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GREEN FUNCTION FOR ANALOGUE OF ROBIN PROBLEM
FOR POLYHARMONIC EQUATION

B.Kh. TURMETOV

Abstract. We propose a method of constructing the Green function for some boundary
value problems for a polyharmonic equation in a multi-dimensional unit ball. The con-
sidered problem are analogues of the Robin problem for an inhomogeneous polyharmonic
equation. For studying the solvability of these problems in the class of smooth in a ball
functions, we first provide the properties of integral-differential operators. Then, employing
these properties, the considered problems are reduced to an equivalent Dirichlet problem
with a special right hand side. Using then known statements on the Dirichlet problem,
for the main problems we prove the unique solvability theorems. We also obtain integral
representations for solutions of these problems via the solutions of the Dirichlet problem.
Employing the explicit form of the Green function, we find an integral representation of the
Dirichlet problem with a special right hand side. The obtained integral representation then
is used to construct the Green function for analogues of Robin problems. We also provide
an approach for constructing the Green function for other main problems. In order to do
this, we study the differential properties of the fundamental solution of the polyharmonic
operator. The obtained properties of the fundamental solutions are applied for studying
the properties of the Green function for the Dirichlet problem. We construct the repre-
sentations of the Green function for analogues of the Robin problem. While finding the
Green functions for these problems, we employ essentially the form of the Green function
for the Dirichlet problem for the polyhgarmonic equation. Namely, the Green function of
these problems is represented as the sum of the Green function for the Dirichlet problem
and some integral term. The obtained results are in agreement with the known results for
the Laplace operator.

Keywords: polyharmonic equation, boundary value problem, Dirichlet problem, analogue
of Robin problem, Green function, integral representation.
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1. INTRODUCTION

Let @ = {z € R": |z| < 1} be an n-dimensional unit ball, n > 2, 0Q = {z € R" : |z| = 1}
be a unit sphere, v be an outward normal to 9€2. The Dirichlet problem for an inhomogeneous
polyharmonic equation
oFv(z)

(—A)"(z) = F(x), x €, Sk

=0, xe€0, E=0,1,...m—1, m>1,
(1)
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in the domain € is a classical and well-studied problem.
If the function F'(x) is smooth, then problem is uniquely solvable and is represented by
means of the Green function:

v(z) = | Gpm(z,y)F(y)dy. (2)
/

The Green function for the Dirichlet problem was constructed explicitly in various ways in
works [I]-[5]. For instance, it was shown in [I] that the function Gp,,(z,y) reads as

9(z,y)

Gpm (2,y) = K nlz — y|2m_" / (t2 — l)m_ltl_"dt, (3)

where

1 7T.n/2

(- D)Pne,” T (1 5)

g(z,y) = x|yl — x|

mn =

yl
It is easy to obtain the following representation for the coefficient K,, ,, see, for instance, [6]:
1
Km,n = D) 5 (4)
4m=1((m — 1)) w,

where w, = 272 /T'(n/2) is the area of the unit sphere.
In the case m = 1, that is, for the Poisson equation, apart of the Dirichlet problem, the

Robin problem is also classical and well-studied:

Ju(x)
ov
where 0 < a is a real number. The Green function for this problem was explicitly found in
works [7]-[9].

Let

—Au(z) = f(z), x€Q,

+au(zx) =0, z€dQ,

0 a 0
r=lz|, TE:ija—xj.

We consider the operators
k
Fa:(r§+a> ng):(rg—l—a) =TI, ...- Ty, k>2.
r

The properties and applications of the operators like ng)

were studied in [10], [11].
In the present work we provide a method for constructing the Green function for the following
analogue of the Robin problem:

in the class of harmonic functions

(—A)"u(x) = f(x), z €9, TWu)(z) =0, z€dQ, k=1,2...,m. (5)

a

A solution to this problem is a function u(z) € C?™(2) N C™(Q) satisfying the conditions of
problem in a classical sense.
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2.  AUXILIARY STATEMENTS

In this section we provide some properties of the solutions of Dirichlet problem , present
a method of reducing problem to an auxiliary Dirichlet problem, and prove the unique

solvability of this problem.
1
= /salu(sx)ds
0

We consider an operator
Lemma 1. Ifa > 0 and u(z) is a smooth function in the domain Q, then the identities

Lo [T [ul] (2) = T [Lafu]] (2) = u(2) (6)

a a

The following lemma is true [10], [12].

hold for each x € Q.

Lemma 2. Let f € C*1(Q), 0 < A < 1. Then problem 15 uniquely solvable and is
represented as

u(z) = /s“_lv(sx)ds =T v](2), (7)
where v(x) is the solution to Dirichlet problem with the function
F(zx) = (r% +2m + a) f(x).

Proof. Suppose that u(z) is a solution to problem . We apply the operator I, to this function
and we denote I';[u|(z) = v(x). Let us find conditions for the function v(x). Since

5= e (Z 5o ) ~ (rgr +2) Auto) = Talal (o)

we get

(~8)"0(a) = (rgp + 0+ 2m) (-8)"ule) = Tansalf1(0) = F(o),

Therefore,

Then

On the other hand,

G£+02m

o0
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2 2
9 v(z) + (2a + 1)a v(@) + a*v(w)|,, = Gy :
o2 \sn o[ 70 P o0 o2 a0
Then
0?v(x)
=0.
w2 hq
In the same way we show that for each k = 3,4, ..., m — 1 the identities hold:
ak
v(x) _o
L7 PP

Hence, for the function v(z) = I'y[u](z) we obtain Dirichlet problem with the function
F(2) = Dopmyalfl(z). If f(2) € C*M(Q), then F(z) € C*(Q), and solution to problem (]) exists,
is unique and can be represented as .

Then by identity @ we find

1

u(r) = /s“_lv(sx) ds,
0
and representation holds true.
Let a function v(z) solves problem (1) with the function F(x) = [ypiaf](z). We are going
to show that the function u(z) = I';![v](x) satisfies all conditions of problem (f]). Indeed, since

a

(AT, pl(e) = [ s F(sa)ds =T [Flia), (@) = Lol fl(e),

by identity @ we get
(—=A)"u(x) = (=A)"T; [o](2) = TompalC2msal fl1(2) = f(2).

a—1

In the integral f s*tu(sx)ds we make the change of the variables sr = & Then u(z) is

= [ e h(En)ds, 0=
0/ 2

represented as

This yields

2

L ()] = ( i

U(ﬂ«")

3

r

)
/5“ Yo (€0)ds + v(z) + ar“/falv(fﬁ)ds = v(2)]yq =0,
0

ov()

aﬂ ov

3
PP u](2)],, = < + av(z)|yg = 0.
o9

Since for each k = 3,4,...,m the identities hold [13]

Q%+OZ@ :G7+Qm%®m

k—1 . — 9 j
> O r ) vl

Jj=

oN

|
Q
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where d; ; are some constants, boundary conditions in problem are also satisfied. O]

Lemma 3. Let the function F(z) read as

F(z) = (r% ta+t Qm) f(2).

Then solution of Dirichlet problem 15 represented as
0
v(x) = [ (2m+a—n— ’ap Gpm(z,y)f(y)dy. (8)
Q

Proof. We consider the function

0 .
Ij = /GD,m(x,y)yj—f(y)d?/a j=12....n.

Employing the approach of [I4], we integrate by parts in I; taking into consideration the

property of the Green function Gp ,(z, y)\ly‘:1 =0 and we get

I Z/ijD,m(fv,y)a%f(y)dyz /ijD,m(xay)f(y)COS(V/y\yj)dSy

Q o0

0 0
/ayj [WiGpm(z,y)] f(y)dy /( +ygayj> pm(®,y) f(y)dy
Q Q
Here v,y; is an angle between v, and y;. Then

/GD,m(:r,y)pa%f(y)dy z/GD,m(x,y)Zyja%f(y)dy

Q 7=l

Q
= — /Z % [’yJGD,m(xvy)]f(y)dy
o J=1 %

__ Q/ (n N pg%) G 9) F )y

Hence, the identity holds:
0 0
[ Gomta) (2m+at o)ty = [ (2m+a=n—p5-) Gomlo.n) Wiy
Q Q

This completes the proof. O
Corollary 1. Let f(z) € CMY(Q). Then problem is uniquely solvable and the solution
can be represented as

1

wo)= [ | [t (a2m—n=p ) Gomlsra| iy )

Q 0
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3. CONSTRUCTION OF GREEN FUNCTION

In this section we construct the Green function for the main problem. We denote
0 - 0
Pé—p = ]Z Yin—-
We begin with some auxiliary statements.

Lemma 4. The function

1

satisfies the identity

|z — y|2mfn(92(l_,y) . 1)m_1g27”(:&,y) _ (I—[=)" A=y

n—2

alyl -

Proof. Since
2
]x|y| = 2l oy = (1= 1) (1= ),

the definition of g(z,y) yields

(L= f)™ (1 = [y
|z —ylm?

m-—n m—1 _2-n m—n
lz =y (P, y) — 1) P (@, y) =[z — y)?

n— m—1 m—
o=y (A=) (= )

n—2 n—2
2lyl - | 2lyl - |

Lemma 5. The identities hold:

8 d 2m— 2m—
. e _ m—n __ ) _ _ m—n
(pap + sds) sz — y] (2m — n)|sz —y|[*" ",

0 d s2|x|2|y]2 -1
<p—ap + 85) g(sz,y) = g(sz,y) —————

sely| - &

The proof is complete.

83

(11)

(12)

Proof. Applying successively the operators pa% and 3% to the function |sz — y[*™™", we get

0 d n m—1)—n
(pa_erSE) sz — y[*" " =(2m —n)|sz — y Iy - s(x,y)
+ (2m —n)|sz — y|*" D" ($Pa]? = s(x,y))

=(2m — n)|sz —

y|2mfn |y|2 _ S(I7y) + 82|$|2 _ S(C(],y)

sz — y|?

=(2m — n)|sz — y|*™ "

This proves identity .
We have

2+8i (sz,y) =|sz —y| ™" - g+si
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Yy 0 d -1
+ [saly] o] <p8p+8ds> (Isz =y ™)
2(,121,,12
:|S$—y|71-28 |$| ‘yl S(l’,y)
_ Y
3x|y| o]
Yy _
— |szly| — Tol sz —y| 7% (ly|* = s(z,y) + |s%y|* — s(z,y))
_ Y
B S e %) B Al
|S$ - y| ‘sx‘yl — |Z—‘ |SI - y|
szlyl — o
sz — y|

25| *ly[* — 2s(x, y) *|zPly)* — 1

—1| = g(sz,y)

2
Y

2
Y Y
[yl

vl

}sxly! -

st

This proves identity .
Lemma 6. The identity holds

0 d
(pg—p + 3£> Gpm(sz,y) =(2m —n)Gpm(sz,y)

1 — 2|z12yl2
K1 = a2y (1 — Jyymt L

Y
|yl

sTly| —
where K, , is defined by identity .

Proof. Employing the representation for the function Gp ,,,(x,y), we obtain
g(sz,y)
GD,m<SSU7 y) :Km,n / (tQ —1
1

0

m—1
Pa—p )

0
tl_ndtpa—p|81’ o y|2m—n

m—n m— —n a
+ Knlsz =y (g" = )" g" "o g s, y).
I
In the same way,

d m—1,1_ d _
2 1 1-n . |2m—n
stGDm(sx,y) =Knn / (t )t dtst]sx Y|

1

m—n m— —n d
+ Kpplsz —y[" " (g> = 1) g s=9(s2,9).

Hence,

g(sz,y)

0 d _ 2 m—=1,1_n 9 d 2m—n
(Pa—erS%)GD,m(S%y)—Km,n JRGE dt(pap+sds)|sx y

d

(13)

0
Kmn o 2m—ng 2 1 m—1_1-n I - ]
+ Koplsz —y[™ " (9" = 1)" g (pap + sd5> g(s,y)
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Employing identities , and , we finally obtain

9(sz,y)

0 d m—
<p— + s—) Gpm(52,y) =Kpmn(2m —n)|sz — y[*™" / (t* —1) Yt
dp  ds ’ ’
m—n m—1_1-n 82|J]|2|y|2 —1
+ Kmlsz —y[" " (9" = 1)™ 19" "g(s2, y)—g
sxly| — |y\
:(2m - n)GD,m<Sx7y)
1 — s222y2
_ Km,n(l _ 52‘x|2)m71(1 _ |y|2)m71 S |JI| |y| )
szlyl - &
The proof is complete. O

We proceed to a main statement on the Green function for problem .

Theorem 1. Leta > 0,0 < A < 1 and f € C*(Q). Then the solution of problem can
be represented as

ule) = [ Gulw) 1wy (1)
Q
where the Green function G,(x,y) reads as
1
1—32x (] — $2r
Ga(2,y) = Gpm(,y) + Kmn(l = [y)™” 1/5 =™ ( n| Plyl” ) gs. (15)
/ [salyl - &

Proof. Since f € C*1(Q), by Lemma 2, problem is uniquely solvable and the solution is
given by , where v(z) is the solution of Dirichlet problem with the function

F(z) = (r% +2m + a) f(a).

By Corollary 1, the solution of problem can be represented as @, that is,
1

o) = [ | [t (o 2m =03 ) Gomloran| iy

Q 0

We denote )

Go(z,y) = /8“_1 (a +2m—n— paip) Gpm(sz,y)ds. (16)

0
Let us study the function

By identity (13]) we have
0 d
(s2m-n-02) Gt~ (2 0) G
dp ’ ds ’
1— )" (1 — sz ly|?)

i (
+ Km,n<1 - ‘yP) ! Y
salyl - 4
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On the other hand,

1 1

d d
/Sa_l (S@ + (l) GD,m(Sx7y)dS = / ds [S GD m(sx y)] ds = GD m(x y)
0

This implies identity for the function G,(z,y) and representation for the solution of
problem . O

Corollary 2. As m =1, the Green function of the Robin problem for the Poisson equation
can be represented as

1
1 1 — s?|z|?|y|?
Ga(x7y) :GD,I(xay)—l—_/sa_lMds-

Wn
0

5$|y| o]

In the case n = 2, this corollary was obtained in work [7], while the case n > 2 was resolved
in [8].

We proceed to a generalization of problem . Let aj, j = 1,2,...,m, be positive real
numbers. We introduce the notations

e =TI, -I,,...T

a1,a2,...,a¢

(> 1.

agps

-~

¢

In the same way as above we can study the following problem.
m k
(—A)"u(x) = f(x), =€, Ffll?%._’ak [ul(x) =0, =z € 09Q, E=1,2,...,m. (17)

We give a main statement on problem ((17)) with the proof.

Theorem 2. Leta; >0, j=1,2,...,m, 0 < A < 1 and f € C*Y(Q). Then problem
18 uniquely solvable and the solution can be represented as

/Gal x y dy7

where the Green function G, (z,y) reads as
1
m 1—82[E2m_11—32x2 2
Gy (2,9) = Gpn(@,y) + Kn(1 — [y]?) 1/ w1t (L= )™ (4 = PPy
0 ‘81’|y| |y‘
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