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LOCAL BOUNDARY VALUE PROBLEMS FOR A LOADED
EQUATION OF PARABOLIC-HYPERBOLIC TYPE
DEGENERATING INSIDE THE DOMAIN

B.I. ISLOMOV, F.M. JURAEV

Abstract. In the beginning of 21st century, boundary value problems for non-degenerating
equations of hyperbolic, parabolic, hyperbolic-parabolic and elliptic-hyperbolic types were
studied. Recently this direction is intensively developed since rather important problems
in mathematical physics and biology lead to boundary value problems for non-degenerate
loaded partial differential equations. Boundary value problems for second order degener-
ating equation of a mixed type were not studied before. This is first of all because of the
fact that there is no representation for the general solution to this equations. On the other
hand, such problems are reduced to poorly studied integral equations with a shift. The
present work is devoted to formulating and studying local boundary value problems for
loaded equation of parabolic-hyperbolic type degenerating inside the domain.

In the present work we find a new approach for obtaining a representation for the general
solution to a degenerating loaded equation of a mixed type. The uniqueness of the formu-
lated problem is proved by the methods of energy integrals. The existence of solutions to
the formulated problems is equivalently reduced to a second order integral Fredholm and
Volterra equations with a shift. We prove the unique solvability of the obtained integral
equations.

Keywords: loaded equation of parabolic-hyperbolic type, loaded equation with a degen-
eration, representation of general solution, method of energy integrals, extremum principle,
integral equation with a shift.

Mathematics Subject Classification: 35M10, 35M12, 351,10, 35K 10

1. INTRODUCTION

First results on model equation of mixed type, containing parabolic-hyperbolic operators, on
constructing solutions, studying their properties and boundary value problems, were obtain in
paper by I.M. Gelfand [I]. Later they were developed in works by G.M. Struchina [2], Ya.S.
Uflyand [3] and L.A. Zolina [4].

Apart of these papers, in the end of the twentieth century, many papers by their pupils are
appeared [5]-[9]; in these works there were studied the Tricomi problem and its generalizations,
problems with shifts, problem of Bitsadze-Samarskii type and other non-local problems for par-
abolic and hyperbolic equations as well as for mixed parabolic-hyperbolic and elliptic-hyperbolic
second order equations.

In works [10]-[I3], on the base of the methods of the spectral analysis, boundary value
problems for the mixed second order equations were studied in a rectangular domain.

Boundary value problems for loaded equations arise in studying many important problems in
mathematical physics and biology [14], especially problem of a long forecasting and controlling
ground water [I5], modelling processes of particles transfer [16], problems on heat and mass
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transfer with a finite speed, modeling the filtration of a liquid in porous media [17], inverse
problem [18], many problems on optimal control of agroecosystem [19].

A notion “loaded equation” has appeared first in works by A. Kneser [20]. The definition of
loaded equations nowadays commonly used in the scientific literature was given by A.M. Nakhu-
shev in 1976. In its work [21], he provided most general definitions and classification of various
loaded equations, namely, loaded differential, integral, integral-differential, functional equations
as well as their various applications.

At present, the class of the considered equations for non-degenerate loaded hyperbolic, par-
abolic, hyperbolic-parabolic and elliptic-parabolic equations is essentially enlarged; here we
mention works [22]-|27]. The theory of boundary value problems for loaded second order
integral-differential operator was developed in works [28], [29]. In works [30], [31] local and
nonlocal boundary value problems were studied for degenerating hyperbolic and mixed type
equations of second and third order.

To the best of the authors’ knowledge, the boundary value problems for degenerating mixed
type equation of second order were studied relatively little. We mention works by A.M. Nakhu-
shev [32], B. Islomov and F. Juraev [33], R.R. Ashurov and S.Z. Jamalov [34]. First of all this
due to the absence of a representation for the general solution of such equations; on the other
hand, such problems are reduced to little-studied integral equations.

The present work is devoted to formulation and studying local boundary value problems for
a loaded parabolic-hyperbolic equation degenerating inside the domain.

2. FORMULATION OF PROBLEM
Let €2 be a bounded simply connected domain in the plane of variables x, y enveloped by the
curves:
S1=A(z,y):z=1, 0<y<l1}, So={(z,y): x=-1, 0<y<l1},
Sy={(z,y):0<zx <1, y=1}, Sy={(z,y): —1<x <0, y=1};
2 2—m

t={ s o - 320 =0, y<0),
n:{@c,y) PSS S y<o},
2—m
r3={<x,y> P y\o},
2—m
F4:{(a:,y):x—i(—y)22m:—1, yé()}, m < 0
2—m

We introduce the notations:

QF =0n{(z,y): >0, y>0} QO =0n{(z,y):x <0, y>0},
Qr =an{(z,y) x>0, y<0}, Q; =Qn{(z,y):x <0, y<O0},
L ={(x,y):0<2z <1, y=0} L={(z,y): —1<z<0, y=0}
Iz={(z,y):z=0, 0<y<l}, Q=0Q7UQUJ, (=12, Q=0 UQ U,

A ((=1)711 =I.nS. C.| (=1 j+11._ -1 j+12_m 2/ —-0.NnT.
J(( ) 70)_ Jm 7 J ( ) 27 ( ) 4 - jﬂ 7+2

O(0,0) :I_lﬂl_g, Bl(l,l) :5'105'3, BQ(—l,l) :ng54, BQ(O,l) :ng»§4.
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In the domain €2 we consider the equation

Uze — |2[PUy — pju(,0), x,y) € QF,
0 ||ip]< ) (z,y) ; 2.1)
Uge — (_y) Uyy + Hiu (LC,O) ) (xvy) € Qj )
where m, p, p;, ; (j = 1,2) are arbitrary real numbers and
m < 0, p >0, p; >0, wi >0, j=1,2. (2.2)
In the domain 2, we study the following boundary value problems for equation (2.1).
Problem 1. Find a function u(z,y) possessing the following properties:
1) u(z,y) € C(Q)NCH(Q)NCZ (Q7 UQT) NC? () UQ,):
2) u(z,y) is a regular solution of equation 1) in the domains Q" and Q; (j = 1,2);
3) u (z,y) satisfies the boundary conditions
ulg, =¢;(y),  0<y<l, (2.3)
. 1
ulp, = ¥(x), 0L (1) e < 3 J=L2 (2.4)
4) on the curve of degeneration I;, (i = 1,3), the matching conditions are satisfied:
Jim oy (z,y) = lim wy(z,y),  (2,0)0€l, j=12 (2.5)
lim u,(z,y) = lim u,(z,y), (2,0) € Is; (2.6)
z—+0 z——0
where p1(y), p2(y), ¥1(z), 2(x) are given functions and 1 (0)=15(0),
@J(y> el [07 1] nct (Oa 1) ) Jj=12, (27)
1 1 1 1
101(1‘) S Cl |:07 §:| N 03 (07 5) s wg(x) S Cl |:—§,0:| N 03 (—5,0) . (28)

Problem 2(3). Find a function u(x,y) possessing all properties of Problem 1 except of
conditions ({2.4)), which are replaced by the conditions

1 1
U|r1 = q1(), 0<z < 5 U|r4 = g2(2), —lsz< Ty (2.9)
1 1
(W =fit)  —j<e<o up=h  j<e<i). @

where g1(z), g2(x), (fi(x), fa(z)) are given functions and g;(—1)=p2(0), (f2(1)=p2(0)),

gi(z) € C* {oﬂ ne? (0, %) . gr)ed! {—1,—%} nes (—1,—%) : (2.11)

(fl(:p) et {—% o} ne (-%,0) C h@ect E 1} N e (% 1)) 212

3. UNIQUENESS OF SOLUTION TO PROBLEM 1

If Conditions 1) and 2) in Problem 1 are satisfied, then each regular solution to equation
(2.1) can be represented as [22]:

u(z,y) =v(z,y) +w(x), (3.1)

where

v (x,y), x, Qf,
U(x7y):{J< y) (z,y) € Q] (3.2)

Wi (‘ray)v (SL’,y)EQ;7
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w (@) = {“’{(“’)’ @0 el 3.9
wy (), (x,0) € 1;,
where v; (z,y) and w; (z,y) (j = 1,2) are regular solutions of the equation
Lvuj = Ujyy — |2’ v, = 0, (z,y) € QF, (3.4)
Lw; = wjze — (—y)" wjy, =0, (z,y) € Q; (=12, (3.5)

while w} (z) and w; (), j = 1,2, are arbitrary two continuously differentiable solutions of the
equation

w;“” (x) — pjw;-“ (z) = p;jv; (x,0), (x,0) € I, (3.6)
wj_" (2) + pyw; (z) = —pjw; (z,0), (z,0) € I;. (3.7)

Taking into consideration that the function az + b solves equations (3.4) and (3.5)), arbitrary

functions w; (x) and w; (x), (j = 1,2), can be obeyed the conditions

W (=17 = Wl (=17 =0, (3-8)
Wi (0) =/ (0)=0 (j=1,2). (3.9)
The solutions to Cauchy problems (3.6), (3.8) and (3.7)), (3.9) are respectively of the form:
wi (z) = \/p; / 7;(t) sinh \/p, (z — t)dt, (z,0) € I, (3.10)
(-1
wj (z) = —\/,u_j/Tj(t) sinh \/j1;(x — t)dt, (z,0) € I, (3.11)
0
where
Tj (f) = (ZE,O) = wj (I,O), (.73,0) ETJ'. (312)
By (2.1), (2.3), (2.4), (3.2), (3.3), (3.8), (3.9), Problem 1 is reduced to Problem 1* for the
equation
Lv;, x,y) € QF,
= (@:9) 7 (3.13)
Lw;, (z,y) €
subject to the boundary conditions
vils, = @iy),  0<y<1, (3.14)
, 1
wj|rj =1; (z) — w;(x), 0< (12 < 3 (3.15)

where w; (7) are determined by 1)

In order to prove the uniqueness of the solution to Problem 1, we first prove the same for

Problem 1* for equations ({3.13)).
The following lemma plays an important role in the proof of the uniqueness of the solution

to Problem 1*.

Lemma 3.1. If ¢1(y) = ¢2(y) =0 as y € [0,1], ¢1(z) =0 as z € [0,1] and ¢2(x) = 0 as
T € [—%,O} , then

7i(z) =0 as x € 1j, j=1,2, (3.16)
where 7;(x), j = 1,2, are determined by (3.19).
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Proof. We are going to prove this lemma by means of the method of energy integrals. Let
wj(z,y) be a twice continuously differentiable solution to the homogeneous problem 1* in do-
mains Qj_ and Qj_a, where Q;5 is the domain with boundary 39]'_5 = fje U fjs U f(j+2)8 located
strictly in the domain €25, (j = 1,2), and ¢ is a sufficiently small positive number.

Let j = 1. We integrate the identity

0 =2P(=y) "1 (Wige — (—¥)" Wiyy)

:%(

—af [(_y)_mwiv - w%y} - pl‘p_l(_y) _mwlwlm

G,
a?(—y) " wiwig) — a—y(m”wlwly) (3.17)

over the domain €2;_ and apply the Green formula. Then we get:

/ 2P (—y) " wiwidy + 2Pwywy,de = // 2 ((—y) "l — w%y) dzdy

fla UFBEUJIE

-
+p//x”_1(—y)_mw1w1$dxdy.
-

Passing to the limit as ¢ — 0 and taking into consideration Condition 1) in Problem 1 as in
[35, Ch. 5], we obtain:

1

/xpﬁ(x)yl(@dx:/xp<—y)—?w1dw1 —/xp(—y)—é”wldwl

Fg 1:‘1

= [[ o (o, — ud,) dady (3.18)

Q
- p// 2P (—y) T wwdady,
Q
where
71(2) = wy(z,0), (z,0) € I, v (x) = wiy(z,0), (x,0) € I4. (3.19)
In order to calculate the right hand side in identity we pass to characteristic coordinates
§:x+ﬁ(—y)2_2m7 nzx—ﬁ(—y)z‘gm- (3.20)

Then the domain €27 is mapped into a triangle A7 with sides O1C11, C11 417 and A1;0; located
on the straight lines n =0, { =1 and n = &.

By (3.11]), , as Y1(z) = 0, in view of (3.20) and canonical form of equation (3.5)) as

j =1, that is, vg, = % (ve — vy), it follows from the right hand side of identity (3.18) that

Jrcorsoan- () (52) " (o ()

I
p—28 (1 P(2—m 2 —28—1, 2
o <§> (—4) [t
0

(3.21)
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D () )

y
(%)p ( ) 2Bp/ L+ (1 =n) " wi(lmdn  (3.22)
(

/xp(_y)rgwldw1

I

0
1

%)p< ) 2560/ 1+n)? w1, m)dn,
vt (2 ()

_p- ﬁ/w1€0d§ /1+77pw1177)d77
- p

51+2B D 26+1

+

(3.23)

(1 +n)P'wi(1,n)dy
+p/ (1 —n)%

Cp— 1) // <s+&>p_2)2<5 n>d§dn>,

N 2—m\ 2
// 2P (—y) M w i dedy = — (5) (T) (/gp%lw%(fao)df

_/1% . )dn) (;) (Q—Tmyﬁ (3.24)

E+n)P? ,
(p—1) [/ W%(&U)dﬁdm

where 23 = —3"- 0 <m < 1, and
1
O<—B<—, 0<p—-26<1. (3.25)
Substituting (3.22] , and - into , in view of (2.2)) and - we get
p—p =
/:cpﬁ(:c)yl(x)dx = oot ( 1 ) /fpwlw%(f,O)df > 0. (3.26)
0 0

Let j = 2. Then as above, we integrate identity (3.17) over the domain Q;, we get

/O(x)pTg(a:)Vg(:B)d:v pQP_HB (2_47”)25/( P51y (¢, 0)dE > (3.27)

where

To(x) = we(x, 0), (z,0) € I, V() = way(x,0), (x,0) € L. (3.28)
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By Condition 1) in Problem 1 and by the continuity of w (x), in view of (3.1)), (3.2)), (3.3),
(3.19)), (3.28)) we have:

wj(x,—0) = v;(z,+0) = 7;(x), (z,0) € I, (3.29)
wy, (2, ~0) = vy, (2, 40) = v(2), (@,0) €L, (j=1,2) (3.30)
Owing to the assumptions of Problem 1, we pass to the limit as y — 40 in equation ({3.4)

and in view of (3.29) and (3.30]) we obtain:
' (x) = |z’ v;(z) = 0. (3.31)

J
Then by the assumptions of Lemma 1, (3.31) and 7;(0) = 7;((—1)’*!) = 0 we find:

(-1t (~1p+!

/ |z|” 75 (x)v;(x)de + / T/?($)d$ =0, j=12 (3.32)
0 0
Comparing (3.26), (3.27) and (3.32), we obtain:

(—1)i+t

| ern@pses =0

or

By the conditions 7;(0) = 7;((—1)7"!) = 0 this implies:
Ti(z)=0 as z€l;, j=12. (3.33)

By (3.33), (3.10), (3.11), (3.3) we get:
w(z) =0, forall z €l UlL. (3.34)

Theorem 3.1. If the assumptions of Lemma 3.1 and are satisfied, then in the domain
Q Problem 1* for equation can have at most one solution.

Proof. According to the maximum principle for parabolic equations [6], [36], [37], by (3.33),
boundary value problem 1* for equation in the domain Q3 subject to homogeneous
conditions (]3.12 , (]§.14 has no non-zero solutions, that is, v;(z,y) = 0 in Q;r, (7 =1,2). Then
it follows from (3.15)), (3.3), (3.34) that

wi(x)=0, (z,00€l;, j=12. (3.35)

J

By the uniqueness of the solution to the Cauchy problem with homogeneous conditions
wj($>y)’y:0 =0, (2,0)€ jja wjy(xvy”y:o =0, (2,0) €

for equation 1) in the domain ;" and owing to (]3.34[) and (]3.35[) we obtain w;(z,y) =0 in
QJ_ Hence, by 1} we have:

v(z,y) =0, (z,y) € Q. (3.36)
Now (3.36)) yields the uniqueness of the solution to Problem 1* for equation ((3.13]). O

Theorem 3.2. If the assumptions of Theorem 3.1 are satisfied, then in the domain £ Prob-
lem 1 for equation can have at most one solution.
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Proof. By ({3.34), (3.36)) it follows from (3.1)) that
u(z,y) =0, (z,y) € Q. (3.37)
This proves the uniqueness of solution to Problem 1 for equation (2.1). O

4. EXISTENCE OF SOLUTION TO PROBLEM 1

Theorem 4.1. If conditions , , (@ and are satisfied, then Problem 1 1is

solvable in the domain €.

In the proof of Theorem 4.1, the following problem play an important role; these problems
are also of an independent interest.

Problem 1;. Find a solution u(z, y) € C(;) NC' () NC* (S UQ;) (j = 1,2) to equation
satisfying conditions (2.3), and

u(0,y) =m(y),  (0,y) € I, (4.1)

where 73(y) is a given function and
3(y) € C(I3) N C'(I3). (4.2)
Problem 1. Find a solution u(z, y) € C(Q3) NCH(Q3 UL UL) NC21 (Qf UQY) to equation
(2.1) satisfying conditions (2.3]) and

u(@ Y, =7(@) +wf(2), (@0 el (j=12)
where 7;(z) and w] () are defined respectively by (3.29) and (3.10)).
4.1. Study of Problem 1, (j = 1,2).
Theorem 4.2. If conditions , , (@, and are satisfied, then Problem

1, 1s uniquely solvable in the domain €1;.

Proof. By Lemma 3.1 and the extremum principle for degenerating parabolic-hyperbolic equa-
tions [37] we see that a solution u(z,y) to Problem 1, as ¢;(z) = 0 attains its positive maximum
and negative minimum in the closed domain Q;’ only on fj Uls, (j=1,2).

According to the extremum principle, homogeneous Problem 1;, that is, problem with zero
boundary conditions, has no non-zero solution. This implies a uniqueness of solution to Prob-
lem 1]

We proceed to proving the existence of solution to Problems 1; and 17 subject to Condi-
tions (3.14), and v;(0,y) = 73(y), (0,y) € L.

By the properties of solutions to Cauchy problem [33] for equation 1} in domain 2
(7 =1,2) and in view of (3.15) we have:

01 (5) —wr (5) =ne' T (8) Dela"'n ()
— 2l (1= 8) Dy, ' v (), (2,0) € I,
U2 (5) —wi (5) =n (=0T (8) D (=) 72 (@)
— %l (1=B) D)y (=2) "1 (2), (2,0) € Iy,
where 7;(z) and v;(z) are defined by (3.29) and (3.30)), respectively,

I (28) _1( 4 )2%(1—25)

T T2 (p) *"2\2-m/) T2(1-3)

(4.3)

(4.4)
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while Do (+) and D_g* (+) are integral operators of fractional order « (o > 0) [38]:

(=1t
. 1 o (t)dt |
D %¢i(t) = =—— —L (1) Rea > 0. 4.5
ar ¢]() F(Oé) / (l’—t)l_a7 ( ) z > a, ex ( )
Applying differenti dp=b = pt-p _dpB = pi-B
pplying differential operators, --D,, ... = Dy, " ... and —7D 5 ... = D" ... to both

sides of the identities (4.3)), and employing formulae [38§]
Dy, Doy v (x) = (),
Dyy” Dy 'va () = vy (2),
Do, "z Dyl () = 7 Doy (),
Dy (=)' Dy (=)' y () = (=2) " Dy’ (2)

we obtain functional relations between 7;(z) and v;(x) transferred from the domain Q; to I,
(j=1,2):

v (x :M 1-28_ (.
e R "
+_;ﬁ__yﬂ_(g“_£L—DH%(% (x,0) €1 |
72]:‘ (1 _B) 0z W1 9 721—\ (1 _6) 0x 1 9 5 x, 1,
Vol :M 1_2/37_ T
2 =ra-p e W .
(_I>B 1-8 - (T (—x)ﬁ - T ‘
a5 sraoge e () woen

Bearing in mind conditions in Problem 1, we pass to the limit as y — +0 in equation ({3.4)

and in view of and we get with conditions
71(0) = 73(0) = ¥1(0), 71 (1) =¢1(0), (4.8)
T2 (=1) =2 (0), 7 (0) =73(0) = ¢»(0). (4.9)

Solving problem (3.31) and (4.8)), (4.9)), we obtain a functional relation for 7; (z) and v; ()
transferred from the domain Q7 to I;:

(~1+t

7j(z) = (=1 / Gj (x,t) (=17) v(t)dt + fi(x),  (2,0) € I, (4.10)

0

where
-1 0<z<H,
Gy (z,t) = {Ei B 1))t7 ere f (4.11)
(x+1)t, —-1<z<t,
G (1) = {(t+ 1)z t <z <0, (4.12)
fi (@ )= ‘(0)+(—1)j“56( i (0) =15 (0)). (4.13)

Excluding 7;(z) from (4.6), (4.7) and (4.10), in view of (3.11)) we obtain an integral equation
for v;(z), (j =1,2):

MM—/Kmme@ﬁ:%@L (,0) € I, (4.14)



46 B.I. ISLOMOV, F.M. JURAEV

0

V() + /Kg(x,t)(—t)pz/g(t)dt = Uy(x), (2,0) € I, (4.15)
where

—1 J—Hx
e = PO g,y (07

wL(1 =) 200 (1= ) (4.16)
[ =26, (5) o
) = 2O ey - Dy (2)
Y i 4.17
A [ 2 e e,
= { ey i N

By (2.2)), (2.7), (2.8)) and (3.25), the properties of the operator of integro-differentiation and
of Beta and hypergeometric functions [38, Ch. 1| and the function G,(z,t) (j = 1,2), it follows
from (4.16)), (4.17) that the kernel and the right hand side of equations (4.14)) and (4.15) admit
the estimates:

K (2, t)| < ci, (4.19)
W, (x)| < const|z)*™",  ¢; = const > 0. (4.20)

By (2.7), (2.8)), (4.20) we hence conclude that ¥;(z) € C?(I;) and the function ¥;(x) can
possess a singularity of order less than 1 — 2/ as |z| — 0 and it is bounded as |z| — 1.

By (2.2)), (4.19) and (4.20)), equations (4.14) and (4.15)) are integral Fredholm equation of

second kind. According to the theory of integral Fredholm equations [39] and by the uniqueness
of solution to Problem 1; we conclude that integral equations and are uniquely
solvable in the class C* (I;) and v;(x) can have a singularity of order less than 1—203 as |z] — 0
and is bounded as |z| — 1; the solutions are given by the formula:

1)J+1

vi(z) = / K@, )T, (0dt, (.00 e], (j=1,2), (4.21)

where K7 (z,t) is the resolvent of the kernel Kj(z,1).
Substituting (4.21)) into (4.10]), we find:

mi(z) € ()N CHIL;) (j=1,2). (4.22)

Therefore, Problem 17 is uniquely solvable by its equivalence to integral Fredholm equations of

second kind (4.14]) and (4.15].

Thus, the solution to Problem 17 can recovered in the domain Qj as a solution to the Dirichlet
problem for equations [40], while in 2 it is recovered as a solution to the Cauchy problem
for equation ({3.5)).

This completes the studying of solvability of Problem 17 for equation (3.13)).
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By (4.10), (4.21), (3.10), (3.11), (3.1), (3.2), (3.3) we determine the functions w; () and
w; (). Then the solution to Problem 1; in the domain € can be found as

u(z,y) = vj(z,y) +wj (v), (4.23)

where v;(z,y) is the solution to the Dirichlet problem for equation (3.4) [37], [40], while in the
domains Q] it reads as

u(x,y) = wj(x,y) +w; () (j=1,2), (4.24)
where w;(z,y) is the solution of the Cauchy problem for equation 1) in the domain 7

(=1,2) [33].
Thus, Problem 1; is uniquely solvable in the domain (2;. O]

4.2. Study of Problem 1;.
Theorem 4.3. Let conditions , and be satisfied. Then Problem 13

1s uniquely solvable in the domain 3.

Proof. The solution to the Dirichlet boundary value problem subject to conditions (3.14)), (4.1)
for equation (3.4) in the domain 2 reads as [40]

(-1p*!
vy, y) =(~1)7* / Rj(w, s ) ((—1)7') r(0)dt
0 (4.25)

Y

Yy

0 1 0 2

+ 3 / R’ @,y = tio) m(t)dt + 5 / R (wy = t;.0) (1) dt
0 0

and belongs to the class u(x,y) € C(Q) N C'(Q; U L;) N C2(Q)) if conditions (2.7), (4.2),

4.22)) are satisfied. Here R;(x,t,y;«) is the Green function of Dirichlet problem for equation

3.13) in the domain QF, (j = 1,2):

(z,&, 55 ZGXP ( /\ky) (1J2;S();:§;_§Jla ()\k(l —a) ((_1)j+1$)2(11_a)>

(4.26)
e (L= @) (1) T ).
RO (2, y;.0) =1+ (~1)(1 — )~z
o - | (4.27)
- / (14 (=17 (1 = @) Ry, 1,5 0) (-171€)" de,
o (4.28)

= [ Bty (00 @) (1) e

where

- @)
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is the Bessel function of the first kind, )\, are positive roots of the equation JZ _(\z) = 0,

ke INU{0}, a—pi;,and

1
g <ac< 1. (4.29)

Differentiating (4.25) with respect to x and passing to the limit as x — 0, we get

v () ay/N r(O)dt+ By(y),  (0,y) € I, (4.30)

where ij(O,y) =wv3(y), (0,y) € I3,
1

[ miteto) (C077) nar

0

: i1 0
@,(y) =lim(~1)7

(4.31)
5 y

+a—y/R§-2)(x,y—t;a) ;(t)dt |,

0

_ 20-1 1. 0 o
Nijly—t;a) =(1 — ) (—1)7“111118— (Rj (x,y —t; oz))

z—00x

j - My —1) 2N
=(-1) <<1 —a)+ ) exp (_ 1 ) r2(1- 04>J22a(Ak)> |

Owing to the properties of the function Jy(z), the function N;(y —t;«) can be represented
as [40]

(=1
I'(l—-a)
where B;(y —t), (j = 1,2), are continuously differentiable functions as y >t

Substituting (4.32)) into (4.30), we obtain a functional relation for 75(y) and v3(y) transferred
from the domain QJ.“ to I3 :

Ni(y —t;a) = (y—t)*" + Bj(y — ), (4.32)

y y

0 0

a— / dt + 8_y / B](y - t)Tg(t)dt + (I)](y)
0 0

Then by formula we have

(“1T(a) 1y
o) Do

Y

n) + BOnRO) + [ Bly-on@dt+ o). (13)

v3(y) =

Excluding v5(y) from relations (4.33) for j = 1 and for j = 2 and applying the integral
operator D! (1), in view of the identities 75(0) = 0 and D§, ' Dy *73(y) = 73(y), we obtain

_ / My, )7s(t)dt + B(y), (0,y) € L, (4.34)

where

_ 1 (BAO)-Bi(0)  [Byz-H-Bi(z-1)
M) = a) ( (y —t)° / (y—=2)° I (435)
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0(5) =~ D (@aly) - @1(): (1.36)

here ®;(y), (j = 1,2), is determined by (4.31].

By 1-) ©.7), (3-25), [(#.22), (4.29), properties of the function B;( ), (#.26), [@.27),
(.28), (4.31)), (4.35), (4.36) we see that:

1) the kernels M (y,t) are continuous in {(y,t) : 0 <t <y < 1} and as y — ¢, they admit the
estimate

[M(y, t)] < const(y —1)~%; (4.37)
2) the function ®(y) belongs to the class C' (I3) N C* (I3) and admits the estimate
|®(y)| < const y'~ (4.38)

It follows from (4.37) and (4.38) that integral equation 1) is an integral Volterra equation
of second kind with a weak singularity.

According to the theory of integral Volterra equations of second kind [39] we conclude that
integral equation (4.34) is uniquely solvable in the class C (J3) N C* (J3) and its solution is
given by the formula

/M* y OO+ D), (0.y) € T, (4.39)

where M*(y,t) is the resolvent of the kernel My, ).

Substituting (4.39) into (4.33) and taking into consideration (4.37), (4.38]), we define a func-

tion v3(y)
va(y) € O (L), (4.40)

and v3(y) can have a singularity of order less than 1 — « as y — 0 and is bounded as y — 1.

Therefore, problem 13 is uniquely solvable.

Thus, the solution to Problem 15 can be recovered in the domain Q;r, (j = 1,2), as the
solution to the Dirichlet problem for equation [40]. This completes the study of the
solvability of Problem 175 for equatlon (3.4) in the domain Q.

By (4.10), (4.21), (3. 10[), , (3.2), . we determine the functions w (). Then the

solution to Problem 15 1n the domam 3 can be found as

u(:z:, y) = Uj(xv y) + W (:E)a (441)
where v;(z,y) is the solution to the Dirichlet problem for equation (3.4), see(|4.25]).
Therefore, Problem 13 is uniquely solvable. O

We proceed to proving the solvability of Problem 1.

Proof. Let u(z,y) be the solution to Problem 1 in the domain € subject to conditions (2.3)—
(2.6). Then employing the results on Problems 1;, (i = 1,3), see Sections 4.1 and 4.2, Problem 1
is equivalently reduced to Problems 1; and 15 for equation (£2.1)), where 73(y) is defined by

formula (4.39)). O

The unique solvability of Problems 1; and 1, is implied by Theorem 4.2. Therefore, there
exists a solution to Problem 1 in the domain ). This completes the studying of Problem 1 for

equation ({2.1)).
The following statements hold true.

Theorem 4.4. If conditions (W (-) (-) ' and (4.29 ' are satisfied, then Prob-

lem 2 s uniquely solvable in the domain 2.
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Theorem 4.5. If conditions 7 , 7 and are satisfied, then Prob-

lem 3 is uniquely solvable in the domain (2.

The proof of Theorems 4.4 and 4.5 follow the same lines as that of Theorems 3.2 and 4.1.
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