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ON GLOBAL INSTABILITY OF

SOLUTIONS TO HYPERBOLIC EQUATIONS

WITH NON-LIPSCHITZ NONLINEARITY

Y.Sh. IL’YASOV, E.E. KHOLODNOV

Abstract. In a bounded domain Ω ⊂ R𝑛, we consider the following hyperbolic equation{︃
𝑣𝑡𝑡 = Δ𝑝𝑣 + 𝜆|𝑣|𝑝−2𝑣 − |𝑣|𝛼−2𝑣, 𝑥 ∈ Ω,

𝑣
⃒⃒
𝜕Ω

= 0.

We assume that 1 < 𝛼 < 𝑝 < +∞; this implies that the nonlinearity in the right hand side
of the equation is of a non-Lipschitz type. As a rule, this type of nonlinearity prevent us
from applying standard methods from the theory of nonlinear differential equations. An ad-
ditional difficulty arises due to the presence of the 𝑝-Laplacian Δ𝑝(·) := div(|∇(·)|𝑝−2∇(·))
in the equation. In the first result, the theorem on the existence of the so-called stationary
ground state of the equation is proved. The proof of this result is based on the Nehari
manifold method. In the main result of the paper we state that each stationary ground
state is unstable globally in time. The proof is based on the development of an approach
by Payne and Sattinger introduced for studying the stability of solutions to hyperbolic
equations.

Keywords: stability of solutions, nonlinear hyperbolic equations, Nehari manifold method,
𝑝-Laplacian
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Introduction

We consider the Dirichlet boundary value problem{︃
−∆𝑝𝑢 = 𝜆|𝑢|𝑝−2𝑢− |𝑢|𝛼−2𝑢, 𝑥 ∈ Ω,

𝑢
⃒⃒
𝜕Ω

= 0,
(B.1)

where Ω is a bounded domain in R𝑛 with a smooth boundary 𝜕Ω, 𝑛 > 1, 𝜆 ∈ R. The
symbol ∆𝑝(·) := div(|∇(·)|𝑝−2∇(·)) stands for the 𝑝-Laplacian, 1 < 𝑝 < +∞. We suppose
that 𝛼 ∈ (1, 𝑝), that is, the nonlinearity in the right hand side is of a non-Lipschitz type. A
special interest to such problem related to the fact that they can possess solutions compactly
supported in Ω (see, for instance, [1], [2], [3], [5], [16] and the review of the references therein).
However, despite there are rather many works devoted to such solutions, their stability for
the corresponding non-stationary problems: parabolic and hyperbolic equations, Schrödinger
equations, etc., was studied to a lesser extent. Here the main obstacle is that the presence of
the non-Lipschitz nonlinearity in the right hand side of (B.1) makes troubles in applying the
methods based on studying the corresponding linearized equations. Another difficulty is that
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the most known results on existence of solutions compactly supported in with Ω are usually non-
constructive and are of an abstract nature. This prevents one from further studying detailed
properties like, for example, stability for such solutions.

In works [4], [5], [8], [10], for equations with non-Lipschitz nonlinearities, there were found
solutions compactly supported in Ω and in addition, these solutions were ground states. This
additional property turned out to allow one to obtain certain stability results for such solutions.
In particular, in work [4] there were obtained stability results for solutions to (B.1) (as 𝑝 = 2),
which were of ground state kind compactly supported in Ω; the results were obtained for the
corresponding parabolic problem.

The aim of the present work is to study the stability of the stationary solutions to the
hyperbolic equation ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝑣𝑡𝑡 = ∆𝑝𝑣 + 𝜆|𝑣|𝑝−2𝑣 − |𝑣|𝛼−2𝑣, 𝑥 ∈ Ω,

𝑣
⃒⃒
𝑡=0

= 𝑣0,

𝑣𝑡
⃒⃒
𝑡=0

= 𝑣1,

𝑣
⃒⃒
𝜕Ω

= 0.

(B.2)

In order to do this, we first prove the existence of stationary ground state kind solutions to
equation (B.2). The proof of this result is based on employing the Nehari manifold method.
Such approach allows us to obtain some additional qualitative geometric properties of these
solutions required for further purposes. In the main result we prove that the stationary ground
state kind solutions to hyperbolic problem (B.2) are globally unstable. The proof of this results
is based on developing the approach proposed in [13], [15] for studying the stability of solutions
to hyperbolic equations.

1. Main result

In what follows 𝑊 := 𝑊 1,𝑝
0 (Ω) denotes the Sobolev space, which is introduced as the com-

pletion 𝐶∞
0 (Ω) by the norm:

‖𝑢‖1 =

(︂∫︁
Ω

|∇𝑢|𝑝 𝑑𝑥
)︂ 1

𝑝

.

The number 𝑝* denotes the critical Sobolev exponent defined as

𝑝* =

⎧⎨⎩+∞, 𝑛 6 𝑝,
𝑝𝑛

𝑛− 𝑝
, 𝑛 > 𝑝.

By ⟨·, ·⟩ we denote the scalar product in the space 𝐿2(Ω) and various duality in dual spaces.
By 𝜆1 we denote the minimal eigenvalue of the operator −∆𝑝 subject to the Dirichlet boundary
condition. As it is known,

𝜆1 = inf
𝑢∈𝑊∖0

∫︀
Ω
|∇𝑢|𝑝 𝑑𝑥∫︀
Ω
|𝑢|𝑝 𝑑𝑥

. (1)

Problem (B.1) has the variational formulation with the Euler-Lagrange functional of the fol-
lowing form:

Φ𝜆(𝑢) =
1

𝑝

∫︁
Ω

|∇𝑢|𝑝 𝑑𝑥− 𝜆

𝑝

∫︁
Ω

|𝑢|𝑝 𝑑𝑥+
1

𝛼

∫︁
Ω

|𝑢|𝛼 𝑑𝑥, 𝑢 ∈ 𝑊. (2)

We consider weak solutions 𝑢𝜆 to problem (B.1), that is, the critical points of functional (2):

𝐷𝑢Φ𝜆(𝑢𝜆)(𝜑) = 0 for all 𝜑 ∈ 𝑊, (3)

where 𝐷𝑢Φ𝜆(𝑢𝜆) is the Fréchet derivative. A weak solution 𝑢𝜆 to problem (B.1) is called ground
state (stationary ground state (B.2)) if the inequality Φ𝜆(𝑢𝜆) 6 Φ𝜆(𝑤𝜆) holds for each other
weak solution 𝑤𝜆 ∈ 𝑊 ∖ 0 to problem (B.1).
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We study problem (B.1) by the Nehari manifold method. The corresponding minimization
Nehari problem is introduced as

Φ̂𝜆 = inf{Φ𝜆(𝑢) : 𝑢 ∈ 𝑁𝜆}, (4)

where

𝑁𝜆 =

{︂
𝑢 ∈ 𝑊 ∖ 0 : Φ′

𝜆(𝑢) := 𝐷𝑢Φ𝜆(𝑢)(𝑢) = 0

}︂
(5)

is the Nehari manifold. We observe that since each nontrivial solution to problem (B.1) belongs
to 𝑁𝜆 and 𝑁𝜆 = ∅ as 𝜆 6 𝜆1, then problem (B.1) has no solutions as 𝜆 6 𝜆1 except the trivial
one 𝑢 ≡ 0.

Our first main result is the following theorem.

Theorem 1. Let 1 < 𝛼 < 𝑝 < +∞, the boundary 𝜕Ω is a 𝐶1,𝛾-manifold with some 𝛾 ∈ (0, 1].
Then for all 𝜆 > 𝜆1

1. Φ̂𝜆 > 0;
2. there exists a ground state 𝑢𝜆 of problem (B.1) and at that, 𝑢𝜆 > 0 in Ω and 𝑢𝜆 ∈ 𝐶1,𝛽(Ω)

for some 𝛽 ∈ (0, 1).

Remark 1. A similar result in the case 𝑝 = 2 was obtained in [5].

The functional

𝐸𝜆(𝜉, 𝜁) =
1

2

∫︁
Ω

|𝜁|2 𝑑𝑥+
1

𝑝

∫︁
Ω

|∇𝜉|𝑝 𝑑𝑥− 𝜆

𝑝

∫︁
Ω

|𝜉|𝑝 𝑑𝑥+
1

𝛼

∫︁
Ω

|𝜉|𝛼 𝑑𝑥, 𝜉 ∈ 𝑊, 𝜁 ∈ 𝐿2(Ω)

is called the energy functional of problem (B.2).
Let (𝑣0, 𝑣1) ∈ 𝑊 × 𝐿2(Ω). Following work [13], we call 𝑣(𝑡) := 𝑣(𝑡; 𝑣0, 𝑣1) a weak solution to

problem (B.2) on [0, 𝑇 ], where 𝑇 < +∞, if it satisfies the conditions:

(10) the mapping [0, 𝑇 ] ∋ 𝑡 ↦→ 𝑣(𝑡) ∈ 𝑊 is continuous in the weak topology of 𝑊 ;

(20) there exists a mapping [0, 𝑇 ] ∋ 𝑡 ↦→ 𝑣𝑡(𝑡) ∈ 𝐿2(Ω) continuous in the weak topology of 𝐿2(Ω)
such that the identity

⟨𝑣(𝑡), 𝜑⟩
⃒⃒𝑡2
𝑡1

=

∫︁ 𝑡2

𝑡1

⟨𝑣𝑠(𝑠), 𝜑⟩ 𝑑𝑥 (6)

holds true for all 𝑡1, 𝑡2, 0 6 𝑡1 < 𝑡2 6 𝑇 and all 𝜑 ∈ 𝐿2(Ω);

(30) for each 𝑤 : [0, 𝑇 ]→ 𝑊 satisfying properties (10), (20) the identity

⟨𝑣𝑡(𝑡), 𝑤(𝑡)⟩
⃒⃒𝑡2
𝑡1

=

∫︁ 𝑡2

𝑡1

[⟨𝑣𝑠(𝑠), 𝑤𝑠(𝑠)⟩ − ⟨|∇𝑣(𝑠)|𝑝−2∇𝑣(𝑠),∇𝑤(𝑠)⟩

+ ⟨𝜆|𝑣(𝑠)|𝑝−2𝑣(𝑠)− |𝑣(𝑠)|𝛼−2𝑣(𝑠), 𝑤(𝑠)⟩] 𝑑𝑥
(7)

holds true;

(40) the inequality holds:

𝐸𝜆(𝑣(𝑡), 𝑣𝑡(𝑡)) 6 𝐸𝜆(𝑣0, 𝑣1) for all 𝑡 ∈ [0, 𝑇 ]. (8)

Let 𝑇𝑚 := 𝑇𝑚(𝑣0, 𝑣1) ∈ (0,+∞] be the maximal value such that for all 𝑇 ∈ (0, 𝑇𝑚) there
exists a weak solution 𝑣(𝑡; 𝑣0, 𝑣1) to problem (B.2) on [0, 𝑇 ]. In the case 𝑇𝑚 = +∞ we shall say
that the corresponding 𝑣(𝑡; 𝑣0, 𝑣1) is a global solution of (B.2).

We note that Theorem 1 implies that problem (B.2) possesses a global solution. Indeed, the
weak solution 𝑢𝜆 to problem (B.1) is also a weak solution 𝑢𝜆(𝑡;𝑢𝜆, 0) ≡ 𝑢𝜆 to problem (B.2) on
[0,+∞).
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However, since equation (B.2) involves the non-Lipschitz nonlinearity, the issue on whether
problem (B.2) possesses a weak solution 𝑣(𝑡; 𝑣0, 𝑣1) with some 𝑇𝑚(𝑣0, 𝑣1) ∈ (0,+∞] for arbitrary
(𝑣0, 𝑣1) ∈ 𝑊 × 𝐿2(Ω) is still open. In the present work we do not study this issue.

We shall say that a weak solution 𝑣𝜆(𝑡; 𝑣0, 𝑣1) of problem (B.2) is globally unstable if for each
𝜀 > 0 there exist (𝑤0, 𝑤1) ∈ 𝑊 × 𝐿2(Ω): ‖𝑣0 − 𝑤0‖1 < 𝜀 and ‖𝑣1 − 𝑤1‖𝐿2 < 𝜀 such that one
of the following alternatives holds: 1) problem (B.2) has not weak solutions with the initial
condition (𝑤0, 𝑤1); 2) problem (B.2) has a weak solution 𝑤𝜆(𝑡;𝑤0, 𝑤1) but 𝑇𝑚(𝑤0, 𝑤1) < +∞;
3) on [0,+∞), there exists a global solution 𝑤𝜆(𝑡;𝑤0, 𝑤1) to problem (B.2) such that∫︁

Ω

|𝑣𝜆(𝑡; 𝑣0, 𝑣1)− 𝑤𝜆(𝑡;𝑤0, 𝑤1)|2 𝑑𝑥→ +∞ as 𝑡→ +∞. (9)

The main result of the present is the following theorem.

Theorem 2. Let 1 < 𝛼 < 𝑝 < +∞, the boundary 𝜕Ω be a 𝐶1,𝛾-manifold with some 𝛾 ∈ (0, 1].
Then for all 𝜆 > 𝜆1 each ground state 𝑢𝜆 of problem (B.1) is globally unstable solution to
hyperbolic problem (B.2).

Remark 2. In the present work we do not consider the existence of compactly supported in
Ω ground states for problem (B.1). Nevertheless, Theorem 2 implies that if such solutions exist,
they are globally unstable for (B.2).

2. Existence of ground state for problem (B.1)

We introduce the notations

𝐻𝜆(𝑢) :=

∫︁
Ω

|∇𝑢|𝑝 𝑑𝑥− 𝜆
∫︁
Ω

|𝑢|𝑝 𝑑𝑥, 𝐹 (𝑢) :=

∫︁
Ω

|𝑢|𝛼 𝑑𝑥.

We consider Nehari functional
Φ′

𝜆(𝑢) := 𝐻𝜆(𝑢) + 𝐹 (𝑢). (10)

It follows from (1) that 𝑁𝜆 ̸= ∅ if and only if 𝜆 > 𝜆1. We observe that Φ𝜆(𝑢) > 0 for all 𝑢 ∈ 𝑁𝜆.
Indeed, if 𝑢 ∈ 𝑁𝜆, then 𝐻𝜆(𝑢) = −𝐹 (𝑢) that by 1 < 𝛼 < 𝑝 yields:

Φ𝜆(𝑢) =
𝑝− 𝛼
𝑝𝛼

𝐹 (𝑢) > 0. (11)

We consider minimization problem (4). We note that for each 𝑢 ∈ 𝑁𝜆

𝐷𝑢𝑢Φ𝜆(𝑢)(𝑢, 𝑢) = (𝛼− 𝑝)
∫︁
Ω

|𝑢|𝛼 𝑑𝑥 < 0. (12)

As it is known (see [7], [11]), condition (12) is sufficient for each solution 𝑢 to problem (4) is a
critical point of the functional Φ𝜆(𝑢).

We consider the fibering functional [14]

𝐽𝑢(𝑟) = Φ𝜆(𝑟𝑢), 𝑟 > 0. (13)

Let 𝐻𝜆(𝑢) < 0. Then there exists the unique root 𝑟* = 𝑟*(𝑢) > 0 of the equation

𝐽 ′
𝑢(𝑟) = 𝑟𝑝−1𝐻𝜆(𝑢) + 𝑟𝛼−1𝐹 (𝑢) = 0. (14)

Indeed, taking into consideration 𝐻𝜆(𝑢) < 0, we find

𝑟*(𝑢) :=

(︂
𝐹 (𝑢)

−𝐻𝜆(𝑢)

)︂ 1
𝑝−𝛼

. (15)

As one can see easily, 𝑟*(𝑢) is the global maximum for 𝐽𝑢(𝑟). This implies that problem (4) is
equivalent to the following one:

Φ̂𝜆 = inf
{︀

Φ𝜆(𝑟*(𝑣)𝑣) : ‖𝑣‖1 = 1, 𝐻𝜆(𝑣) < 0
}︀
, (16)
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where

Φ𝜆(𝑟*(𝑣)𝑣) =
(𝑝− 𝛼)

𝑝𝛼

𝐹 (𝑣)
𝑝

𝑝−𝛼

(−𝐻𝜆(𝑣))
𝛼

𝑝−𝛼

. (17)

Proof of Theorem 1. We consider the minimizing sequence (𝑣𝑛) of problem (16), that is,

lim
𝑛→+∞

Φ𝜆(𝑟*(𝑣𝑛)𝑣𝑛) = Φ̂𝜆. (18)

We note that ‖𝑣𝑛‖1 = 1 and hence, by Banach-Alaoglu theorem and by Sobolev theorem there
exists a subsequence redenoted by (𝑣𝑛) such that 𝑣𝑛 ⇁ 𝑤 weakly in 𝑊 and 𝑣𝑛 → 𝑤 strongly in
𝐿𝛾(Ω) as 1 6 𝛾 < 𝑝*.

Let us show that 𝑤 ̸= 0. We assume the opposite: let 𝑤 = 0, then
∫︀
Ω
|𝑣𝑛|𝑝 𝑑𝑥 → 0 and in

this case ∫︁
Ω

|∇𝑣𝑛|𝑝 𝑑𝑥− 𝜆
∫︁
Ω

|𝑣𝑛|𝑝 𝑑𝑥 = 1− 𝜆
∫︁
Ω

|𝑣𝑛|𝑝 𝑑𝑥 > 0, (19)

for sufficiently large 𝑛. But this contradicts the condition that 𝐻𝜆(𝑣𝑛) < 0 for 𝑛 = 1, 2, . . .

Therefore, 𝑤 ̸= 0. By (11) this implies Φ̂𝜆 > 0.
We consider

𝑢𝑛 = 𝑟*(𝑣𝑛)𝑣𝑛. (20)

We note that 𝑟*(𝑣𝑛) is bounded. Indeed, it follows from (15) and the said above that 𝐹 (𝑣𝑛) is
bounded and 𝐻𝜆(𝑣𝑛) does not tend to zero. By (15) we hence have

0 < 𝐶1 < 𝑟*(𝑣𝑛) < 𝐶2 < +∞,
where 𝐶1, 𝐶2 are independent of 𝑛. Therefore, there exists a limiting point 𝑢𝜆 such that some
subsequence redenoted by (𝑢𝑛) satisfies the convergence 𝑢𝑛 ⇁ 𝑢𝜆 weakly in 𝑊 and 𝑢𝑛 → 𝑢𝜆
strongly in 𝐿𝛾(Ω) as 1 6 𝛾 < 𝑝*. By the weak lower semi-continuity of the norm ‖ · ‖1 this
implies:

‖𝑢𝜆‖1 6 lim inf
𝑛→+∞

‖𝑢𝑛‖1 = 𝑑,

Φ𝜆(𝑢𝜆) 6 lim inf
𝑛→+∞

Φ𝜆(𝑢𝑛) = Φ̂𝜆 and Φ′
𝜆(𝑢𝜆) 6 lim inf

𝑛→+∞
Φ′

𝜆(𝑢𝑛) = 0.

Thus, if ‖𝑢𝜆‖1 = 𝑑, then Φ′
𝜆(𝑢𝜆) = 0, Φ𝜆(𝑢𝜆) = Φ̂𝜆 and 𝑢𝜆 is a non-zero minimizer for (4).

Assume that ‖𝑢𝜆‖1 < 𝑑. Then Φ′
𝜆(𝑢𝜆) < 0 and Φ𝜆(𝑢𝜆) < Φ̂𝜆. Let us show that this is

impossible. Indeed, in this case there exists 𝑡 ∈ (0, 1) such that Φ′
𝜆(𝑡𝑢𝜆) = 0. We observe that

since lim𝑛→+∞ 𝐹 (𝑢𝑛)→ 𝐹 (𝑢𝜆), we have

1

𝑝
lim

𝑛→+∞
𝐻𝜆(𝑢𝑛) = Φ̂𝜆 −

1

𝛼
𝐹 (𝑢𝜆) and lim

𝑛→+∞
𝐻𝜆(𝑢𝑛) = −𝐹 (𝑢𝜆).

This yields

Φ𝜆(𝑡𝑢𝜆) =
𝑡𝑝

𝑝
𝐻𝜆(𝑢𝜆) +

𝑡𝛼

𝛼
𝐹 (𝑢𝜆) <

𝑡𝑝

𝑝
lim inf
𝑛→+∞

𝐻𝜆(𝑢𝑛) +
𝑡𝛼

𝛼
𝐹 (𝑢𝜆)

=Φ̂𝜆 −
1

𝛼
𝐹 (𝑢𝜆)− 𝑡𝑝 − 1

𝑝
𝐹 (𝑢𝜆) +

𝑡𝛼

𝛼
𝐹 (𝑢𝜆) = Φ̂𝜆 +

(︂
1− 𝑡𝑝

𝑝
+
𝑡𝛼 − 1

𝛼

)︂
𝐹 (𝑢𝜆).

We denote

𝐼(𝑡) =

(︂
1− 𝑡𝑝

𝑝
+
𝑡𝛼 − 1

𝛼

)︂
𝐹 (𝑢𝜆). (21)

The values of this functional on the boundary are

𝐼(0) =

(︂
1

𝑝
− 1

𝛼

)︂
𝐹 (𝑢𝜆) < 0, 𝐼(1) = 0.
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At that,
𝐼 ′(𝑡) =

(︀
−𝑡𝑝−1 + 𝑡𝛼−1

)︀
𝐹 (𝑢𝜆) > 0 for all 𝑡 ∈ (0, 1). (22)

Therefore, 𝐼(𝑡) < 0 for 0 < 𝑡 6 1 and Φ𝜆(𝑡𝑢𝜆) < Φ̂𝜆. However, Φ′
𝜆(𝑡𝑢𝜆) = 0, that is,

𝑡𝑢𝜆 ∈ 𝑁𝜆. We have obtained the contradiction with the definition of Φ̂𝜆. Therefore, 𝑢𝜆 is
indeed a minimizer for (4).

We note that Φ𝜆(𝑢) = Φ𝜆(|𝑢|) for all 𝑢 ∈ 𝑊 and if 𝑢 ∈ 𝑁𝜆, then |𝑢| ∈ 𝑁𝜆. Therefore, |𝑢𝜆|
is also a solution to problem (4), that is, we can suppose that 𝑢𝜆 > 0 on Ω. We note that by
the assumption, the boundary 𝜕Ω is a 𝐶1,𝛾-manifold for some 𝛾 ∈ (0, 1]. Applying now the
standard regularity theory for solutions to quasilinear boundary value problems [6], [12], [17],
we therefore obtain that 𝑢𝜆 ∈ 𝐶1,𝛽(Ω) for some 𝛽 ∈ (0, 1). The proof is complete.

3. Main lemma

The next lemma will be employed below for studying stability of solution to (B.2).

Lemma 1. Let (𝑢𝑛) be a sequence in 𝑊 ∖ 0 such that Φ′
𝜆(𝑢𝑛) 6 0 and Φ′

𝜆(𝑢𝑛) → 0. Then
the inequality

lim inf
𝑛→+∞

Φ𝜆(𝑢𝑛) > Φ̂𝜆 (23)

holds true.

Proof. Assume that we are given a sequence (𝑢𝑛) ⊂ 𝑊 ∖0 such that Φ′
𝜆(𝑢𝑛) 6 0 and Φ′

𝜆(𝑢𝑛)→ 0.
We write this sequence as 𝑢𝑛 = 𝑟𝑛𝑣𝑛, where 𝑟𝑛 = ‖𝑢𝑛‖1 and ‖𝑣𝑛‖1 = 1. Since (𝑣𝑛) is bounded
in 𝑊 , then by Banach-Alaoglu theorem and by Sobolev theorem, without loss of generality we
can suppose that 𝑣𝑛 → 𝑣 converges strongly in 𝐿𝛾(Ω) as 1 6 𝛾 < 𝑝* and 𝑣𝑛 ⇁ 𝑣 weakly in 𝑊
for some 𝑣 ∈ 𝑊 .

Let us prove that 𝑣 is non-zero; we shall argue by contradiction. Indeed, let 𝑣𝑛 → 0 in 𝐿𝑝(Ω).
Then 𝐻𝜆(𝑣𝑛)→ 1 and 𝐹 (𝑣𝑛)→ 0. However, this implies that

1←− 𝐻𝜆(𝑣𝑛) 6 𝐻𝜆(𝑣𝑛) + 𝑟𝛼−𝑝
𝑛 𝐹 (𝑣𝑛) =

1

𝑟𝑝𝑛
Φ′

𝜆(𝑢𝑛) 6 0, (24)

the contradiction.
Let us prove that 𝑟𝑛 does not tend to zero. Assume the opposite: 𝑟𝑛 → 0. Then

𝐻𝜆(𝑣𝑛) + 𝑟𝛼−𝑝
𝑛 𝐹 (𝑣𝑛)→ +∞ (25)

since 𝐹𝛼(𝑣𝑛)→ 𝐹 (𝑣) ̸= 0. We again obtained the contradiction.
Assume that 𝑟𝑛 tends to infinity. Then 𝐹 (𝑢𝑛) = 𝑟𝛼𝑛𝐹 (𝑣𝑛) → +∞ as 𝑛 → +∞ and since

𝐻𝜆(𝑢𝑛) + 𝐹 (𝑢𝑛)→ 0, then −𝐻𝜆(𝑢𝑛)→ +∞ as 𝑛→ +∞. Hence,

Φ𝜆(𝑢𝑛) =

(︂
𝛼− 𝑝
𝑝𝛼

)︂
𝐻𝜆(𝑢𝑛) +

1

𝛼
Φ′

𝜆(𝑢𝑛)→ +∞. (26)

Therefore, inequality (23) is true.
Now we consider the case, when (𝑟𝑛) is bounded and therefore, (𝑢𝑛) is bounded. Then as

above, without loss of generality, we can assume that there exists a limit 𝑤 such that 𝑢𝑛 → 𝑤
strongly in 𝐿𝛾(Ω) as 1 6 𝛾 < 𝑝* and 𝑢𝑛 ⇁ 𝑤 weakly in 𝑊 . Arguing as above, we show that
𝑤 ̸= 0 and Φ′

𝜆(𝑤) 6 0. Therefore, if lim𝑛→+∞ ‖𝑢𝑛‖1 = ‖𝑤‖1, then Φ′
𝜆(𝑤) = 0 and we obtain

the desired identity
lim

𝑛→+∞
Φ𝜆(𝑢𝑛) = Φ𝜆(𝑤) > Φ̂𝜆.

On other hand, the situation Φ′
𝜆(𝑤) < 0 is impossible.

Indeed, assume that Φ′
𝜆(𝑤) < 0. Then there exists 𝑡 ∈ (0, 1) such that Φ′

𝜆(𝑡𝑤) = 0. Arguing
as in the proof of Theorem 1, we obtain the following inequality:

Φ𝜆(𝑡𝑤) 6 lim inf
𝑛→+∞

Φ𝜆(𝑢𝑛) + 𝐼(𝑡), (27)
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where 𝐼(𝑡) is the function defined in (21). As we have shown above, 𝐼(𝑡) < 0. This is why,

if lim inf𝑛→+∞ Φ𝜆(𝑢𝑛) < Φ̂𝜆, then Φ𝜆(𝑡𝑤) < Φ̂𝜆. However, Φ′
𝜆(𝑡𝑤) = 0, that is, 𝑡𝑤 ∈ 𝑁𝜆. We

have obtained a contradiction with the definition of Φ̂𝜆.

4. Proof of global instability of problem (B.2)

In this section we prove Theorem 2.
We introduce the set

Θ = {(𝜉, 𝜓) ∈ (𝑊 ∖ 0)× 𝐿2(Ω) : 𝐸𝜆(𝜉, 𝜓) < Φ̂𝜆,Φ
′
𝜆(𝜉) < 0}. (28)

We note that the ground state 𝑢𝜆 lies on the boundary of the set Θ since 𝐸𝜆(𝑢𝜆, 0) = Φ̂𝜆,
Φ′

𝜆(𝑢𝜆) = 0.
Assume that there exists a weak solution 𝑣(𝑡) to problem (B.2) defined on some maximal

interval [0, 𝑇𝑚), 𝑇𝑚 6 +∞. We observe that (20) implies that the mapping 𝑣(𝑡) is weakly
absolutely continuous from [0, 𝑇 ] into 𝐿2(Ω) for all 𝑇 ∈ (0, 𝑇𝑚). Indeed, since 𝑣𝑡(𝑡) is a weakly
continuous mapping from [0, 𝑇 ] into 𝐿2(Ω), by (6) we get the inequality

|⟨𝑣(𝑡2), 𝜑⟩ − ⟨𝑣(𝑡1), 𝜑⟩| 6
∫︁ 𝑡2

𝑡1

|⟨𝑣𝑠(𝑠), 𝜑⟩| 𝑑𝑥 6 max
𝑠∈[0;𝑇 ]

|⟨𝑣𝑠(𝑠), 𝜑⟩|(𝑡2 − 𝑡1) for all 𝜑 ∈ 𝐿2(Ω),

which means that ⟨𝑣(𝑡), 𝜑⟩ satisfies the Lipschitz condition on [0, 𝑇 ] and therefore, it is abso-
lutely continuous on [0, 𝑇 ] for all 𝜑 ∈ 𝐿2(Ω).

Lemma 2. Let

𝐿(𝑡) =

∫︁
Ω

𝑣2(𝑥, 𝑡) 𝑑𝑥 (29)

where 𝑣(𝑥, 𝑡) is a weak solution to (B.2). Then for almost all 𝑡 ∈ (0, 𝑇 ) there exists the derivative
𝐿̇(𝑡). Moreover, as 𝑇 ∈ (0, 𝑇𝑚), almost everywhere on (0, 𝑇 ) there exists 𝐿̈(𝑡) and the identity

𝐿̈(𝑡) = 2

∫︁
Ω

(︀
|𝑣𝑡(𝑡)|2 − |∇𝑣(𝑡)|𝑝 + 𝜆|𝑣(𝑡)|𝑝 − |𝑣(𝑡)|𝛼

)︀
𝑑𝑥 a.e. 𝑜𝑛(0, 𝑇 ) (30)

holds true.

Proof. We introduce the function 𝑃 (𝑡, 𝑠) = ⟨𝑣(𝑡), 𝑣(𝑠)⟩. Since 𝑣(𝑡) is a weakly absolutely con-
tinuous function from [0, 𝑇 ] into 𝐿2(Ω), the function 𝑃 (𝑡, 𝑠) is differentiable almost everywhere
in 𝑡 ∈ (0, 𝑇 ) and 𝑠 ∈ (0, 𝑇 ). Taking into consideration that 𝑣𝑡 is weakly continuous from [0, 𝑇 ]

into 𝐿2(Ω), by (6) we get that all partial derivatives
𝜕

𝜕𝑡
𝑃 (𝑡, 𝑠) and

𝜕

𝜕𝑠
𝑃 (𝑡, 𝑠) are continuous. By

differentiability property of functions of many variables this implies that the function 𝑃 (𝑡, 𝑠) is
differentiable at the point (𝑡, 𝑡). Thus, there exists 𝐿̇(𝑡) and

𝐿̇(𝑡) =

(︂
𝜕

𝜕𝑡
𝑃 (𝑡, 𝑠) +

𝜕

𝜕𝑠
𝑃 (𝑡, 𝑠)

)︂⃒⃒⃒⃒
𝑠=𝑡

= 2⟨𝑣𝑡(𝑡), 𝑣(𝑡)⟩.

We note that (7) with 𝜑 = 𝑣(𝑡) gives

⟨𝑣𝑡(𝑡), 𝑣(𝑡)⟩
⃒⃒𝑡2
𝑡1

=

∫︁ 𝑡2

𝑡1

∫︁
Ω

(︂
|𝑣𝑠(𝑠)|2 − |∇𝑣(𝑠)|𝑝 + 𝜆|𝑣(𝑠)|𝑝 − |𝑣(𝑠)|𝛼

)︂
𝑑𝑥 𝑑𝑥.

Then

𝐿̇(𝑡2)− 𝐿̇(𝑡1) = 2

∫︁ 𝑡2

𝑡1

∫︁
Ω

(︂
|𝑣𝑠(𝑠)|2 − |∇𝑣(𝑠)|𝑝 + 𝜆|𝑣(𝑠)|𝑝 − |𝑣(𝑠)|𝛼

)︂
𝑑𝑥 𝑑𝑥. (31)

By the absolute continuity of the Lebesgue integral this implies that 𝐿̇(𝑡) is an absolutely
continuous function that implies the existence of the derivative 𝐿̈(𝑡) almost everywhere on
(0, 𝑇 ) and the validity of (30).
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Lemma 3. Let 𝑣(𝑡) be a global solution of (B.2) such that (𝑣(0), 𝑣𝑡(0)) ∈ Θ. Then
(𝑣(𝑡), 𝑣𝑡(𝑡)) ∈ Θ for all 𝑡 ∈ [0,+∞).

Proof. Let 𝑣(𝑡) be a global solution to (B.2) subject to the initial conditions 𝑣(0) = 𝑣0, 𝑣𝑡(0) = 𝑣1
such that (𝑣0, 𝑣1) ∈ Θ. Then by (8),

Φ𝜆(𝑣(𝑡)) 6 𝐸(𝑣(𝑡), 𝑣𝑡(𝑡)) 6 𝐸(𝑣0, 𝑣1) < Φ̂𝜆 for all 𝑡 ∈ [0,+∞). (32)

Assume the opposite, that (𝑣(𝑡), 𝑣𝑡(𝑡)) leaves the domain Θ. By (32), this is possible only if
there exists 𝑡0 such that Φ′

𝜆(𝑣(𝑡0)) > 0. We denote by 𝑡1 the smallest time when Φ′
𝜆(𝑣(𝑡1)) > 0.

Then Φ′
𝜆(𝑣(𝑡)) < 0 as 0 6 𝑡 < 𝑡1 and Φ′

𝜆(𝑣(𝑡1)) > 0. The weak lower semi-continuity of the
norm ‖ · ‖1 implies

0 6 Φ′
𝜆(𝑣(𝑡1)) 6 lim inf

𝑡↑𝑡1
Φ′

𝜆(𝑣(𝑡)) 6 0.

Therefore, the inequality Φ′
𝜆(𝑣(𝑡1)) > 0 is impossible. Assume that Φ′

𝜆(𝑣(𝑡1)) = 0. Then

𝑣(𝑡1) ∈ 𝑁𝜆 and therefore, Φ𝜆(𝑣(𝑡1)) > Φ̂𝜆; but this contradicts (32). The proof is complete.

Lemma 4. If (𝑣0, 𝑣1) ∈ Θ and 𝑣(𝑡) is a global solution to (B.2), then
∫︀
Ω
|𝑣(𝑡)|2 𝑑𝑥→ +∞ as

𝑡→ +∞.

Proof. We consider 𝐿(𝑡) =
∫︀
Ω
|𝑣(𝑡)|2 𝑑𝑥. Then by Lemma 2 we have 𝐿̇(𝑡) = 2⟨𝑣𝑡(𝑡), 𝑣(𝑡)⟩ and

𝐿̈(𝑡) = 2

(︂∫︁
Ω

|𝑣𝑡(𝑡)|2 𝑑𝑥−
∫︁
Ω

|∇𝑣(𝑡)|𝑝 𝑑𝑥+ 𝜆

∫︁
Ω

|𝑣(𝑡)|𝑝 𝑑𝑥−
∫︁
Ω

|𝑣(𝑡)|𝛼 𝑑𝑥
)︂

(33)

almost everywhere on (0, 𝑇 ). By Lemma 3

− Φ′
𝜆(𝑣(𝑡)) = −

∫︁
Ω

|∇𝑣(𝑡)|𝑝 𝑑𝑥+ 𝜆

∫︁
Ω

|𝑣(𝑡)|𝑝 𝑑𝑥−
∫︁
Ω

|𝑣(𝑡)|𝛼 𝑑𝑥 > 0 for all 𝑡 > 0. (34)

This implies that 𝐿̈(𝑡) > 0 a.e on (0, 𝑇 ).
Let us show that there exists 𝑡0 > 0 such that 𝐿̇(𝑡0) > 0. We assume the opposite, that

is, 𝐿̇(𝑡) 6 0 for all 𝑡 > 0. Since 𝐿(𝑡) > 0 and 𝐿(𝑡) is convex, then 𝐿(𝑡) should tend for a
finite constant as 𝑡 → +∞. Therefore, 𝐿(𝑡) → 𝐴, 𝐿̇(𝑡) → 0, 𝐿̈(𝑡) → 0 as 𝑡 → +∞ for some
𝐴 ∈ [0,+∞). Then by (33) and (34) we obtain

lim
𝑡→+∞

∫︁
Ω

|𝑣𝑡(𝑡)|2 𝑑𝑥 = 0. (35)

Hence, in view of the fact it follows from (8) that

1

2

∫︁
Ω

|𝑣𝑡(𝑡)|2 𝑑𝑥+
1

𝑝

∫︁
Ω

|∇𝑣(𝑡)|𝑝 𝑑𝑥− 𝜆

𝑝

∫︁
Ω

|𝑣(𝑡)|𝑝 𝑑𝑥+
1

𝛼

∫︁
Ω

|𝑣(𝑡)|𝛼 𝑑𝑥 6 𝐸(𝑣0, 𝑣1),

we get the estimate
lim inf
𝑡→+∞

Φ𝜆(𝑣(𝑡)) 6 𝐸(𝑣0, 𝑣1). (36)

On the other hand, since 𝐿̈(𝑡)→ 0 as 𝑡→ +∞, then (33) and (35) implies that

Φ′
𝜆(𝑣(𝑡)) =

∫︁
Ω

|∇𝑣(𝑡)|𝑝 𝑑𝑥− 𝜆
∫︁
Ω

|𝑣(𝑡)|𝑝 𝑑𝑥+

∫︁
Ω

|𝑣(𝑡)|𝛼 𝑑𝑥→ 0

as 𝑡→ +∞. Hence, taking into consideration (34), by Lemma 1 we get

lim inf
𝑡→+∞

Φ𝜆(𝑣(𝑡)) > Φ̂𝜆 > 𝐸(𝑣0, 𝑣1).

This is opposite to (36). Thus, indeed, there exists 𝑡0 > 0 such that 𝐿̇(𝑡0) > 0.
Since 𝐿̈(𝑡) > 0, we can write ∫︁ 𝑡

𝑡0

𝐿̈(𝑠) 𝑑𝑥 = 𝐿̇(𝑡)− 𝐿̇(𝑡0) > 0. (37)



52 Y.Sh. IL’YASOV, E.E. KHOLODNOV

Then ∫︁ 𝑡

𝑡0

(𝐿̇(𝑠)− 𝐿̇(𝑡0)) 𝑑𝑥 = 𝐿(𝑡)− 𝐿(𝑡0)− 𝐿̇(𝑡0)(𝑡− 𝑡0) > 0.

Since 𝐿̇(𝑡0) > 0, we conclude that

𝐿(𝑡) =

∫︁
Ω

|𝑣(𝑡)|2 𝑑𝑥 > 𝐿̇(𝑡0)(𝑡− 𝑡0) + 𝐿(𝑡0)→ +∞. (38)

Completion of the proof of Theorem 2. Let 𝑢𝜆 be a ground state of (B.1) and 𝜀 > 0. We con-
sider 𝑟 > 1 satisfying the inequality

|𝑟 − 1| < 𝜀

‖𝑢𝜆‖1
.

Then ‖𝑢𝜆 − 𝑟𝑢𝜆‖1 < 𝜀. We shall prove the theorem if we show that for each global solution
𝑣(𝑡; 𝑣0, 𝑣1) of problem (B.2) with the initial conditions 𝑣0 = 𝑟𝑢𝜆, 𝑣1 = 0 (assuming the existence
of such solution) the identity

lim
𝑡→+∞

∫︁
Ω

|𝑢𝜆 − 𝑣(𝑡; 𝑣0, 𝑣1)|2 𝑑𝑥 = +∞ (39)

holds. Let us prove this.
As 𝑟 > 1, the inequalities

𝐸𝜆(𝑟𝑢𝜆, 0) < Φ̂𝜆, Φ′
𝜆(𝑟𝑢𝜆) < 0 (40)

hold. They mean that (𝑟𝑢𝜆, 0) ∈ Θ. Then by Lemma 4 we have∫︁
Ω

|𝑣(𝑡; 𝑣0, 𝑣1)|2 𝑑𝑥→ +∞ as 𝑡→ +∞,

which implies (39).
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