bg)) we let

ch(A)(t, z) := A(pe)(2), t € By, z € Bp.

We introduce the orts V) := (8;,,)N_,, 7 € Py. In what follows for numbers 7, R € (0, o)

we fix strictly increasing sequences of positive numbers (r,,),en and (R, )nen such that r, — r
and R, — R.

Lemma 2.2. Let r, R € (0,00). For each operator A € L(H(B,), H(Bgr)), its characteristic
function ch(A) possesses the following holomorphy property: for each n € IN there exists m € N
such that the function ch(A) is holomorphic on By ,,, X Bg,.

Proof. As in the one-dimensional case, this statement is a corollary of the continuity of A and of
the properties of the function r;. Since A is continuous from H(B,) into H(Bpg), then for each
n € IN there exists m € IN such that the operator A can be uniquely continued to a continuous
linear operator A, from H(B,,) into H(Bg,). We define a function g,(t,z) := A,(p)(2),
t € By, 2 € Bg,. Forall t € By, j € Py, in the space H(B,,,), that is, uniformly in « on
each compact set B, ., there exists the limit

lim pt+he<j)(u) — pe(u)
heC,h—0 h

uj

being equal to = =: s;j+(u). Then for all z € Bg,, t € Byy,,,, j € Py there exists a limit

lim gn(t + hel), 2) — gn(t, z)7
heC,h—0 h

which is equal to A, (s;+)(2). Therefore, for each 2z € Bg, the function g,(t, z) is holomorphic
in By, in t. Moreover, for each t € By, the function g,,(t, z) is holomorphic in By, in z.
By Hartogs theorem g, is holomorphic in By, x Bg,. Since the function ch(A) is equal to g,
on §1/r X Bp,,, we continue ch(A) holomorphically into By, X Bpg,. O

The main aim of the present work is to describe the operators of Hadamard type in the
spaces of functions holomorphic in a ball. We let f,(2) := 2% := 20" - 23", a € N}, z € CV.
An operator A € L(H(B,),H(Bg)), r,R € (0,00), is called an operator of Hadamard type
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(Hadamard operator) if all monomials f,, are its eigenfunctions, that is, for each o € IN)Y' there
exists ¢, € C, for which A(f,) = cafa- By Ln(H(B,), H(Bg)) we denote the set, of all operators
of Hadamard type from H(B,) into H(Bg). It is clear that £,(H(B,), H(Bg)) is a subspace
in L(H(B,), H(Bgr)).

As usually, C|z] is the space of all polynomials over C of variables zy,...,2zy. We let 0;f :=
N

g—fj, Jj € Py; |al == Zlaj for a € IN)'; the latter notation coincides with the notation |z| for
]:

z € CV but this produces no ambiguity. The subscript of the functional indicates the variables,
which respect to which it acts.

Theorem 2.1. For r, R € (0,00) the following statements are equivalent:

(i) A€ Ly,(H(B,),H(Bg)). B

(ii) There exists a functional o € H(D,/g)" such that A(f)(2) = ¢i(f(tz)) for all z € Bg,
f e H(B,).

For each A € Ly,(H(B,), H(Bg)) a functional o € H(D,/g)', for which A(f)(z) = ¢i(f(t2)),
z € Br, f € H(B,), is unique.

Proof. The implication (ii)=(i) is proved in a standard way. We fix a strictly decreasing
sequence of numbers (s,)nen, for which s, — r/R. First of all, for f € H(B,), z € Bg
the function o;(f(tz)) is well-defined since there exists k& € IN, for which si|z| < r and then
2D, C B,. Moreover, ¢;(f(tz)) is holomorphic at each point z € Bg. Indeed, we choose k for
z as above. The identity

1
F(t(z + heW)) — f(tz) = /(@f)(ﬂz + EheW))htydg, t €Dy,
0
— si|2|

heC, \h\<r—,

Sk

implies that there exists a uniform in ¢t € D,, limit

i S he) = f(t2)
h—0 h

which is equal to ¢;(0;f)(tz). This implies that the function ¢;(f(tz)) is differentiable (in the
complex sense) in each variable in Bg and hence, it is holomorphic in Bg. By the closed graph
theorem, the linear operator A is continuous from H(B,) into H(Bg). Since A(fa) = ©(fa) fas
a € NV, then A is an operator of Hadamard type.

(1)=(ii): Let A(fa) = cafa, ca € C, @ € N)'. We define a functional

()= Y SIS e HE), (2.1)

aE]NéV

Let us prove that the series in (2.1)) converges absolutely for each function f € H(C"). Due
to the continuity of the operator A from H(B,) into H(Bg) there exist m € IN and a constant
C' > 0 such that

max |A(f)(z)] < C max [f(2)], fe€ H(B,).

|z|<Ry |z|<rm
For f := f, we obtain:

|co| max |2%] < C max |2%] < Crl9.
lz|<R1 lz|<rm
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|a
This implies: |cq| (%) < ol and

|al
rmV N
leol < C ( R ) , aeN]. (2.2)

If f € H(CY), then
T (1F0)]/a)" =0,
o|—00
and hence, series (2.1)) converges absolutely. By the Banach-Steinhaus theorem, a linear func-
tional ¢ is continuous on H(CY). Tt follows from 1} that the series ) ¢,2% converges

acCN

absolutely in some polydisk D,, p > 0.
We introduce an operator

S(NH(z) =@alf(t2)), =zeC,  feH(CY)
If
f(z) = Z o2, zeCV,
aelNY
then for each z € CV the series > a,t*z® converges to f(tz)absolutely in ¢ in CV and
acNY
uniformly on each compact set in C]\ef . OThis is why

ei(f(t2)) = Z aap(fao)2”

aewg

for each z € CV and hence, S(f) € H(CV) for each function f € H(CY). The operator S is
linear and continuous in H(CY) and coincides with A on C[z], and therefore, on H(C"). Let
us show that the functional ¢ can be linearly and continuously continued on H (D, /z). In order
to do this, in view of Lemma [2.1] we need to show that the function @ can be holomorphically
continued into Ug/,.

There exists M > r such that S can be uniquely continued to a continuous linear operator
from H(B)) into H(Bgr) (we denote it again by S), while ¢ can be continued to a continuous
linear functional on H(Dyygr). The continued operator coincides with A on H(By). By
Statement (i) of this theorem, the operator f — ¢.(f(¢2)) is linear and continuous from H(B)y)
into H(Bpg) and it coincides with S on C|z]. Hence, S(f)(2) = ¢:(f(t2)), 2z € Br, f € H(Bu).
By Lemma for each z € By there exists p(z) > 1/r, for which the function ch(A)(t, z) is
holomorphic in ¢ in B,,). For each t € By, the function ch(A)(t, z) is holomorphic in By in
z. For each z € Bp there exists 0(z) € (0,1/M) such that if |¢| < §(z), then identities hold:

1 1
o(tz) =y | —— | = pu | ———— ] = ch(9)(t,z) = ch(A)(t, 2).
509 = o (1= ) = o (1= ) = DS = ),
Thus, for each z € Bg)), the function @ can be holomorphically continued into a convex domain
2B,y containing the point 0. Due to the principle of holomorphic continuation [4, Ch. 1,
Sect. 6], ¢ can be holomorphically continued in |J 2B,). Since |J 2B,) contains the set
2€BY 2eBY
Bg) -El/r = Ug/r, see Remark ﬂ, then ¢ is continued holomorphically in Ug/,. This implies
Statement (ii). B
Let A€ L,(H(B,),H(Bg)) and ¢ € H(D, )" be a functional, for which

A=) =@(f(tz)),  z€Br,  feH(B)
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Due to the identities A(f,) = ¢©(fa)fa, @ € NY, and the density of the set of all polynomials
in H(B,) such functional ¢ is unique. O

Remark 2.2. (i) Let ¢ be a functional defined by the identity . Then there exists € > 0
such that p(z) = > %za if z € D.; the series converges absolutely in D, and the function
an]N(I)V
© is holomorphic in D..
(i1) Let us independently separate a statement established in the proof of the previous the-
orem. Let A € L,(H(B,),H(Bg)) and A(f.) = cafa, @ € NY. Then the series > c,z“

ae]NN
lof!

converges absolutely in some polydisk D,, p > 0, and a holomorphic at 0 function Y, ca'orz

aeNY
is holomorphically continued into Ugy,.

Let us interpret the previous results in terms of the Hadamard product of holomorphic
functions. By Hy we denote the space of the germs of all functions holomorphic at the point 0.

For functions
= Z baz?, c(z) = Z Ca2”

a€NYY aeNYY

from H, their Hadamard product is defined by the identity

(bxc)( Zbca

ae]NN

If the series > b,z* converges absolutely in the polydisk D,, and the series > c¢,2°
ozE]NéV aE]NéV
converges absolutely in D,, where r, p > 0, then the series ) b,c,2® converges absolutely in
ae]NON
D,,, and hence, the function b * ¢ is holomorphic in D,,. It follows from the Cauchy integral
formula that if f, € H(D,), n € N, and f, — 0 in H(D,), then for each ¢ € H(D,) we also
have f, xc = 0in H(D,,).

Corollary 2.1. Let r, R € (0,00), a function c(z) :== > co2% be holomorphic at the point
ocE]N(J]V
0 (the series converges absolutely in some polydisk D., € > 0). The following statements are
equivalent:

(i) For each holomorphic in B, function b(z) = > b,z the Hadamard product b * c is
aclNg
holomorphically continued into Bp.

(11) The function C“‘?' 2% is holomorphically continued into Ug,.
a€INYY

Proof. (i)=-(ii): Let A be an operator mapping a function b € H(B,) into a holomorphic
continuation b*c into Bg. Due to the uniqueness of the holomorphic continuation the operator
A is well-defined. Tt is clear that the operator A from H(B,) into H(Bg) is linear. Let us show
that the graph of A is closed. Let f, € H(B,), n € N, f, — 0in H(B,) and A(f,) — ¢ in
H(Bg). There exists p € (0, R) such that f,*xc— 0in H(D,). Hence, g =0 on D, and this is
why g = 0 in Bg. By the theorem on closed graph, A € L(H(B,), H(Bg)). Since A(f,) = ¢afa
for each a € N, the operator A is Hadamard. By Remark [2.2] statement (ii) holds.

(ii)= (i): We observe that the series c““,l' 2% converges absolutely in some polydisk Ds,
aeNYY

d > 0, and the function d(z) = > %zo‘ is holomorphic in Ds. Let d be holomorphically
an]N(I)V
continued into Ug/,. By Lemma the functional ¢ := ®!(d) is linear and continuous on
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H(D,,g), while by Theorem the operator A(f)(z) := ¢(f(tz)) is linear and continuous

from H(B,) into H(B,r)) for each p > 0. We take a function b(z) = > bs2* holomorphic
aeNY

in B,. There exists p € (0,r), for which the latter series converges absolutely in the space

H(B,). Treating the operator A as that from H(B,) into H(B,r)/y) (we denote it by A), we

obtain that

Ao(b (Z b fa> =) bado(fa)z* = (bxc)(2), 2 € Byry

aclNg a€lNp

A holomorphic in By function A(b) (now we treat A as an operator from H(B,) into H(Bg))
is a holomorphic continuation b * ¢ into Bp. O

2.2. On topological isomorphism. Let r, R € (0,00). The symbol L£,(H(B,), H(Bg))s

denotes the space L£,(H(B,), H(Bg)) with the topology of uniform convergence on the family
B(H(B,)) of all bounded subsets in H(B,). The set of seminorms

qra(A) == suglmaéc |A(f)(2)|, T € B(H(B,)), né€N,

I\n

is a fundamental system of continuous seminorms in £,(H(B,), H(Bg)),. We introduce the set
Ty = {pu| v € By, }. Since

()] : :
sup |p.(z)| = sup <
|z|<rn |2|<rn 11— (u, 2)| L—ry/r
for all u € By, n € N, the set T is bounded in H(B,).
Let (0,)new be a strictly increasing sequence of positive numbers such that 6, — R/r. The

sequence of norms max |f(z)|, n € N, defines the topology of the Fréchet space H(Ug/,). We
ZEUgn

fix a strictly decreasing sequence of numbers (s, )nen such that s, — r/R and we let
||f||n = Iél%X |f<2)|, f € HC(DSW,)’ n € IN.

We also define o
lelly == sup |o(f)], @€ H(D,r), nel.

[flln<
A sequence (|| - ||},),cn is @ fundamental sequence of continuous seminorms in the Fréchet space
H(D,g),. For ¢ € H(D,/g)" we let A,(f)(2) := pi(f(t2)), z € Bgr, f € H(B,).

Theorem 2.2. (i) The mapping x(v) := A, is a linear topological isomorphism of H(E/R);,
onto L,(H(B,), H(BRg))s-
(ii) The space Ly(H(B,), H(BR))s is linearly topologically isomorphic to H(Ug,).

Proof. (i): By Theorem the linear mapping x is bijective. We fix a set T' € B(H(B,)) and
n € IN. There exist £ € IN and m € NN, for which R, s; < 7, and therefore, Bg, - D,, =
Bp,s, C B,,,. Then for each p € H(D,z)’

qrn(Ay) = sup max |¢y(f(t2))] < |l sup sup max [f(t2)] < (sup max | f(u )|) o[-
feT |2I<Bn fET |2|<R, t€Ds, feT lul<rm

This implies that x : H(D,/r); — Ln(H(B,), H(Bg)), is continuous.
Let us show that the mapping x ' : £,,(H(B,), H(Bg))» — H(D,r), is continuous. We fix
k € IN. Since by Lemma the Fantappie transform ® is a topological isomorphism H (D, /R)b
onto H(Ug/,), then there exist m € IN and a constant C' > 0, for which
lelli < € max [2(v)|, v € H(Dyr)'

vels,,
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We choose n € N such that §,, < R, /r. Since

qryn(Ay) = sup max
lu|<1/r [2I<Rn

de)

1 ~
o (= )= sup max (B

= sup max
<t72u> \u|<1/r|z‘<Rn

lul<1/7 |z|<Rn

for each ¢ € H(ET/R)’ and §1/r - Bg, = URH/T D Us,,, then for each ¢ € H(ET/R)’

qryn(Ayp) = max |p(v)].

veUs,,

Hence, for each ¢ € H(ET/R)’ the inequality holds

lollr < Camym(Ay).

Thus, the mapping x~' : £,,(H(B,), H(Bg)), — H(D,,g), is continuous.
(ii): A topological isomorphism of £,,(H(B,), H(Bg)), onto H(Ug,) is the map ®x~'. O

Since in the proof of the continuity of x~

Lin the previous theorem it is sufficient to choose

one bounded in H(B,) set Ty, we arrive at the corollary.

Corollary 2.2. The space L,(H(B,), H(Bg))y is a Fréchet space with a fundamental se-
quence of continuous prenorms qr,,, n € IN.
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