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O HAMMEHBIIIEM THUIIE IIEJION ®YHKIIN
C 3AJJAHHOI ITOAIIOCJEIOBATEJILHOCTBLIO HVYJIEN

I.[. BPAMTYEB, 0O.B. IIIEPCTIOKOBA

Annoranusi. Hacrositiasi 3amMeTka HaoucaHa 10 MarepuajiaM J0KJaja aBTopos Ha Mex-
AYHAPOMHON HAYyIHOM KOHGepeHInn « Y PUMCKast OCEHHAT MaTeMaTwdeckas mkoaa — 2021 ».
O6cyxmaercs caeayrommast 3aga4a. 1lycrs 3aganbl Hereaoe aucao p > 0 1 mocieIoBaTe -
HOCTH KOMILTEKCHBIX IHCET A, IMEIOIasg KOHETHYI0 BEPXHIOI p-IIOTHOCTD. Torma, Kak n3-
BECTHO M3 KJIACCHYIECKOH Teopembl JIunaemeda, cymecTsyer (OTJIHIHAST OT TOXKIECTBEHHO-
ro Hyns) nenas GpyHKOus f KOHEYHOrO THIA 1IPU MOPSAJKE p, Jjis KOTOPOit A siBisercs
MOC/IEIOBATETLHOCTBIO (Beex) mHyseir. CrnpammBaercs, Kak CHJIBHO MOYXKET W3MEHUThCS THUIL
Takol (DYHKIWMW, €CJTU TTO3BOJINTE € TOMUMO 3JIEMEHTOB n3 A UMeTh JpyTue HyJIH, TpPUIeM
npou3BoJibHON KparHocTH. IlokazaHbl BO3MOXKHOCTH TPUMEHEHUS OJIHON 06IIell TeopeMbl,
JoKasaHHoi mo o3Havennoit 3amade B.H. Xabubymrnuaniv B8 2009 rogy. C 910l 1e/1bI0 IpH-
BJIEKAIOTCS PE3YJIBTATHI [TOCJIEIHET0 BPEMEHM, COAEPKAIINE TOUHbIE (DOPMYJIBL JJisi BBIUKC-
JICHUA IKCTPEMAJIBHOTO THUIla B KJlaCCaX HEJIbIX beHK]_[I/IfI C PA3/IMYHBIMU OT'PDAHUYCHUAMUN
Ha pacrpenesenne wyseit. Cydaii 1ieoro p obragaer ceoeit crernudukoii u B JaHHo# pabore
OPAKTUYIECKU HE PACCMATPUBAETCS.

KuroueBbie cioBa: mnenast GyHKIUS, TOCIEI0BATEILHOCTD HYJ/IEH, TOAITOCIEI0BATEIHHOCTD
Hyselt, Tun 1nemoil QyHKImN, SKCTPEeMaIbHas 3a/1a94.

Mathematics Subject Classification: 30D15

1. TIOCTAHOBKA 3AJAYN. TUTIMYHBIE PE3VJILTATHI

HanmomMHEM HEKOTOpBIE CHenuaabHble onpefenennd u GpakTol. cnoab3yeM cTamgapTHBIE Xa-
PaKTepUCTHKH pocTa TesbiX byHkiuit (eMm., Hanpumep, [1]). I[lycrsb 3a1aHbl OCTI610BATEIBHOCTD
A = (A\y),,en KOMILIEKCHBIX YHCEJI, CTPeMAIascs K 6eCKOHeYHOCTH (Cpeu TOYeK A, MOryT ObITh
1 nosropsitontuecs ), u ducyio p > 0. Caeays [2], cumposom o (A, p) (coorBercrBento o*(A, p))
0003HAYNM TOYHYIO HIKHIOI TpaHb 4dnces o > 0, npu KOTopeix A — nocaedosamensvrocms
(COOTBETCTBEHHO N00N0CALIOBAMEALHOCTD) 6Cex HYyAel I KAKOH-TUO0 OTIIMIHON OT TOXKIe-
cTBeHHOTO Hyqs neyoil dynkuun f(\), umeromeit Tun o opu mopsiike p. [lo ompeesenuto
cantaeM inf ) = +oo, Ho B manbHeiimeM BoiGop mopsaaka p > 0 m mocaemoBaTeabHOCTH A
IIPOU3BOIUTCA TaK, 4TOOBI JAHHAS BBIPOXKIEHHAs CUTYAIldsl HE PEAJTU30BbIBAIACD.

B ormpasuoit qia wac pabore [2] (cm., ciaegcrsue 1 Teopemst 1) mokasaHo, 9To

a"(A, p) oA p) < (1+1,) 0" (A, p), (1.1)

rJe Ipu HeJIoM p InoJiaraeM [, = +00, a IpH HeleJoM p 9uc/iIo I, onpejeneHo ¢popMy1oi

T " " dt
IpEp2/ %/ —iln(l—those—l—tQ) —chosne do ST (1.2)
0 0 n=1
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18 I'T. BPAHYEB, O.B. IIEPCTIOKOBA

3/ech MPHHATH CTAHIAPTHBIE 0003HavYeHus p = [p| mas mesoit gactu p u at = max{a,0}
g a € R.

Onenxa cHu3y B OYeBHHA U TOYHA 1pu jii00oM 3Hadenun p > 0 (em. |2, moxazarenberso
npeioxkenus 2|). Onenka csepxy B (l.1)) — xioueBoit pesyaprar, mokazanubiii B [2] HOBBIM,
HETPAJUITHOHHBIM METO0M BBIMETAHWS, C HCIIOIH30BaAHIEM CyOrapMOHUYIeCKOil TexHuku. Bech-
Ma BepOATHO (HO MOKa He JOKA3aHO), YTO W ITa OIEHKA TOYHA.

Cdopmymuposannbiii pesyabrar b.H. Xabubymimaa mgomyckaerT pasjndHbe BapHaHThl KOH-
kperuzaiun. CyTb HPeIaraeMoro 1moJjixo/1a KOPOTKO MOZKHO OIIMCATH TaK. DKCTPEMAJIbHOE 3HA-
denue (A, p) CUIBHO 3aBUCUT OT WHJUBU/IYATHHBIX CBOHCTB MOCJEI0BATEIBHOCTH A, U aIeK-
BaTHbBIE TEPMUHBI [IJIsI €10 TOYHOTO BBIYUC/IEHHS B O0MIeil cuTyanun moka He Haiigers. [loaromy
MOZKHO TIOTBITATHCS OUIEPTUTD TIPOMEXKYTOK JoKanu3anuu 171 o (A, p), ecin A nomagaer B Hexo-
TOPBIH KJIACC MOCIEI0BATETHLHOCTE, OMUCHIBAEMBIHl €CTECTBEHHBIMU KJIACCHIECKUMH XapaKTe-
pucrukamu pocra win crymaemoctu. OKaszblBaeTCs, 4TO DU CIENUAJBHBIX I€OMETPUYECKHX
M IJIOTHOCTHBIX OIPAaHUYEHUSAX Ha (GUKCUPOBAHHYIO MOCJen0BaTebHOCTh A Besmanna o(A, p),
XOTS M HE MOYKeT OBbIThb OJHO3HAYHO BBHIYUC/ICHA 4Yepe3 3aJaHHbIE XapaKTEePHUCTHKH ITOH IO0-
CJIeJIOBATEIBHOCTH, HO 3aK/II0UE€HA B M3BECTHDLIX, TOYHO BBHIPAXKAEMBIX IpaHunax. Lns MHorux
cuTyaluii Takue (HeysIydiaeMble) TPAHUIB HAllIeHbBI, B TOM YHC/Ie — B CePUH PADOT MOCTIETHEro
Bpemenn. TeM cambiM, BOSHUKAET BO3MOXKHOCTH B COOTBETCTBYIOIIEH YacTH OIEHKHU 3aMe-
HHUTH BEJIMYMHY SKCTpeManbHoro tuna o(A, p) moaxomsineil MUHOPAHTON (MM MazKOPAHTO ).
Cocpenorounm BEHUMaHue Ha oneHke ¢sepxy B (1.1) u mogcanm ckazanHOe, BbIOMpas MOC/IEI0-
BAaTEJIHLHOCTH A M3 PA3IMIHBIX €CTECTBEHHBIX KJIACCOB.

3/1ech MBI DACCMOTPUM MPAKTHYECKH BaxkHBIH ciaydaii p € (0,1), XoTst OGIUpPHAS TeOPeTH-
Jyeckasd 0aza umeercs u B ciaydae p > 1. Cunraem ceituac, 4ro A — noaostcumenvras 10Cye10-

BaTEJbHOCTH KOHEYHONU BepxXHeill p-IJIOTHOCTH
—n

A,A) = lim — =8>0.

n—oo \b

Torna Beumuanna o (A, p), onpe/iesennas Bbiiie, Oyer paBHa THILY (IPH TTOPSIIKE p) KOHKPETHOTO
KaHOHUYECKOI'O [IPOM3BEIeHH

f(A):ﬁ 1—% . MeC, (1.3)

n=1

a ko3 dunument 1+ I, u3 dopmyst (1.2) ynpomaercsa x Buxy (cM. |2 reopema 1))
r(/2-p/2)

VT 22T (1= p/2)

rie I' — ramma-dyuknus. [Ipusiekast renepb TouHoe HepaseHcTBO u3 paborel A.FO. Ionosa [3]

1+1,= = B(p), (1.4)

|
ot )z Bmax MED — o0 e, (15)

usrekaeMm u3 (L.1), (1.2)), (L.4) caemyiomee yreepxaenne.

Teopema 1.1. ITycmv p € (0, 1) u D(p) = C(p)/B(p) ¢ seauwunamu B(p), C(p), onpede-
aennomu 6 coommowenuar (L.4), (L.5) coomeememeenno. Tozda cnpasedausa ouena

a*(A,p) = B D(p),

deticmeyrouwasn 0as 2100017 NOCACOOBAMEALHOCTNYU NOAOHCUMENDHUE wuces N ¢ durcuposartbim
snauenuem seprrel p-naommuocmu A,(A) = 5> 0.
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Takoit KOMOMHUPOBAHHBIN PE3YIBTAT ABJIAETCA NPOCTEHINUM Ha YKazaHHOM myTH. PaceMor-
puM GoJiee CJIOKHYIO CHTYaIMIo, Koraa npu dgukcnposantiom p € (0, 1) BeIOpaHHas TOCTIeI0BA~
TCJAbHOCTD ITOJOZKHUTEC/JABbHBIX YHUCEJI A uMeer 3a/laHdHble BEPXHIOI0 U HUZKHIOKO O-11JIOTHOCTU
— —n . n

n n—oo n

Torna, kak mokazano B.B. ITlepcriokosbiv [4], cipaBeyinBo TouHOe HEPABEHCTBO
a(A,p) = BC(K, p),

riae A4 KOMIAKTHOCTH 3allUCH BBEIEHO 00O3HAYCHHE
a
7wk a?—kx°
C(k, p) = — —i—max/—dx, k=a/p. 1.7
(k, p) Sy T poe] /B (1.7)
akl/p

OTciofa 110 U3JI0KEHHON CXeMe BBIBOJUM CJIEIYIONUl Pe3yIbTar.

Teopema 1.2. Ilycmo p € (0, 1) u D(k, p) = C(k, p)/B(p) ¢ seavuunamu B(p), C(k, p),
onpedesermnvimu 6 coomnowenuar (L4), (1.7) coomeememeenno. Tozda cnpasedausa ouyerka

*
o (A, p) = B D(k, p),
deticmsyrowan npu k = a/f daa 40600 nocaedo8amMesbHOCNU NOAOHCUMEALHUT wuces A
¢ PukcuposanHbMU 3HAYERUAMY 6epTHel U wudscrel p-naomwuocmeld  A,(A) = f > 0

u A (A) =acl0, ]

3aBepIInM HAYATYIO CEPUI0 YTBepXKAeHUi Hambosee odmuM dhakToM momodHOro poxa. Jis
9TOTO MOTPeOYEeTCsI HAIIOMHUTD IOHITHE p-IMAara MOJOKHTETbHOM MOCIe10BaTeIbHOCTH
= I Y
ho(A) = lim (N0, —\7)
n—oo
u ydectb HepaBeHCTBO A,(A) h,(A) < 1.

[Iyctn, mo-npexuemy, p € (0, 1), n u3BeCTHBI KaK IIOTHOCTHBIE XapakTepucTuku (|1.6]) mo-
CJIeI0BATEIBHOCTH MOJIOKUTENbHBIX dncesa A, Tak u ee p-mar h,(A) = h € [0, 1/5]. Coxpannm
obo3Hauenne k = o/ U JONMOTHUTETHHO BBEIEM HOBBIE BCIIOMOTATEIbHBIE TAPAMETPEI

l—ah 1—(1-9)k

1—ph S
B jgannom ciyudae, coderasi nurupoBanubiii pesysbrar b.H. Xabubysiuna ¢ To4HO# OnEHKOM
u3 pabor O.B. Llepcrokosoit (em. [5], [6]), a nmento,

a(A, p) = BC(k, s, p),

s=1—phe|0, 1], v € [1, +o0]. (1.8)

rie
a avl/r
Tk a P —kx° s v P —a "
C(k, s, = — —d d , 1.9
(k, 5, p) sm7rp+igg / z+1 x+1—s/ z+1 v (1.9)
ak}l/ﬁ’ a

NPUAXOJUM K TAKOMY YTBEPKJIACHUIO.

Teopema 1.3. Ilycmv p € (0,1) u D(k, s, p) = C(k, s, p)/B(p) ¢ seavuunamu B(p),
C(k, s, p), onpedeacrmvmu 6 coomnowenuaz (1.4), coomsememeenno. Tozda cnpasced-
AUBA OUEHKQ

0" (A, p) = BD(k, s, p),
deticmeyrouasn 0as 1100070 NOCACIOBAMEALHOCTIU NOAOHCUMENOHBEL Yucea N ¢ Purcuposartvi-
MU sHanenuAmy eprhets u nusieneti p-naomnocmed A, (A) = >0 u A A) =a €0, 5],



20 I'T. BPAHYEB, O.B. IIEPCTIOKOBA

a maxorce p-waza h,(A) = h € [0, 1/5]. 3decv k = o/, a napamempu, s u v onpedeasromea

no gopmyne ((1.8)).

3a JOMOJHUTETHHBIMH TTOJAPOOHOCTSIMU, CBS3AHHBIMU ¢ WHTeprnperanueil Besuaunb ((1.9)
B <«IIPeJIeJIbHBIX> caydasx s =0 u s = 1, mbl orcbuiaem K [6].

2.  JOIIOJIHUTEJIbHBIE KOMMEHTAPUN

Teopembr OYEBHIHO, COXPAHAT CIILY, €CJIU TPEOOBAHNE ITOJIOKHTEJILHOCTH /A 3aMEHUTD
GoJtee obmmM: A pacmonozkKeHna Ha OJHOM Jyde. KpoMe Toro, pesyabTaThl HOJTOOHOTO XapaKTepa
MOZKHO IIOJIy9aTh KakK Jjd p > 1, TaK U JJIg APYIUX CATYaluil JOKAJIH3AIMA IIOCIeI0BATe /b
HocTu A (Hampumep — B yrjie), IPUYEM B TEPMUHAX HE TOJLKO OOBIYHBIX, HO M YCDPEIHEHHBIX
IJIOTHOCTEH T0CIe10BaTeIbHOCTH. TaK, IpUB/IeKas OJUH U3 Pe3yabTaToB paboTsl [7], mosyanm
g p € (0, 1) m A C R,y onenky

a(A,p) = B peClp).

Muoxuresas C(p) ror ke, uro u B (1.5), a §* — 3Hauenne ycpejHeHHOIl BepXHEil p-IJIOTHOCTH
OCJIeI0BATEILHOCTH A, T. €.

rie na(t) — cunraromas Gynkuug A (KOJUUECTBO JTEMEHTOB \,, HOMABIIHX B MPOMEXKYTOK
0, 7]).

DTO OTKpHIBAET HOBbIE BO3MOXKHOCTH 110 npumenennto onenku ((1.1), B Tom uuncie — K u3-
BECTHOH 3aj1aue 0 paJuyce Kpyra MOJHOTBl CUCTEMBI IKCIOHEHT ¢ HOKA3aTeIIMH, PACHOI0KEH-
HBIMU Ha 33JJaHHOM MHOKecTBe. Teopernyeckas 0OCHOBA J1jisi TOAO00OHBIX PUIOKEHUIT 3a/10KEHA
B GosIbIIOM 1THKJIE pabor (cM., nanpumep, [7]-[9]).

HamomuumM ere, 910 715 1106010 1eaoro p > 0 Bo3aMoxkHa curyaiusi, koraa o(A, p) = 400,
HO 1pu 3ToM BesmunHa o (A, p) xoneuna. Kak ykasano B [2, §2|, mocrennue coornormenns
BBIIIOJIHEHBL JULS IOCTICOBATEIBHOCTH A MOMOKATEIBHBIX dnCeT N, = (n/ A)l/p, rae n € N,
¢ npousBoabHbIME nmapamerpamMu A > 0, p € N. B srom npumepe moc/ienoBarebHOCTh A

UBMEPUMG, T.€. UMeeT OObIYHYIO P-IIOTHOCTH
) n
A,(A) = lim =

n—oo \b

A,

a ee yCpeJIHEHHAs p-TJIOTHOCTh, KaK HEeCJ0XKHO TPOBEPUTH, PABHA

T

A*(A) = lim i/ nalt) gy _ Bold) :%.

P r—-4oo TP t P

0

C apyroii ¢cTOpoHbI, JJist JE060r0 Heneaoro p > 0 U u3MepuMoil (Mpu JTAHHOM TIOKAa3aTese p)
TOJIOKUTEJbHO TOCIe0BATEIbHOCTH A ¢ p-TTOTHOCTHIO A (yCpeTHEHHON p-IIOTHOCTHIO A*)
CIIPaBe/IINBO PABEHCTBO

TA mp A*
o(A,p) = — = — .
|sinmp|  |sinmp|
Nmenno no taxoit hbopmysie 0HO3HAYHO BBIYHCISIETCS THII KAHOHUYECKOro npousseennst (|1.3))
KakK (DYHKIIUME BIOJIHE PETYISPHOTO POCTa HEIETIOro Hopsiaka p. Ho qazxe B TaKO «IIpaBHIBHOMN»
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CHTYAITUU MBI HE MOZKEM TOYHO BBIDA3UTH Yepes3 p-IIOTHOCTh A (YCPeTHEHHYIO p-TIOTHOCTH A*)

semauHy o (A, p), 3akmouennyio corsacuo ([1.1)), (1.2) B rpannmax

A* A A A*
T o s <o*(Ap) < T Y

(1+1,)|sinmp| T+ I,) |sinmp |sinmp| — |sinwp|’
Ilpu p € (0, 1) 9TH rpaHuIbl IPHHAMAIOT BUJL
Tp A A A mp A*

B(p) sinmtp — B(p) sinmp (A p) sinp  sinmp

¢ koapdurmentom B(p) uz Gopmyasr (1.4).

O6cyauM, HaKOHEIl, KOPOTKO OJIHY CHUTYAIIMIO, KOI/Ia

a(A,p) =" (A, p), (2.1)

T. . Korja gesas dactb (1.1) npespamaerca B pasencrso. s jiro6oro p > 0 coornomenue (2.1
OyIeT BBIIOJHEHO, eCaH A eCTh MOCAeI0BATEIBHOCTD HyJIeil meaoil (hyHKIUKM BIIOJHE PEry/asp-
HOTO POCTa 1IPpU MOpAJKe p € MOCTOAHHBIM WHANKATOPOM (CM. J0Ka3aTeJIbCTBO MPEAJIOKEeHU A 2

B pabore [2]). Takas 10C/IeL0BATEILHOCTD 3aBEAOMO HE MOZKET PACIIOJIArAThCS HA OAHOM JIyde.
O/iHaKO, KaK [OKA3aHO HEJIABHO OJHHEM H3 aBTOPOB (paboTa FOTOBATCS K MEYATH), IMeeTCs 00-
i O/XO/] K IIOCTPOCHUIO MOPOKAatoliell pyHKIHMN, Hy/IeBOe MHOKECTBO KOTODPOil o6pasyer
nocsieoBaTeabHoCTh A co cBoiictBom (2.1). Ilyers menas dbynkmnus

FA) =D faA", XecC,
n=0

obasaer u3MepuMoit (pu mokaszaresie p > () MOCTIEIOBATETHLHOCTHIO Hyleil A = (An)nen
U JiorapudMUYECKH BBIMYKJION IOC/IEI0BATEIbHOCTHIO MOJIyJIel TefopoBCKuX KO3 PHIneH-

108 (| fn]),en, IPHEEM

Ulfadde .. Ml =1, n— oo

Torma f sBisiercst pyHKIMEH BOOJIHE PETYISIPHOTO POCTA MPHU MOPSIJIKE ) C HHINKATOPOM, TOXK-
JIECTBEHHO PaBHBIM 0 (A, p), 4T0 1 06€CIEeYUBAET BHILIOJIHEHUE PABEHCTBA . [Tonobuble hyHK-
IIHA UIPAIOT 3aMETHYIO POJIb B TEOPUH W MPUIOXKEHHsIX (CM. MO 3TOMY TOBOJY HeIaBHHIT 00-
30p [8, pazmen 2| u ykasanubie Tam 6ubamorpadbuveckue CChLIKH).
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