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ETA-INVARIANT FOR PARAMETER-DEPENDENT
FAMILIES WITH PERIODIC COEFFICIENTS

K.N. ZHUIKOV, A.YU. SAVIN

Abstract. On a closed smooth manifold, we consider operator families being linear com-
binations of parameter-dependent pseudodifferential operators with periodic coefficients.
Such families arise in studying nonlocal elliptic problems on manifolds with isolated singu-
larities and /or with cylindrical ends. The aim of the work is to construct the n-invariant for
invertible families and to study its properties. We follow Melrose’s approach who treated
the n-invariant as a generalization of the winding number being equal to the integral the
trace of the logarithmic derivative of the family. At the same time, the Melrose n-invariant
is equal to the regularized integral of the regularized trace of the logarithmic derivative of
the family. In our situation, for the trace regularization, we employ the operator of differ-
ence differentiating instead of the usual differentation used by Melrose. The main technical
result is the fact that the operator of difference differentiation is an isomorphism between
the spaces of functions with conormal asymptotics at infinity and this allows us to deter-
mine the regularized trace. Since the obtained regularized trace can increase at infinity,
we also introduce a regularization for the integral. Our integral regularization involves an
averaging operation. Then we establish the main properties of the n-invariant. Namely, the
n-invariant in the sense of this work satisfies the logarithmic property and is a generalization
of Melrose’s n-invariant, that is, it coincides with it for usual parameter-dependent pseu-
dodifferential operators. Finally, we provide a formula for the variation of the n-invariant
under a variation of the family.

Keywords: elliptic operator, parameter-dependent operator, n-invariant, difference differ-
entiation.

Mathematics subject classification: Primary 58J28; Secondary 58J40

1. INTRODUCTION

The notion of n-invariant was introduced in the famous work by Atiyah, Patodi and Singer [4]
for elliptic self-adjoint pseudo-differential operators (YDO) on a closed smooth manifold. This
is a regularization of the type of (-function of the signature of the quadratic form associated with
a considered self-adjoint operator and by its definition, this is a spectral invariant. Many works
were devoted to studying n-invariants, their generalizations and applications, see, for instance,
[5], [6], [13], [I8] and the references therein. We also mention an important generalization of
Atiyah-Patodi-Singer n-invariant found by Melrose in [I1]. Namely, in the cited work there was
proposed to consider families D(p) of parameter-dependent WDOs with a parameter p € R (on
such families see [I], [3]) and the n-invariant of the family was defined as a special regularization
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of the of the winding number represented represented by the expression

S (D_l(p) dD(p)) dp. (1.1)

Here one assumes that the family D(p) is elliptic and invertible for all p € R. We observe
that the regularization in is required both for the trace tr, since it is applied to the
operator D~'dD/dp, the trace of which is, generally speaking, not well-defined, and for the
integral, which, as a rule, diverges at infinity. In [11] Melrose defined both the regularized
trace, using the differentiation of the family with respect to the parameter, and the regularized
integral using the regularization of principal value type. He studied the properties of the 7-
invariant, and, in particular, he showed that the n-invariant of Atiyah-Patodi-Singer coincides
with the n-invariant of some parameter-dependent, see also [9], [10]. Later the n-invariant of
the families was used in the index formulae on the manifolds with conical points, see [8|, [14]
as a contribution to the index formula from a singular point; moreover, there were defined
n-forms [12].

The aim of the present work is to define the n-invariant for the following class of parameter-
dependent families:

D(p) =Y Di(p)e®™™*: C*(X) — C™(X), (1.2)

keZ

where X is a closed smooth manifold, Dy (p) is a family of parameter-dependent WDOs on the
manifold X with a parameter p € R. We assume that the operators Dy(p) decay rapidly as
k — oo (this condition will be formulated rigorously in what follows) and this ensures the
convergence of the series in (1.2). The importance of studying family is due to the fact
that such families are obtained from the operators of form

B—%ZZB;C(—Z&)T : C®(X x R) — C=(X x R)

on an infinite cylinder X x R after the Fourier transform in the variable ¢, where By is YDO
with constant coefficients in the variable ¢, while Tu(x,t) = u(x,t — 27) is the shift operator,
see [16], [17].

Also families of form arise in ellipticity conditions of WDOs with shifts on manifolds
with conical points, see [2]. We define the n-invariant of families and establish its main
properties. The application to the index theory is planned to be considered in another work.

It should be noted that for families we can not apply the Melrose regularization from [11].
The matter is that the Melrose regularization is based on the following fact: the order of
parameter-dependendent WDO decreases under the differentiation with respect to the parame-
ter; after that the regularized Melrose trace is obtained by an iterated integration of the trace
of the derivative of the family. However, as a rule, the differentiation of family in the
parameter of the family does not decrease its order. This is why we need to provide another reg-
ularization. It turns out that the regularized trace can be defined if instead of the differentiation
we use the difference differentiation

D(p) — D(p+1) — D(p),
while instead of the integration, a difference integration is to be employed:

D(p)— D(p)+D(p—1)+D(p—2)+....
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We define the regularized trace of the family (1.2) as the element in the space of smooth
functions f(p) possessing the asymptotic expansion

f)~ > o + Y dip)p*Inlpl as p— oo (1.3)

J<N 0<k<N

with smooth periodic coefficients cji (p), di(p). Hereinafter by periodic functions we mean ones
with period 1. In what follows we define a regularized integral for the functions with the
asymptotics of form . Using such regularized trace and integral, we introduce the notion
of n-invariant of families and establish its main properties. In particular, we show that in
the case of usual parameter-dependent WDOs, that is, as Dg(p) = 0 for all £ # 0 in (1.2))), the
n-invariant in the sense of the present work coincides with Melrose n-invariant.

We briefly dwell on the contents of the work. First in Section 2 we recall the definition of
parameter-dependent DO and of the Fréchet topology on the space of such operators. The
Fréchet topology is used in Section 3 while describing the conditions on the coefficients in
series , under which the series converges. Also in Section 3 we establish the conditions of
invertibility of the elements in algebra of families . It is shown in Section 4 that the operator
of difference differentiation maps the space of functions with asymptotic expansion (1.3) into
itself, is surjective and its kernel consists of periodic functions and this is the main technical
result of the work. This result allows us to define a regularized trace of families (1.2)) in
Section 5. Then we define a regularized integral in Section 6 and finally, we define the n-
invariant in Section 7. Also in Section 7 we establish a logarithmic property of n-invariant and
obtain the formula for variation of n-invariant under the variation of the family.

2. FRECHET TOPOLOGY ON SPACE OF UVD(OS WITH PARAMETER

In this work we use classical parameter-dependent YDOs on a closed smooth manifold, see,
for instance, [3], [7]. More precisely, we use classical ¥DOs with parameter from [7, Sect. 7.2.2]
on a closed smooth manifold X. The space of such operators of order < m is denoted by
W7 (X). Let us recall the notion of the Fréchet topology on the space W7'(.X), see, for instance
7], [10].

By S(R, V) we denote the Schwartz space of the functions on the straight line R with values
in the Fréchet space V, that is, of the functions satisfying the estimates

k
(5) 10 <™, 2.)
j
where || - ||; ranges over all seminorms on the Fréchet space V, and N > 0, while the constant
depends only on j, k and N. In the same way one defines the space S(Z, V') of rapidly decaying
sequences of the elements in V. In this case we employ estimate only for £ = 0. The
elements in S(Z, V') will be called rapidly decaying sequences.
1. We first fix the structures of the Fréchet space on the following linear spaces:

o U °(X) C ¥*(X) is the subspace of smoothing parameter-dependent operators. Asso-
ciating a smoothing operator D(p) with its Schwartz kernel denoted by Kp(z,y,p), we
obtain a bijective mapping

Uo®(X) — S(R,C™(X x X)),

p

D(p) — Kp(x,y,p). (2.2)

o ST, (R") C C®(R™ x R™*!) is the space of classical parameter-dependent symbols in R"

of order < m. On this space we define the structure of the Fréchet space. Here we suppose
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the conditions on the smoothness in the parameter p from [7, Sect. 7.2.2|, namely, the

symbol a = a(z,§, p) € S, (R") satisfies the estimates

LANEANWEAY
ox o€ op
for all multi-indicies «, § and numbers v > 0 and has the asymptotic expansion a ~

Ay + @1 + ... into the series, where the terms of the series ag(x,&,p) are smooth
functions homogeneous in the pair (¢, p) of order k as |£]* + p* > 1.

< Copy (1 + [p| + €)=

2. In what follows we show that the structure of the Fréchet space on W7*(X) is defined in
terms of the structure from Item 1. In order to show this, we fix the following objects:

e a finite covering X = Uj U; of the manifold X by coordinate charts
Z/{j >~ Qj C Rn,

where (2; is some domain;
e a partition of unity {y;(z)} on X subordinate to the covering {{;}, that is,

p; € C°(X), ¢j(xr)>0Vx e X, suppyp; CU,, Zcpj(x) = 1;

J
e cut-off functions {¢;(x)}:

Y, € C(X), suppvy; CU;, j(x)=11in the vicinity of the set supp ¢;;

e a cut-off function x(z,y):

1, dist(x,y) <e,

€ C*(X x X), L Y) =
X (XX, x@y) {O, dist(z,y) > 2¢

for some € > 0, where dist is the distance function on X x X.

3. We define the Fréchet topology on the space \I/;”(X). We consider an element A € \I!;”(X)
with the Schwartz kernel K4(x,y). Then we consider the expansion

A=B+C, (2.3)

where the Schwartz kernel of the operator B is equal to K4(z,y)x(z,y), while the Schwartz
kernel of the operator C is equal to Ka(x,y) (1 — x(z, y)) It follows from the properties of the
algebra of parameter-dependent WDOs that C' € W >°(X). Now we consider the operator B.
If the number ¢ > 0 involved in the definition of the function y is chosen small enough, then
the identities

B=DB-: Z 0; = Zz/;ngoj (2.4)

hold. The operator B; = 1;Byp; is a proper parameter-dependent WDOs in the chart U; ~
(2; C R"™. This is why it is uniquely determined by its complete symbol
o(B;) = e "(B;e™) € ST (R™). (2.5)

cl,p

Thus, the countable set of semi-norms defining the Fréchet topology on the space W7'(X) is
defined for the operator A € W7*(X) as follows:

e we take the values of all semi-norms for the operator C'€ W >°(X) from ({2.3));

e we take the values of all semi-norms for complete symbols o(B;) € Si7,(R") from (2.5).

It can be confirmed that the Fréchet topology corresponding to different initial data in Item 2
are equivalent.
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3. ALGEBRA OF OPERATORS WITH PARAMETER
The following exact sequence holds:
0— TP H(X) — (X)) 25 C°(S(T"X & R)) — 0, (3.1)

where T* X is a cotangent bundle of the manifold X and S(E) is the sphere bundle of the vector
bundle E, while o, is the mapping of taking the principal symbol of parameter-dependent
UDO. The right inverse mapping for the mapping oy, in (3.1)) is constructed explicitly. More
precisely, we consider a function a(z,&,p) € C°(S(IT*X @& R)). Continuing this function by
the homogeneity of degree m on the space T X & R and multiplying by a cut-off function, we
obtain the principal symbol @, which is a homogeneous polynomial of degree m at infinity in
T*X & R. We define a continuous mapping

Ce(S(T*X & R)) — UM (X),
a——a =Y 1ag; (3.2)
J

where the functions {¢;, p,;} have been defined in Section 1 and @ is the quantization of the
symbol @ in the chart ¢;. Mapping is a continuous mapping of the Fréchet space and this
is the right inverse to the mapping of the principal symbol.

We consider a quotient space

o7 (X) = S(Z, V(X)) /L
of the Fréchet space S(Z, \IIZ*(X)) of rapidly decaying sequences of the operators in ¥7'(X)

with respect to the closed subspace

L:{{Dk(p)} € 8(Z, 97 (X)) ‘Dk €V, (X), Yk eZ, 3 Dy(p)e™¥=0,vpe R}.

The following composition is well-defined:

PT(X) x PL(X) — (X)),

{m@H%@%ﬁ{Xj%@mM%. (33)

k1+ko=k

To an arbitrary element D = {Dy(p)} € ®;'(X) we associate the operator
D(p) =Y Di(p)e”™*?: C*(X) — C™(X). (3.4)
k

It is obvious that this operator is well-defined, that is, if D € L, then D(p) = 0. We shall write
the elements in the space ®7'(X) in form (3.4). Under these notations, multiplication (3.3)) cor-
responds to composition of operators (3.4). We introduce the notation ®,(X) = U, ez @5 (X).
Definition 3.1. We define a mapping
Tpr: PPH(X) — C®(S(T*X ® R) x S'),
D(p) = 3 Dulp)e™™ r— 330 D(p)) = > (D) (w6, 2) 2" (3:5)
kEZ kEZ

Here z = €. The function 7y (D(p)) € C(S(T*X ® R) x S') is called a principal symbol of
the parameter-dependent operator D(p).

Mapping (3.5)) is well-defined since the symbol of the families with smoothing coefficients van-
ishes identically.
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Proposition 3.1. There is an exact sequence of algebras
0 — ®;1(X) — BYX) T C®(S(T*X ®R) x ') — 0. (3.6)
Proof. 1. Let us prove that o, is homomorphism. Let D', D" € q)g(X). We have

Epr(D D// _— [(Z D/ 27rijp> (Z Dg(p)e%ikp)]

k

<ZZD’ )Di(p () > oD DY) @, €. )2

7.k

(Z ope(D’)(2,&,p)z ) (Z ope(Dy) (2, €, p)2 ) =T (D )T (D").

2. Let us prove that 7, is a surjection. For a given function a(z, &, p, z) € C°(S(T*X®R) xS'),
its expansions into the Fourier series in the variable z reads as @ = ), , apz*, where a; =
ag(z, &, p) are rapidly decaying as k — oo functions from the Fréchet space C>°(S(T*X @ R)).
This implies that for the corresponding family of operators we have a;, — 0 in the space \I/g(X )
as k — oo and this is why the operator

A= ae”™ € 9)(X)
keZ
is well-defined and the mapping @ — A is a continuous mapping of the Fréchet spaces
C®(S(I*X ®R) x S') — ®)(X) and this is the right inverse mapping for the mapping ;.
3. The exactness of sequence (3.6) in the terms ®,*(X) and ®)(X) is implied by the definition.
O

Theorem 3.1. A parameter-dependent D(p) € ®)(X) is invertible in the algebra ®)(X) if
and only if the following two conditions hold:

1. the principal symbol Ty (D)(z, &, p, 2) is invertible for all (z,&,p,z) € S(T*X ®R) x S';

2. the operator D(p): L*(X) — L*(X) is invertible for all p € R.

Proof. 1. Necessity. Let an element D(p) be invertible in the algebra ®9(X), that is, there exists
an inverse element R(p) = D~'(p) € ®)(X). Then the principal symbol of their composition is
equal to
Tpr(DR) =7 (D)7 (R) = 1.

This implies that the principal symbol &, (D) is invertible. It is also obvious that in this case
the operator D(p) is invertible for all p € R.

2. Sufficiency. Let the principal symbol &, (D) be invertible. Then the inverse symbol
Tpr(D) ! is a smooth function and this is why it is represented by a power series in the variables
z (see (3.5))) with rapidly decaying coefficients. We define an exact sequence

0— U *(X) — \Ilg(X) 75 S, (X) — 0,

where o is the mapping of taking the complete symbol and S,(X) = g UH(X) /W, >(X) is the
algebra of complete symbols. The algebra S,(X) is a Fréchet space. It is easy to show that
the obtained Fréchet topology on S,(X) is generated by the following semi-norms: in a local
chart on the manifold, with the element D(p) € ¥)(X) we associate homogeneous components
dp(z,&,p) € C°(R™ x §"), k < 0, of its complete symbol in local charts and we obtain the
semi-norms

Dip) —  max |020;0dn(x,€p)|
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where «, [ are the multi-indices and v > 0. In particular, this implies that the sequence
of complete symbols from S,(X) converges if and only if the sequences of its homogeneous
components of order k converge for all £ < 0. Now we define the complete symbol of the
operator D(p) € ®)(X) by the formula

F(D) =) _o(Dy)2" € (S, S,(X)).

Here the series converges and defines a smooth function since the sequence of Dy, decays rapidly
as k — o0o. We obtain an exact sequence

0— U, ®(X) — ®V(X) —— C(S", S, (X)) — 0,
where 7 is the mapping of taking the complete symbol.

Lemma 3.1. Let the principal symbol G (D) of a parameter-dependent operator D(p) €
PO(X) be invertible in the algebra C(S(T*X @ R) x S'). Then its complete symbol G(D) is
invertible in the algebra C=(S', S,(X)).

Proof. Let d = (D) be the complete symbol of a parameter-dependent operator D(p). Since
the principal symbol &, (d) is invertible, there exists the principal symbol 7, (r), where r €
C>=(SY,S,(X)), and Ty (r) = 7pe(d) . Then we have

Tou(dr) =1=Gp(1 —dr) =0 = 1 —dr € &, }(X)/ ¥, >(X).

Denoting ¢ = 1 — dr, we obtain dr = 1 — ¢. At the same time the symbol (1 — ¢) is invertible:
the inverse to the symbol (1 — ¢) is given by the Neumann series

(l—c)’ldéfl—l—c—l—CQ—i—c?’%—'--.

This series converges in the Fréchet space C*°(S!, S,(X)) since the order of the symbol ¢ does
not exceed —1. We define an element
d' = Z rcl.

>0
Then we have dd~! = dr(1—c)™' = (1—c¢)(1 —c¢)~! = 1. It remains to prove identity d~'d = 1.
We have

d-'d = r(Z cf)d =S " r(l—dryd =3 (1~ rdyrd = (rd)"'rd = 1.

J=0 Jj=0 Jj=0

The proof is complete. O

Applying Lemma we obtain the complete symbol 7 (D) is invertible in the algebra
C>=(S',S,(X)). This is why there exists a parameter-dependent B(p) such that 5(B) = a(D)™};
in particular, B(p) is an elliptic parameter-dependent operator. It follows from [2, Cor. 5.1]
that the operator B(p) is Fredhold for all p and there exists a constant M > 0 such that the
operator B(p) is invertible for all p obeying the inequality |p| > M. We claim that there exists
a finite-dimensional family B.(p) € V,°°(X) vanishing as p ¢ [~M, M| such that the sum
B(p) + B:(p) is invertible. Indeed, by construction, an obstacle for constructing the family
B.(p) is the K-group with a compact support K2(R) (see, for instance, [15]), which is trivial
and this is why the obstacle is absent. Hence, we can suppose that the parameter-dependent
operator B(p) is invertible for all p € R. We then obtain

D(p)B(p) =1+ K(p), where K(p)ec ¥V *(X).

It is well-known that the latter family is invertible in \112()( ) if and only if the family 1 +
K(p): L*(X) — L*(X) is invertible for all p. O
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4. DIFFERENCE DIFFERENTIATION

By Sus(R) € C®°(R) we denote the space of all functions f(x) possessing an asymptotic
expansion of the form

N

Z c Zdj[(a:)x] In|z| as z — +oo (4.1)

<N 7=0

for some N € Z., where c di are smooth periodic functions. Hereinafter we assume that
the period is equal to one. We suppose that asymptotic expansion (4.1) can be differentiated
infinitely many times.

Theorem 4.1. The mapping of difference differentiation
d: Sus(R) — Sus(R)
f@) — (6f)(z) = flz+1) — flz)

18 well-defined and is an isomorphism of linear spaces

(4.2)

0: Sus(R)/ kerd — Sus(R),
where ker § is the space of smooth periodic functions.

Proof. 1. We first prove that operator (4.2)) is well-defined. We consider the behavior of the
function f(z +1) as © — 4+00. As x — —oo, the proof is similar. Let a function f(z) possess

asymptotics (4.1). Then

f(w+1)NEVCT@)(:H1)i+§;d?<x>(w+1)jln(:v+1)
T E (e EmE (29
N;C;+<x>xi+2d;+<x>xj <i ik 1+m> "
Z e S, e (1) = [To-n.

It is easy to make sure that expansion is differentiable. It follows from that the
function 0 f possesses asymptotics as r — +00.

2. The kernel of the operator 6 obviously consists of periodic functions.

3. The equation du = f can be easily solved. Indeed, for a function f € C*°(R) we consider
the function

Zf:c—l—z (1 — x(x+ 1) —|—fo— x(x —j), (4.4)

120 7=1

where the function x € C*(R) satisfies the relation

1 as x>1

x(z) = { ’ (4.5)

0 as x<0.
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It follows from (4.5)) that in (4.4)) for a fixed = the sums involve finitely many non-zero terms.
We claim that that function (4.4) solves equation du = f. Indeed,

> fatit ) —x@+i+1)+ > fla—j+Dx(@—j+1)

i>0 j>1
—i—fo—i—z 1 —x(z+1)) Zfl’—j (x —7)
120 j=1

= f(@)(1 = x(2)) + f(2)x(z) = f(x).

We note that if f(z) = O((1+ |z|)~?), then as a function y in (4.4) we can take an arbitrary
smooth function, for instance, y = 0 or Y = 1. In this case we obtain a converging series

in ().
4. Before proceeding to proving that the operator § is surjective, we first prove two auxiliary
statements.

Lemma 4.1. Let f(z) € C(R) N O((1 + |z|)™™), where M > 2, and the same estimate
holds for the derivatives of arbitrary orders. Then the function

:Zf(x—j)

1s defined by the converging series, s a smooth function and satisfies the equation du = f, and
the following expansion holds as x — +00

w(z) = uo(z) + O((1 + |z|)~ M), (4.6)

where ue(r) =) icq f(x —J) is @ smooth periodic function. Moreover, identity (4.6) holds for
the derivatives of all orders.

Proof. The properties of the functions u and wu., except for expansion (4.6), are obtained
straightforwardly.
Let us prove expansion (4.6). As x — +oo we have

=D fle—1j)

Jj<0

<SCY (Itlz—jh)™M=C> (1+a+5)V (4.7)

Jj<0 Jj=0

|Uoo () —

for some constant C. The latter expression has the order of the integral

/Ooo (d—y =0 ((1+z)" M. (4.8)

1+ x+y)M
Now by (4.7) and (4.8) we obtain (4.6). Expansions of the form (4.6)) for the derivatives u(z)

can be obtained in the same way. O]

Lemma 4.2. Let for large |z| a function f € C*(R) be equal to a finite sum

N N
fle)y=">_ cf(@)2'+) df(z)z/ In|z|
i=—M+1 j=0

with smooth periodic coefficients c di, where M > 2, N > 0. Then there exists a function
u € Sus(R) satisfying the equation

6u = f+ fu, where fiy € CZR)NO((1+ |z])~M). (4.9)
At the same time, relation (4.9)) holds for the derivatives of all orders.



44 K.N. ZHUIKOV, A.YU. SAVIN

Proof. 1t is sufficient to solve equation (4.9) for sufficiently large |z|. Since the cases z — +o0
and x — —oo are similar, in what follows we consider the case x — +00. We seek the unknown
function u as

u(r) = uy () + ug(x) = i a;(z)z' + Z (aj(z)2” + bj(z)z! In|z]) . (4.10)
i=—M+2 J=0

Hereafter, for the sake of brevity, we shall write the periodic coefficients a;, b;, c;“, dj without
the variables meaning at the same time its dependence on .
For the function us we have

dug(z) = Z (aj [(z+1) —27] +b; [(#+ 1) In(z + 1) — 27 lnx})

J=0

S (B () E 0 (D))

B S S S0 (e S

r=1

Substituting u = uj + ug into (4.9)), we first find the coeflicients at the leading power of x (as
j=N+1,k={¢=1r=1). We obtain the relation

a1 (N+ Dz + . by (@ + (N+ DN Ing) +...=cfa +dfaN Ina + ...,
where by ... the terms of lower degrees are denoted. This gives a system of equations for the
coefficients:

CI,N+1(N + 1) + by = Cﬁ, bNJrl(N + 1) = d;

Its solution is the pair

1 1 1
- = S & S b
anN41 = N1 (CN N—i—ldN)’ bN-H N—i—ldN’

where ¢}, and dj; are known. Then we find the solutions for the terms containing the powers of
x of the next degree and so forth. At the same, lessening j by 1 at each step and reproducing
the arguing, we can successively find all coefficients a;, b;, 0 < j < N, expressing them in
terms ¢, df and ajy1, bj1 found at the previous step. Thus, we have constructed a function
uy from such that the function dus — f has the asymptotics only with negative powers
of .

For the function u; we have

Sus () = i (@ [(w+ 1) = 27]) = i Wy (?)ﬂ-j =Y aq

i=—M+1 i=—M+1  j=1 J i<—1

Here the coefficients a; with ¢ < —1 can be chosen so that @ is equal to the coefficient at 2% in
asymptotic expansions of the function dus — f for all =M + 1 < ¢ < —1. Then we obviously
can let

far & Suy + duy — f € CX(R) N O((1+ |=[)™).
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5. Let us confirm that u(z) € Su(R) if f(x) € Sus(R) and du = f. We fix an arbitrary
integer number M > 2. We shall make use of the expansion f = fy + f1, where

folz) = ( Z ¢ (z)r' + Zd;r(x)xﬂ 1n|x|> x(x)

+ ( Z c; (z)z" + Z:dj_(a:)mJ In |x|> (1—x(z)),
i=—M+1 j=0

filz) =O((1 + J=)~™).
Then we obtain the expansion u = ug + u;. We fix a solution of equation du; = f; in the
form (4.4), where we let x(z) = 1. Applying Lemma to the function f;, we obtain the
solution u; = uy oo (z) + O((1 4 |z[)™*1), where uy  is a smooth periodic function. Then we
apply Lemma [4.2] to the function f; and obtain a function uy € S,s(R) such that

8ty = fo+ fu, wnerefy € C®(R)NO((1+ |z])~M).
Then for the difference u — ug we have
§(u—1g) =8(u) —6(w) = f— fo— fu=fi— fu=0(1+]z))™™).
Finally, applying Lemma to the function f; — fys, we obtain:

U — Uy :uQ7OO+O((1+\x])’M“). (4.11)
Since g, U 0o € Sas(R) and the number M in (4.11]) can be chosen arbitrarily large, it follows
from (4.11) that u € Sqs(R). The proof of Theorem [4.1]is complete. O

5. REGULARIZED TRACE

In order to define a regularized trace of a parameter-dependent operator D(p) € ®'(X), we
shall need the following lemma.

Lemma 5.1. Let D(p) € ®7'(X). Then 6D(p) = D(p +1) — D(p) € @7~ H(X).

Proof. We consider a parameter-dependent operator
D(p) =) e Dy(p), (5.1)
k

where Dy(p) € V'(X), and the semi-norms || Dy (p)|; decay rapidly as k — oo for all j € Z.
We then have

dD(p) =D(p+1 Z 627”@ +1) - Dk(P)} = Z GZMkp(sDk(P)

Let us show that the operator § Di(p) € W7*~'(X) and the semi-norms || D (p)||; decay rapidly
as k — oo for all j. The complete symbol of WDO Dy (p) possesses the asymptotic expansion

a(z,§,p) ~ Y amj(x,&,p),
j=0

where the function a;(x,&, p) is homogeneous of degree j with respect to the pair of variables
(&, p), that is, a;(z, A, A\p) = Ma;(z,&,p) for all A > 0 and (z,&,p) € (T*X & R)\ 0. We
expand the function a;(x,&,p+ 1) into the Taylor series about the point p:

a %
a;j(z,&p+1) ~ ) (a_p) (2,&,p) ~ > aji(x,&,p),

120 20



46 K.N. ZHUIKOV, A.YU. SAVIN

where a;; is a homogeneous function of degree j — . Then, in view of the latter equation, the
complete symbol of YDO ¢ Dy (p) possesses the expansion

6&(%‘,5,])) NZ[aj(ﬁ,f,p—F 1) - aj(x7€7p)}

j<m
S e~ Y ( 5 aj,jm,g,p)).
j<m i>1 k<m—1 \k+1<j<m

The order of the latter symbol is equal to m — 1. Therefore, the order of the operator § Dy(p)
is equal to m — 1.
It remains to show that the semi-norms ||dDg(p)||; decay rapidly as k — oo. Indeed, we
have:
16Dk (p)l; < 1Dk(p + Dl + 1Dk (p)]1;

is the sum of rapidly decaying as k — oo semi-norms. O

Lemma 5.2. Let D(p) € ®'(X), where m < —dim X. Then the operator D(p) is of trace
class, the trace tr D(p) is a smooth function and as p — +o00, the following asymptotic expansion

holds: '
trD(p) ~ > ¢ )l (5.2)
jsm—+n
where Cji are smooth periodic functions. FEzpansion (5.2)) can be differentiated with respect to

the parameter p.

Proof. Let D(p) be an operator of form (5.1]). Since m < —n, we have:

tr D(p <Zez’”ka ) Zempter D). (5.3)

By the results of work |11l Lm. 1|, the following asymptotic expansion holds:
tr D(p) ~ Y ai,lpP as |p| = oo, (5.4)
js<m—+n
where the coefficients ozij € C rapidly decay as k — oo and the estimate holds:
twDi(p) — D aill =0 (o™ A+ KT VL0
—N<j<m+n

Now we substitute asymptotic expansion (5.4)) into (5.3)) and interchange the summations in k
and j. We obtain the asymptotic expansion:

wDG) ~ 3 (z) ol

j<m+n k

where the coefficients c;»t (p) =>4 eQWikpa,ij are smooth functions.

It is easy to see that the previous proof also gives the differentiability of expansion with
respect to the parameter. In order to do this, it is sufficient to make the following modifications
in the above proof. It follows from [II, Lm. 1] that expansion can be differentiated in p:

tr Di(p) ~ Y oi,dlpl " sgnp. (5.5)

js<m+4n

Substituting (5.5)) into the expression

tr D'(p) = Z e*™*? (tr Dy (p) + 2mik tr D(p)),
k
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we obtain the asymptotic expansion
tr D'(p) ~ Z (Z e%ikpa,j;jQMkz) Ip)” + Z <Z e%ikpaijj sgnp) lpl—t.
js<m+n k j<m4n k

In the same way we establish that the asymptotic expansion for the derivative tr DY) (p) of
order j is obtained by j-multiple differentiation of expansion ({5.2)). O

By P C Sus(R) we denote the subspace

P = {f(p) S C"O(]R)'f(p) = ij(p)pj} 7

j=0
where f;(p) are smooth periodic functions. It is easy to make sure that
P = Jkerd’. (5.6)
Jj=0
It follows from Theorem that the operator § induces an isomorphism

Suws(R)/P — Sus(R)/P,
s = efl
where by [f] we denote the equivalence class of a function f. Mapping (5.7)) will be also denoted

by the symbol 6. In particular, for each £ > 0 the mapping 6= ¢: S,s(R)/P — S,s(R)/P is well-
defined.

(5.7)

Definition 5.1. We define a regularized trace of a parameter-dependent operator D(p) €
D7 (X) by the formula

(TR D)(p) = 0~ “[tr(6°D(p))] € Sas(R)/P, (5.8)
where £ > m + dim X.

Proposition 5.1 (Properties of regularized trace).

1. For a parameter-dependent operator D(p) € CD;”L(X), reqularized trace 18 well-defined,
that is, it is independent of the choice of the number (.

2. The mapping TR: ®,(X) — Sus(R)/P, D(p) — (TR D)(p) satisfies the cyclic property
TR(AB) = TR(BA) for all A, B € ®,(X).

Proof. 1. Let us prove that regularized trace is well-defined. It follows from Lemma
that 6°D(p) € ®7"*(X). Then for £ > m + n the trace of the parameter-dependent operator
§¢D(p) is well-defined and tr[6°D(p)] € S,s(R), see Lemma It follows from Theorem
that (TR D)(p) € Sus(R)/P. We state that the traces (TR D)(p) corresponding to different ¢
differ by elements of the space P. Indeed,

s e (0 D(p))] =6 (67 [tr 8(6°D(p))]) = 0~ (67" [tr (6" D(p))])
=0"'[tr (0'D(p)) | € Sus(R)/P.

2. Let us prove the identity TR(AB) = TR(BA).
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Lemma 5.3. For arbitrary families A(p), B(p) the following difference Leibniz formulae
hold:

) =3 ()oaw) i+ 0~ ) (5.9)
5(A(p)B(p)) = (f) 5 A(p+ 0 j) - I B(p). (5.10)

§=0

Proof. The proofs of formulae (5.9) and (5.10]) are similar and this is why we provide only the
proof of the first formula. We prove it by the induction. As ¢ = 1, the formula is valid:

3(A(p)B(p)) = Alp + 1)B(p + 1) — A(p)B(p) = 0A(p) - B(p + 1) + A(p)dB(p)-

Assume that this formula holds for some ¢. Then for ¢ 4+ 1 we have:

55 (A(p)B(p)) = > (‘f)a (07 A(p)- ¥ B(p+ £ - j))

=0 N
Ny
=3 (5) @A) 8B+ (1) - )+ 0 AG) 5 Bl + - )
=0
Ny
= ( )5““) TA(p) - (""'Bp+ L —j)+ 8 Bp+L—3j))
— \j
7=0
l f 4
+Z(>5‘—JA() S B(p+ 0 —j) Z() SEVTIA(p) - 8 B(p+ £+ 1 — )
j=0 J Jj=0
+1 /
+Z (j_ 1)6‘”1—1’/1( )-8 B(p+L4+1—3)=86"A(p)-Blp++1)+ Alp)d“™B(p)
j=1
LT/ ¢
+ () + (5] oam o -
=L\ J—=1
/+1
= (“1>5“+1> TA(p) - &B(p+ (L + 1) — ).
=0 N 7
Here we have used the identity B(p + 1) = §B(p) + B(p). O

Now we are going to prove the identity

tr (6°(A(p)B(p))) = tr (8 (B(p)A())) - (5.11)
According to (5.9), we transform the right hand side in (5.11)) to the form

l

ir (5 (B AR))) =t (Z (0)s -5+~ j))
=0 (5.12)

VA
. (z (“)oas i -WB@) _ (5 (AD)B))

Here in the second identity we have employed the cyclic property of the trace tr. The cyclic
property can be applied since the composition 6*A(p + ¢ — j)6* 7 B(p) is of order < ord A +
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ord B — ¢ and has the trace if the number ¢ is large enough. The latter identity in (5.12)) is
implied by formula (5.10). Now the desired identity of the regularized traces follows from (5.11):

TR(AB) =6 [tr (6°(AB))] = 67" [tr (6°(BA))] = TR(BA).
O

Relation with Melrose’s regularized trace. It turns out that in the case of usual
parameter-dependent WDOs the introduced regularized trace is equal to the Melrose regularized
trace, see [I1], Sect. 4]. We recall the definition of the latter. The Melrose regularized trace for
parameter-dependent WDO D(p) € V*(X) is defined by the expression

(TR D)(p) :/Op/(]m_l---/opl tr ((%)%@)) dqdp . .. dpe_i, (5.13)

where ¢ > m + n. Expression ([5.13)) is independent of ¢ up to the elements of the space P.
Proposition 5.2. For each parameter dependent operator D(p) € \Ifg”(X) the identity holds
TR D =TRy D € S.(R)/P. (5.14)
Proof. We need to prove the identity
5~ [tr(6°D(p))] = [TRum D(p)]
for an operator D(p) € ¥}'(X), or equivalently,
[tr(6°D(p))] = 6*[TRa D(p)]. (5.15)

Identity (5.15)) is obvious for m + n < 0 since in this case we can take £ = 0. For m+n > 0
we consider the operator D(p) € W*(X)/¥, "~ 1(X). It is sufficient to prove identity (5.14)) for

ﬁ(p) locally, that is, we suppose that its complete symbol a(x, £, p) is supported in a local chart.
We consider a parameter-dependent WDO D(p), the complete symbol of which equals a(x, &, p).
We substitute the operator D(p) into the right hand side of (5.15). Then as m — ¢ < —n we
have

. , D fPo—1 p1 o ¢
0 [TRM D(P)} =0 T 90 a(z,§, q)drdEdqdp; . . . dp,
R» xR q
Pz 1
s / / / / (2.6, q)dadps ... dpe_rdde
Rn xR™

l—
zgf/mw< (z,€,p) — Zkl (z,€,0)p )dmd§ (5.16)

—1 1
= 5€ —5€ ' (k) S k) d d
/R]R< ) (Zk!a &0 > "
:/ 0 a(w, &, p)drdé = [tr(6°D(p))].
R™»xR"™

Here a(k (x &, q) is the kth derivative of the function a with respect to the parameter ¢q. Rela-

tions (5.16)) imply needed identities and (5.14)). O
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6. REGULARIZED INTEGRAL

The regularized trace TR D(p) can increase as p — oo. For integrating such functions over
the real line we employ some regularization of the integral.

Proposition 6.1. Let f(p) € S,s(R). Then, as T — +o0, the asymptotic expansion holds:
T
/ F@)ip~ S T+ S (T T, (6.1)
-T <N 0<r<N

where ¢;(T'), d.(T') are smooth periodic functions.

Proof. 1t is sufficient to obtain asymptotic expansion of the form (6.1]) for the integral over the
segment [1, 7). If the function f(p) possesses asymptotic expansion (4.1]), then we consider the
function

folp) = f(p) - <Z (P +>_df (p)p’In \pl> ~ Z cf (). (6.2)
By we get

/1 f(p)dpz/1 fo(p)dva/1 (Z (PP + Y _di(p)p"In Ipl> dp. (6.3)

j=—1

j=—1 r=0

Let us show that each term in (6.3]) has asymptotics (6.1)).
1. Since fo(p) = O(p~?) as p — oo, we have

/IT folp)dp = /1 " olp)dp - /T " hw)p. (6.4)

Let us prove that there exists the asymptotic expansion
| pwan~ 3 ayr (6.5)
T j<—2

with some smooth periodic functions a; (T'). We fix a number M > 3. Then we have

- ‘/Tm (fo(p) - i cj-*(p)pj> dp

| -
j=—M+1

hoa— 3 [T erowa

—+00
g /
T

-2
where we have used the fact that formula (6.2)) is an asymptotic expansion, that is, the estimate

(6.6)

fip) = > o |do< [ CulplMip= i,
T

j=—M+1

-2

fol))= D o

j=—M+1

< Cylpl™

holds with some constant Cj; > 0.

Lemma 6.1. Let ¢(p) be a smooth periodic function. Then for each j < —2 there ezists an
asymptotic expansion

/T o~ 3wt (6.7)

with smooth periodic coefficients ¢, (T).
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Proof. We define an expansion c¢(p) = ¢+¢(p), where ¢ = fo p)dp. Then, integrating by parts,
we obtain:

/C:O c(p)p’dp : /TOO (e+elp)p'dp=c KTOO v /TOO g(p)pjdpw (6.8)

Cc

. S C . . .
=t [ Paew) =T @) = [ e
J + 1 T T J + 1 T
Here v(p fo q)dq is a perlodlc function since fo q)dq = 0. This arguing can be applied
to the latter mtegral in and by induction we prove the validity of expansion (6.7)). O]

Thus, asymptotic expansion and estimate yvield the existence of sought asymptotic
expansion for integral (6.4). This gives asymptotic expansion (6.1).

2. Let us prove that the second term in has asymptotic expansion of form for large
T'. Indeed, integrating by parts as in Lemma [6.1], we obtain the needed asymptotic expansion:

T [ N N N+1

/ (Z )+ dF(p)p" 1np> dp~ Y ()T +Y d(T)T"InT, (6.9)
L\j=—1 r=0 J<N+1 r=0

where ¢;, Ej are some periodic functions. The proof is complete. O

Definition 6.1. A regularized integral of the function f € S.s(R) is the mean value of the
coefficient co(T) in asymptotic expansion (6.1) and it is denoted by

][ Flp)dp & / o(T)dT.

Proposition 6.2 (Properties of the regularized integral).
L If f € Sas(R)NO((1+ |p|)72), then

2[11€FthenfR 0

3. If a function [ is odd then JC]R p)dp = 0.

Proof. 1. Since f € S,(R)NO((1+]p|)~2), then function f_TT f(p)dp as T — 400 converges to
the integral over the entire line R. Therefore, the coefficient ¢o(T) in expansion (6.1)) is equal
to the integral fR p)dp, and its mean value coincides with itself.

2. In view of the contlnulty, it is sufficient to prove the identity {5 f(p)dp = 0 for f(p) =
e? Pyl where k € Z, 7 > 0. For k = 0 this identity can be checked straightforwardly. As
k # 0, the integral f_TT e*™*Ppidp is of the form €™ P(T) + ¢~ 2™kTQ(T), where P(T), Q(T)
are some polynomials. This is why we obtain the needed identity f; e>*p/dp = 0 since the

mean values of the functions e*2™7T are zero.

3. Since f(—p) = —f(p), we obtain
/ f(p)dp = 0.
-7

By Proposition we obtain the following corollary.
Corollary 6.1. A functional Tr: ®,(X) — C defined by the formula

DY ][ TR D(p)dp,
R
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is a trace, that is, Tr(AB) = Tr(BA) for all A, B € ®,(X).

7. ETA-INVARIANT

Definition 7.1. Let D(p) € ®'(X) be an invertible element, that is, there exists an inverse
element D~'(p) € ®,™(X), see Theorem . Then the number

(D)% Ly (D—ld—D> (7.1)

is called m-invariant of the element D(p).

Proposition 7.1 (Properties of n-invariant).

1. n-invariant has the logarithmic property
n(AB) = n(A) +n(B)

for all invertible elements A, B € ®,(X);
2. n-invariant (7.1) is a generalization of the Melrose n-invariant, namely, if D(p) € V,(X)
s an invertible parameter-dependent VDO, then

1 dD
WD) = (D). where (D) = - fR TRy (D 1dp) dp.

Proof. 1. Let us prove the logarithmic property:

omin(AB) =Tr <(AB)1CZ(3;;3)) =Tr <31A1 (Z?B Acclli»

A _ B
B-lA—ld—B +Tr( B'A- 1Ad
dp dp

=Tr (BB—lA—ld—) + Tr (B 16:5) = 2mi(n(A) + n(B)).

I
=l

Here we have employed the cyclic property of the trace Tr.
2. On the subalgebra U,(X) the regularized trace coincides with the Melrose regularized
trace, see (5.14). This yields:

1 dD 1 dD
D)=—+4 TR D! dp=—4 T D! dp = D).
n(D) fR R( dp) p=5— RM( dp) p = nu(D)

271 T

Variation of n-invariant.

Proposition 7.2. Let Dy(p) € ®(X), t € [0,1], be a smooth homotopy of a family of
parameter-dependent invertible operators. Then

1. The derwative of the n-invariant of the family Dy with respect to the parameter t is

d 1 — (9 aDt
—n(Dy) = 5= Tr D;! : 2
2. The composition Tr & ﬁogp is a trace on the algebra ®,(X), that is, Tr(AB) = Tr(BA);

3. For the parameter-dependent operator D(p) = >, Di(p)e*™™* € O (X) we have

n

Tr D(p) = /T*X [do,—n(2,€,1) — do_n(z, &, —1)] % n = dim X, (7.3)
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where (z,&) € T*X, w=">_dx; Nd&; is a symplectic form on T*X, and do; is a homoge-
neous component of degree j in the complete symbol of parameter-dependent WDO Dy(p),
and the integral in (7.3)) converges absolutely.

Proof. 1. The left hand side in (7.2)) is equal to

d 1 (0 (40D 1 —( 0D, 0D, __,&D,
(P =55 T (825 (D 3p>>_27riTr( Do P, 0 gy, ) T

The right hand side in (7.2) is equal to

2
iﬁ(ﬁ (Dt‘l%)) = Lﬁ(—Dt 18D’*D 19D: | a9 Dt)

2mi op ot 27 dp ot b opot (75)
1 — oD, 0D, 3D, '
= —Tr(—D;' =D/t D! :
o r( ot -t ap T 8758]0)

The latter identity is implied by the cyclic property of the trace Tr. Since the expressions
n and coincide, we see that the left hand side and the right hand side in (7.2)
coincide. .

2. Let us prove the cyclic property of the trace Tr:

- () 5 (001) -

The pre-last identity follows from the cyclic property of the trace Tr.
3. Let us establish formula (7.3). We have:

T0G) = f TR (5.00)) do= 3 f 1R (2mikDi) + 00 ) o (1

kEZ

dB dA ~
(dpA—i—de) = Tr(BA).

We claim that

d
][ 2mikp (2mk TR Di(p) + TR (d—Dk(p)>) dp=0 as k#0.
R P

Indeed, by formula (5.16) and Proposition on coinciding of the regularized trace TR and
the Melrose regularized trace, in the local coordinates we obtain:

N
1
TR Dy (p) :/ (dk z,€,p) Z—‘dj z,&,0)p )da:dg,
Rn xR™ =0 J:

d N-1 4 )
— (G+1 j
TR (dpDk(p)> /Rann ( di(z,&,p) E 4" (x f,O)pJ) dzdg,

|
=0

(7.7)

where di(x, &, p) is the complete symbol of the operator Dy (p), and d,(j) is its jth derivative with
respect to the variable p. We note that the regularized traces TR and TR, coincide modulo
the elements in the space P. However, such functions make no contribution to the regularized
integral, see Proposition . These integrals in (7.7) converge absolutely. By and the
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Newton-Leibniz formula we obtain:

/T ity (ka TR Dy(p) + TR [ang(p)D dp

=T
N
= / 2y (dk. (,€,p) Z d“ pﬂ> ddg
nxR" :0 —_—
N
2mikT j
e /RR <dk z,6.7T) Z ) dude

=0

T

N
—62“’”/ di(z, 6, =T) Z Dz ¢, 0)(=T) | dude.
R™xR"™ :0
The integrals in the latter formula are smooth functions of the variable 7" and have expansion
of form (4.1)) with constant coefficients. Substituting these expansions into formula (7.8) and

extracting the constant term in the asymptotic expansion, we see that this coefficient vanishes
for all k& # 0.

Thus, by formula (5.14)), it follows from (7.6|) that

~ d d
TrD:][TR[—D p}dp:][TR [—D p}dp. 7.9
[ TR | Z00(0) | dp = f TR | Do) (79)
Trace (7.9) was calculated in [11I, Prop. 6]. Applying the cited result to the right hand side
in (7.9) gives desired formula (7.3)). O
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