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ON GLOBAL INSTABILITY OF
SOLUTIONS TO HYPERBOLIC EQUATIONS
WITH NON-LIPSCHITZ NONLINEARITY

Y.Sh. IL’YASOV, E.E. KHOLODNOV

Abstract. In a bounded domain €2 C R", we consider the following hyperbolic equation

{vtt = Apv + AP0 — |v|* "%, z€Q,

U’aﬂ =0.

We assume that 1 < o < p < +00; this implies that the nonlinearity in the right hand side
of the equation is of a non-Lipschitz type. As a rule, this type of nonlinearity prevent us
from applying standard methods from the theory of nonlinear differential equations. An ad-
ditional difficulty arises due to the presence of the p-Laplacian A,(+) := div(|V(:)|]P72V ("))
in the equation. In the first result, the theorem on the existence of the so-called stationary
ground state of the equation is proved. The proof of this result is based on the Nehari
manifold method. In the main result of the paper we state that each stationary ground
state is unstable globally in time. The proof is based on the development of an approach
by Payne and Sattinger introduced for studying the stability of solutions to hyperbolic
equations.
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p-Laplacian
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INTRODUCTION

We consider the Dirichlet boundary value problem

{—Apu = MulP2u — |u|*%u, z¢€Q,

(B.1)
ufy =0,

where () is a bounded domain in R"™ with a smooth boundary 92, n > 1, A € R. The
symbol A,(+) := div(|]V(:)|P"2V(-)) stands for the p-Laplacian, 1 < p < +o0o0. We suppose
that o € (1,p), that is, the nonlinearity in the right hand side is of a non-Lipschitz type. A
special interest to such problem related to the fact that they can possess solutions compactly
supported in 2 (see, for instance, [1], [2], [3], [5], [16] and the review of the references therein).
However, despite there are rather many works devoted to such solutions, their stability for
the corresponding non-stationary problems: parabolic and hyperbolic equations, Schrodinger
equations, etc., was studied to a lesser extent. Here the main obstacle is that the presence of
the non-Lipschitz nonlinearity in the right hand side of makes troubles in applying the
methods based on studying the corresponding linearized equations. Another difficulty is that
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the most known results on existence of solutions compactly supported in with €2 are usually non-
constructive and are of an abstract nature. This prevents one from further studying detailed
properties like, for example, stability for such solutions.

In works [4], [5], [8], [10], for equations with non-Lipschitz nonlinearities, there were found
solutions compactly supported in {2 and in addition, these solutions were ground states. This
additional property turned out to allow one to obtain certain stability results for such solutions.
In particular, in work [4] there were obtained stability results for solutions to (as p = 2),
which were of ground state kind compactly supported in €2; the results were obtained for the
corresponding parabolic problem.

The aim of the present work is to study the stability of the stationary solutions to the
hyperbolic equation

vy = Apv + AP0 — o] P,z € Q,

U’t:o = Yo,

B.2
Ut’tzo = UL B2
“’39 =0.

In order to do this, we first prove the existence of stationary ground state kind solutions to
equation (B.2]). The proof of this result is based on employing the Nehari manifold method.
Such approach allows us to obtain some additional qualitative geometric properties of these
solutions required for further purposes. In the main result we prove that the stationary ground
state kind solutions to hyperbolic problem are globally unstable. The proof of this results
is based on developing the approach proposed in [13], |15] for studying the stability of solutions
to hyperbolic equations.

1. MAIN RESULT

In what follows W := W;”(Q) denotes the Sobolev space, which is introduced as the com-

pletion C§°(€2) by the norm:
1
s = (/ |Vu\pdx> |
Q

The number p* denotes the critical Sobolev exponent defined as
+w’ n < p7
pt = n
n—p
By (-,+) we denote the scalar product in the space L*(€) and various duality in dual spaces.

By A1 we denote the minimal eigenvalue of the operator —A, subject to the Dirichlet boundary
condition. As it is known,

, n > p.

Vul|Pd
A = inf M (1)
weW\o  [o, |ulP dz
Problem (B.1)) has the variational formulation with the Euler-Lagrange functional of the fol-
lowing form:

1 A 1
Dy\(u) = —/ |VulP dz — —/ |ulP dx + —/ lu|*dx, uweW. (2)
P Ja pJa @ Jo
We consider weak solutions uy to problem (B.1)), that is, the critical points of functional :
D, ®(u2)(¢) =0 forall ¢ €, (3)

where D, ®,(uy) is the Fréchet derivative. A weak solution uy to problem (B.1]) is called ground
state (stationary ground state (B.2])) if the inequality ®(uy) < ®,(w,) holds for each other
weak solution wy € W \ 0 to problem (B.1)).
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We study problem (B.1)) by the Nehari manifold method. The corresponding minimization
Nehari problem is introduced as

(i),\ = mf{CI),\(u) Tu € N)\}, (4)
where
Ny, :{u eW\0:®\(u) :=D,Py(u)(u) = 0} (5)

is the Nehari manifold. We observe that since each nontrivial solution to problem belongs
to Ny and N, = () as A < A\q, then problem has no solutions as A < A\ except the trivial
one u = 0.

Our first main result is the following theorem.

Theorem 1. Let 1 < a < p < +00, the boundary 0 is a C*7-manifold with some y € (0, 1].
Then for all X > A\

1. (i)A > 0;
2. there exists a ground state uy of problem and at that, uy > 0 in Q and uy € CP(Q)
for some 5 € (0,1).

Remark 1. A similar result in the case p = 2 was obtained in [5].

The functional
1 9 1 » A » 1 N 9
E,\(§7C):§ ICPde+= | |[VEPde—= | |EPde+ = [ |€|*de, €W, (e L¥Q)
Q b Ja P Ja @ Jq

is called the energy functional of problem (B.2).
Let (vg,v1) € W x L*(Q). Following work [13], we call v(t) := v(; vg, v1) a weak solution to
problem (B.2) on [0, 7], where T' < 400, if it satisfies the conditions:

(1°) the mapping [0,T] > t — v(t) € W is continuous in the weak topology of W ;

(2°) there exists a mapping [0,T] 2 t — v (t) € L*(Q) continuous in the weak topology of L*(Q)
such that the identity

(w(t), )" = / “(0u(3), 6) de (6)

t1

holds true for all ty, t5, 0 < t; <ty < T and all € L*();
(3%) for each w : [0,T] — W satisfying properties (1°), (2°) the identity

to
t _
(ve(t), w(t))],; :/ [{v5(s), ws(s)) = (|Vo(s)["*Vo(s), Va(s))
t1
+ Au(s)P?u(s) = [u(s)[**v(s), w(s))] dz
holds true;
(4%) the inequality holds:
Ex(v(t),ve(t)) < Ex(vo,v1) forall ¢ e [0,T]. (8)
Let T,, := T,,(vg,v1) € (0,+00] be the maximal value such that for all T € (0,7,,) there
exists a weak solution v(t;vg, v1) to problem (B.2) on [0,7]. In the case T,, = +o0o we shall say
that the corresponding v(t; vg, v;) is a global solution of (B.2)).
We note that Theorem [1|implies that problem ([B.2|) possesses a global solution. Indeed, the

weak solution u, to problem (B.1]) is also a weak solution w,(t; uy,0) = uy to problem (B.2) on
0, +00).
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However, since equation (B.2)) involves the non-Lipschitz nonlinearity, the issue on whether
problem possesses a weak solution v(¢; vg, v1) with some T}, (vg, v1) € (0, +o0] for arbitrary
(vo,v1) € W x L*(Q) is still open. In the present work we do not study this issue.

We shall say that a weak solution v (¢; vg, v1) of problem is globally unstable if for each
e > 0 there exist (wg,w1) € W x L*(Q): |Jvg — wol|1 < € and ||v; — wy||z2 < € such that one
of the following alternatives holds: 1) problem has not weak solutions with the initial
condition (wg,w1); 2) problem has a weak solution wy (t; wg, wy) but T, (we, w1) < +00;
3) on [0, +00), there exists a global solution w, (t; wo, w;) to problem such that

/ [ux (t; Vo, v1) — w(t; wo, wy)|* dor — +o0 as t — +o0. (9)
Q

The main result of the present is the following theorem.

Theorem 2. Let1 < a < p < 400, the boundary 9Q be a C*-manifold with some vy € (0, 1].
Then for all X > A\ each ground state uy of problem 18 globally unstable solution to

hyperbolic problem .

Remark 2. In the present work we do not consider the existence of compactly supported in
Q ground states for problem . Nevertheless, Theorem@ implies that if such solutions exist,
they are globally unstable for (B.2).

2. EXISTENCE OF GROUND STATE FOR PROBLEM ([B.1])

We introduce the notations

Hy(u) ::/ |\Vu|P de — /\/ |ulP dx, F(u) ::/ lu|® dz.
Q Q Q

We consider Nehari functional

P\ (u) := Hy(u) + F(u). (10)
It follows from that Ny # () if and only if A > \;. We observe that ®,(u) > 0 for all u € N,.
Indeed, if u € N, then Hy)(u) = —F(u) that by 1 < a < p yields:

-«

Oy (u) = ppTF(u) > 0. (11)

We consider minimization problem . We note that for each u € N,
Dy @ (u)(u,u) = (« —p)/ |u|* dx < 0. (12)
Q

As it is known (see [7], [11]), condition ([12]) is sufficient for each solution w to problem ({4 is a
critical point of the functional ®,(u).
We consider the fibering functional [14]

Ju(r) = ®z(ru), r>0. (13)
Let Hy(u) < 0. Then there exists the unique root r* = r*(u) > 0 of the equation
JI(r) =" Hy(u) + r* ' F(u) = 0. (14)

Indeed, taking into consideration H)(u) < 0, we find

F(u) >p1a
r*(u) = . 15
() (_HA(U) 13)
As one can see easily, 7*(u) is the global maximum for J,(r). This implies that problem is

equivalent to the following one:

P, = inf {@,(r*(v)v) : [Jv]li =1, H\(v) < 0}, (16)
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where
D

F(v)rea

(p— )
A(r*(v)v) = = (17)
pa (—Hx(v))r==
Proof of Theorem []. We consider the minimizing sequence (v,) of problem , that is,
lim @y (r* (v,)vn) = Py (18)

n—-+00

We note that ||v,|; = 1 and hence, by Banach-Alaoglu theorem and by Sobolev theorem there
exists a subsequence redenoted by (v,,) such that v, — w weakly in W and v,, — w strongly in
LY(Q) as 1 < v < p*.

Let us show that w # 0. We assume the opposite: let w = 0, then [, |v,[Pdz — 0 and in
this case

/|an\pdm—)\/ o |P doe = 1—)\/ |op|P dx > 0, (19)
0 Q Q

for sufficiently large n. But this contradicts the condition that Hy(v,) < 0 for n = 1,2,...
Therefore, w # 0. By this implies ®, > 0.
We consider
Up, = 77 (V) Up.- (20)
We note that 7*(v,,) is bounded. Indeed, it follows from and the said above that F(v,) is
bounded and H,(v,) does not tend to zero. By we hence have

0<Cr <r*(v,) <Cy <400,

where (', Cy are independent of n. Therefore, there exists a limiting point u, such that some
subsequence redenoted by (u,) satisfies the convergence w,, — wuy weakly in W and u,, — u,
strongly in L7(Q2) as 1 < v < p*. By the weak lower semi-continuity of the norm || - ||; this
implies:

|luallr < liminf ||u,||; = d,
n—-+oo

Dy (uy) < l%r_r}igof Oy (uy) =®y and P (uy) < lrlLr_rggjf ' (u,) = 0.
Thus, if |Ju|l; = d, then @} (1)) = 0, ®(uy) = ®» and u, is a non-zero minimizer for (4).
Assume that ||uy||; < d. Then ®)(uy) < 0 and ®y(uy) < P,. Let us show that this is
impossible. Indeed, in this case there exists ¢ € (0,1) such that @ (tuy) = 0. We observe that
since lim,, 1o F(u,) — F(uy), we have

1 - 1
— lim Hy(u,) =Py — —F(uy) and lim Hy(u,) = —F(uy).
a

P n—-+oo n—-+00
This yields

_ P e tP t
CI))\<tU)\) :;HA(U)) + EF(U)\) < — liminf H)\(Un> + EF(U)\)

p n—-+o0o

N 1 -1 t - 1—t t“—1
=0, — —F(uy) — F(uy) + —F(uy) = @) + ( + > F(uy).
«Q p «Q p «
We denote
I(t) =

The values of this functional on the boundary are

1(0) = (1 . l) Fuy) <0, I(1)=0.

P (0%

(1—51” t*—1
_l’_
o

) F(uy). (21)
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At that,

I't)y= (="' +t*") F(uy) >0 forall te(0,1). (22)
Therefore, I(t) < 0 for 0 < t < 1 and ®y(fuy) < ®,. However, ®(fuy) = 0, that is,
tuy € Ny. We have obtained the contradiction with the definition of (i>,\. Therefore, u, is
indeed a minimizer for .

We note that ®)(u) = ®,(|u|) for all w € W and if u € Ny, then |u| € Ny. Therefore, |u,|
is also a solution to problem , that is, we can suppose that u) > 0 on 2. We note that by
the assumption, the boundary 9 is a C''*7-manifold for some v € (0,1]. Applying now the
standard regularity theory for solutions to quasilinear boundary value problems [6], [12], [17],
we therefore obtain that uy € C*#(Q) for some 3 € (0,1). The proof is complete. O

3. MAIN LEMMA
The next lemma will be employed below for studying stability of solution to (B.2)).

Lemma 1. Let (u,) be a sequence in W \ 0 such that ) (u,) < 0 and ®)(u,) — 0. Then
the inequality R
lim inf @ (u,) > P, (23)

n——+o0

holds true.

Proof. Assume that we are given a sequence (u,,) C W\0 such that ® (u,) < 0 and ®/, (u,) — 0.
We write this sequence as u, = r,v,, where r, = ||u,||1 and ||v,|1 = 1. Since (v,) is bounded
in W, then by Banach-Alaoglu theorem and by Sobolev theorem, without loss of generality we
can suppose that v, — ¥ converges strongly in L7(2) as 1 < v < p* and v,, — v weakly in W
for some v € W.

Let us prove that v is non-zero; we shall argue by contradiction. Indeed, let v,, — 0 in LP(2).
Then Hy(v,) — 1 and F(v,) — 0. However, this implies that

p
n

1
1 +— Hy(v,) < Hy(v,) + 8 PF(v,) = P\ (u,) <0, (24)
r
the contradiction.

Let us prove that 7, does not tend to zero. Assume the opposite: r, — 0. Then
Hy(vy) + 107 PF(v,) = +00 (25)
since F,(v,) — F(v) # 0. We again obtained the contradiction.

Assume that 7, tends to infinity. Then F(u,) = r®F(v,) — 400 as n — +oo and since
Hy(uy,) + F(u,) — 0, then —H)(u,) — +00 as n — +oo. Hence,

O, (uy,) = (O‘pap ) Hy(un) + é@i\(un) — +o0. (26)
Therefore, inequality is true.

Now we consider the case, when (r,) is bounded and therefore, (u,) is bounded. Then as
above, without loss of generality, we can assume that there exists a limit w such that u, — w
strongly in L7(Q2) as 1 < v < p* and u,, — w weakly in W. Arguing as above, we show that
w # 0 and @\ (w) < 0. Therefore, if lim,_, ;o ||uy|1 = ||w]1, then ®)(w) = 0 and we obtain
the desired identity

n—+oo
On other hand, the situation ®)(w) < 0 is impossible.
Indeed, assume that ®)(w) < 0. Then there exists ¢ € (0,1) such that ) (tw) = 0. Arguing
as in the proof of Theorem [I} we obtain the following inequality:

D, (tw) < limJirnf Dy (uy) + 1(1), (27)
n—-—+0oo
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where I(t) is the function defined in (21)). As we have shown above, I(¢) < 0. This is why,
if iminf,, ;0 Pr(uy) < Py, then @, (tw) < ®). However, ¥ (tw) = 0, that is, tw € N,. We
have obtained a contradiction with the definition of ®,. O

4. PROOF OF GLOBAL INSTABILITY OF PROBLEM (B.2))

In this section we prove Theorem [2]
We introduce the set

0 = {(&,v) € W\ 0) x LA(Q) : Ex(§,9) < &y, PL(€) < 0} (28)

We note that the ground state uy lies on the boundary of the set © since E\(uy,0) = i),\,
D) (uy) = 0.

Assume that there exists a weak solution v(¢) to problem defined on some maximal
interval [0,7,,), T, < +o0o. We observe that (2°) implies that the mapping v(t) is weakly
absolutely continuous from [0, 7] into L?(Q2) for all T € (0,T;,). Indeed, since v;(t) is a weakly
continuous mapping from [0, 7] into L*(12), by (€]) we get the inequality

[(v(t2), ) = (v(tr), 9)] </2 [(vs(s), @) d < max [(vs(s), 0)|(t2 —t1) forall ¢ e L*(Q),

£ se[0;T

which means that (v(t), ¢) satisfies the Lipschitz condition on [0, 7] and therefore, it is abso-
lutely continuous on [0, T] for all ¢ € L*(Q).

Lemma 2. Let
L(t) = / 2z, ) da (29)
Q
where v(z,t) is a weak solution to (B-3). Then for almost allt € (0,T) there exists the derivative
L(t). Moreover, as T € (0,T,,), almost everywhere on (0,T) there exists L(t) and the identity
L(t) = 2/ (Joe)* = Vo) P+ Ao@) [P = [o(t)|*) dz a.e. on(0,T) (30)
Q
holds true.

Proof. We introduce the function P(t,s) = (v(t),v(s)). Since v(t) is a weakly absolutely con-
tinuous function from [0, 7] into L*(Q2), the function P(t, s) is differentiable almost everywhere
inte (0,7) and s € (0,7). Taking into consideration that v, is weakly continuous from [0, 7]

into L*(12), by (6]) we get that all partial derivatives %P(t, s) and agP(t, s) are continuous. By
s

differentiability property of functions of many variables this implies that the function P(t, s) is
differentiable at the point (¢,t). Thus, there exists L(t) and

L(t) = (aat (t,s) + (‘ip(t s)> = 2(vy(t), v(t)).

s=t
We note that (7)) with ¢ = v(t) gives
(v (t) / / (lvs — [Vu(s)|P + Mo(s)]P — |v(s)|°‘) do d.

F(t2) — E(t) =2 / [ (1o = 9+ Aol = o) Y e, (31

By the absolute continuity of the Lebesgue integral this implies that L(t) is an absolutely

continuous function that implies the existence of the derivative L(t) almost everywhere on
(0,7) and the validity of (30). O

Then
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Lemma 3. Let v(t) be a global solution of such that (v(0),1,(0)) € ©. Then
(v(t),ve(t)) € © for all t € [0, +00).

Proof. Let v(t) be a global solution to (B.2)) subject to the initial conditions v(0) = wvg, v¢(0) = vy
such that (vo,v1) € ©. Then by (8),

Dy (v(t)) < E(u(t), v (t)) < E(vg,v1) < ®y forall t € [0,400). (32)

Assume the opposite, that (v(t),v:(t)) leaves the domain ©. By (32), this is possible only if
there exists ¢y such that ®)(v(¢y)) > 0. We denote by ¢; the smallest time when @' (v(¢;)) > 0.
Then @) (v(t)) < 0as 0 <t < t; and P} (v(t;)) > 0. The weak lower semi-continuity of the
norm || - ||; implies

0 < P\(v(th)) < lirtr%tilnf '\ (v(t)) < 0.

(

A
Therefore, the inequality ®(v(¢1)) > 0 is impossible. Assume that ®)(v(t1)) = 0. Then
v(t1) € N, and therefore, ®,(v(t;

Lemma 4. If (vg,v1) € © and v(t) is a global solution to , then [, |v(t)]? dz — +oc0 as
t — +oo.

Proof. We consider L(t) = [, |v(t)|* dz. Then by Lemmawe have L(t) = 2(v,(t),v(t)) and

—2(/ ot |2da:—/]Vv |pdx+)\/| |de—/|v |adaz) (33)

almost everywhere on (0,7"). By Lemma
— ®\ (v /|Vv |pd.’p—|—)\/|v |pd:v—/|v )*dx >0 forall ¢>0. (34)

1
)) > ®,; but this contradicts . The proof is complete. [
v

This implies that L(t) > 0 a.e on (0, 7). '
Let us show that there exists ¢y > 0 such that L(ty) > 0. We assume the opposite, that
is, L(t) < 0 for all t > 0. Since L(t) > 0 and L(t) is convex, then L(t) should tend for a

finite constant as ¢t — +o0o. Therefore, L(t) — A, L(t) — 0, L(t) — 0 as t — 400 for some
A € [0,400). Then by and we obtain

. 2 .
1tEerOO/ lv(t)|” dz = 0. (35)

Hence, in view of the fact it follows from ( . that

/|Ut ()2 do + = /|Vv |de——/|v B do + - /| (1) dz < E(vo, v1),

we get the estimate
1in1+inf P, (v(t)) < E(vg, v1). (36)

On the other hand, since L ) — 0 as t — 400, then and (| . implies that

/|Vv )P dz — A /|v |pdx+/|v )|*dx — 0

as t — +o0o. Hence, taking into consideration . by Lemma I 1| we get
lim inf @y (v(t)) > ®y > E(vg, v1).

t—+

This is opposite to . Thus, indeed, there exists t, > 0 such that L(ty) > 0.

Since L(t) > 0, we can write

/ Ci(s)de = £(1) — L(to) > 0. (37)
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Then .
/t (i(s) — L(to)) dr = L(t) — L{ta) — L(to)(t — to) > 0.

Since L(ty) > 0, we conclude that

L(t) = /Q )2z > L(te)(t — to) + Lty) — +o00. (38)

Completion of the proof of Theorem |2 Let uy be a ground state of and € > 0. We con-
sider r > 1 satisfying the inequality

€
Juls
Then [Juy — ruy|ly < . We shall prove the theorem if we show that for each global solution
v(t; vo, v1) of problem with the initial conditions vy = ruy, v; = 0 (assuming the existence
of such solution) the identity

r—1| <

. . . 2 _
tgglm[) s — v(t: v, v1) 2 d = oo (39)
holds. Let us prove this.
As r > 1, the inequalities
Ex(ruy,0) < &y, ®(ruy) <0 (40)

hold. They mean that (ruy,0) € ©. Then by Lemma 4] we have
/ [o(t; v, v1)]? dr — +00 as t — +oo,
0
which implies ([39)). ]
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