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ON SINGULARITY STRUCTURE OF MINIMAX SOLUTION
TO DIRICHLET PROBLEM FOR EIKONAL TYPE EQUATION
WITH DISCONTINUOUS CURVATURE OF BOUNDARY OF
BOUNDARY SET

A.A. USPENSKII, P.D. LEBEDEV

Abstract. The birth of nonsmooth singularities in the minimax (generalized) solution of
the Dirichlet problem for the eikonal equation is due to the existence of pseudo-vertices, the
singular points of the boundary of the boundary set. Finding the pseudo-vertices is the first
step in the procedure for constructing a singular set for solving a boundary value problem.
To find these points, one has to construct local solutions to an equation of the golden ratio
type, which establishes a connection between the eikonal operator and the geometry of
the boundary set. The problem of identifying local solutions to the equation is related
to the problem of finding fixed points of the mappings formed by local reparametrization
of the boundary of the boundary set. In this work we obtain necessary conditions for the
existence of pseudo-vertices when the smoothness of the curvature of a parametrically given
boundary of the boundary set is broken. The conditions are written in various equivalent
forms. In particular, we obtain a representation in the form of a convex combination of
one-sided derivatives of the curvature. We provide the formulae for the coefficients of a
convex combination determined by markers, which scalar characteristics of the pseudo-
vertices. We find an algebraic equation, the roots of which are the markers. We adduce
an example of the numerical-analytical construction of a minimax solution to the Dirichlet
problem and this example demonstrates the effectiveness of the developed methods for
solving nonsmooth boundary value problems.

Keywords: first order partial differential equation, minimax solution, speed, wavefront,
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1. INTRODUCTION

First order partial differential equations, to which the eikonal equation belongs, model the
processes in mechanics, geometric optics, optimal control theory, differential games, seismology,
economics, and other branches of science and applications. The problem on existence of a
classical solution in the class of continuously differentiable functions and the uniqueness problem
are overcome by introducing generalized solutions, which are already considered, as a rule, on
the set of continuous functions, and sometimes on the set of discontinuous functions, see [1]-[4].

The concept of a minimax solution [4] is based on constructions from the theory of positional
differential games [5] and give an opportunity to develop theoretical approaches and effective
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numerical procedures for constructing solutions to various classes of boundary value problems
for first order partial differential equation and Hamiltonian equations considered, in particular,
the control theory and theory of differential games, see, for instance, [6]-[§].

In the present work we study a problem on emerging singularity of a minimax solution to
Hamilton-Jacobi equation; this solution is a function of optimal result in a corresponding speed
control problem. A non-convexity of the boundary set gives rise, even for a sufficiently high
order of differentiability of its boundary, to the loss of smoothness of the minimax solution.
We study the case, when the boundary of the boundary set is twice continuously differentiable
but there are points, at which the curvature looses the smoothness. The construction of the
generalized solution begins with finding out a singular set, on which the gradient of the solution
has a discontinuity. The methods and constructive approaches for constructing singular sets,
as well as analytic and numerical procedures on their base for constructing a solution to the
Dirichlet problem for an eikonal type equation were proposed in [9]-[15].

A key relation of the developed theory is an equation of a golden ratio type, the solution of
which determine pseudovertices. The main result of the present work is a theorem on necessary
conditions of existence of pseudo-vertices, which are special points on the boundary of the
boundary set, related with characterizing the boundary set from the point of view of measuring
its non-convexity [16]. The conditions are obtained in a non-classical form as stationarity
conditions, formulated in terms of one-sided limits, for a function of two variables determining
the main part of the golden ration type. Moreover, the necessary conditions are found in form
relating the constructions of the smooth analysis with those of the convex analysis, namely, in
form of a convex combination of one-sided third order derivatives. The important elements of
constructions are the relations for determining the coefficients of the convex combination, which
are functions of one-sided markers of the pseudo-vertices. At that, the markers are calculated
as the roots of a third order polynomial with the coefficients by found laws in terms of one-sided
derivatives of the curvature.

The obtained theoretical results are illustrated by an example of constructing a minimax
solution to a Dirichlet boundary value problem; this solution is a function of the optimal result
for a corresponding speed control problem.

2. OBJECT OF STUDY

We consider the Dirichlet problem for the Hamilton-Jacobi equation:

ou ou
— ) +1= =0. 2.1
(Vl 0xy v2 8.:1:2) 0 ule =0 (21)

min
ve |lvll<1
Here ||v|| = \/v? + 13 is the norm of the vector v = (v, 1). The boundary condition in (2.1 is
imposed on the boundary I' = M of a closed set M C R?. The curve I' has no self-intersection
points. Differential properties of I' influence essentially the structure of the minimax solution

of problem ([2.1f); we provide their complete list below while justifying the statements.
The minimax solution of problem (2.1)) u(x) = p(x, M) [9], where p (x, M) = inﬁ/[ |x —m)|
me

is the Euclidean distance from a point x = (z1, z3) to the set M, is the function of an optimal
result in speed control problem with a simple dynamics:

j/‘l =1,
{ij =3, (22)

where the control v = (vq,14) is restricted by the constraint ||v|| < 1, M is a target set.
Moreover, a minimax solution of problem ([2.1)) taken with an opposite sign coincides with the
fundamental (in the sense of S.N. Kruzhkov) solution u = ug(z,y) [2] of the Dirichlet problem
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for the eikonal equation in the case of an isotropic media:

ou '\’ ou '\’

Here the boundary condition is the same as in problem (2.1)). The level line maps of the
fundamental solution of problem and of the minimax solution of problem coincide.
In this sense the solutions of both boundary value problems are equivalent. The character of
the evolution of the wavefronts and of their singularities is determined by the geometry of the
boundary set and by the differential property of its boundary. The non-convexity of this set
produces the presence of a singular set for the solution of this problem, which in the general case
consists of zero- and one-dimensional manifolds. Both in analytic and numerical construction
of the minimax solution to problem , a special role is played by pseudo-vertices, which are
the points on the boundary of the boundary set producing the branches of the singular set.

We mention that it is easiest to find the pseudo-vertices for two classes of curves enveloping
the boundary set. The first class is formed by piece-wise smooth curves, the corner points of
which are pseudo-vertices [12]. The second class is the curves with the smoothness of order at
least three, the pseudo-vertices of which are contained in the set of the points with station-
ary curvature [I3]. The most complicated for the analysis curves are ones with of a varying
smoothness, the order of which can locally vary from 1 to 2. For the case, when the smoothness
of the curve is minimal, that is, is equal 1, we obtain necessary conditions for the existence
of pseudo-vertices of the boundary set in terms of one-sided partial limits of the differential
relations depending on the properties of diffecomorphisms determining the pseudo-vertices [14].
In the present work we study one of the intermediate cases, in which at the points of a para-
metrically defined curve I', a classical curvature is well-defined, but at the same time, there can
be a discontinuity of the third derivatives of the coordinate functions.

3. NOTATIONS AND MAIN NOTIONS

Let v: T — R? be a continuous mapping of the scalar segment 7' = (f, t), —oo < t<t< 400
into the plane. The vector function (t) = (71(t),72(t)) is thrice continuously differentiable
function everywhere on T except for a finite set 7° C T of points ¢, € T°, at which the
one-sided third order derivatives are finite and at least one the following identities is violated:

N (o= 0)=9"(to+0), 2% (to—0)=2"(to+0).
The image I' = {x = ~(t): t € T} of this mapping is a planar curve. We include into
consideration also contours, which are curves defined on finite intervals T = (f, t), —oo <
t < 1 < 400, which can be defined at the end points t = # and t =  so that v(¢) = (7).
In what follows we shall deal with local solutions of equations of form

G(t1,ts) = 0. (3.1)

Here G = G(t1,1s) is a symmetric function of two variables defined on the plane of the pa-
rameters (t1,%;) € R% The form of this function and its differential properties are determined
in what follows. We seek the solutions of form ¢, = t5(¢;) and t; = t;(t2) of this equation on
rectangular open domains IL; (tg) = {(t1,t2) € R*: t; € (to — 01,t0), t2 € (to,to + 02)}. Here
to € T is fixed and 9; > 0, 63 > 0. As solutions of this equation, we mean local diffeomorphisms
[17], [I8]. In this case, discussing a local diffeomorphism, we suppose that it is defined in a
half-neighourhood (left or right one, depending on the situation) of a point under the consid-
eration. A local diffeomorphism ty = t5(¢;) defined by equation is left semi-continuous
at the point t; = t; and maps the left half-neighbourhood of the point t; = ¢, into its right
hafl-neighbourhood if the following conditions are satisfied:
(Al) to ((to - 51,t0)) = (to,to + 52), 01 >0, 05 > 0,
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(AZ) tlgglfo tg(tl) = t().

The local diffeomorphism ¢; = () defined by equation is right semi-continuous at
the point t; = t; and maps the right half-neighbourhood of the point ¢y = %y into the right
half-neighbourhood if the conditions similar to properties (A1), (A2) hold:

(A1) ty ((to,to +92)) = (to — 01, t0), 61 > 0, 62 > 0,

to—to+0

We note that Conditions (A2) and (A2), apart of the semi-continuity, expresses one of
the ways of determining, in a limiting form, of fixed points. Here we mean the points
(ta2,t1) = (to,to) lying on the bisectrix of the first and third coordinate angles in the space
of the parameters, which are limiting for the graphs of the local diffeomorphisms. The exis-
tence of such points and corresponding local diffeomorphisms was shown at examples in [12].

We arbitrary choose and fix two arbitrary momenta t; € T and t, € T, t; < t5. At the points
~(t1) and ~y(t2) we draw tangential straight lines.

Definition 3.1. A pseudo-vertex of a curve I' is a point
0) — A . * %
X0 = (3 (f0) 3 (1)) 2 T (af,75)

where (x3,x3) = (25(t1, t2(t1)), x5(t1, t2(t1))) is a one-parametric subset of solutions to the sys-
tem of equations

{(ﬁ — 1 (t1)) valts) = (23 — 72(t1)) 71 (1), (3.2)

(2] — 71(t2)) 1(t2) = (25 — 12(t2)) 71 (t2),

defined by a left-continuous at the point t; = to local diffeomorphism ty = to(t1) of the left
half-neighbourhood of the point t; = to into its right half-neighbourhood, which is defined by the
equation

G(t1,t2) £ p* (v(ta), (27, 23)) — p* (7(t2), (2, 23)) = 0. (3.3)

From the point of view of geometry, (27, x3) is the point of intersection of the tangential lines
to the curve I' at the points (1) and y(t2), G = G(t1,1s) is the difference of the squares of
distances between the mentioned points v(¢1) and v(t2)of the curve I and the point (z., x,) of
the intersections of the tangential lines drawn at v(t1) and y(t2).

While constructing the minimax solution to problem or the corresponding fundamental
solution, differing just by the sign, to problem (2.3)) of the geometic optics with a constant
refraction ratio, it is convenient to use some constructions of the geometric approximation
theory. Here we the operator Py(x) of projecting points x € R? \ M into M. It is known
[19] that the solution to the eikonal equation is smooth in the entire domain in the case of
single-valued Py/(x), x € R?\ M, that is, as card Py;(x) = 1. Such situation in the considered
problems occurs in the case of a convex boundary set M. Then, according to the introduced
terminology [20], the set M is a “sun”. In the general case when M is a non-convex set, the
set M does not possess the sun property, since the number of the projections of the points in
its complement can differ from one; here card Py (x) > 1.

Definition 3.2. A bisectriz of a set M C R? is
L={xeR*\ M: card Py(x) > 1}.

Being applied to speed control problem with dynamics , the set L consists of the points,
from which two or more optimal trajectories leave. Thus, the bisectrix L of the set M C R? is
a singular set of the function of optimal result. It should be mentioned that the bisectrix is a
set of symmetry, the topological properties of which are studied in the theory of singularities
of smooth mappings, see, for instance, [21].
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Definition 3.3. A branch L( ©) ) of the bisectriz L of a curve T, where x is a pseudo-
vertexr T is called the set of points (11, z2) € R? satisfying the system of equations

(21
{( T (t)) 7 (t) 4 (22 — 72(t1))75(t1) =0,
(xl - 71(t2))71(t2) ($2 - ’Yz(tQ))’)é(tg) =0,

where ty = ty(t1) is a left-continuous at the point t, = to local diffeomorphism of the left hafl-
neighbourhood of the point t; = ty into its right half-neighbourhood, which is defined by equation

(3.3) and satisfies Conditions (A1), (A2).

By construction, system is dual to system . Its solutions are points x € R*\ T’
having two closest points on M C R2.

The pseudo-vertices and the branches of the bisectrix are main structural elements in con-
structing, analytic or combined numerical-analytic, of the singular set of problem .

(3.4)

Remark 3.1. The above definitions of the pseudo-vertex and the branch of the bisectriz are
given by means of a local diffeomorphism of form ty = to(t1). Taking into consideration of a
symmetry of the mathematical model, definitions and can be reformulated in terms of
local diffeomorphisms of form t, = t1(t3).

Let us introduce scalar characteristics of pseudo-vertices.

Definition 3.4. The left one-sided derivative
ta(t1) —to

Dy — T
A= th(to—0) tlggl—o P— (3.5)
is a left marker of a pseudo-vertex x(©) € T'; here ty = ty(t) satisfies (A1), (A2).
Definition 3.5. The right one-sided derivative
t1(t2) — ¢
2t (ty+0) = i U2 =t (3.6)

ta—to+0 T — 1

is called a right marker of a pseudo-vertex x(©) € T'; here t; = t,(t3) satisfies (A1), (A2).

An important implication of the symmetry of equation is a connection between one-
sided markers. If a local diffeomorphism ¢ = t5(t1), t1 € (to — d1,%p), is a solution of (3.3),
then the inverse local diffeomorphism t; = t1(t5), t2 € (to, o + d2), is also a solution of equation
(3-3), see [10]. At that, due to semi-continuity conditions (A2) and (A2), their graphs have a
common limiting point (¢1,t2) = (fo,%p). In this the one-sided markers are mutually reciprocal:

p=\"" (3.7)

We also note that A < 0 since t, (t;) < 0, t; € (to — d1,t0), 01 > 0. Then by we also
have p < 0.

The problem on finding the conditions ensuring the existence of local solution of equation
satisfying conditions (A1), (A2) and (A1), (A2), is an independent issue. The developing
of the approaches for solving it is not restricted by the methods of classical analysis. Here
a rather essential feature of the problem is the multiplicity of solutions contracting to the
points in the graph of the identity function ¢t = ¢;. This function is an obvious solution of
equation (3.3)), but nevertheless, it does not fit the conditions on solutions to boundary value
problems and . One of the ways of finding out the properties of local diffeomorphisms
satisfying conditions (A1), (A2) and (Al), (A2) is related with using transversality conditions
[10]. We should also pay an attention to a connection (see conditions (A2) and (A2)) between
the problem on existence of local diffeomorphism with the problem on existence of the fixed
point in the space of parameters. The fixed point method has very wide applications in the
analysis and the theory of differential equations. It is also applicable in studying non-smooth
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optimal control problems and in finding equilibrium states in game problems, see, for instance,
[22].

The markers of a pseudo-vertex fix a qualitative state of the curve from the point of view of
differentiability. In other words, the values of one-sided markers indicate the smoothness order
of the curve at the pseudo-vertex. For instance, in the case of a thrice differentiability of the
curve at the pseudo-vertex its one-sided markers are equal [10]:

A=p=—-1

If the curve is smooth but does not have a classical curvature, then the one-sided markers at the
pseudo-vertex take extremal values in its spectrum [—oo,0], here A = 0 or A = —oo. Finally,
if the first order derivatives are discontinuous, then the left marker is equal to the quotient of
the differentials of the left and right arcs of the curve contracted to a point, for more details
see [10]-[I5]. Respectively, here the right marker is equal to their reciprocal quotient.

Let us clarify the differential properties of the curve I' enveloping the boundary set M. We
denote by det(a,b) the second order determinant constructed by the vectors a = (ay,as),
b = (b1, by) written as rows. We denote the scalar product of these vectors by (a, b). We shall
assume that the following condition for the curve I' holds:

(B1) (1) #(0,0), teT:

(B2) det(y/(t),7"(t)) #0, teT°.

Condition (B1) means a regularity of the curve I'. Condition (B2) yields that the curvature is
non-zero and this ensures the existence of solutions to system . Moreover, these conditions
considered in the system ensure that the coordinate functions of the curve are not planar at
t € T° [18]. This allows to employ the jet technique in approximative calculations [17], [23].

We denote the set of curves I' with the mentioned differential properties and obeying condi-
tions (B1), (B2) by {T'}r.

In what follows we concentrate on finding out the properties of local solutions to equa-
tion (3.3)) of form ty = to(t1), t1 € (to — 1,10, in particular, on finding the value of the left
marker. FEarlier it was shown that a local diffeomorphism ¢, = t5(¢;) satisfying conditions
(A1), (A2) defines pseudo-vertex x© = x(ty), to € T, of the curve I' and at the same time is
a local solution to one of the branches of harmonic ratio type equation with two-parametric
coefficients, see [I3, Eq. (3.5)]. This equation arises as a reduction of main equation (3.3) and
reads as [13]

Gltrt) 2 2(t2) —92(t)  —mt)m(ts) + 1(t)1n(te) +st)slta) _ (3.8)

Mn(t2) — () Y2 (1)1 (t2) +75(t2) 71 (t)
Here s(t) = /(7 (t))2+ (74(t))2, t € T. In analysis of the properties of solutions to these
equation we employ the technique of jets basing on local expansions of scalar functions in the
vicinity of the point ¢t = tq by the Taylor formula. Following [17], by k-jet, where k is a natural
number, of a sufficiently many times differentiable function f(¢), t € T, we mean the Taylor
polynomial of kth order:

k i
Zf t—to).

=0

Let f(t) and g(t) be differentiable functions. The sum of k-jets of these functions is found as
the sum of the corresponding Taylor polynomials of degree k. The product of k-jets is defined
by the following rule. If

f(to) =

t—to), JFg(to) :Z t—to)
=0 ‘ i=0 !
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are k-jets of functions f(t) and g(t) respectively, then their product
Tt f(to) @ Jfg(to)

is a polynomial obtained by a natural term-by-term multiplication of the polynomials JF f(t)
and JFg(t) in which all terms of degree exceeding k are neglected.

In what follows we deal with 1-, 2- and 3-jets. Then the formed model is three-point with
an imposed order relation. Here the point ¢ty € T is a central node and, as a rule, is fixed,
while the points t; € T and t, € T are variables and t; < ty < t5. The restrictions for the
ordering of the points ¢y, ty, to are due to the features of the singular curves for the eikonal
equation, which are mentioned in classical work [24]. Here singular lines are are scattering
curves. Optimal motions of characteristic system ([2.2) with an initial point at the scattering
curve “roll down” from this curve in different sides. In the considered work the arguments of
the end-points of these trajectories, which are segments here, are t; € (to — 01,%9),0; > 0 and
to =ty (t1),t2 € (to,to + 01),09 > 0, where ty = t5(t1) is a local solution of equation with
properties (Al), (A2), since here t; < ty < to and t; is the argument of the pseudo-vertex of
the boundary of the boundary set.

We introduce the following notations for the increments:

Alzto—t1>0, Agztg—t0>0, A:Al—f—Ag

We shall distinguish the jets obtained by the right differentiation, that is, as ¢ty < t5 and the
jest obtained by the left differentiation, that is, as ¢ty > ¢;. Then two 2-jets differing by the
direction of the differentiation read as

2
T2 (t0) £ T2 s (to) = Flt0) + Bof'(10) + Z27" ),

2
T2 1(t0) £ T2, Jlto) = F(t0) ~ Aaf(to) + S (1),

By the above given definition, the product of these 2-jets is a second order polynomial with
respect to the increments A; and A,, which are treated as independent variables:
2

szf(to) ® Jflg(to) = <f(to) + Ao f'(to) + %f’%to)) & (g(lfo) — A1g'(to) + A—iq”(to))

2
=f(to)g(to) — A1f(to)g'(to) + Daf'(to)g(te) — A1Asf'(to)g (to) (3.9)
+ 22 t0)glto) + 57 0) (1)

If it is necessary, we can govern the coefficients of the jets by introducing a dependence between
the increments A; and A,, for instance, by means of a local diffeomorphism. This approach is
used in justifying the statements.

4. MAIN RESULT

We consider the case of a non-stationary pseudo-vertex of the boundary of the boundary set,
at which the smoothness of the curvature is broken. Let us justify the necessary conditions for
the existence of a pseudo-vertex as generalized stationary conditions for the function G(ti,ts).
We shall also obtain algebraic equations for finding one-sided markers. We shall consider in
details a procedure of calculating just one of two markers, namely, of the one-sided left marker.

Theorem 4.1. Let x9 = (7, (to) ,72 (to)) be a pseudo-vertex of the curve
F={x=~7():teT} ec{l}r

in the boundary condition of Dirichlet problem (2.1)), and x©) is defined by the local diffeomor-
phism ty = to(t1) in (3.8)) and conditions (A1), (A2) are satisfied. Assume that there exists a
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left marker A = ty(to — 0) < 0, and the coordinate functions of the pseudo-vertex satisfy the
non-stationarity conditions:

7 (to) # 0, 73 (to) # 0, (4.1)
and
V' (to = 0) # 7" (to +0) (4.2)
for at least one i € {1,2}. Then the following identities necessary hold:

oG (t1, to (tl)) oG (tlv 2 (tl))

=0, lim =0, (4.3)
t1—to—0 atl t1—to—0 at2
N (A = 3)det (v (to) , 7Y (o)) + (3N — 1) det (v (to) , 7 (to))
_3det (7 (). (1) () () " () (44

Proof. It follows from (B.8) that at the points (¢1,t2) = (t1,%2(t1)) of the graph of the local
diffeomorphism the identity holds:

a_G + ¢ a_G —
oty oty
We pass to the limit along the local diffeomorphism ¢y = t5(t1) (see also [10]):

0Q(t, ta(tr)) |, 0Q(t,1a(t1)) ) _
( L) | 290! )—0. (45)

0.

lim
t1—to—0
Identity expresses the condition of transversal (puncturing) intersection of the closure of
the graph of the local diffecomorphism ty = t5(¢1) with the graph of the identity diffeomorphism
to = t; at the common limiting point (¢1,%2) = (o, to)-
Basing on the transversality condition, let us find out a series of properties of the pseudo-
vertex. By assumptions of Theorem , the left marker exists and finite and implies the
formula for this marker:

/ _ — _ 1
folto = 0) = = lim o

0Q (1, 1a(t1)) <0Q(t1= ta(t1)) > B (4.6)

Oty

Now we are going to find the approximations for partial derivatives considered along the
diffeomorphism ty = t5(f1). We first adopt a series of conventions aimed on reducing the cal-
culations. In all approximation constructions, the point of the expansion is fixed, and t5 = %,
and t; = ty depending on the direction of the expansion, to right or to the left. For the sake
of brevity, the value ty of the variables in ¢ and ¢; is omitted. Our lines of calculations first
suggest to find approximations for arbitrary positive increments A; = tg — t1, Ay = t9 — 1g
and we approximate for the increments related due to the local diffecomorphism ¢y = t5(t1).
It is important to note that as the triple of the points is related by the local diffeomorphism
ty = to(t1), the increment Ay = Ay(Ay) = to(t1) — to, depends on A and

Ay = Ny (A1) = ta(t1) — to = ty(to — 0) (t1 — to) + 0 (t1 — to) = —AA; +0(Ay). (4.7)

In particular, this implies
A=A1+0(A))=A1 = AA1+0(A)=(1—-XN)A;+0(A;), where 1—X#0. (4.8)
Hereinafter the notations of form o (A’f), where k = 1,2, 3, are used for the functions having a

higher smallness order with respect to the argument to the left of the consideration point, that
is,

lim 0 (Alf)

=0.
Al Ak
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The notation € (A;) is used for the functions infinitesimal in the left half-neighbourhood of the
consideration point; here

illlﬁ)zﬁ (Al) = 0.

We also define that two scalar functions y = ¢(t) and y = g(t) are equivalent to the left of the
consideration point t = tg € R if
q(t)

lim —= =1.
t1—to—0 g t)

In this case we write ¢(t) ~ g(t), t; — to — 0.

For the coordinate functions 7 (t), 72(t) and for their derivatives calculated at the central
node ty as well as for the jets corresponding to the coordinate functions, we do not write the
variable. For one-sided derivatives we change the notations ¢y, — 0 and ¢y + 0 by moving the
sign minus or plus to the subscript:

vi=7ilte), W =7(t), AL =7"(t—0), L =7"(t+0), i=12

We begin with the expansion for the partial derivative with respect to the first variable. We
have:

0G(t1,t2) _det (v/'(t1),y(t2) —v(tr))  s*(t2) det (v/(t1),7"(t1))
oty (11(t2) — 71 (t1))” (4t (t2) + V() 7i (1))
s(ta) [s(t1) (92 (F1)71 (F2) + 75(t2) ) (1)) — 8 (81) (va(t1) 71 (F2) +7§(752)%(t1))]'

+

(
(va(t1)7 (t2) +7a(t2)7i (1))

We introduce the notations:

OG (. 1
(8—12) = q1(t1,t2) — galt1, ta) + g3(t1, ta).
tq
Here
g1 (t1,t2) go1(t1,t2) gs1(t1,ta)
tyty) = P02 gy = FANELT2) g gy = IR
[ ( 1 2) g12(t17t2) g2 ( 1 2) g22(t1,t2) gs ( 1 2) g32(t ,t )

are corresponding quotients in the expansion.

Let us find the approximations for the selected quotients applying, where it is appropriate,
the technique of jets. We begin with approximating the numerator of the first quotient of order
0(A3,), where Ay = max {A;, A} . Hereinafter, in view of the bulkiness of calculations, which
are of course important but technical, we omit a series of intermediate calculations, which can
be recovered by an interesting reader.

Let us write the expansions for the coordinate functions constructed at the points located in
different sides of the consideration point t, € R:

] o A / A_% " Ag " AS
’Vz(tQ)_%_F 27 T 27i+ 6%++0( 2)’
2 3

AZ A3 ,
Yi(t) =7 = A+ Sl — il +o (A, i=1.2
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Then

gu(tr, ) =det (/' (t1),~(t2) — (t1))

—det /—A " Az n A2 A / A2 A3 n A3 /
=det {7/ = A1y + 0 +0(AD) 7 + Ay + 2+ Y o (A y
A? A3
_'V_A,_Al_?l’}/”"‘ 67/// O(A?))

AQ Ao — A A3
= det (7'—Aw"+ 5 ’V’"+0(Af),A7’+A-—22 '+ 6271’

3

A ///
G olat))

Aj Ay — A A3
=Adet (7’ — A+ S o (A]) Y + =+
A3 (4.9)
oAt To(Ak) )
Ay — A A3
:A<det (V') + 2 L det &Y, 7" + 6_A2 det (7 yi’)

A Ay — A
—Ldet (v,") — Ay det (v",9') — A =21 det (",7")

6A 2
A% " 2
—|—7det (V".4) + 0 (ALy)
A A3 " AS AQ "
—A( det (7/,9") + 6_Adet (v, Y + (6_A — 7) det (7',~") +0(A%2)>
det (’7/7 7N> A n A3 3AA2 n
:AQ( T gardet (V) + = ar— det (v.0") o () ).

We note that inequality (4.2]) imposed for one-sided third order derivatives complicate essen-
tially approximation constructions.
We approximate the numeration of the first quotient by means of 3-jets [13]:

2
Gr2(t1,t2) = (thﬂl - thﬂl)

A2 A3 A2 A3
—(A Y+ 2+ 22+ Ay — S+ 17’” >
2 6 9
/ A - A " A3 3 "
~(sop+ B Ba G+ )
=AF ()" + A (B — )l = A2 (( 0P+ (80 = At

Thus,
Gia(ty, ta) = A? ((%)2 + (A2 — Ay) %%’) + 0(A3). (4.10)

We consider the first quotient g;(#1,%2) and in view of the cancellation of numerator (4.9)
and denominator (4.10) in approximation expansions by A? under the natural reducing of
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approximation orders by two we get:

Ldet (v,7") + o det (v, 7)
()% + (Ag — A %Y + o(Ar)

g1(t1,t2) =

atssat ! N (4.11)
GAZ et (v,7”) +o (A1)
2 P , Alg — 0.
(71)” + (A2 = A Y + o(Arz)
We proceed to the second quotient go(ty,ts) = %. We approximate the denominator of

the second quotient (and in view of the identity, also that of the third quotient) by means of
1-jets:
2
gaa(t1,t2) =~ (Jtll Jtlg'Vi + Jt12'72 Jtlﬂ/i)
2
— A173) @ (F + A7) + (V5 + A2%) ® (1 — Arl))

/i

((+

= (Vi + Davsy — Al + 7ivs — Auveyy + Doyivs)?
(

= (27

2917 + (A2 — An) 57 + (A2 — A1) 7(75)°
Y + (Be = A1) (1] +175))°
= (29175)" +4 (A2 — A1) 75 (a1 +7175) -
Hence, the following expansion holds:
g2a(t1,t2) =gsa(t1, t2)
=(2m7%)° +4(A2 = A1)V + ) +o(A), A 0.
By means of 1-jets we approximate the numerator of the second quotient of order o(Ajs):
ga1(t1,t2) %JL}QSZ ® Jt11 det (7/,7")
= (5° +20555") @ (det (v/,7") — Ay (det (v",7") + det (v',7")))
=s>det (7,7") — Ars*det (v/,7") + 2Ass5 det (v/,7") .

(4.12)

Then
g21(t1,t2) =52 det v, — Aqs®det (7 7"')

+ 20585 det (7,7") + 0 (A12), Ay — 0.
In view of and the second quotient is expanded as follows:
s?det (7/,7") — Ays®det (v/,7”) +
(29179)” + 4 (85 = A1) 975 (1 +7178) + 0 (Aso)
N +2A5s8" det (v, 7") + 0 (A12)
(29175)° +4 (D2 — A)%vs (B +7178) + 0 (A1)

By means of 1-jets we approximate the numerator of the third quotient:

s(ta) [s(t1) (v (E)1 (t2) + Yo (t2)y1 (1)) — 8'(t1) (va(ta) i () + 5(t2) 71 (1)) ]

R (s 4 D25') © (15718 + 712705 = 2178’ + 289m75s — A1y s — Arv) 755
— A1 7is" = Ay l's' — Do 's’ — Bamyes’ + Aayi7es + Apn's’ + 281m7557)

(4.13)

Ga(t1,t2) =

AL L0,

=v3718° + Ve s® — 271728’8 + Aoiss' + Aovhylss’ — 2007175 (5')?
+ 2007 75s" — Ay s” — Ay vs® — Aryyyss — Ay ss’

/i

— Doyyyss’ — A27172 58"+ A1yivsss’ + A1ygyy ss’ 4+ 2817 758"

"1 .2 ron 2

=Y, 82 s — 29i7h8's — 200775 (5)7 + 20071y 2
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"

— Ay 18® — Ay 8?4 2017 s

Therefore,

g31(tr, t2) =s*97, + s*947) — 2559475 — 20 ()" vt
2 m "o 2. .1n._n

+ 4 (—5275/,’—% — SN+ 255—7271) + 2095797, + 0(Ar2), A — 0.

The expansion of the third quotient reads as

2///+82/// It A

2
Yoyt — 258" y571 — 2089 (8')" o)

. SN
gg(tl’tQ)_ 7 1\2 Y I on o
(29175)" 4+ 4 (Ag — A1) Y195 (790! +7175) + 0 (Ar2)
Ay (=529 71 — 827 + 2587 9571) + 200579174 + 0 (A1)
(2747%)% + 4 (Do — A) Y (WYY +7i78) + 0 (Ar)
We have

—go1(t1,t2) + g31(t1, o)
g2a(t1,t2) .
Then the approximation of the numerator of this quotient reads as

—go1(t1,t2) + g31(t1, t2) = — s*det (7/,7") + Ay s* det (fy’, fyﬁ') — 2Ayss" det (', 7")

2.1 1 2.1 1

+ 55+ Py — 285 — 209 ()" 9t + Ar (=" 0

2_m

— Sy + 258" Ahy) + 2095° vy

— g2(t1,t2) + ga(t1, t2) = (4.14)

2.1 1 N/ 2 m 2. m /N

= — 51+ ST+ AisTye v — ArsTY s — 289885
+ 2005547 + P + ST — 285750 — 200 (5) 444
+ Ay (=" = 8 + 2887 vy ) + 2008797

=257y} — 201 5°9"_ v} — 20055 v57) + 20955y — 28574
— 20 (/)" 47; + 28188" Yot + 2895”9V,

=252 — 255"757) — 20955  det (v, 7") + 2895°7] 5
— 20 (5)" Yot + 2055”5y, — 2A15%)

=2 () + (34)*)
— 2V + evs) Vvt — 28g (Vv + ¥8) (M — vevY)
28 ((1)* + (18)°) 778 = 282 () i} + 2018814
—2As5%91"

=2 (V)" W% +2(%)° A = 200 W — 2(%)*
— 280 ()" A = 77 (W) + 975 ()" = (9%)* %)
+ 20 (W) s + (1) 7)) — 2085 () Yo + 2415”9t
— 205" 74

——2(3) et (+,7") + 28579 ((90)° = (34)°) + 42 () 274
— 20 (5)" Yot + 20155" Y4) — 2015%)

= —2(74)" det (v, 7") + 280747} (v, 7") — 2897574 det (v/,7")
— 20 (5)" Yot + 20188" Y5y, — 2015714,
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After dividing by 2 the numerator and denominator of quotient (4.14]) we can write the expan-
sion for the partial derivative:
0G(ty,t2)

=q1(t1,t2) — go(t1,t2) + g3(t1, t2)
oty

_3det (,7) + b det (v/,9) + S5 det (7/,97) + 0(Au)
(11)* + (Az — A1) Y + o(Ar) (4.15)
—(73)? det (', 7") + Doys i (V' 7") — Ay s
2 (7{75)2 +2(Ag — A1) Mye () +7175) +o(Arz)
—Aoyhyy det(v',7") — Aoy 5(')* + Aivirhss” 4 o(Ara)
2 (W)" 42 (B2 — A Wvh (B + 1) + o (D)

The approximations of the quotients in (4.15]) are consistent by the order. We multiply the
corresponding 1-jets and we find an approximation for the numerator and denominator of the

resulting quotient in (4.15):
A3 A3 — 3AA2

1 / /! n 1 n
(2det(”y 0l )+6A2det(’y vy + N det(v',7") | ®

® (20172)° + 2(A2 = AV (%Y +7175))
+ () + (A AD)MY) @ (=(73 )2 det (Y, 7") + Davyny (V' 7") — Ay s”
— DNgyyy5 det(v,7") = Dos(s)? + Aiysss”)

=(mM72)?det (v,7") + (A9 — A1) ¥i75 (777 +7175) det (7', 7")
+ 3A—22 (7%)” det (v,77) + % (1174)” det(+',7")
— (198)" det (7, 7") + Do (V)" %y (7, 7") = Ax (1) s
— Ay (V)" b det (v, 7") = Ag (1)° % () + Ar (1) 1hss”
— (A7 AL) (1)1 det (7, 7") = %9 ((Aa — Ar) (%57 +7175) det (7, 7")
+ BA—; (Yi7s) det (', 7)) + % (717s) det (v, 77) + Aavini (V7"
— Ay s” = Doyinh det(y,7") — Aa(11)7(s)? + Ar(7))?ss”

— (A3 Ay det (7, 7)) = 1 (= Aryyys det(y/,4")

A3 N AP 3ANA2 ,
+ 3_A22(717§) det (7 Vﬁr/) 13T (7175) det (fy ~ ’)
+ Do (7Y = A s® = Do (1) ()7 + A (1) s57)

A3 A3 — 3AA?
=(71)* ( Ay det(v',7") + AQ% det(v/, 7’1’)+T1 v5 det(v',4")

+ Agpss” — Ay 8" 4+ Ay (7, 7") — AQ%(S/)2>

A3 A3 — 3AN?
=(71)*7 ( Ay det (7', 7") + 3—AZ’27§ det (7, 71’)+T72 det (7/,7")

', ") det (7, 7”))

det /7 " /
—|—A1’)/1( (’127 )) —i—Alnydet('y 7///) _A272<'7

52
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Here we have employed the following transformations:

52

! N2
Aoy (7, 4") = Do) (8)° =0y (%’ (o, 7"y = AT L ) )

2%’ (Vv + 759 (47 + (1)%) — 74 (v +v4d)?

=A 5
S
_a, 007 +908) (OF 00" + o (05)° = G = 19i5)
52
_ A, 01+ 7372) % (017 — 717)
_ A0 det (7,9)
N b

and

n

Arypss” — Ayy_s® =01 (viss” —41_s%)

o\ 2 det (~. ~" 2
:Al 718<<777>5 +( € (777 )) > —”)/1”82>

83 ’

det (v,7"))?
=4 %(7’,73’>+%—( (32 ) — 5"

(det (v',9"))° 2 2
=A1 | v (- + ) + %T)) — ((vi) + (713) )

2 (det (+/,7")) 2 2
=A | () - e g = ()" = - ()
det (7, 7"))?
=0, %—< <127 ) + 7 det (7’#”’))-

We write the expansion for the partial derivative along the diffeomorphism, then we take A,
out the brackets and employing conditions (4.1)), we divide the numerator and denominator by

(1) 75 # 0

0G (ty,to (t A3
% B (WU% ( = Arng det(v,7") + 5357 det(v, 7))
AS - 3AA2 d t /’ 7\ 2
- T% det(fy’, 7ﬁ/> + Al’)’iw + Al”)’é det (fy’, ,YZ/)
/ /7 " det ,, "
-, i >s2 .y )> +0(A1)>

—1
- (2 (V)" (13)* + 2 (A2 — Ar) (V) % (29 + 7175’))

Aj
=4 ( — vy det(y/,7") + m% det (v, )

A3 — 3AA? (det (7',7"))”
TSAAT vy det (v, 7") + 1 —
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" A / /7 ! det /7 1
T det (717" )__272<7 7") det (v 7)+€<A1)>

Al 82

(2% () + 220 — A1) () @35k +408))

Let us find the limit of the quotient involved as a factor after the increment A;. While
calculating this, we take into consideration expansions (4.7) and (4.8)), which in particular
imply the limiting identities:

Ay A Ay 1 A, )\
lim =2 = —\ lim — =1— A\ lim =% = —— lim —2 = —
ALO A, A A, A A T TI=N AW A 1o
As a result we obtain:
, A3 A? — 3AA,
lim < = det (V7" + 5 Sx Az e det (v, 7Y) + =55k det (717 )

(2(1)* 7% +2 (A2 — A) (7)) 29 + 7))

. / (det (7/a ’7//))2 / " AQ ,75 <7/7 '7//> det (71’ 7//)
+ lim (71 T kdet (v,0) - A =
(277 + 2 (Ag — A1) () (29 + 7)) ™

—\3 3N—2
:<_'-)/é/det (7/’7//)_‘_ "

575 det (v/,7”) (4.16)

) det S a—
272 € (’Y 7+)+3(1_)\)

3(1- )

det(v',7" Yo(v',7") det(v', v -1
+%—( (32 ) + 7y det (v, v”’)+A2< >2< ) (2(71)275)

S
-3 3A2—=3X+1
— _ " det /’ /! + /det n _"_ det ’ Z/
( 75 det (7,7") s (v,7%) ETE Yo det (v,77)
det (v, ") 7 (7, det (/7" -1
OO Y ()

8G(t1,t2(t1))

5, to left from ty € R :

We have obtained a linear asymptotics of the function

OG (t1,ta(t1))
oty
Here the scalar coefficient Cy in the expansion is equal to limit (4.16]). This implies:
oG
lim (t1, 2(t1))
t1—to—0 atl
This justifies the first identity in (4.3]).

We proceed to %;j"’) Since the function G = G(t,ty) is symmetric, then its partial

derivatives are obtained by interchanging the variables; here

0G(ty, 1) 0G(t1, 1)

~ Cl (to — tl) , Cl = const, t1 = tg— 0.

=0.

oty  0f
This is why
OG(ty,t2) _det (7' (t2),y(t) —(t2)) — (s(h))” det (7 (t2), 7" (¢2))
Oty (71 (t2) — () ((t1)7 (t2) + ()7 (1))°

s(t1) (s(t2) (72 (t2)71 (1) + 5 (8) 7 (E2)) — '(t2) (a(t) 7 (t2) +75(t)n (1))
(3 (t)7i(t2) + Ya(t2) 7 (01)°
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We introduce the notations:

OG (1. t
M = q1(t1,t2) — qa(t1, t2) + gs(ta, t2),
Otsy
where
q11(t1, t2) q21(t1, t2) q31(t1, t2)
qi(t1,t2) = ——<, @ty o) = ——=2, ty,ty) = 12
it ) q12(t1, t2) 2(t1, ) g2 (t1,t2) 9a(tr, 2) qs2(t1,t2)

are the corresponding quotients in the expansion. The symmetry of our mathematical model

simplifies essentially the approximation of these quotients. By the symmetry, while finding the

. OG(t1,t : AG(t,t
expansions for the components 96t1t2) - we should use the corresponding components 8G(tLtz)
Otg ) oty

" " " "

replacing here the increment Ay by —Ay, Ay by —Ay, A by —A, /" by /", v by v,
i=1,2.

We have:
det (7 (t2), y(t1) — (t2)) =A (% det (v, ") — 6A_Ai det (7" + % et (. ﬂ’))
+ 0 (A?Q) )
Then
altots :A2 (% + 2% det(y,77) + 2228 det (v, 71/)) +o(A3)

A2 (1) + (A2 = A) 1Y) + o(AL)
detlr ") 4 25 det(v/, ) + 22580 det(+,7) + o( Ary)
(71)? + (A2 = Ay + o(Ar) '
The approximation of the numerator of the second quotient go(t1,ts) reads as
go1(t1,t2) = (s(t1))* det (v (t2),7" (t2))
=s>det (7,7") + Ags?det (v, 7]) — 2A1s8' det (,7") + 0 (Ar2) .

The approximation of the numerator of third quotient gs(t1,2) is as follows:

r 2

g (1, ta) =51 8” +9571's> — 295718 + 2807991 ()" — 2817775 ”
+ Dom il s” + Dayy Ty s® — 28075 88]L + 0 (Ar).
The numerator of the quotient
—qa1(t1,t2) + g1 (t1, t2)
q22(t1,t2)

—q2(t1,t2) + q3(te, t2) =
is of the form:
—@o1(t1, t2) + gan (1, t2) = — 2 (7)” det (', 7") + 2817475 det (7/,7") — 2819571 (7/,7”)
+ 2A175 (s/)2 + 2A27§7{’f+52 — 200957188 4 0 (A1) .

We divide by 2 the numerator and denominator of the quotient being the second term and we
obtain:

0G(ty,12)

p =q1(t1,t2) — q2(t1,t2) + q3(t1, t2)
(2}

i 3 2_ A3
_ P — R det (v, 07) + 22 det (v, 9) + 0 (Do)
(’71)2 + (AEAl) YY1+ o(Ar)
+ (= ()% det (7, 7") + Auyby det (7, 7") — Avyayy (")

+ A (8) + Dovhy s® — Aoyhyyssly + 0 (A))
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’n -1

(2 (V78)" 4+ 2 (Ag — A1) Yivs (7 + i) +0(Ar))

The approximation of the quotients in the expansions are consistent by their orders. We mul-
tiply the corresponding 1-jets and find the approximations of the numerator and denominator

of the resulting quotient:
1 A3 3AA2 — A3
(5 det (v, ~") — @det (v, 7") + Td et (7, fyl’))
® (2 (Vi78)% + 2 (Ag — A1) Yivh (v + vivé’)) + ((%)2 + (A7 A) %%’)
® (= ()7 det (7/,7") + Ay det (v, 7") — Ayt (V") + Ay ()

!

+ A2’72’71,4-5 A2'72'7155+)

A3 A} — 3AN3
=)’ % (Awé’det (V,7") = gagadet (v,9") = o2y det (7, 77)
det (+/,7"))" 7 (77" det (v, 7"
T 5 ) 1 200

A3 AT 3ANA? .
=(m)*y < Avyy det (,7") + g5k det (v, 1Y) + —— 75— s det (7,22
+ Aryss” — A'_s” + Aoy (7 7") — Ao (3,)2)

A3 A3 — 3AN?
=(7})? vé( — Ay det (7, 9") + 3—A227§ det (7/,7Y) + Tl ydet (v/,7")

det /’ 11\\2 / /’ " det, /7 "
+A1%( (sz ) A det (7,7") =52 v,y >32 Q! ))‘

We cancel out by (7{)2 v, # 0 and take A; out the brackets. Then the expansion of the partial
derivative becomes:

aG t ,t t AQ Y174 A 3AA2 / n
(19 oo (( R det (v,9") = gRgadet (v,17) = =Rk det(v,7)
A det v A / 1 ’7/ ’)/,'7” det ’7/’7//
( (52 )) 272 det(f}, fy+) + 2 < >52 ( ) + e (Al)

—1
( YO+ 2 (A — AV (29 + i) + e (A1)

We find the limit of the quotient using (4.7]), (4.8):

A2 A3 — 3AA3

. AV 2
ilglo ((A—l”Yz det (7',7") — 3AZ g det (v,77) — W 75 det (v, 7Y)

A . det ’Y’, 11\\2 A ” ’Y’ /’ "y det ’Y/, 7
Aj%( (827)) A%det(7 )+ 5 (v 7)82 (v's7") L e(A)

(2(9)%7% + 2(A0 — AV (297! +7iAl) + e(An) (4.17)

1 A3 — 3% 4 3)
— _ )\ 1 det /7 1/ _ / det Z/ + / det ’ "
( 75 det (v/,7") 30N (v.7") a7 " (v, 7¥)

det (v/,9"))" | 75 (v,7") det (v/,7" -1
o QD OV 0
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8G(t1 to (tl)

Hence, we obtain the equivalence of the function Bt ) and the linear function to the left

from tg € R :
OG (t1,t5 (t1))
oty
The scalar coefficient C5 in the expansion is equal to limit (4.17). This implies
lim OG (t1,t5 (t1))
t1—to—0 8252

This justifies the second identity in (4.3]).
After the substitution of coefficients (4.16)) and (4.17)) into condition (4.6]) and collecting like

terms in the numerator and denominator, this condition becomes:

A3 o BAZ—3A+1

A= =g det (7,7") + ——5pdet (v, 7V) + ="~
( 75 det (7,7 YL (v, 7) S0

det /’ 11\\2 / /7 " det /’ "
+%( (727)) Ll 7>82 (v 7))

~ 02 (to — tl) , 02 = const, t1 =ty — 0.

=0.

vy det (v, 7")

A3 — 32+ 3\

_)\ Ildet /’ AN /det I7 Z/ _|_ Idet l’ "
( 75 det (7/,7") 3" (.7”) s " (v,7¥)

2 AN oo\ —1
,(det (v,7") | % (V") det (7/,7")
+ M & + = :

Then

A? 3N —3A+1
" det /7 " + /det /7 ny /det /7 Z/
75 det (7,7 30" (v,7%) TSV (7,77

e 0y 50y det (3.)

1
52 52

A3 — 327+ 3\

A
= — Ny det (v,7") = ———det (v/,7”) + A 3(1— ) adet (7,77)

3(1- )

2 / o ron
o, (det (',9")) Yo (V") det (+',7")
+ A & + A =

and

A3 3X2 — 3\ + 1
17 det /’ 12 + /det /’ " _ /det /7 Z/
72 det (7/,77) T (v, 7Y) EEEL (v, 7)
, (det (v,9")* 0" det (7/,9")
71 82 82

4 )\2,7/&/ det (’Y/,’}//)

A A3 —3A2 43\
+ /det /7 Z/ o )\ /det /’ n
PYTEYLL (V) o " (v, 7)

(det (v, /) _ 2 (1" det (+,+)

2./
/\ TN 82 82

=0.

We also have:

A A —3)\+3
)\2( o ) ’det /’ "
SO0 3o ) et )
( A 3N —3)\+1
_|_ i
3(

1-X)°  3(1-))?

) vydet (v, ") + (A* + 1) 74 det (7/,7")
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207" det (7, 7")

— ()\2 + 1) 71 (det (7/’7//))2

S -2 . =0.
Since
A _)\2—3)\+3__)\2—4)\+3__()\—1)()\—3)_ A—3
3(1—-X)2  3(1-))? 3(1—=N)° 3(1—))? 3(1=X)
A 3N+l M-+ (A3 (A1) 3a -1
3(1—=X)° 3(1-=\)? —(1-))° —(1=\)? 3(1—\)
then
A—3 3N—1
)\23(1—_)\)7; det (v, 7') + m% det (v',7")
det ’Y/, 1Y\ 2 / ’YI, '7” det /7,}///
L) (75,016,6 ) = ) ) -0
We make algebraic transformations:
det (+/,7"))* det (+/,7"
f)/é/det (f}//’ fy”) _ 71( (82 )) :det <f}//, 7//) f)é/ _ fyi (82 )

v () + (%)) — 7 (Vi = )

=det (7/,7")

82
2 2 2
—det (71" 73 (1) + 75 () 8; Vs ()™ + 710
s (%) + Yt

=det (7/,7") =
_shdet (7,7) (.7)

52
Then
A—3 3\ — 1 Y det (v,7") (+',7")
/\2—/dt I —/dt I m )\2 1 2 ) )
Ty 20t (1 08) + gy det (V%) + (V1) i
L ’on
_2>\72<%7>§et(%7)=0,
N o= det (v 0)) + s det (7
3(1_>\)fy2 e (’%7—1—)—{—3(1—)\)% ¢ (7,7_)
/ /] U~
s
A3 A1
N " A det (.~ T o 2 det (v,
ST et (V) + gy adet (147)
ydet (7, 7") (v, 7"
+72 e (7a'72/)<'777>()\_1)2:0,
s

/d t / 1 / 1
N (A= 3) 7 det (7, 7) + (37 — 1) 7y det (v, 7") = 2224 o SZ VO 1,
We cancel out by 74 # 0 :

3det (+,4") (7, 7")
82

A2 (A =3)det (v, 7)) + (BX — 1) det (7/,7") = (A—1)%.

This proves identity (4.4)) and completes the proof of the theorem.
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5. COROLLARY FROM THEOREM

Corollary 5.1. Under the assumptions of Theorem identity 15 equivalent to the
identity
(N =3N) K, + (BA—1)K_ =0, (5.1)
where k' = k'(ty — 0) is the one-sided left curvature, k', = K'(ty + 0) is the one-sided right
curvature of the curve I' at the point x'% = (v1(to),72(to))-

Proof. In equation (4.4)) we collect the terms with like powers of the left marker and then we
regroup the terms:

3det (,y/7 ,.Y//) <,yl’ ,y//>

A2 (A —3)det (Y,7") + (3\ — 1) det (v,7") — (A=1) =0,

2
3d t ! 1 ! /!
)\2()\ 3 (det('y, g/_/) € (7732)<777 >)
" _ 3det (v,7") <7’,7”>) _0
52 ’

A2 (A —3) (det (v, 7¥) s* = 3det (v',7") (',7"))
+ (38X — 1) (det (v,7") s* = 3det (v,9") (,7")) = 0.

It remains to note the square brackets contain the numerators of the corresponding one-sided
derivatives of the curvature

(5.2)

det (fy fyl’) s —3det (v, ") (/,7")

K, = 3
We divide the left part of (5.2) by s° # 0 and we obtain (5.1)). O

We introduce algebraic equations, the real roots of which are mutual reciprocal.

Definition 5.1. For an arbitrary triple of real numbers a, b, ¢, two algebraic third order
equations with respect to z

az?(z=3)+b(Bz—1)+c(z—1)° =0,
b22 (2 —=3)+a(3z—1)+c(z—1)° =0,
are called adjoint equations.
Lemma 5.1. If A # 0 is a real root of the equation
az? (z=3)+b(Bz—1)+c(z—1)°=0, (5.3)
then the reciprocal ;. = X~1 is a root of the adjoint equation
b22 (2 —3)4+a(32—1)+c(z—1)°=0. (5.4)

Proof. By the assumption, A = u~! is the root of equation (5.3)):

ap”? (/fl — 3) +b (3/1’1 — 1) +c (;fl — 1)3 =0.
We transform this identity:

1-3 3— 1—u\®
a 'u—irb 'u—l—c( ,u) =0,
il

3 It
1-3 3u% — 1? 1—p)?
" M3u+buﬂsu N ( Mgu) _o,
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After dividing by —u™3 # 0 we get:
b(p?=3p°) +aBu—1)+c(p— 1)° = 0.
Thus, u = A~! solves equation (5.4)). O

Corollary 5.2. Under the assumptions of Theorem the right marker p = t|(to + 0) of
the pseudo-vertex satisfies the identity

3det (v,4") (7,7")
82

(i (= 3) det (v/,7") + (3 — 1) det (v, 7)) = (n—1)°. (5.5)
Proof. By Theorem the left marker \ = ¢, (t, — 0) satisfies the identity

_ 3 det (,Y/7 ’)//) <7/7 7//>
s2

A2 (N =3)det (v, 77) + (3X — 1) det (v, A—1)%.
+

In other words, it is a root of equation (5.3)) with the coefficients

3 d t / " / 7

a—det(v,0)) . b=det(v,y), o= —2SOLIDOLD
s

Since the one-sided markers are mutually reciprocal, see (3.7), here 4 = A=, then by Lemma

the right marker p is the root of adjoint equation ([5.4]). Hence, it satisfies identity (5.5). [

Corollary 5.3. Under the assumptions of Theorem the right marker p = t|(to + 0) of
the pseudo-vertex satisfies the identity

(1® = 3p*) K.+ (Bu—1) K, =0. (5.6)

Proof. By Corollary [5.2] the right marker x satisfies identity (5.5]). We note that identities
(4.4) and (5.5) imply one the other by the cyclic change of quantities A, 7', v by p, v,

"

7Y, respectively. Then, making algebraic transformations with (5.5)) similar to ones make in

Corollary with identity (4.4]), we obtain (5.6)). ]

Corollary 5.4. Under the assumptions of Theorem there exist strictly separated from
zero coefficients of the convex combination

a >0, 8 >0, a+p=1,
such that

3det (v ~" roon
o det (7/’71/) + Bdet (’Y/,’YT) _ € (’7732)<’7a7 >7 (5'7)

ak!, + BE. = 0. (5.8)

Proof. The coefficients can be found constructively. We consider identity (4.4]). According to
Newton binomial,

A=1)°2=X=32+30-1=X2\=-3)+(3\—1).
Since the left marker satisfies A < 0, then
A=1%<0, A\=3)<0, (Brx-1)<0.
We divide both sides of identity by (A —1)® < 0 and normalize in this way the coefficients

"

at the determinants det (7’ )Y +) and det (7’ vt ) :

A2 (A — 3)

_ 3det (v, 7") (7,97
(A-1)°

g2

det (7’ , 71’) + TNEEIE det (fy’, vﬁ')
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We then obtain expansion ((5.7) with convex strictly positive coefficients depending on the left
marker. Here
A2 (A —3) 3 -1
a=a(\) =———=->0, =B\ =—=>0, a+ =1 5.9
N =5 =50 =y 5 (5:9)
Identities (5.8)) are obtained by dividing both sides of identity (5.1)) by the same normaliz-
ing coefficient (A —1)® < 0. At that, the coefficients at one-sided curvatures coincide with
corresponding coefficients in ([5.9)).
Considering ((5.5)), we find its representation as convex combination depending on the right
marker . We divide both sides of this identity by the normalizing term

(=1 =p® =3p* +3u—1=p*(u—3)+(Bu—1).
Since the right marker satisfies p < 0, then
(n—1°%<0, p*(pu-3)<0, 3u—1<0.

We obtain:
3p—1 ;o W (=3) ;o 3det (,9") (,7")
———=det (7',7)) + ——=~det (v,7]) = . (5.10)
(,U _ 1)3 ( +) (,u . 1)3 ( ) 82
We denote 2( )
-~ - 3pu—1 ~ o~ W —3
a=ap) =——m7ym, B=p0) =7 (5.11)
(n—1)° (n—1)°

Here a > 0, 5 >0, a+ 3 = 1. Formula represents the main identity in Theorem by
means of convex coefficients depending on the right marker. By straightforward substitution
of u = A1 into formulae we confirm that a (u) = a (), 5(n) = B(N), that is, formula
coincides with . In the same way we find an identity with one-sided derivatives of
the curvature with the coefficients depending on x4 = A~!, which is equivalent to identity :

ak', + Bk = 0. (5.12)
The coefficients in (5.12)) are calculated by formulae (5.11)). O

6. APPENDIX

As an example, we consider Dirichlet problem ([2.1)) for the case, when the boundary set M
is enveloped by a parametrically defined curve

[={7(t) e R?: y(t) = (n(t),%2(t) , t €T},
where

Y1(t) = r(t) cost,yo(t) = r(t)sint,t € T = [0, 27],

s 3m b T
1.5 —0.5cos?2t —0.1cos®2t, te [0, —> Ul—,— |U|—,27],
1) 7|1 1"
T 3 om 1w
1.5 —0.5cos?2t +0.4cos®2t, te |~ —|U|—,—]|.
cos + Cos 11 11
The boundary I' = OM of the boundary set is twice continuously differentiable and has
four points corresponding to the moments t = tq € 7°, T° = {%, ?jf, %“, %‘ , at which the
smoothness of the curvature is broken. These points are the pseudo-vertices of the boundary
set. By means of analytic calculations one can easily establish that they are non-stationary
in both coordinates, and the one-sided third derivatives at these points are finite and do not
coincide; here we have a discontinuity with a finite jump of the third order derivative of the

function of the polar radius r(¢). Thus, all assumptions of Theorem are satisfied. As an

r(t) =
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k(t)
2.5F

1.5F

0.5+

0
0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1: Graph of the curvature k(t) in the vicinity of the pseudo-vertex at ty = 7/4

0.9

0.8

0.7

0.6

0.50 ‘
0.4 0.6

8 1

Figure 2: Gluing of graphs of local diffeomorphisms to = t2(¢1) and
t1 = t1(t2) determining the pseudo-vertex of the curve I' = OM as to = 7 /4

illustration, on figure (1| we show that graph of the curvature k(t) in the vicinity of one of
the pseudo-vertices as to = 7/4. For this point v|(ty) = —1/v2 # 0, v4(te) = 1/v/2 # 0,
the curvature is continuous and its value reads as k(typ) = 3. At this point the curvature is
a non-smooth function, the one-sided derivatives of the curvature are given by the identities
E'(to —0) = 4.8, k'(ty + 0) = —19.2.

We mention that it is quite complicated to find exactly local diffeomorphisms determining
the pseudo-vertices. We find them by numerical-analytic methods; their description is given,
for instance, in [I5]. The graphs of mutually inverse local diffeomorphisms to = t5(;) and
t1 = t1(t2) determining the pseudo-vertex at ty = /4 are provided on Figure [2|
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Figure 3: The boundary T of the boundary set, singular set L and level lines
® of the minimax solution u(x); the pseudo-vertices of the set are graphically
indicated by circles of a small radius.

It is important to stress that in order to construct the branches of the singular set, at each
pseudo-vertex we need to find the value of at least one of two one-sided markers. Here we employ
equation for finding the left marker. For instance, at the pseudo-vertex corresponding to
to = /4, under known values of one-sided derivatives of the curvature, equation becomes

—19.2 (A = 3X*) +4.8(3A — 1) =0,

and after a simplification,
A% —3X\%* = 0.751 + 0.25 = 0.

An array of roots of the equations found by approximate methods reads as
A = {~0.4028,0.19339, 3.20942}.
The value of the left marker of the pseudo-vertex is equal to the negative root, here
A~ —0.4028.

From the geometrical point of view, the left marker is equal to the tangent of slope of the graph
ty = to(t1) with respect to the positive direction of the axis ¢;. Respectively, the right marker
= % ~ —2.4826 is the tangent of slope of the graph ¢; = t(t3) with respect to the positive
direction of the axis t5.

Then, knowing the markers and corresponding local diffeomorphisms for each vertex, we con-
struct the branches of the singular set by solving system of equations . Another approach
for constructing the branches of the singular set is related with integrating ordinary differential
equations, the boundary conditions for which are determined by the markers of the pseudo-
vertices, while the dynamics is determined by the local diffeomorphisms, see [15]. On Figure
we show the branches of the singular set and the level lines map of the minimax solution of
problem found by approximate methods. On Figure 4 we provide an approximation of
the graph of the minimax solution, which, we observe, has a gradient catastrophe at the points
of the singular set.
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Figure 4: Graph of the minimax solution u(x)
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