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ON CLASS OF INTEGRAL EQUATIONS WITH
PARTIAL INTEGRALS AND ITS APPLICATIONS

L.B. MIRONOVA

Abstract. We prove the existence and uniqueness of the solution to one class of systems
of integral equations with partial integrals. Equations with partial integrals are equations
containing an unknown function in the integrands of integrals of different dimension. The
feature of the considered class of integral equations is that the equations involve integrals
with both variables and constant upper integration limits. We first prove the unique solv-
ability theorem for integral equations in the three-dimensional space. A similar statement
is proved for equations with arbitrary many independent variables. Some applications of
the obtained result are provided. For a hyperbolic system with dominant derivatives of the
second order with three independent variables, we prove the existence and uniqueness of
the solution of the main characteristic problem. The main characteristic problem for the
system of equations with higher derivatives of the second order can be considered as an
analogue of the Goursat problem for a hyperbolic system with no multiple characteristics.
The solution of this problem is constructed explicitly in terms of the Riemann matrix. The
Riemann matrix is defined as the solution of a system of Volterra integral equations. The
problem with boundary conditions on five sides of the characteristic parallelepiped for this
system of equations with higher derivatives of the second order is formulated. By reducing
the problem to a system of equations with partial integrals and basing on our results, we
prove the existence and uniqueness of the solution to this problem.

Keywords: integral equation with partial integrals, problem with conditions on the char-
acteristics.

Mathematics Subject Classification: 45A05, 45F05, 35L51

1. INTRODUCTION

In the present work we consider a class of integral equations with partial integrals, that is,
the equations involving integrals of various multiplicities for an unknown function of many
variables [1]-[3]. We obtain conditions ensuring unique solvability of some systems of integral
equations and the author found information on this issue in the literature. These conditions
are applied to solving one problem for a system of partial differential equations with boundary
conditions on the characteristics.

The study of boundary value problems for hyperbolic systems is of a significant theoretical
interest. Various aspects of the theory of the mentioned systems were studied by many authors
[4]-[11]. In the present paper we give some developing of the results in work [12], in which there
was proposed a version of Riemann method for a system of differential equation with multiple
characteristics and in terms of the Riemann matrix solutions for Cauchy and Goursat problem
were constructed. We also develop the results of works [13]-[14], in which the Riemann method
was applied for studying problems for one system of equations with two independent variables
and multiple characteristics.
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2. UNIQUE SOLVABILITY OF ONE CLASS OF SYSTEM OF INTEGRAL EQUATIONS

It was shown in work [15] that an integral Volterra equation with partial integrals with
continuous kernels and with a free term

w(x,y,z)—/Kl(x,y,z,a)w(a,y,z)da

o

- /Kg(x,y,z,ﬁ)w(x,ﬁ,z) dﬁ

—/Ks(x,y,z,v)w(w,y,v) dy

20

_//K4(x,y,z,a,ﬁ)w(a,ﬁ,z)dﬁdOz (1)

o Yo

—//K5($7y;2’7(¥,7)w(0%y,7)d’YdO‘

Zo 20

—//KG(.T,y,Z,B,’Y)ZU(.T,B,’Y>d’}/dﬁ

Yo =0

_ / / / Ko(z,y, 2 0, B,y )w(a, B,7) dy df da = Flz, y, =),

o Yo =0

as well as its n-dimensional analogue have a unique solution in the class of continuous functions.
More precisely, the following theorem holds.

Theorem 1. The equation

'U)(.I'l, § § / / q1.---9k xl?"wxn’aqm"'u&qk)

k=1 Qk,n0 (2)

-w(a:l, s T 1 Qg Tyt 1s - s L1y Qlgpes Taptly - - - 5 Tn)

cdog, ... dag, = F(zq,...,1,),

Qk,n:{(qlaa(ﬂc)‘1<q1<<Qk<n}7

where x¥ < x; <z}, i = 1,n, q,...,q are natural numbers, Ky o, (@1, @) € Qrom,
k= 1,n, F' are continuous functions in corresponding closed parallelepipeds possesses a unique
continuous solution w(xy,...,x,) in the parallelepiped
0 .1 0 .1
Q= [‘Thxl] X X [xn’xn]

Here we propose a generalization of this result for a wider class of integral equations.
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1. Three-dimensional equation. We consider the equation

$ Y, % /K133 y,ZOz) (Oé Y,z d&_/K2$ Y, <, ﬂ) ( ,6,Z)dﬁ

/Kga:y,zw (2,y,7) dy — //Ku:cy,za,m (0, 8,2) dB da

Zo Yo

—//Ku,(x,y,z,a,’y)w(a,%z) dry dox

o 20

Yy 1
—//K21(.CU,y,Z,O&,ﬁ)W(O{,ﬁ,Z)dadﬁ

Yo To

Yy z
—//K23(£C,y,Z,ﬁ,’}/)UJ(ﬁ,’}/,Z)d’Ydﬁ

®)
—//K31(1773/72;0577)w(047%7) dOéd’)/

zZ0 X0

zZ Y
_//K32(x,y,z,6,7)w(x,5,7)dﬁdV

20 Yo
T Y1 z1
_///K123(x7y7Z7a7577)w(a7ﬁav>d’7d6da
o Yo =0
Yy x1 21
—///K213(x7?/727Oé;ﬂﬁ)“’(%ﬁﬁ)dVdadﬁ
Yo To =0
zZ X1 Y1
- ///K312($7?/72704;577)10(047577) dﬁdadW - F(x7y7 Z)7
20 TOo Yo
where (z,y,2) € D = [vo,z1] X [yo,y1] X [20,21), o < @1, Yo < Y1, 20 < 21, W =
colon(w?, ..., w™), F = colon(f!,..., f™), K, are matrix-valued function of dimension m x m

and w is the set of indices. The coefficients and the right hand side in equation (3|) are supposed
to be continuous in corresponding closed parallelepipeds. We write equation (3)) shortly as
w — Bw = F. (4)

Without loss of generality we can assume that xqg = yg = 2o = 0.
For the matrices A = (a;;), where the functions a;; are defined on a bounded closed set D,
we shall employ the norm [16]

|A|l = m?xz max ;).
j

Suppose that the estimates hold:
rty+z<s in D,
L+ K <M, 1T+ [[Kef <M, 1+ |Ks] <M,
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Y1 Z1

14+ /Klgdﬁ <M7 1+ /Klgd’)/ <M,
0 0
x1 Z1

1+ /Kgldoz < M, 1+ /Kggd’y <M,
0 0
Tl Y1

1+ /KgldOé < M, 1+ /Kggdﬂ < M,
0
Y1 21 z1 z1

Ve | [ [ ras]| <o 14| [ [ Rsraal <o
0 O 0 0
r1 Y1

1+ //Kgmdﬁda < M.
0 O

Let us prove that the operator B is continuous on the set of continuous vector functions defined
on D. Let w; and wsy be continuous vector functions defined on the set. It is obvious that

|Bwy — Bws|| < 12mM (x + y + 2)||wy — wal| < 12mM s||w; — ws||.

It is clear that for each € > 0 there exists 0 = ¢/(12mM s) such that the inequality ||w; —ws| < ¢
implies ||Bw; — Bws|| < e. This proves the continuity of the operator B.
Let us show that some power of the operator B is a contracting mapping. We have:

2
S
| B?w; — B*ws|| <(12mM)2§Hw1 — ws|,

k
| B*w, — B ws|| <(12mM)k%Hw1 —ws.
It is clear that
(12mMs)*
k!
for some k. This is why B* is a contracting mapping for some k.
If B is a continuous mapping of a complete metric space into itself such that some power of

this mapping is contracting, the equation
w— Bw=0

is uniquely solvable [I7]; in our case this solution is zero. But then linear equation possesses
a unique solution in the class of continuous vector functions [I§].

2. General case. The above arguing are generalized for a n-dimensional space (x1, ..., x,).
We consider the equation

U)(.Tl,..., E /§ E / /Kkth -q $1>" y Ly Ogys o - Oéql,Cqu)

=0 Ql 7L£B0 (5)

<1

: W(l’l, s axn)lxk:aklquzaql s |qu:aql

~day, ... dogday = F(xy, ..., x,),

Qln={la,....a) | 1< <...<q<n,
qiE{l,...,k—l,k—l—l,...,n},1 i <1}
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Here (z1,...,2,) €  (we recall that the set 2 was defined in the formulation of Theorem 1),
) <l 20 <zl w=colon(w!,...,w™), F =colon(f!,..., f™), K, are matrix functions
of dimension m x m. The coefficients and right hand side in equation are continuous in
corresponding closed domain. In an operator for, equation (j5)) reads as

w — B,w = F. (6)

Without loss of generality we can assume that 29 = 0, i = 1, 7.
The norm of a matrix A = (a;;), where the functions a,; are defined on €, is determined by
the relation

|A|l = m?XZ max ;]
J
Assume that the estimates hold:

n
in<s, (x1,...,2,) €Q,
i=1

1+HKJH<M7 1<]<7’L,

1 1
.Z’ql wa

1+ / ~-/qu1mqldoqu cdog || < M for all £ and (q1,...,q).
o 0

Let us prove that the operator B,, is continuous. Let w; and wy be continuous vector functions
defined on 2. Then

| Bpwy — Buws|| < n2" 'mM (21 4 - - - + 2,)||w1 — ws|| < n2" 'mMs||w; — ws|. (7)

It is obvious that implies the continuity of the operator B,.
We have

2
_ S
1Bwy — Brws|| <(n2" 1WW)lelwl — wall,

k
_ S
| Biwy — Blws| <(n2" 1mM)kgHw1 — wall,

It is clear that
(n2"tmMs)k
k!
for some k and BF is a contracting mapping for some k. Hence, linear equation @ possesses

the only solution in the class of continuous vector functions and the following theorem holds
true.

<1

Theorem 2. If in equation @ all coefficients K, and the right hand side F' are continuous
in corresponding closed parallelepipeds, then in the parallelepiped Q = [29, 23] x -+ x [22, z1]

there exist a unique continuous solution w(xy,...,x,) to this equation.

Systems of Volterra type , where w, I are vectors, K, , are matrices, are a particular
case of system

We mention separately that once we deal with an equation or a system of equations of
Volterra type, its solution has the same smoothness as the kernel(s) and the right hand(s) in
the equation(s) [19].
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3. UNIQUE SOLVABILITY OF BOUNDARY VALUE PROBLEMS
FOR SYSTEMS OF HYPERBOLIC EQUATIONS

We provide an application of Theorem 2.

1. Construction of solution for main characteristic problem for a system in the
three-dimensional space by the Riemann method. We consider a system of differential
equations:

(Upe =a1(x,y, 2)U, + b1 (2, y, 2)w, + c1(x,y, 2)u

+ dl(xaya Z)U + 61(*1'7 Y, Z)U) + fl(xa Y, Z)a
Vyy =02(T, Y, 2)uy + ba(x,y, 2)w, + ca(x, y, 2)u
+ d2(x7y> Z)U + 62(377 Y, Z)U) + f2($7 Y, 2)7

Wy, :a3($7 Y, Z)U’z + 63(x7 Y, Z)Uz + 03(:E7 Y, Z)U'

\ +ds(z,y, 2)v+ e3(x,y, 2)w + f3(x,y, 2).
We assume that in the closure of the considered domain D in the space (z,y,z), we have
a;, b € C?, ¢, di, e;, f; € Ct, i = 1,3. A solution of in the class u, v, w € C*(D),
Ugy, Vyy, W, € C(D) is called regular in D.

System arises as a reduction of a system with higher derivatives

(U, =01 (7, Y, 2)uy + 01 (2, y, 2)v; + (2, y, 2)wy + di (2, y, 2)u’
+ei(z,y, 2)v" + fi(z,y, 2)w" + gi(z,y, 2),
vy, =a5(2, Y, 2)u, + by (2, y, 2)v, + ¢ (x,y, 2)w, + d5(z, y, 2)u”
+es(x,y, 20" + f3(z,y, 2)w” + g5(z,y, 2),
wz, =a3(x,y, 2)u; + b3(z, y, 2)v; + (@, y, 2)w + ds(@,y, 2)u’
x +es(@,y, 20" + fi(z,y, 2)w" + g5(z,y, 2)
by the substitutions

T Y
1 1
u* = exp (5 /a’{(a,y,z) da) u, v* = exp <§/b§(x,ﬁ,z) dﬁ)v,

o Yo

* 1 [ *
w* = exp (é/cg(x,y,v) dv)w.

20

Let us formulate a main characteristic problem playing the same role in the theory of system
as the Goursat problem [5] does in the theory of the hyperbolic system

uy =ay(x,y)u + by(x,y)v,
Lo —erforgyo s oo
Main characteristic problem. Let
G=A{ro<z<x,yo<y<ur, 20 <2<z}

We denote by X, Y, Z the sides of G as x = x¢, y = yo, 2 = 29, respectively. We need to find
a regular in domain G solution to system satisfying the conditions

u(ro,y,2) = p1(y,2),  v(@,y0,2) = palx, 2),

w(z,y, 20) = e3(x, ),

(z0,y,2) = 1y, 2), (9)
($, Yo, Z) = ¢2(1’, Z)?

(z,y,20) = V3(z,y),

~—~

Uy — A1V — bjw

~— ~— ~—

(
(vy — agu — bow
(

w, — asu — bsv
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¥1, wl S 01(7>7 P2, 7?2 € Cl(?)a ©3, ¢3 € Cl<7)
The main characteristic problem is uniquely solvable. Indeed, we rewrite as
(U, = U1 + a1v + byw,
Uy = e+ (di — arg)v + (e — bi)w + fi,
) vy = agu + vy + bow,
v1y = (c2 — agy)u + dav + (e2 — bay)w + fo,
w, = azu + bsv + wy,

\wlz = (Cg — Cbgz)u + (dg — ng)U + e3w + f3.

(10)

We denote

dip = di — a1, e = €1 — big, Cop = C2 — Ay,

€20 = €2 — bzy, C30 = C3 — (3, d3g = d3 — b3..

System with conditions @D is reduced to the system of integral equations
( x

U(l’,y, Z) = Qol(y’ Z) + /(ul + a1v + blw)(aa Y, Z>da7

o
x

ui(z,y,2) = Y1(y, 2) + /(Clu + diov + erow + f1)(a, y, 2)da,

z0
]

v(z,y,2) = oz, 2) + /(vl + agu + byw)(x, B, 2)dp,

Yo , (11)

vi(,y, 2) = Yale, 2) + / (caott + dav + esgw + fo) (B, )8,

Yo
z

w(z,y,2) = e3(x,y) + /(w1 + asu + b3v)(x,y,v)dy,

20
z

wl([L',y,Z) = ¢3($,y) + /(C3OU + d3OU + esw + fg)(llf,y,’)/)d’}/

\ 20

It is obvious that solution to exists and unique in the class of continuous functions.
It is clear that is equivalent to main characteristic problem , @D Hence, the following

theorem holds.

Theorem 3. If in the closure of the domain G we have a;, by € C?, ¢;, dy, e, fi € C*,
1 = 1,3, then main characteristic problem (@, (@ 15 uniquely solvable.

We are going to construct the solution to the main characteristic problem in terms of the
Riemann problem. We rewrite in a matrix form:

L(U)=F, LU)=AU,+A,U,+A;U, - BU,

U = colon(u, uy, v, vy, w, w),

(12)
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100000 000000
010000 000000
000000 001000

Ar=14g0000 0| Ar=1090010 0|
000000 000000
000000 000000
000000 0 1 a; 0 b 0
000000 c1 0 dip 0 e O

1000000 Cla 00 1 by 0O

A3_000000’ B_CQOOdzoegoo’
000010 az 0 b3 0 0 1
000 O0O0°1 6300d300630

F = colon(0, f1,0, f2,0, f3).
We introduce the Riemann matrix R = colon(R1, Ry, R3, Ry, R5, Rg), where

Ri(xay727€77]7 C) = (7“11,7”1'2,7“1‘3,7’@'4,7”2'577%6), 1= R,
are solutions to the systems
( xT
ri (T, Yy, 2) =0 — /(617”2'2 + agriz + coomia + azris + csoris) (v, v, 2)doy,
3

xT

7“1‘2(%?/, Z) =00 — /rﬂ(aayvz)dav

£
Yy

ris(2,y, 2) =0i3 — /(Gﬂ“il + dioria + dotig + bsris + dsorie) (z, B, 2)dp,

n
Y

Tia(T, Y, 2) =044 — /ri3<$7ﬁaz)d57

n

(13)

ris(z,y, 2) =05 — /(517’1‘1 + eqoTia + bariz + eaoria + esrie) (z,y, v)d,
¢

Tiﬁ(xa Y, Z) :5i6 - /Ti5<m7 Y, ’Y)dVa
¢
\

0;; is the Kronecker delta. For each ¢, systems are uniquely solvable in the class of contin-
uous functions. With respect to the first triple of independent variables (x,y, z), the matrix R
solves the adjoint to (12]) system

L*(V) =0, L*(V) = —-(VA,), — (VAy), — (VA;), — VB.
The identity holds:

RL(U) = (RA,U), + (RA,U), + (RA;U)., (14)

which can be checked straightforwardly.
Let us find U(¢,n,() as (§,71,() € G. The first line in gives

riof1 + Tafo + ri6fs = (riu 4 rigug). + (risv + T1401)y + (risw + r6wy) (15)
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where r; = (2,9, 2,£,1, (), other functions depend on (z,y,2). We integrate over the
domain Gy ={zg <z <&y <y<mn, 20 < z<(}:

n ¢ n ¢
//(7“11’&+T12U1)(§,5,%f,777§)d’7d5 - —//(7’11U+7‘12U1)<$075;%fa777§)d7d5

Yo =0 Yo 20

£ ¢ £ ¢
+ //(7"131} +7’14U1)(04777a%5777a C)d7 dOé - //(rliﬂj +7al4vl)(057y077a€7777C)d’7 dCY
o 20 o 20 (16)

£ n & n
i / / (risw + rgwn) (@, B, C, €7, C)dB dov — / / (rist + rigws) (o B, 20, €., C)df da

o Yo o Yo

- / / / (raafs + r1afo + s f)(on B3, €0, C)dar dB .
G1

By
ru(&, 8,7, 6:m,¢) =1,
r12(&, 8,7, & m. ¢) =rs(a. 0,7, §,m,¢) = ruala, 1,7, £,1,6)
:7"15(047676767%0 = rlG(O‘aﬂ’ ¢,&m,¢) =0.
Thus, casts into the form

n <

Yo =0
with the function gi(&,7,¢) expressed via data in (9) and the entries of the matrix R. This
implies:
8291 (57 7, C)
u(é,n, ¢) = “ogoc

In the same way, the third and fifth lines in give rise to formulae obtained from (|16) via
replacing 7; by 73; and 755, respectively. Employing , we obtain

0%g2(&, 1, ¢) 0%g5(&,1,¢)
’U(gaTIaC) - Wa w(fﬂ?ao - Tana
where g2(&,7,¢) and g5(£,7, () are expressed via conditions (9) and the entries of the matrix

R.

2. Existence and uniqueness of solution to problem with conditins on five sides
of the characteristic rectangle. Various problem for a system with multiple characteristics
with two independent variables were considered in [14]. In the parallelepiped G = {zy < z <
T, Yo < Y < Y1, 20 < 2z < z1} we consider one problem with boundary conditions on five sides
X, Y, Z, Xy = {(mayaz”x =21,% <Y <Yz <z< Zl}7 Y, = {(:U,y,Z)]y =Y, To < T <
T, 20 < z < z1}. We note that in distinction to the below considered problem, to obtain the
solvability conditions for the problem in [14], Theorem 2 is not needed.

Problem 1. Find a regular in G solution to satisfying the conditions

u('r(b Y, Z) - Spl(yv Z)7 (ur — a1V — bﬂlj)(l’l, Y, Z) - Xl(y7 Z)7
U(may(]vz) :902(5552)7 (’Uy_a2u_b2w)(x>ylaz) :X2($7Z)7 (17)
U}(.’L‘, Y, ZO) - (,03(17,y)7 (wz — a3 — bgU)(ZL’, Y, ZO) = ¢3<l’,y),
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9011(y_,2) S Cl<7)7 X1<y72) S 01(71)7 902('%7 Z) € Cl<?)7 XZ(xa Z) S 01(71)7 903(1'7?!), w?)(xay) €
cY(Z2).

We shall need formulae for u, uy, v, v1, w, wy, obtained while solving the main characteristic
problem by the Riemann method; hereafter the differentiation of the entries in the Riemann
matrix in &, 1, ¢ means the differentiation with respect to the second triple of the independent
variables:

U(%i%z) = 7"11(130797 Z,T,Y, Z)“(‘r(hya Z) + T12($07?/7 Z,2,Y, Z)Ul(l’(), Y, Z)
Yy
+/(Tlln($075a27$7y72)u(x07572) +T12n(1’0,67z,l‘7y, z)ul(xmﬁaz))dﬂ

Yo
z

+/(T11(($an”7’x7ya Z)U(l'o,y,’j/) +T12<($0,y,7,$7y, 2)U1($07ya’7))d7

20

Yy z
+/\/(Tllnf(xm5777w7y72)u($0757’y) +T1277<(I'0,/6,’7,1',y, Z)U,l(ﬂfo,ﬂ,’}/))d')/dﬁ

Yo 20
T

+/(T13n(a7y0a27x7y7 Z)'U(aay()az) +T14n(a7y0727x7y7 Z)Ul(avy()yz))da

Zo

+//(T13nf(a7y0a’yvx>yv Z)U(O[,yo,’}/) ‘|‘7’14n§(047?/0,%$7?/a z)vl(a,yo,z))dvda

Zo 20
x

+/(rl5C(avya ZQ,.fE,y,Z)'LU(CY,y, ZO) +T16((a,y, 207337972)w1(0‘ay72'0))d0‘
(18)

Zo Yo

o
T Y
+/‘/(711577C(05757207x7y7 Z)U](CK,B,Z()) +T16n(<a7ﬁ7 Zo,m,y,Z)Uh(Oé,ﬂ, Zo>>d5d@

+ /7"12(0{, Y, z,2,Y, Z)f1<05, Y, Z>d04

Zo

—|—//(7’1277<Oé,ﬁ,Z,l’,y,2>f1(06,ﬁ,2)+7’1477<Oé,5,Z,x,y,z)fz(a,ﬁ,z)
Zo Yo

+ rien(, B, 2,2y, 2) f3(a, B, 2))dBda

+//(T12C(aaya7al‘7ya z)fl(aay7’7)+T14C(a/7ya’%x7yvZ)f?(a/7ya’7)
o0 20

+ 7"16(<a7 Y, 7, Y, Z)fg(a, Y, "Y))d")/dOé

T Yy z
+///(7’12774(04,ﬁ,v,x,y,Z)fl(Oé,ﬁ,fy)—|—7’14,7C(04,ﬁ,%:€,y,Z)fg(oz,ﬁ,”y)

+ T1677C<Oév Ba 7T, Y, Z)fg(O[, 57 ’7))d’7d6d0{,
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U’l('r7 Y, Z) :TZI(‘T07 Y, z,%,Y, Z)u(xm Y, Z) + TQQ(:E(M Y, z,%,Y, Z)Ul(fm Y, Z)
Y

+/(7“2177@0757Z>$ay>2>u($07ﬁaz> +T22n(x07ﬁa27w7y72)u1(1‘07572>>d6

Yo
z

+ /(7’214(3@0, Y,7, 1, Y, Z)U(ZE07 Y, ’7)
20

+ TQQC(*T07 Y, v, T, Yy, Z)ul (':C07 Y, 7))d7

Yy oz
+//(T21ng($07ﬁ777x7y7Z)”(x()?Ber)
Yo =0

+ T227]((£07 ﬂa YT, Y, Z)Ul(l‘o, /87 7))d’yd6

T

—|'/(7“2377(06?/07Zaxa%z)v(a,yo,z) +7“2477(@:?/0,Za%?Jaz)Ul(a,ymz))da

xo
—|-//(7’23n<(a>y07%%Z/»Z)U(O%yO”Y)

Ty 20

+ T2477§(()é7 Yo, 7V, T, Y, Z)Ul(Oé, Yo, Z))d’}/da

xT

+/(r25c<a7yv 20,2, Y, Z)w(a7y720) +r26C(a7yszam7ya 2)w1(047ya Zo>>dOZ

o
T Yy

+//(7"25ng(047572’07$7ya Z)ZU(O{,B, ZO)
Zo Yo

+ 712677((057 57 20,2,Y, Z)wl (CY, 57 Zo))dﬁd@

T

+ /7”22(0473/72;5573/7 Z)fl(Oé,y,Z>dOé

Tz Y
n / / (raznl0, B, 22,4, 2) falt B, 2) + Taan(0, B, 2, 2,4, 2) s, B, 2)

+ T26n(aa 6a 2, T, Y, Z)fg((l/, 67 Z))dﬂd&—l—

+//(7“22<(Of>ya%x>ya Z)fl(%?/a’)’)+7"24((6%ya%%%z)ﬁ(a,yﬁ)
o 20

+ rosc(Q, y, v, 2, Y, 2) f3(o, y, 7)) dyda

T Y =z
+///(7’22774(04757771',y,Z)fl(Oé,/B,’Y)+7"247]§(Oé76,7,$,y,2)f2(a,,677)

+ T2677C(a7 57 YT, Y, Z)fS(O*/7 57 ’7))d’7dﬂd0&,

71

(19)
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U(.T,y,Z) :T33($7y0727$>yvz)v(%yoaz) + 7”34(%yoﬂ»%%@%(%%%)
+/(7”335(047%7271’7%'2)7)((34;yoaz) +7”345(047%;271’7yaz>vl(aay072))d0¢

zo
z

+/(T33c($;y07%$7% Z)U($7y077> +T34C($7y0777x7y7 Z)U1($79077))d7

20
+//(7”33&(04,%7%%%Z)”(%yoﬁ)

zo0 %0
+ 73aec (@, Yo, 7, T, Y, 2)vi (@, yo, 7)) dyda
y
+/(rglg(xo,ﬁ,z,x,y,z)u(z‘o,ﬁ,z)
Yo
+ r3oe(o, B, 2, @, Y, 2)ur (o, B, 2))dB

Yy oz
+//(7"3154(580,577,%?J,Z)U(%’BW)

Yo 20
+7“325((330,57%%%Z)Ul(%,@”Y))d’Ydﬁ
Yy
+/(T35<(13,5, 2073573172)”‘0(5’5:5720)
Yo

+ TSGC(xu 6’ 20,2, Y, Z)U}1<CL’, 57 ZO))dﬁ

(20)

T Yy
+//(TSBEC(Q757Zva7y7z)w(a”6’ZO)

o Yo

+ r36§((a7 ﬁa 20,2, Y, Z)wl (CY, ﬁa Zo))dﬁd@
Yy

+/T34<x757z7$7y7z)f2<x’ﬁ’z>dﬁ

Yo

—i—//(rggg(a,ﬁ,z,x,y,z)fl(a,ﬁ,z) + r3ae(e, B, 2,2, y, 2) fa(e, B, 2)

+ T36§(a7 /87 zZ,2,Y, Z)f3(06, 57 Z))dﬁda

—|—//(ng{(w,ﬁ,’Y,ZE,y,Z)fl(l‘,ﬁ,'Y)+7"34§($,/6,'Y,I',y,z)fg(rx,ﬁ,')/)
Yo 20

+ T36C(x7 B? 7T, Y, Z)f?)(x? 57 7)>d7dﬁ

T Y z
+///(7’32§¢(Oé,ﬁ,”y,l’,y,Z)fl(Oé,ﬁ,’y)+7’3454(04,&7,37,y,z)fg(oz,ﬁ,’y)

o Yo =0

+ T36£C(a7 67 YT, Y, Z)f?)(CV? 67 7))dvdﬁda,
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Ul('rv Y, Z) :7"43(1', Yo, %,2,Y, Z)U(l‘, Yo, Z) + T44(ZL', Yo, 2, 2,Y, Z)Ul(xv Yo, Z)

+/(7“435(6%3407Z@a%z)v(a’yo»z) +7“445(6%340727%%2’)”1(@790,2))61&

Zo
z

+/(r43(($7y077axaya Z)U(.T,yo,’}/) +7“44<(337yoa%33>?/, Z)Ul(x7y077))d7

20
+//(7“435((04,3/0,7,35,y,z)v(oz,yo,’y)

To 20
+ 7’4454(0[, Yo, 7,25 Y, Z)Ul(a7 Yo, 7))d7da
Y

+ /(’["415(!130, B: Z,,Y, Z)U(l‘(), 57 Z)

Yo
+ 7“425(330, 57 Z2,T,Y, Z>ul(x07 B? Z))dﬁ

Yy oz
—|—//(T’;ugc(l’g,ﬁ,’)/,x,y,Z)U(ZC(],ﬁ,’)/>
Yo =0
—|—7’42£C(ZE076,’}/71’,y7Z)Ul(l’(),ﬁ,’)/))d/ydﬁ
Y

+/(T45c($,5,20,1',y, Z)w(x75720)+r46C($a6a ZO7I7y7Z)w1(w7ﬁazO))d6 (21)

Yo
z oy
+//(r45§<(a,ﬂ,zo,w,y,z)w(a,ﬁ,zo)
o Yo
+ rasec (@, B, 20, x, ¥, 2)wi (a, B, 20))dfda
Y

+/?”44<x,ﬁ7z7q;,y7z)f2<$,ﬁ,z)dﬁ

Yo

" / / (raze (@, B, 2, 2,0, 2) o, B,2) + rase(, B, 22,9, 2) fola, B, 2)

+ T46§(a7 67 Z,T,Y, Z)fg(Oé, ﬁ7 Z))dﬂda

+//(7"424(%/8,7,:16,?;,z)fl(x,ﬁ,v)+r44¢(m,,8,7,:7c,y,z)fg(x,ﬂ,v)

Yo 20

+ 7146((1'7 B? v, Z,Y, Z)f?)(x? 3 67 7))d7d6

x Y z
+///(T42£<(a,ﬁ,”y,x,y,Z)fl(Oé,ﬁ,’Y)+7”4454(0[,B,”Y,1}y,Z)]‘b(O&,ﬁ,’Y)

+ T46£((a7 57 7T, Y, Z)fg(Oé, 57 7))dvdﬁda,
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UJ({L', Y, Z) :7‘55(1', Y,20,2,Y, Z)UJ(..'L', Y, ZO) + T56(x7 Y,20,2,Y, Z)wl(xa Y, ZO)

—|—/(7’555(04,%zo,a:,y,z)w(a,y, ZO) +r56§(047y7ZO>$7y>Z)wl<aay>Z0))da

Zo
Yy

—|—/(T557]<£L’,B,Zo,.%'?y,Z)w(l'?B,Zo) +T56n(x7ﬁ7207x7y7 Z)wl(xaﬁa ZO))dﬁ

Yo
)
+//(7’55§77(04,ﬂ,20,1’,y, Z)W(Oé,ﬁ,zo)

Zo Yo

+ T56§77<a7 67 20,L,Y, Z)wl (au 67 Z(D)dﬂd()é

z

+/(7“51§($an7%$7% Z)U($0,y>7) +7“52§($an,%va% Z)ul(x07ya’7))dry

20
Yy =z
+\//(T51§n(l’0,ﬁ,’y,l’,y,Z)U(fo,ﬁ,’}/)
Y

0 20

+ 7”52577(1‘0, B? YT Y, Z)ul (3307 57 7))d7dﬁ

z

+/(7”537;(3371/07%177yaz)v(x71/077) +7’5477(%3/07%%yaz>vl($7y077))d’7 (22)

20
+//(T53§n<a7y0777x7y7 Z)U(()é,y07’)/)

o 20

+ T‘54§77(Oé, Yo,V, X, Y, Z)vl (OZ, Yo, ’Y))d’YdO[

z

+ /TSG(xa ,7, T, Y, Z)fg(l', Y, 7)d7

20

+//(7152£<057y777$7y7 Z)fl(oz,y,’y)+r54§(oz,y,’y,x,y, Z)fg(Od,y,’}/)
o 20

+ T56§(a7 Y, v, x, Y, Z)f3(0[, Y, ’}/)>d’}/d06

Yy =z
+ //(7‘5277(1‘75777:&?%Z)fl(l‘aﬁaly) + 7‘5477<ZL',B,”Y,,I,y,Z)fQ(ZL',ﬁ,’Y)
Yo =20

+ T56n(x7 67 YT, Y, Z)fg(l’, 7ﬁ7 ")/))d’}/dﬁ

T Yy z
—|—///(7’52577<Oé,5,7,$,y,2)f1(06,,8,’}/)+T54£n(a,ﬁ,’7,$,y,Z)fQ(OA,ﬂ,’}/)

+ T56§77(aa ﬁv 7T, Y, Z)f3(04, 67 ’7))d7d/3d05;
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wl(x7 Y, Z) :7’65(.77, Y,20,T,Y, Z)U)(x, Y, ZO) + 7,66<x7 Y,20,2,Y, Z)U)l(x, Y, ZO)

+ /<T65§<a7y7ZO7x7y7Z>w(a7y7ZO) + T66§<a7y7207x7y7z>w1(a7y720))da

Zo
Y

+ /(T65n<x7 57 20,2,Y, Z)UJ(CL’, 57 ZO)

Yo

+ TGGU(xa 67 20,2, Y, z)w1($, Ba ZO))dﬁ

T Y
—|—//(7"65§,7<Oé,5,ZmiC,Z/,Z)U)(Oé,ﬁ,Z(D
zo Yo
+TGGﬁn(a7ﬁ7ZO7xayvz>w1(aaﬁ7ZO))d6da

z

‘f'/(T61§($0a97%%%2)“(%0,977) +T62£($0ay777x7y7z)ul(x07y77>)d7

20
Yy =z
+//(T61§n(x0a677axaya Z)U,(J?O”B,’)/)

Yo =0
+ 7”62577(1'0, B? YT, Y, Z)ul (an 67 '}/))d’}/dﬂ

z

+/(7’6317(%2/0;%377yvz)v<x790>7) +r6417(x7y0777x7y7z>v1(x7y077))d/7

20
+//<r63§?7<057y0777$7y7 Z)U(avymfy)

To 20
-+ 7“64577(057 Yo, 7V, X, Y, Z)Ul (O[, Yo, '7))d7d04

z

+ /T6ﬁ(xa Y, v, x,Y, Z)f?)(x? Y, ’7)de

20

—|—//(7"625(04,y,’y,m,y,Z)fl(Oé,y,”y)+7’64§(04,y,’y,95,y, Z)fg(&,y,’}/)

zo 20

+ r66§(a7 Y, Y, Z>f3(06, Y, 7))d’7da

Yy =z
+//(TGQU(xaﬁalyaxayaz)fl(xaﬁvv)+T6477(:E76777$7y72)f2($75a7)

Yo =0

+ 706671(:% 57 VT, Y, Z)fS(wa 757 ’}/))d’}/dﬁ

+///(T625n(a,6,7,$,y,Z)f1<04,ﬁ,’7)+T64£17<Oé,ﬁ,’)/,$,y,Z)f2<CY,6,'7>

o Yo =0

+ TGGEn(a7 B) YT, Y, Z)f3(C¥, 67 7))d7dﬂda

75

(23)
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While writing these formulae, we have taken into account equations , i = 1,6, for the entries
of the Riemann matrix.

In order to reduce Problem 1 to the main characteristic problem, we need to determine
missing data

ul(x(%y? "7’) = (u:v — U — blw)('xo’ya 2)7 Ul(xa Yo, Z) = (Uy — AU — bgU})(CC, Yo, Z)'

In order to do this, we let x = z; in (19]), while in (21]) we let y = y;. We obtain a system of
two integral equations

)
T22<x07yvz7xlvyuz)ul(x07y7z)+/T22n(x07/87'z7x17y7 Z)Ul(.fo,B,Z)dﬁ
Yo

z

y oz
+/T224<x07y777x17y7 Z)Ull(.fo,y,’}/)d'}/—F//7’2277§<,I0,6,’}/,Il,y,Z)Ul(Io,ﬁ,’)/)d’}/dﬁ

(24)
20 Yo =0
1 xr1 z
+/T24n<a7y(bza‘rl?yJZ)vl(OéayO?Z)da+//r2477(:<057y0777x17y72)vl(a7y077)d7da
xo o 20
= Ful(y, 2) + xa(y, 2),
7’44(557?/0,273%3/1,2)“1(37,3/072) "‘/7”445(04,%,271',91,2)01(0%3/0,2)6104
zo
+/T44C<x7y0777x7y17z)v1(x7y077>d7+//T44§<(a7y0777x7yhz)vl(a?yOaf}/)d’yda (25)
20 To =0
Y1 Yy z
—|—/7‘425@0,B7z,x,y1,z)u1(x0,ﬁ,z)dﬂ—l—//7’42&(1:0,@7,%yl,z)ul(xo,ﬁ,’y)d’ydﬂ
Yo Yo 2o
= Fia(z, 2) + xa(z, 2),
the functions Fiq, Fio are known.
Let
al(xayvz) = le(x7y7Z) = dg(flf,y, Z) = 07 C1 2 0. (26)

Then ro4y(2, y, 2,£,1m,2) = 0, ra2(0, y, 2, 1,9y, 2) # 0. By equation (24), we determine uniquely

uy (2o, Y, 2), see Theorem 2. Substituting the found w(zo,y, z) into equation ([25)), we obtain a

second kind Volterra equation for vi(x,yo, 2); as dao(z,y, 2) = 0, ras(x, Yo, 2, 2,41, 2) # 0. This

equation is uniquely solvable. Thus, Problem 1 is reduced to the main characteristic problem.
In the same way we resolve system — under the assumptions

ci(x,y,2) = as(x,y,2) = coo(x,y,2) =0, dy > 0. (27)
At that, first by equation (25)) we find vy (z, 3o, ), and then we find wu; (o, y, 2) by .
Theorem 4. If a1, by, as, ba, a3, by € C*(G), c1, 0, 30, dro, do, dso, €10, €20, €3, f1, fo,
f3 € CHG), and one of conditions (@, holds, then Problem 1 is uniquely solvable.
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