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PERTURBATION THEORY METHODS IN PROBLEM OF
PARAMETRIC RESONANCE FOR LINEAR PERIODIC
HAMILTONIAN SYSTEMS

M.G. YUMAGULOV, L.S. IBRAGIMOVA, A.S. BELOVA

Abstract. We consider the problem on parametric resonance for linear periodic Hamil-
tonian systems depending on a small parameter. We propose new formulae based on the
methods of the perturbation theory for linear operators in the problem on approximate
construction of multipliers for linear non-autonomous periodic Hamiltonian systems. We
focus on obtaining the formulae for the first correctors of perturbations of multiple definite
and indefinite multipliers. The proposed formulae lead to new Lyapunov stability criteria
for linear periodic Hamiltonian systems in critical cases. We consider applications to the
problem on parametric resonance in main resonances. The obtained results are formulated
in terms of the original equations and lead us to effective formulae and algorithms. The
effectiveness of the proposed formulae is demonstrated by solving the problem of plotting
the boundaries of the stability regions of triangular libration points of a planar bounded
elliptic three-body problem.
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1. INTRODUCTION

1.1. Main equations. We consider a linear periodic Hamiltonian system (LPHS) depending
on small scalar or vector parameter :

d

d_i = JA(t,e)x, r € R, (1.1)
in which A(t,¢) is a real symmetric T-periodic in ¢ matrix, that is, A(t +T,¢) = A(t,¢), while
the matrix J is defined by the identity:

J:{_OI H; (1.2)

here [ is the unit N x N matrix. We assume that
— the entries of the matrix A(t, ) are continuous in ¢ and C*-smooth in e, where k > 1;
— the identity holds:

A(t,0) = Ay, (1.3)

where Ag is a constant symmetric matrix.
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Condition (1.3) that as ¢ = 0, LPHS (1.1 is a linear autonomous Hamiltonian system
(LAHS):
dx

pri J Aoz, r e R, (1.4)

We call system unperturbed, while is called perturbed system.

In the paper we discuss some issues on constructing the formulae for the first corrector
while perturbing multiple definite and indefinite multipliers of system . We consider their
applications to studying the problem on a parametric resonance in system . A more
detailed formulation will be given in what follows.

1.2. Auxiliary facts. We first briefly some auxiliary facts from the general theory of linear
Hamiltonian systems, see, for instance, [I]-[4].

We consider a linear periodic Hamiltonian system:

dx aN

— = JA(t)z, r € R™; (1.5)
dt
here A(t) is a real symmetric matrix, the entries of which are continuous and T-periodic in
t functions. In what follows, the matrix JA(t) involved in system (1.5) will be called, for
simplicity, Hamiltonian; in literature, other terms are also used, for instance, infinitesimal
symplectic matrix.

The multipliers of system are the eigenvalues of its monodromy matrix V', that is, of the
matrix V = X (T'), where X (¢) is a fundamental matrix of solutions (FMS) of system (L.5]). As
a FMS of system , we consider the solution to the matrix Cauchy problem: X' = JA(t)X,
X(0) = I; here I is the identity matrix of dimension 2.

The following facts hold:

1 1
— Let LPHS |) possesses a multiplier pg. Then ug # 0 and the numbers —, 7y, —

Ho Ho
are also the multipliers of LPHS ([1.5) and they are of the same algebraic and geometric

multiplicity and are of the same index.

— If LPHS has a multiplicator 1 (or —1), then this multiplier has an even algebraic
multiplicity.

— LPHS is stable if and only if all its multipliers y are located on the unit circumference,
that is, |u| = 1, and are semi-simple. At that, LPHS is not necessarily asymptotically

stable.
Together with (|1.5]), we shall also consider a perturbed LPHS of form:
d -~
d—f = JA(t)x, r € R*Y, (1.6)

in which A(t) is a small perturbation of the matrix A(t) in the class of symmetric, continuous
and T-periodic matrices.

Let all multipliers p of system be located on the unit circle, that is, |u| = 1, and be
simple. Let pg be one of these multipliers. Then for small perturbations system also has
a simple multiplier fi close to ug and |fi] = 1. The stability property of system in this case
do not change: it remains stable.

Now let system has a multiple multiplier yq such that || = 1 and other multipliers are
still simple and are located on the unit circumference. For simplicity, let this multiplicity be 2.
Then while passing from to a perturbed system , the multiplier po usually splits into
two simple multipliers p; and us. At that, two cases are possible:
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a) pp =1/ || <1< |pal;
b) | = [p2| = 1.

In Case a), perturbed system becomes unstable, while in Case b) it is stable.

Rigorously speaking, the question on which of Cases a) or b) is chosen by system ([1.5)
under the splitting of a multiple multiplier 1y depends not only on the properties of perturbed
system but also on unperturbed system . Namely, multiple multipliers are divided into
two types: definite and indefinite, see, for instance, [2]. If a multiple multiplier pq is definite,
then for each sufficiently small linear periodic Hamiltonian perturbation of system the
multiplier po can split only via Case b), that is, the multiplier x4y and po stay on the unit
circumference. If the multiple multiplier pg is indefinite, then there exist small perturbations
which move these multipliers away from the unit circumference.

The notion of the definiteness of the multipliers is related with another important notion of
the theory of LPHS. We say, see, for instance, [2], [5], that system is strongly (paramet-
rically) stable if it and all its small linear periodic Hamiltonian perturbations are stable in the
Lyapunov sense. In other words, system is strongly (parametrically) stable if this system
and close to it perturbed systems are stable.

The following statement is of an important value, see, for instance, [2], [5].

Theorem 1.1 (Krein-Gelfand-Lidskii). System is strongly stable if and only if

1) all its multipliers are semi-simple and their absolute values are equal to one;
2) the numbers £1 are not its multipliers;
3) all its multiple multipliers are definite.

2. FORMULATION OF PROBLEM

We return back to main systems (1.1]) and (1.4]).
For unperturbed autonomous system (|1.4]), the monodromy matrix V' in the T-periodic prob-

lem reads as V = e?/40. The multipliers p of system are related with the eigenvalues
A of the matrix JAy by the identity 4 = ™. By the aforementioned properties of linear
Hamiltonian system and in accordance with the perturbation theory of linear operators, see,
for instance, [19]), the following holds: if the matrix J A, possesses at least one eigenvalue with
a non-zero real part, then perturbed LPHS is unstable for all small |¢|.

Let all eigenvalues of the matrix J Ay be pure imaginary, namely, these are numbers

+iwy,  diws, ..., Fiwy, (2.1)

where w; > 0. If the algebraic multiplicity of some eigenvalue iw,, is k, then in list the
number iw,, appears exactly k times. In this case, as € = 0, the absolute values of all multipliers
of LPHS are equal to one. As it has been mentioned above, the situations, when some of
these multipliers are multiple, are of a special interest.

Multiple multipliers of system arise under one of the following condition, see, for in-
stance [I]):

S1) among number ([2.1]), there exists at least one iw,,, such that

k
Wine = % for some integer non-negative ko; (2.2)

S2) among numbers ([2.1]) there exists at least one pair iw,,, and iw;,, (mg # ly) such that

27k
Wi — Wiy = % for some integer k. (2.3)
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Remark 2.1. Identity means that the corresponding multiplier of system 15 equal
to 1 if ko is even or —1 if ko is odd and this multiplier is of an even multiplicity. By Krein-
Gelfand-Lidskii theorem this implies that under identity unperturbed system does
not possess the property of strong stability.

Remark 2.2. Identity means that the corresponding multiplier of system 15 mul-
tiple and it equals to
pg = elemot = eTwioi, (2.4)
If at the same time the numbers wy,, and wy, do not satisfy relations of form , that is,
Wing, Wiy 7 Tk /T for all integerl k, then multiplier obeys the inequality pg # +1.
Condition S2 covers also the case when the matriz J Ay has a multiple pure imaginary eigen-
value. Namely, this is the case if identity holds with ko = 0: then wp, i = w,i.

The problem on stability of system under conditions of type S1 or S2 is often called
problem on parametric resonance, see, for instance, [I], [7], and the relations are called para-
metric resonances. Relation is called a simple resonance, while a relation of type is
called combinational resonance. In view of this we mention that relations and (2.3) can
be represented in an universal form:
27T/€0

T )
in which n; and ny are integer numbers such that |ni| + |no| = 2. In this case one says about
a second order resonance.

A lot of works are devoted to studying the stability of linear Hamiltonian systems with
a periodic perturbation, in particular, to the problem on parametric resonance. The most
part of studies are based on renormalization methods of linear Hamiltonian systems and on a
transformation of the Hamiltonian of system by means of a canonical change of variables.
In this direction, a series of important results was obtained, see, for instance, [1], [LI]-[17].

Other approaches to studying the problem on parametric resonance are based on the clas-
sical perturbation theory of linear operators. It should be said that direct application of the
methods of general theory is not of interest since this way, as a rule, is extremely cumbersome
and therefore is not applied in practice. At the same, the main interest is related with the
modifications of these methods, which as much as possible take into consideration the features
of the problem associated with the Hamiltonian property of the systems. This approach was
developed in works by many authors, see, for instance, [2], [5]-[8].

Nowadays the researches are continued in various directions. It is most topical to develop
general approaches for investigating the problem on parametric resonance in terms of the orig-
inal equations without the need of preliminary transformation, which is often laborious and
cumbersome. The main difficulty is the problem of constructing formulae for the first correc-
tors of the multipliers of a perturbed non-autonomous periodic Hamiltonian system. In this
regard, we point out that the formulae known in the literature, as a rule, are aimed at studying
autonomous systems, see, for instance, [5], [8], [10], [18].

In the present paper we study the problem on parametric resonance for LPHS under
Conditions S1 and S2. We provide new formulae for the first correctors while approximately
constructing the multipliers for system taking into consideration their definiteness or
indefiniteness. The obtained formula are used for analyzing the stability of LPHS in the
Lyapunov sense.

The problem on parametric resonance of LPHS is studied in the following main cases
corresponding to conditions S1 and S2:

nN1Wmy + NaoWy, =

P;. The matrix JAy has a multiple (double) eigenvalue A = iwy, where wy > 0 and wy # 7k/T
for natural k.
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P,. The matrix J A possesses two simple eigenvalues A\; = iw; and Ay = iws, where wq, ws > 0,
wy,wy # k/T for natural k and wy; — wy = 2mko /T for some natural k.
P3. The matrix JAy has a simple eigenvalue A\ = iwy, where wy = wko /T for some natural k.

We assume that the other eigenvalues A of the matrix J A, different from +iwy in Cases P,
and P3 and from +iw; and +iws in Case P,, are simple and pure imaginary, namely, they are
of form \ = iw, where w # 7k /T for integer k. At the same time, none of these pairs satisfies
a resonance relation like one given in Case P.

Cases P; and P, correspond to condition , while Case P3 does to condition ({2.2)). How-
ever, if in Case P; we have wy = 0, then it corresponds to both conditions and .

It is convenient to represent system ((1.1)) in the form

d
d—”; = J[Ag+eSi(t) + Salt, )]z, xR, (2.5)
where J is matrix ((1.2]), Ay is matrix (1.3)), S1(¢) and Sa(¢, €) are real symmetric and 7T-periodic
in ¢ matrices, and Sy(t, ) is smooth in ¢ and satisfies the relation || Sy(¢,¢)|| = O(g?) as e — 0
uniformly in ¢.
3. CASE P,

We begin studying of problem from Case P;. This case is partitioned into subcases, when the
eigenvalue A = iwy is semi-simple (subcase P}') or not (subcase P?). We proceed to considering
these subcases.

3.1. Subcase P!. Let the matrix JA, has a semi-simple (double) eigenvalue iw,, where
wo = 0 and wy # 7k/T for natural k. We denote by V'(¢) the monodromy matrix of perturbed
system . Then Vi = e/4°T is the monodromy matrix of unperturbed matrix . In the
considered subcase the matrix V; has a semi-simple eigenvalue jy = e™°T of multiplicity 2. We
note that since wy # wk/T for natural k, then for wy > 0 we have the inequality po # £1. We
also note that as wy > 0 the multiplier po of system can be both definite and indefinite,
while as wy = 0, it is indefinite.
Namely, as wp > 0, two mutually exclusive cases are possible, see, for instance, [2], [5]:

19 for each eigenvector e associated with the eigenvalue iwy of the matrix JA, the relation
holds: (Je,e) # 0;
20 there exists an eigenvector e associated with the eigenvalue iwy of the matrix JAg, for
which (Je,e) = 0.
In the first case the mutliplier y1g = e*“°T of system is definite, while in the second case
it is indefinite.
Since the matrix JA, has a semi-simple (double) eigenvalue iwy, then there exist non-zero
linearly independent vectors e, g € C?V such that

JApe = iwge, JApg = iwpg. (3.1)

JAT and are

The vectors e, g are the eigenvectors also for the monodromy matrix V5 = e
associated with a semi-simple eigenvalue o = €7 of multiplicity 2.
The aforementioned properties of the multipliers i related with the definiteness and indefi-

nitenss imply the following statement.

Lemma 3.1. Let ug be a definite multiplier of system . Then the eigenvectors e, g of
the matriz JAg can be normalized only by one of the following identities:

(iJe,e) = (iJg,g9) =1 (3.2)

or

(iJe,e) = (iJg,g9) = —1. (3.3)
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If po is an indefinite multiplier, then the vectors e, g can be normalized by the identities
(iJe,e) = —1, (iJg,g) = 1. (3.4)
Here the vectors e, g can be chosen satisfying the identity:
(e,Jg) =0. (3.5)

According to the perturbation theory of linear operators, see, for instance, [19]), for small
le| the matrix V(e) has a pair of eigenvalues u(e) and ps(e) such that the functions py(e)
and po(e) are continuously differentiable, and pu1(0) = p9(0) = po. Moreover, they can be
represented in the form

pa(e) = po+ pie + O(¥2),  pa(e) = po + pi¥e + O(¥2). (3.6)

Let us provide the scheme of constructing the coeflicients ,ugl) and ;L?) in formulae 1}
Let the vectors e, g be normalized in accordance with Lemma [3.1 We define a constant
matrix

T
Sp = / Sy(¢) dt, (3.7)
0
where S;(t) is a matrix involved in system ([2.5). We let
a= (S()€, 6)7 b= (50979)7 c= (S()ga 6)' (38)

We note that the numbers a and b are real, while the number ¢ is in general complex.

3.1.1.  Perturbation of definite mulitplier. We first consider the coefficients ugl) and NEZ) in
formulae under the assumption that o = €07 is a definite multiplier of system (1.4). We
note that then o # £1 and therefore, in formula py = e“°7 we necessarily have wy # 7k/T
for integer k. In particular, here we should assume that wy # 0.

Theorem 3.1. Let one of normalizations and hold and identity be satisfied.

Then the coefficients ugl) and u?) in expansions are the eigenvalues of the matrices D =
—ipo Dy and D = ipgDy respectively, where

Doz{éb}. (3.9)

The proof of this and other main statements of the paper are given in Section [7]
We note that the eigenvalues \; and Ay of matrix (3.9)) are real numbers, namely, they are
roots of the quadratic equation
N — (a+b)A+ab— ce = 0. (3.10)
We provide some corollaries from Theorem [3.1]

Corollary 3.1. Let ug be a definite multiplier of system . Let normalization or
normalization hold. Then the coefficients ,ugl) and uf) N expansions read as

p = —ipod, P =—imode (u =ipoh, ) =ipode). (3.11)

where Ay and Xy are the roots of quadratic equation .
Corollary 3.2. Let g be a definite multiplier of system and normalization or
hold. Then for wy > 0 unperturbed system 18 strongly stable. While passing to per-

turbed system , the definite multiplier g splits in accordance with formulae (@ and
staying on the unit circumference: |py(€)| = |p2(e)| = 1. For small |e| system is stable.
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3.1.2.  Perturbation of indefinite multiplier. Now let pg = €“°7 be an indefinite multiplier of
system (|1.4)).

Theorem 3.2. Let normalization and identity hold. Then the coefficients ugl)
and pf) in erpansions are the eigenvalues of the matrix D = iugD;, where
a ¢
D, = { o0 } . (3.12)
The eigenvalues A; and A of the matrix (3.12)) are the roots of the quadratic equation
Mt (a—bN—ab+cc=0 (3.13)

and therefore, they can be both real and complex. We denote by A = (a + b)? — 4cc the

discriminant of equation (3.13)).
We provide corollaries from Theorem 3.2

Corollary 3.3. Let py be an indefinite multiplier of system and normalization
hold. Then the coefficients ,ugl) and pf) in erpansions read as

) = —ipod,  p = —ipohs, (3.14)

where Ay and Ay are the roots of quadratic equation . For small |e|, the indefinite multiplier
o of system splits according to formulae (3.6) and .

Corollary 3.4. Let A > 0. Then for a given perturbation Si(t) of system and all
small |e| the indefinite mutliplier 1o of system splits but stays on the unit circle: |pui(e)| =
lp2(e)| = 1. For small |e| system is stable.

Corollary 3.5. Let A < 0. Then for a given perturbation S1(t) of system and all small
non-zero |e| the indefinite multiplier py of system splits leaving the unit circle: |pui(e)| < 1
and |po(€)| > 1. For small non-zero || system is unstable.

3.2. Subcase P}. Let the matrix JAy possesses a non-semi-simple (double) eigenvalue iwy,
where wy > 0 and wy # 7k /T for natural k. Then the monodromy matrix Vg of unperturbed
system has a non-semi-simple eigenvalue g = e“°T% of multiplicity 2. According to the
perturbation theory of linear operator, for small || the monodromy matrix V' (g) of perturbed
system has a pair of eigenvalues 1 (¢) and po(e) such that the functions uy(e) and ua(e)
are continuous and 7 (0) = p2(0) = po. Moreover, they can be represented by Puiseux series:

p(e) = po+ Ve 2+ 0e),  pa(e) = po + pe? + O(e). (3.15)

We proceed to calculating the coefficients ugj ) in formulae . We observe that in the
considered case there exists a pair of non-zero linearly independent vectors e, g € C* such that
the identities hold:

JAge = iwge, JApg = iwpg + e. (3.16)

We also mention the identities Voe = poe and Vog = po(g + Te).
It is easy to prove the following statement.

Lemma 3.2. The relations (e, Je) = 0, (e, Jg) # 0 hold and the number (e, Jg) is real. The
vector g can be chosen by the identity

(9,Jg9) = 0. (3.17)

In what follows we suppose that identity ({3.17) holds. By Lemma , the number v =

(e, Jg)

is well-defined.
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Theorem 3.3. The coefficients ,ugl) and uél) in erpansions read as

:ugl) = Hov _TV<5067 6)7 :U/gl) = _Mgl)a (318)
where Sy is matrix .

We note that the radicand in formula (3.18]) is real.
We provide some corollaries from Theorem [3.3]

Corollary 3.6. In Subcase P} unperturbed system 1s not strongly stable and respec-
tively, its multiplier py = €T is indefinite. For small || the multiplier pg splits in accordance

with formulae (3.15) and (3.18).

Corollary 3.7. Let ev(Soe,e) > 0. Then for a given perturbation Sy(t) of system (2.3), for
small ||, the multiplier py of system stays on the unit circumference: |py(e)| = |u2(e)| =
1. In this case system 18 stable.

Corollary 3.8. Let cv(Spe,e) < 0. Then for a given perturbation Si(t) of system
for corresponding small ||, the multiplier o of system leaves the unit circumference
lpi(e)| <1 and |ps2(e)| > 1. In this case system is unstable.

3.3. Case of zero eigenvalue. An important particular version of Case P; is a situation,
when the matrix JAg has a zero eigenvalue A = 0 of multiplicity 2. Here there are some features.
We first mention that in this situation in formulae (3.6) and we have pp = 1. By
Krein-Gelfand-Lidskii this implies that then system does not possesses the property of
strong stability.
Second, the eigenvalue A = 0 can be semi-simple or not. This is this situation will be studied
in accordance with the formulae and conclusions of Subsections B.1.2] and [3.21

4. CASE P,

Here we consider problem on parametric resonance in Case P,, that is, as JAp two
simple eigenvalues A\; = iw; and Ay = iws, where wy,ws > 0, wy,wy # wk/T for natural k
and wy — we = 2mky/T for some natural ky. Let, as above, V() is the monodromy matrix of
perturbed system ([2.5). Then the monodromy matrix V, = e/40T of unperturbed system
has a semi-simple eigenvalue po of multiplicity 2, namely, jy = eT*1? = 7«2t At that, since
wy,wy # k)T for natural k, we have py # £1.

For small |e| the matrix V'(¢) has two eigenvalues () and po(e) such that the functions
p1(e) and po(e) are continuously differentiable and can be represented in form ((3.6)).

Since in considered Case P, the multiplier p of system is semi-simple, the coefficients
ugl) and MEQ) in formulae can be constructed by the same scheme as for Cubcase P!, see
Subsection [3.1] Here we mention just some features related to Case Ps.

First, instead of identities (3.1]), which hold in subcase P}, in Case P, there exists a pair of
linearly independent vectors e, g € C?V such that the identities

JApe = iwre, JApg = iwag

JA0T ggsociated

are true. These vectors are also eigenvectors of the monodromy matrix Vy = e
with the semi-simple double eigenvalue .

Second, although here a complete analogue of Lemma holds true, the proof of this ana-
logue has its own features. In particular, there is no need to ensure identity since now it

is always true.
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Finally, third, instead of numbers (3.8) in matrices (3.9) and (3.12) in Case P, we should
employ the numbers

T
a = (5067 6), b = (Sl)g> 9)7 ¢ = / G_kaOt/T(Sl (t)g7 G)dt, (41)
0

here Sy is matrix (3.7)).

In view of the mentioned features in the considered Case P,, complete analogues of Theo-
rems [3.1] and 3.2 hold as well as of their corollaries.

We note that as ky = 0, the formulae for Case P, coincide with the corresponding formulae of
the above considered Subcase Pll. This is natural since the identity ky = 0 means that w; = ws,
that is, the matrix JAy has a multiple semi-simple eigenvalue A = iwy; here wy = w; = ws.

5. CASE P

We proceed to Case P3. Let the matrix JAj has a simple eigenvalue iwg, where wy = ko /T
for some natural ky. Then the monodromy matrix Vy = e?407 of unperturbed system has
a semi-simple eigenvalue g of multiplicity 2, where g = 1 if kg is even and pug = —1 if kg is
odd. It follows from Krein-Gelfand-Lidskii theorem that in the considered case system
does not possess the property of strong stability.

For small |¢|, the monodromy matrix V'(e) of perturbed system possesses a pair of
eigenvalues i (¢) such that po(e) p1(0) = p2(0) = po. The functions puy(e) and po(e) are
continuously differentiable and are represented in form (|3.6)).

Let us provide a statement about calculating the coefficients ng ) in formulae 1) We
mention that in the considered case there exists a non-zero vector e+ig € C?V, where e, g € R?V
such that

JAo(e +ig) = iwo(e +1ig). (5.1)

The vectors e, g € R turn out to be eigenvectors also for the monodromy matrix Vj = e”/40T

associated with a semi-simple eigenvalue pg of multiplicity 2.

Lemma 5.1. The inequality (e, Jg) # 0 holds.

We let
1
V= -—-. 5.2
(€79 o2
The number (e, Jg), and therefore, the number v are real. We define a matrix:
a b
B_V/,L0|:b2 _1a:|7 (53)
in which the numbers a, b; and by are given by the identities:
T
1
a= / {cos(2wpt) (Si(t)e, g) — 5 sin(2wot) [(S1(t)g, 9) — (Si(t)e, e)]}dt, (5.4)
0
T
by = / [cos?(wot) (S1(t)g, g) + sin®(wot) (S1(t)e, ) + sin(2wot) (S1(t)e, g)]dt, (5.5)
0
ba = by — [(Soe, €) + (So0g, 9)]; (5.6)

here Sy is matrix (3.7)).

Theorem 5.1. The coefficients ugl) and uf) in formulae are the eigenvalues of matrix

]
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We let
A = a® + biby. (5.7)
The eigenvalues A\; and Ay of matrix 1) are numbers A\ 9 = +v19v/AA, which can be both real

and pure imaginary. Therefore, the coefficients ,LL§1) and ,uSZ) in formulae 1) are the numbers

u =voVA, Y = -t (5.8)
We provide some corollaries from Theorem [5.1]

Corollary 5.1. In Case Ps the multiplier pug of system 15 equal to pg =1 or pyg = —1
and is semi-simple of multiplicity 2. This multiplier is indefinite and unperturbed system
is not strongly stable. For small || the multiplier ug splits in accordance with formulae (@

and (@

Corollary 5.2. Let A < 0. Then for a given perturbation Sy(t) of system for small
le| the multiplier py of system stays on the unit circumference: |ui(e)| = |p2(e)| = 1. In
this case system remains stable.

Corollary 5.3. Let A > 0. Then for a given perturbation Sy(t) of system for small
non-zero |e| the multiplier o of system leaves the unit circumference: |pui(e)] < 1 and
lp2(e)| > 1. In this case for small non-zero |e| system is unstable.

6. APPENDIX: STABILITY OF LIBRATION POINTS IN THREE BODIES PROBLEM

6.1. Formulation of problem. As an application we consider the stability of triangle li-
bration points in a planar bounded elliptic three-bodies problem (PBETBP), see, for instance,
[5], [I1]. This problem in the linear setting gives rise to a system of differential equations:

dx

pri JA(t, e, p)x, r e R, (6.1)
in which J is matrix (1.2)) of order 4 x 4, A(t,e, 1) is a symmetric matrix:
[ 3 3v3 i
L2 Y 1pe) 0 1
/3 4 4
3V3 9
At e, p) = —(2u—1)p(te) 1—2plt.2) 1
0 1 1
L —1 0 0 1 |

Here p(t,e) = (1 4+ ecost)™!, ¢ is the eccentricity of Kepler orbit (0 < & < 1), u is a mass
parameter (0 < p < 1). System is a linear periodic (with a period T' = 27) Hamiltonian
system.

Numerous studies are devoted to the stability of triangle libration points in PBETBP. One
of the most interesting issues is that on constructing the stability domains for system in
the plane of parameters (u, ). The main known results are presented in monograph [I1]. The
researches in this directions are still active, see, for instance, [22]-]25].

On Figure 1, we draw the stability and instability domains for system for small values
of .

The crosshatched region corresponds to the stability. The boundary of the domain is formed
by three continuous curves I}, I and 3. These curves approach the axis y at the points

Lo = % — \/?5 =0,028595..., w= % - \1—6_89 =0, 038520... . (6.2)

In this section, as an illustration of the above results, we discuss the construction of tangen-

tials to the curves I'7, I'; and I3 at the points (i, 0) and (u*,0), respectively.
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instability
{,u = 0.0469 ..
I: £ =03143 .
stability
N/
p\\ I:
= —— o B
0 0.01 0.02 Mo 78 0.05

FIGURE 1. Stability domain of triangle libration points

6.2. Auxiliary constructions. As e = 0, system (/6.1]) is autonomous:

Z—f = JAo(p)z, r € RY, (6.3)
where JAg(u) is a Hamiltonian matrix:
I 0 1 1 07
-1 0 0 1
JAo(p) = _411 %(1 —2u) 0 1 |- (6.4)
I %g(l —2u) Z =1 0 |

An analysis of the characteristic equation of matrix (6.4) shows that

1° the matrix JAg(p) has a pair of pure imaginary eigenvalues of form +iwy, where wy =
1/2. Two other its eigenvalues are the numbers +iw;, where w; = v/3/2. Thus, as
[t = g, condition of type holds, or, what is the same, the conditions of Case Pj, see
Subsection 5] As p = g, system has a multiplier 7y = €™*™ = —1 being semi-simple
of multiplicity two and indefinite.

2° the matrix JAg(u*) has a pair of non-semi-simple double pure imaginary eigenvalues of
form +iwy, where wy =1/ V2. Thus, as u = p*, condition of type 1) holds, or, what is
the same, the conditions of Case P;, namely, of Subcase P}, see Subsection As p = p*,
system has a multiplier 7y = ™2 which is semi-simple, double and indefinite.

Thus, problem on stability of system as p = po and as g = p* for small values of ¢ is
a problem on parametric resonance. For p = p, the resonance is simple, while for ;= p* the
resonance is combinatorial.

We proceed to studying the stability of system under the conditions of Cases 1° and 2°.

6.3. Case 1°. We consider the stability of system (6.1)) as p is close to pg and e is small.
Namely, we study this problem for the values (u, ) located on the straight line

W= o + me, (6.5)

where m is some fixed coeflicient.
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Substituting (6.5 into (6.1) and making appropriate transformations with (6.2)) taken into
consideration, we obtain the system

dx

E = J[AO + €Sl(t) + Sg(t,gﬂl’, T e R4, (66)
where
[ 0 1 1 07
-1 0 0 1
JA():JA(,M()): _1 @ 0 1 5
Vi
— - =10
L 9 4 i
JS1(t) = —mA; — costAs,
[ 0 0 0 07
/3 00 0O 0 0 00
3310000 | 3 V6
Al—T O 1 0 0 9 A2_ Z 7 O O ’
1 00 0
A
L 2 4 _

the matrix Sy(¢,¢) is symmetric, continuous and 27-periodic in ¢, smooth in ¢ and satisfies the
relation ||Sy(¢,¢)|| = O(g?) as e — 0 uniformly in ¢.

System is one of form . In order to study the stability of system (6.6)) we employ
Theorem . First we should construct matrix . This requires to construct an eigenvector
e + ig associated with the eigenvalue /2 of the matrix JA;. As e and g we can take, for
instance, the vectors

8 V6

—2/6 2
sve/2 |0 YT 2
7 0

The numbers T', wy, po (which is redenoted here by 7y) and v involved in formulae (5.3)-(5.6))
read as

e =

1
7_‘:2’/T7 OJO:é, 770:—1, V:—1/7
We are in position to calculate the entries of matrix (|5.3)); after simple calculations we obtain:
B_ ™ —4v/6 39 —504v/2m
28| 39+ 504v2m 44/6

In particular, number (5.7) here is as follows: A = 4972 (33/16 — 648m?).
By Corollary we then obtain that a multiple multiplier 7y = —1 of system (/6.3 with

{1 = po splits in accordance with formulae (3.6) and (5.8) while passing to system (6.6). In our
case these formulae are of the form:

771(5) =-1+ n%l)i‘? + 0(53/2), 772(5) =—1+ 77%2)6 + 0(83/2) ;

here
1
n=oVA =y
Then by Corollaries |5.2| and we obtain that the change of the nature of the stability of
system occurs as A = 0, that is, for the values m defined by the identities m = 4k,
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11
ko =1/ ——.
*~ V3456
At that, systemn is unstable if —kq < m < kg and it is stable if m < —kg or m > kq. This
implies that the straight lines

where

p = po + koe p = po — ko
are the sought tangentials to the curves I and I at the point (0, 0).

6.4. Case 2°. We consider the stability of problem (6.1)) for u close to p* and for small €.
Namely, we shall study this problem for the values (u,€) located on the straight line
o= pu*+me, (6.7)

where m is some fixed coefficient.
Substituting (6.7]) into (6.1]) and making corresponding transformations, we obtain system of
form , in which

0 1 1 07
-1 0 0 1
4 4
4 o]
JS1(t) = —mA; — costAs,
0000 [ 0 0 00
L _3V3l0 000 4|0 0 00
T2 lo 100 | 2T 2 B g
1000 | YB 2 0 00

In order to study the stability of the obtained problem, we employ Theorem We should
determine numbers . In its turn, this requires to construct a pair of non-zero linearly
independent vectors e, g € C? such that identities holds as wy = 1/v/2. These vectors
and the eigenvector and the adjoint one, respectively, for the monodromy matrix V; = e’/40T.
They are associated with the double eigenvalue iV, namely, the identities hold:

Voe = Ve, Vog = V¥ (g + Te).
As e and g we can take, for instance, the vectors
8v2 — 2iv/23 —4(9v/23 + 16iv/2)
102 1 68 — 16446
€= . ) §g=—F7—7—"— )
V46 — 2 3v2 —2iyv23 | — (48 4 24i/46)
3v/2 — 2iv/23 0

The numbers T', wy, o (which is redenoted here by 19) and v involved in formulae (3.16]) and

(13.18) are as follows:
1 , 1
_ z7r\/§ — ]
\/57 Mo € ) v 160

By Corollary this implies that a multiple multiplier ny = ™2 of system (6.3) with u = p*
splits according to formulae (3.17]) and (3.18) while passing to system (6.6). In our case these
formulae read as

T:27T, Wy =

me) =m+ne 2+ 0@),  m(e) =n+ V2 +0(e);
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here

1 .
m = Eemﬂé/@_l\/ﬁ, ny = —ni".

Then by Corollaries and we obtain that the nature of the stability of system
changes as m = 0. Then system (6.6 is unstable (stable) if m > 0 (m < 0). This yields that
the vertical straight line p = p* is the sought tangential to the curve I3 at the point (u*,0).

7. PROOF OF MAIN STATEMENTS

7.1. Auxiliary constructions. We first recall some auxiliary statements obtained earlier
by the authors of the present paper, see [20], [21].

Let A(e) be a real square matrix smoothly depending on the parameter €. First we suppose
that the matrix Ay = A(0) has a semi-simple double eigenvalue Xy (real or complex). Then
for small || the matrix A(e) possesses two eigenvalues A (g) and A (g) such that A(V(0) =
A2(0) = A\g. The mentioned functions are continuously differentiable and are represented as

AD @) =X+ AP + 0¥, AD(e) = Ag + AP + 0(%2). (7.1)

In the considered case there exist two pairs of linearly independent vectors e,g € CV and
e*, g* € CV such that

Age = Age, Aog = Aog, Age* = Xoe*, Ayg" = Dog".
The vectors e, g, €*, g* can be normalized in accordance with the identities
(e,e") =(g9,9") =1, (e,9") = (g,e") =0. (7.2)

Theorem 7.1. The coefficients >\§1) and )\52) i formulae are the eigenvalues of the

matrix

| (Aje,e) (Ayg,e”)
b= (Are, g%) (Alg,g*)]’ (7.3)

where A1 = A’(0).

Now suppose that the matrix Ay = A(0) possesses a non-semi-simple double eigenvalue Aq
(real or complex). Then for small |¢| the matrix A(c) has two eigenvalues A(V)(g) and A\®(g)
such that A (0) = A?(0) = Ag. These functions are continuous and can be represented by
Puiseux expansions:

ADE) =2+ 200 1 0(e),  AP(e) = A+ 20D + 0(e). (7.4)

In the considered case, there exist two pairs of linearly independent vectors e,g € CV and
e*, g* € CN such that

Ape = e, Agg = Mg + e, Aje* = Moe*, Asg* = Nog" + €.
The vectors e, g, €, g* can be normalized according to the identities:
(e.97) = (g9,¢) =1, (e;¢") =(9,97) = 0. (7.5)
Theorem 7.2. The coefficients )\gl) and /\§2) in erpansions are the numbers
A = Ve ), A = A
here A; = A’(0).
Without explicit refereeing, we shall make use of the following properties of matrix ({1.2]):

det J =detJ ' =1, Jt=J"=—J, Re(Jz,z) =0  forall x¢cC?,
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7.2. Proof of Theorems and We restrict ourselves by proving Theorem [3.1}
Theorem can be proved in the same way.

By Theorem , the coefficients ugl) and ,u§2) in expansions are the eigenvalues of the
matrix ( w )

Vie,e*) (Vig,e*) |
P=1 eg) (Vig.g) ] ’ (76)

here Vi = V'(0).

For the sake of definiteness, we suppose that under the assumptions of Theorem normal-
ization holds. Then as the vectors e* and ¢* in matrix we employ

e = —ile, g- = —ilyg, (7.7)
where e and g are the vectors from (3.1)). Vectors ([7.7)) are linearly independent eigenvectors of
the matrix (JAp)* associated with the eigenvalue A = —wyi, that is, they satisfy the identities

(JAg) e" = —wpie”, (JAy) g" = —woig”. (7.8)

By identities (3.2)) and (3.5]), the vectors e, g, e*, g* satisfy normalization conditions ([7.2]).
The monodromy matrix V' (¢) of system (2.5)) can be represented as follows, see, for instance,

[210):

Vie) = Vo +eVi+ Vale); (7.9)
here Vj = /40T,
T
Vi =V'(0) = eJAOT/e_JAOTJSl(T)e‘]AOTdT, (7.10)
0
and V,(e) is a continuously differentiable matrix satisfying the condition: ||Va(g)|| = O(|e]?) as

e —0.
We substitute matrix ((7.10) into (7.6) and taking into consideration identities (7.7), we
complete the proof of Theorem [3.1]

7.3. Proof of Theorem [3.3] By the vectors e and g in identities (3.16) we define new

vectors: . |
e =e, gL ==y, e; = —ale, g = —alJg,
T'o ! b Tho

where « is a non-zero coefficient, which is, in general, complex-valued. These vectors satisfy
the identities:

Voer = poer, Vogr = pog1 + €1, Voel = Toey, Vo g1 = gy + €]

At the same time, the vectors ey, g1, €}, ¢i can be normalized in accordance with analogues of

identities ([7.5)) by letting o = T'ig/ (e, Jg).
To complete the proof of Theorem [3.3]it remains to apply Theorem [7.2] to matrix ([7.9)).

7.4. Proof of Lemma By vectors e, g € R* involved in identity (5.1)) we define real
vectors e* = Jg and ¢g* = Je. Then

(JA) (9" +ie") = —woi(g” + ie"),
that is, the vector g* +ie* is an eigenvectors of the matrix (JAp)* associated with the eigenvalue
A= —woi.
According to the spectral theory of linear operators, see, for instance, [19], the space RV
can be represented as a direct sumR?" = Ey @ E° of invariant subspaces of the operator JA,.

Here Ej is the root subspace associated with the eigenvalues \g = +wqi of the operator J A,
while E° is the root subspaces associated with the rest of the spectrum of this operator. The
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space Fj is two-dimensional with a basis formed by e and g. This space can be defined by the
identity £ = {v: (v,e*) = (v,g*) = 0}.

Let us show that |(e,e*)| 4+ |(e,¢*)| > 0. Indeed, assuming the opposite we get (e,e*) =
(e,g%) = 0, that is, e € EY. On the other hand, by construction e € E,. This is possible only
if e = 0, but this contradicts to the fact that e is an eigenvector.

To complete the proof of the lemma, it remains to note that (e, e*) = (e, Jg) and (e, g*) =
(e, Je) = 0.

7.5. Proof of Theorem . By Theorem the coeflicients ,ugl) and ,u?) in expan-
sions (3.6 are the eigenvalues of matrix (|7.6)), in which V; = V’(0) and the vectors e and
g come from identity ([5.1)). As the vectors e* and g* we use the vectors

e =vlJyg, g =vle, (7.11)

where v is number ((5.2]).
The entries of matrix ((7.6) can be found by means of formulae (7.10) and (7.11f). After
appropriate transformations we obtain that matrix ([7.6)) coincides with matrix (/5.3)).

BIBLIOGRAPHY

1. A.P. Markeev. Linear Hamiltonian systems and some problems on stability of motion of satellite
around the mass center. Inst. Komput. Issl., Moscow (2009). (in Russian).

2. V.A. Yakubovich, V.M. Starzhinskij. Linear differential equations with periodic coefficients.
Nauka, Moscow (1972). [ John Wiley & Sons, New York; Halsted Press Book, Jerusalem (1975).]

3. V.F. Zhuravlev, F.G. Petrov, M.M. Shunderyuk. Selected problems in Hamiltonian mechanics.
Lenand, Moscow (2015). (in Russian).

4. V. Lanchares. On the stability of Hamiltonian dinamical systems // Monografias Matematicas
Garca de Galdeano. 39, 155-166 (2014).

5. K. Meyer, G. Hall, D. Offin. Introduction to Hamiltonian dynamical systems and the n-body
problem. Springer, New York (2009).

6. J. Moser. Lectures on Hamiltonian mechanics. Nauka, Moscow (1973). (in Russian).

7. V.A. Yakubovich, V.M. Starzhinski. Parametric resonance in linear systems. Nauka, Moscow
(1987). (in Russian).

8. B.P. Demidovich. Lectures on mathematical stability theory. Nauka, Moscow (1967). (in Russian).

9. D. Treschev. Introduction to the perturbation theory of Hamiltonian systems. Fazis, Moscow
(1998). (in Russian).

10. A.P. Seyranian, A.A. Mailybaev. Multiparameter stability theory with mechanical applications.
World Scientific, New Jersey (2003).

11. A.P. Markeev. Libration points in celestial mechanics and cosmodynamics. Nauka, Moscow (1978).
(in Russian).

12. A.P. Markeev. On a multiple resonance in linear Hamiltonian systems // Dokl. RAN. 402:3,
539-543 (2005). [Doklady Phys. 50:5, 278-282 (2005).]

13. A.D. Bruno. On types of stability in Hamilton systems // Preprint of Keldysh Inst. Appl. Math.
021, 24 pp. (2020). (in Russian).

14. A.D. Bruno. Normal form of Hamilton system with periodic perturbation // Preprint of Keldysh
Inst. Appl. Math. 057, 27 pp. (2019). (in Russian).

15. O.V. Kholostova. On periodic motions of a nonautonomous Hamiltonian system in one case of
multiple parametric resonance // Nelinein. Dinam. 13:4, 477-504 (2017). (in Russian).

16. B.S. Bardin, E.A. Chekina. On the constructive algorithm for stability investigation of an equilib-
rium point of a periodic Hamiltonian system with two degrees of freedom in first-order resonance
case // Prikl. Mat. Mekh. 82:4, 414-426 (2018). [Mech. Solids. 53. Suppl. 2. 15-25 (2018).]

17. A. Elipe, V. Lanchares, A. Pascual. On the stability of equilibria in two-degrees of freedom hamil-
tonian systems under resonances // J. Nonl. Sci. 19, 305-319 (2005).



190

18

19

20.

21.

22.

23.

24.

25.

M.G. YUMAGULOV, L.S. IBRAGIMOVA, A.S. BELOVA

. L. Cesari. Asymptotic behavior and stability problems in ordinary differential equations. Springer-
Verlag, Berlin (1963).

. T. Kato. Perturbation theory for linear operators. Springer-Verlag, Berlin (1966).

L.S. Ibragimova L.S. I.G. Fanina, M.G. Yumagulov. The asymptotic formulae for the problem of

the construction hyperbolic and stability regions of dynamical systems // Ufimskij Matem. Zhurn.

8:3, 59-81 (2016). [Ufa Math. J. 8:3, 58-78 (2016).]

M.G. Yumagulov, L.S. Ibragimova, A.S. Belova. Methods for studying the stability of linear pe-

riodic systems depending on a small parameter // Ttogi Nauk. Tekhn. Ser. Sovrem. Mat. Pril.

Temat. Obz. 163, 113-126 (2019). (in Russian).

A.B. Batkhin, A.D. Bruno, V.P. Varin. Stability sets of multi-parametric Hamiltonian systems //

Preprints of Keldysh Inst. Appl. Math. 42, 32 pp. (2011). (in Russian).

G.E. Roberts. Linear stability of the elliptic lagrangian triangle solutions in the three-body problem

// J. Diff. Egs. 182:1, 191-218 (2002).

T. Kovacs. Stability chart of the triangular points in the elliptic restricted problem of three bodies

// Mon. Not. R. Astron. Soc. 430:4, 2755-2760 (2013).

M.G. Yumagulov, O.N. Belikova, and N.R. Isanbaeva. Bifurcation near boundaries of regions of

stability of libration points in the three-body problem // Astron. Zhurn. 95:2, 158-168 (2018).

[Astron. Rep. 62:2, 144-153 (2018).

Marat Gayazovich Yumagulov,

Bashkir State University,
Zaki Validi str. 32,

450074, Ufa, Russia
E-mail: yum mg@mail.ru

Lilia Sunagatovna Ibragimova,

Bashkir State University,
Zaki Validi str. 32,

450074, Ufa, Russia

E-mail; 1ilibr@mail.ru

Anna Sergeevna Belova,

Bashkir State University,
Zaki Validi str. 32,

450074, Ufa, Russia
E-mail: 891776624880mail.ru



