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Àííîòàöèÿ. Äëÿ íåêîòîðîãî êëàññà ýëëèïòè÷åñêèõ óðàâíåíèé ñ íåñòåïåííûìè íåëè-
íåéíîñòÿìè óñòàíîâëåíû îöåíêè, õàðàêòåðèçóþùèå ñêîðîñòü óáûâàíèÿ ïðè |x| → ∞
ðåøåíèé çàäà÷è Äèðèõëå â íåîãðàíè÷åííûõ îáëàñòÿõ.

Êëþ÷åâûå ñëîâà: àíèçîòðîïíîå ýëëèïòè÷åñêîå óðàâíåíèå, íåñòåïåííûå íåëèíåéíî-
ñòè, ïðîñòðàíñòâî Ñîáîëåâà-Îðëè÷à, íåîãðàíè÷åííàÿ îáëàñòü.

Mathematics Subject Classi�cation: 35J62

Ââåäåíèå

Ïóñòü Ω � ïðîèçâîëüíàÿ íåîãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà Rn = {x = (x1, x2, ..., xn)},
Ω ⊂ Rn, n ≥ 2. Äëÿ àíèçîòðîïíûõ êâàçèëèíåéíûõ ýëëèïòè÷åñêèõ óðàâíåíèé âòîðîãî ïî-
ðÿäêà ðàññìàòðèâàåòñÿ çàäà÷à Äèðèõëå

n∑
α=1

(aα(x, u,∇u))xα − a0(x, u,∇u) = 0, x ∈ Ω; (0.1)

u
∣∣∣
∂Ω

= 0. (0.2)

Ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèè aα(x, s0, s), α = 0, . . . , n, èçìåðèìû ïî x ∈ Ω äëÿ
s = (s0, s) = (s0, s1, . . . , sn) ∈ Rn+1, íåïðåðûâíû ïî s ∈ Rn+1 äëÿ ïî÷òè âñåõ x ∈ Ω.

Ïóñòü ñóùåñòâóþò ïîëîæèòåëüíûå ÷èñëà â, Â è èçìåðèìûå íåîòðèöàòåëüíûå ôóíêöèè
ψ(x),Ψ(x), òàêèå, ÷òî äëÿ ï.â. x ∈ Ω è s = (s0, s), t = (t0, t) ∈ Rn+1, s 6= t ñïðàâåäëèâû
íåðàâåíñòâà:

n∑
α=0

aα(x, s0, s)sα ≥ a
n∑

α=0

Bα(sα)− ψ(x); (0.3)

n∑
α=0

Bα(aα(x, s0, s)) 6 Â

n∑
α=0

Bα(sα) + Ψ(x); (0.4)

n∑
α=0

(aα(x, s0, s)− aα(x, t0, t))(sα − tα) > 0. (0.5)

Çäåñü B0(z), B1(z), ..., Bn(z) � N -ôóíêöèè óäîâëåòâîðÿþùèå ∆2�óñëîâèþ, à B0(z), B1(z),
..., Bn(z) � äîïîëíèòåëüíûå ê íèì (ñì. �1).

R.Kh. Karimov, L.M. Kozhevnikova, A.A. Khadzhi, Behavior of solutions to elliptic

equations with non-power nonlinearities in unbounded domains.
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Â êà÷åñòâå ïðèìåðà ìîæíî ðàññìîòðåòü óðàâíåíèå

n∑
α=1

(B′α(uxα) + fα(x))xα −B′0(u)− f0(x) = 0 (0.6)

ñ íåïðåðûâíî äèôôåðåíöèðóåìûìè N -ôóíêöèÿìè B0(z), B1(z), ..., Bn(z) (ñì. ëåììó 4).
Íà÷èíàÿ ñ 70-õ ãã. ïðîøëîãî ñòîëåòèÿ (ñì. [1]�[4]) è ïî íàñòîÿùåå âðåìÿ âåäóòñÿ èíòåí-

ñèâíûå èññëåäîâàíèÿ êà÷åñòâåííûõ ñâîéñòâ ðåøåíèé ýëëèïòè÷åñêèõ óðàâíåíèé ñ íåñòå-
ïåííûìè íåëèíåéíîñòÿìè êàê âòîðîãî, òàê è âûñîêîãî ïîðÿäêîâ. Ðåøåíèÿ êðàåâûõ çà-
äà÷ äëÿ óðàâíåíèé âèäà (0.1) ñ ôóíêöèÿìè a0(x, s), a1(x, s), . . . , an(x, s), èìåþùèìè íå
îáÿçàòåëüíî ïîëèíîìèíàëüíûé ðîñò ïî ïåðåìåííûì s0, s1, . . . , sn, ðàññìàòðèâàëèñü, â îñ-
íîâíîì, â îãðàíè÷åííûõ îáëàñòÿõ. Òàê, â ðàáîòå [5] â îãðàíè÷åííîé îáëàñòè Ω èññëåäî-
âàëàñü çàäà÷à Äèðèõëå äëÿ íåëèíåéíîãî ýëëèïòè÷åñêîãî âêëþ÷åíèÿ ñ âåêòîð-ôóíêöèåé
a(x, s) = (a1(x, s), . . . , an(x, s)), óäîâëåòâîðÿþùåé íåñòàíäàðòíûì óñëîâèÿì ðîñòà, îïèñàí-
íûõ â òåðìèíàõ N -ôóíêöèé, çàâèñÿùèõ îò x. Äîêàçàíî ñóùåñòâîâàíèå ðåíîðìàëèçîâàí-
íîãî ðåøåíèÿ, à ïðè óñëîâèè ñòðîãîé ìîíîòîííîñòè óñòàíîâëåíà åãî åäèíñòâåííîñòü.
Êðàåâûå çàäà÷è â íåîãðàíè÷åííûõ îáëàñòÿõ äëÿ êâàçèëèíåéíûõ ýëëèïòè÷åñêèõ óðàâ-

íåíèé ñî ñòåïåííûìè íåëèíåéíîñòÿìè òàêæå èññëåäîâàëèñü â ìíîãî÷èñëåííûõ ðàáîòàõ
[6], [7]. Ñëåäóåò îòìåòèòü, ÷òî ðåøåíèå ýëëèïòè÷åñêîé çàäà÷è â íåîãðàíè÷åííîé îáëà-
ñòè ñ íåñóììèðóåìûìè äàííûìè ïðèíàäëåæèò ñîîòâåòñòâóþùåìó ïðîñòðàíñòâó ëîêàëüíî
ñóìììèðóåìûõ ôóíêöèé. Êàê ïðàâèëî, äëÿ îáåñïå÷åíèÿ åäèíñòâåííîñòè ðåøåíèÿ ñîîò-
âåòñòâóþùåé êðàåâîé çàäà÷è â íåîãðàíè÷åííîé îáëàñòè íåîáõîäèìî íàëîæèòü óñëîâèå íà
ðîñò ðåøåíèÿ íà áåñêîíå÷íîñòè, à äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ èç âûäåëåííîãî êëàññà
åäèíñòâåííîñòè îáû÷íî òðåáóþòñÿ îãðàíè÷åíèÿ íà ðîñò âõîäíûõ äàííûõ [8].
Â 1984 ã. Õ. Áðåçèñ [9] íà ïðèìåðå ïîëóëèíåéíîãî óðàâíåíèÿ

−∆u+ |u|p0−2u = f(x), x ∈ Rn, p0 > 2,

ïîêàçàë, ÷òî èìåþòñÿ ýëëèïòè÷åñêèå óðàâíåíèÿ, äëÿ êîòîðûõ ñóùåñòâóþò åäèíñòâåííûå
ðåøåíèÿ êðàåâûõ çàäà÷ áåç ïðåäïîëîæåíèé íà èõ ïîâåäåíèå è ðîñò âõîäíûõ äàííûõ íà
áåñêîíå÷íîñòè. À èìåííî, Õ. Áðåçèñ óñòàíîâèë ñóùåñòâîâàíèå è åäèíñòâåííîñòü îáîáùåí-
íîãî ðåøåíèÿ u ∈ Lp0−1,loc(Rn) ïðè f ∈ L1,loc(Rn). Îáîáùåíèå ðåçóëüòàòîâ Õ. Áðåçèñà íà
óðàâíåíèÿ âûñîêîãî ïîðÿäêà áûëî ïðîâåäåíî Ô. Áåðíèñîì [10].
Â ðàáîòå [11] Æ.È. Äèàç è Î.À. Îëåéíèê, ïîëüçóÿñü ìåòîäîì èíòåãðàëà ýíåðãèè è óñòà-

íàâëèâàÿ àïðèîðíûå îöåíêè ðåøåíèÿ, äîêàçàëè ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ
êðàåâîé çàäà÷è ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè ïåðâîãî è âòîðîãî òèïà (â ÷àñòíî-
ñòè çàäà÷ Äèðèõëå è Íåéìàíà) äëÿ ïîëóëèíåéíûõ óðàâíåíèé ñ ïåðåìåííûìè êîýôôèöè-
åíòàìè

−
n∑

i,j=1

(
aij(x)uxj

)
xi

+ a0(x)|u|p0−2u = f(x), x ∈ Ω, p0 > 2, (0.7)

aij(x) ∈ L∞,loc(Ω), a0(x) ∈ L1,loc(Ω), a0(x) ≥ a0 > 0, áåç óñëîâèé íà áåñêîíå÷íîñòè. Êðîìå
òîãî, â [11] àâòîðû èññëåäîâàëè àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèÿ óðàâíåíèÿ (0.7) íà
áåñêîíå÷íîñòè. Ïðè óñëîâèè, ÷òî f(x) = 0, x ∈ Ω \Ω(r0), Ω(r0) = {x ∈ Ω | |x| 6 r0}, r0 > 0,
äëÿ ðåøåíèÿ óðàâíåíèÿ (0.7) ïîëó÷åíà îöåíêà:

|u(x)| 6 C1|x|−2/(p0−2), x ∈ Ω \ Ω(r0). (0.8)

À ïðè äîïîëíèòåëüíîì òðåáîâàíèè íà ãåîìåòðèþ íåîãðàíè÷åííîé îáëàñòè Ω óñòàíîâëåíî
íåðàâåíñòâî:

|u(x)| 6 C2e
−α|x|, x ∈ Ω \ Ω(r0), α > 0. (0.9)
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Â ðàáîòå [12] Ì.Ì. Áîêàëî, Å.Â. Äîìàíñêàÿ èññëåäîâàëè êðàåâûå çàäà÷è â íåîãðàíè÷åí-
íûõ îáëàñòÿõ äëÿ ýëëèïòè÷åñêèõ àíèçîòðîïíûõ óðàâíåíèé ñ ïåðåìåííûìè ïîêàçàòåëÿìè
íåëèíåéíîñòè. Ïðè ýòîì êîððåêòíîñòü ïîñòàíîâêè êðàåâûõ çàäà÷ äîêàçàíà áåç îãðàíè÷å-
íèé íà ðîñò ðåøåíèé è äàííûõ çàäà÷ íà áåñêîíå÷íîñòè.
Àâòîðàì íàñòîÿùåé ðàáîòû óäàëîñü âûäåëèòü íåêîòîðûé êëàññ ýëëèïòè÷åñêèõ óðàâíå-

íèé, èìåþùèõ íå îáÿçàòåëüíî ñòåïåííûå íåëèíåéíîñòè, è ïîëó÷èòü ðåçóëüòàòû, áëèçêèå
ê ïðîöèòèðîâàííûì âûøå. Òàê, â ðàáîòå [13] Ë.Ì. Êîæåâíèêîâîé, À.À. Õàäæè äëÿ óðàâ-
íåíèÿ (0.1) c ôóíêöèÿìè aα(x, s), óäîâëåòâîðÿþùèìè óñëîâèÿì (0.3)�(0.5), óñòàíîâëåíî
ñóùåñòâîâàíèå ðåøåíèé çàäà÷è Äèðèõëå â íåîãðàíè÷åííûõ îáëàñòÿõ áåç îãðàíè÷åíèé íà
ðîñò äàííûõ íà áåñêîíå÷íîñòè. À ïðè äîïîëíèòåëüíûõ òðåáîâàíèÿõ íà ñòðóêòóðó óðàâíå-
íèÿ â [14] äîêàçàíà åäèíñòâåííîñòü áåç îãðàíè÷åíèé íà ðîñò ðåøåíèé çàäà÷è (0.1), (0.2)
íà áåñêîíå÷íîñòè.
Çäåñü ïîëó÷åíû îöåíêè, õàðàêòåðèçóþùèå ïîâåäåíèå ðåøåíèé çàäà÷è (0.1), (0.2) ïðè

|x| → ∞ â íåîãðàíè÷åííûõ îáëàñòÿõ Ω. Îöåíêà ñòåïåííîãî õàðàêòåðà óñòàíîâëåíà äëÿ
ðåøåíèé àíèçîòðîïíûõ óðàâíåíèé â ïðîèçâîëüíûõ íåîãðàíè÷åííûõ îáëàñòÿõ (òåîðåìà 2).
À äëÿ ¾íåøèðîêèõ¿ íåîãðàíè÷åííûõ îáëàñòåé ïîëó÷åíà ýêñïîíåíöèàëüíàÿ îöåíêà ðåøå-
íèé èçîòðîïíûõ óðàâíåíèé (òåîðåìà 3).

1. N-ôóíêöèè è ïðîñòðàíñòâà Ñîáîëåâà-Îðëè÷à

Ïðèâåäåì íåîáõîäèìûå ñâåäåíèÿ èç òåîðèè N -ôóíêöèé è ïðîñòðàíñòâ Ñîáîëåâà-Îðëè÷à
[15]. Íåîòðèöàòåëüíàÿ íåïðåðûâíàÿ âûïóêëàÿ âíèç ôóíêöèÿ M(z), z ∈ R, íàçûâàåò-
ñÿ N -ôóíêöèåé, åñëè îíà ÷åòíà è lim

z→0
M(z)/z = 0, lim

z→∞
M(z)/z = ∞. Îòìåòèì, ÷òî

M(εz) 6 εM(z), ïðè 0 < ε 6 1. Äëÿ N -ôóíêöèè M(z) èìååò ìåñòî èíòåãðàëüíîå ïðåä-

ñòàâëåíèå M(z) =
∫ |z|

0
m(θ)dθ, ãäå m(θ) � ïîëîæèòåëüíàÿ ïðè θ > 0, íå óáûâàþùàÿ

è íåïðåðûâíàÿ ñïðàâà ïðè θ ≥ 0 òàêàÿ, ÷òî m(0) = 0, lim
θ→∞

m(θ) =∞.

Äëÿ N -ôóíêöèè M(z) è äîïîëíèòåëüíîé ê íåé N -ôóíêöèè

M(z) = sup
y≥0

(y|z| −M(y))

ñïðàâåäëèâî íåðàâåíñòâî Þíãà:

|zy| 6M(z) +M(y), z, y ∈ R (1.1)

[15, ãë. I, �2, íåðàâåíñòâî (2.6)].
Äëÿ N -ôóíêöèé P (z),M(z) çàïèñûâàþò P (z) ≺ M(z), åñëè ñóùåñòâóþò ÷èñëà

l > 0, z0 ≥ 0 òàêèå, ÷òî

P (z) 6M(lz), |z| ≥ z0.

N -ôóíêöèè P (z),M(z) íàçûâàþòñÿ ñðàâíèìûìè, åñëè èìååò ìåñòî îäíî èç ñîîòíîøåíèé
P (z) ≺ M(z) èëè M(z) ≺ P (z). N -ôóíêöèè P (z) è M(z) íàçûâàþòñÿ ýêâèâàëåíòíûìè,
åñëè P (z) ≺M(z) è M(z) ≺ P (z).
N -ôóíêöèÿ P (z) ðàñòåò ìåäëåííåå N -ôóíêöèè M(z) (P (z) ≺≺M(z)), åñëè äëÿ ëþáîãî

÷èñëà l > 0

lim
z→∞

P (z)/M(lz) = 0.

N -ôóíêöèÿ M(z) óäîâëåòâîðÿåò ∆2-óñëîâèþ ïðè áîëüøèõ çíà÷åíèÿõ z, åñëè ñóùåñòâó-
þò òàêèå ÷èñëà c > 0, z0 ≥ 0, ÷òî M(2z) 6 cM(z) äëÿ ëþáûõ |z| ≥ z0. ∆2 � óñëîâèå
ýêâèâàëåíòíî âûïîëíåíèþ ïðè |z| ≥ z0 íåðàâåíñòâà

M(lz) 6 c(l)M(z), (1.2)

ãäå l � ëþáîå ÷èñëî áîëüøå åäèíèöû, c(l) > 0.
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Â êàæäîì êëàññå ýêâèâàëåíòíûõ N -ôóíêöèé, ïîä÷èíÿþùèõñÿ ∆2-óñëîâèþ,
èìåþòñÿ N -ôóíêöèè, óäîâëåòâîðÿþùèå íåðàâåíñòâó (1.2) ïðè âñåõ z. Â äàëüíåéøåì â
ðàáîòå ïðåäïîëàãàåòñÿ, ÷òî ∆2-óñëîâèå äëÿ ðàññìàòðèâàåìûõ N -ôóíêöèé âûïîëíÿåòñÿ
ïðè âñåõ çíà÷åíèÿõ z ∈ R (ò.å. z0 = 0).
Äëÿ N -ôóíêöèè M(z), ââèäó âûïóêëîñòè è îöåíêè (1.2), ñïðàâåäëèâî íåðàâåíñòâî

M(y + z) 6 cM(z) + cM(y), z, y ∈ R. (1.3)

Ïóñòü Q � ïðîèçâîëüíàÿ îáëàñòü ïðîñòðàíñòâà Rn. Êëàññîì Îðëè÷à KM(Q), ñîîòâåò-
ñòâóþùåì N -ôóíêöèè M(z), íàçûâàåòñÿ ìíîæåñòâî èçìåðèìûõ â Q ôóíêöèé v òàêèõ,
÷òî: ∫

Q

M(v(x))dx <∞.

Ïðîñòðàíñòâîì Îðëè÷à LM(Q) íàçûâàåòñÿ ëèíåéíàÿ îáîëî÷êà KM(Q). Áóäåì ðàññìàòðè-
âàòü ïðîñòðàíñòâî Îðëè÷à LM(Q) ñ íîðìîé Ëþêñåìáóðãà

‖v‖LM (Q) = ‖v‖M,Q = inf

k > 0

∣∣∣∣∣
∫
Q

M (v(x)/k) dx 6 1

 .

Êëàññ Îðëè÷à KM(Q) ñîâïàäàåò ñ ïðîñòðàíñòâîì Îðëè÷à LM(Q) òîãäà è òîëüêî òîãäà,
êîãäà M(z) óäîâëåòâîðÿåò ∆2-óñëîâèþ [15, ãë. II, �8, òåîðåìà 8.2].
Äëÿ ôóíêöèè v ∈ LM(Q) ñïðàâåäëèâà îöåíêà

‖v‖M,Q 6
∫
Q

M(v)dx+ 1 (1.4)

[15, ãë. II, �9, íåðàâåíñòâî (9.12)]. Äëÿ ôóíêöèé u ∈ LM(Q), v ∈ LM(Q) èìååò ìåñòî
íåðàâåíñòâî Ãåëüäåðà [15, ãë. II, �9, íåðàâåíñòâà (9.24), (9.27)]:∣∣∣∣∫

Q

u(x)v(x)dx

∣∣∣∣ 6 2‖u‖M,Q‖v‖M,Q. (1.5)

Ïóñòü B1(z), ..., Bn(z) � N -ôóíêöèè, îïðåäåëèì ïðîñòðàíñòâî Ñîáîëåâà-Îðëè÷à H̊1
B(Q)

êàê ïîïîëíåíèå C∞0 (Q) ïî íîðìå

‖v‖H̊1
B(Q) =

n∑
α=1

‖vxα‖Bα,Q.

Íîðìû â ïðîñòðàíñòâàõ L1(Q), L∞(Q) áóäåì îáîçíà÷àòü ‖ · ‖1,Q, ‖ · ‖∞,Q, ñîîòâåòñòâåííî.
Ïîëîæèì

h(t) = t−1/n

(
n∏

α=1

B−1
α (t)

)1/n

è ïðåäïîëîæèì, ÷òî èíòåãðàë
1∫
0

h(t)/tdt ñõîäèòñÿ. Òîãäà ìîæíî îïðåäåëèòü N -ôóíêöèþ

B∗(z) ïî ôîðìóëå

(B∗)−1(z) =

|z|∫
0

h(t)/tdt.

Ïðèâåäåì òåîðåìó âëîæåíèÿ À.Ã. Êîðîëåâà [16], äîêàçàííóþ äëÿ îãðàíè÷åííûõ îáëàñòåé
Q.



ÏÎÂÅÄÅÍÈÅ ÐÅØÅÍÈÉ ÝËËÈÏÒÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ . . . 103

Ëåììà 1. Ïóñòü v ∈ H̊1
B(Q).

1) Åñëè
∞∫

1

h(t)/tdt =∞, (1.6)

òî H̊1
B(Q) ⊂ LB∗(Q) è

‖v‖B∗,Q 6 A1‖v‖H̊1
B(Q);

2) åñëè
∞∫

1

h(t)/tdt <∞, (1.7)

òî H̊1
B(Q) ⊂ L∞(Q) è

‖v‖∞,Q 6 A2‖v‖H̊1
B(Q).

Çäåñü A1 = n−1
n
, A2 =

∞∫
0

h(t)
t
dt.

Ââèäó ñïðàâåäëèâîñòè ∆2-óñëîâèÿ, ñõîäèìîñòü ïî íîðìå ðàâíîñèëüíà ñõîäèìîñòè â ñðåä-
íåì [15, ãë. II, � 9, òåîðåìà 9.4]. Êðîìå òîãî, â [17] äîêàçàíà ñëåäóþùàÿ

Ëåììà 2. Åñëè N-ôóíêöèÿ M(z) óäîâëåòâîðÿåò ∆2-óñëîâèþ, v(x), vi(x) ∈ LM(Q),
i = 1, 2, . . . , vi(x)→ v(x) â LM(Q), òî∫

Q

|M(vi)−M(v)|dx→ 0, i→∞. (1.8)

2. Ôîðìóëèðîâêà òåîðåì

Ïóñòü N -ôóíêöèè B0(z), B1(z), ..., Bn(z) è äîïîëíèòåëüíûå ê íèì N -ôóíêöèè B0(z),
B1(z), ..., Bn(z) óäîâëåòâîðÿþò ∆2-óñëîâèþ. ×åðåç LB(Ω) îáîçíà÷èì ïðîñòðàíñòâî
LB0

(Ω)× LB1
(Ω)× . . .× LBn(Ω) ñ íîðìîé

‖g‖LB(Ω) = ‖g0‖B0,Ω
+ ‖g1‖B1,Ω

+ . . .+ ‖gn‖Bn,Ω, g = (g0, g1, . . . , gn) ∈ LB(Ω).

Îïðåäåëèì ïðîñòðàíñòâî Ñîáîëåâà-Îðëè÷à W̊ 1
B(Ω) êàê ïîïîëíåíèå ïðîñòðàíñòâà C∞0 (Ω)

ïî íîðìå

‖v‖W̊ 1
B(Ω) = ‖v‖B0,Ω + ‖v‖ ◦

H1
B(Ω)

.

Â ñëó÷àå âûïîëíåíèÿ óñëîâèÿ (1.6), áóäåì ñ÷èòàòü, ÷òî

B0(z) ≺ B∗(z), (2.1)

à ïðè âûïîëíåíèè (1.7) B0(z) � ïðîèçâîëüíàÿ N -ôóíêöèÿ.

Îïðåäåëèì L1,loc(Ω), W̊ 1
B,loc(Ω) êàê ïðîñòðàíñòâà, ñîñòîÿùèå èç ôóíêöèé v(x), îïðåäå-

ëåííûõ â Ω, äëÿ êîòîðûõ ïðè ëþáîé îãðàíè÷åííîé Q ⊂ Ω íàéäåòñÿ ôóíêöèÿ èç ïðîñòðàí-
ñòâà L1(Ω), W̊ 1

B(Ω), ñîîòâåòñòâåííî, ñîâïàäàþùàÿ ñ ôóíêöèåé v(x) â Q. Áóäåì ñ÷èòàòü, ÷òî
íåîòðèöàòåëüíûå ôóíêöèè ψ(x),Ψ(x) ∈ L1,loc(Ω). Àíàëîãè÷íî îïðåäåëÿåòñÿ ïðîñòðàíñòâî
LB,loc(Ω).

Îïðåäåëèì îïåðàòîð B : W̊ 1
B,loc(Ω)→ L1,loc(Ω) ôîðìóëîé:

B(v) = B0(v) +
n∑

α=1

Bα(vxα), v ∈ W̊ 1
B,loc(Ω).
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Îáîçíà÷èì

a(x, s) = (a0(x, s), a1(x, s), . . . , an(x, s)).

Èç óñëîâèÿ (0.4), ïîëüçóÿñü (1.4), äëÿ u ∈ W̊ 1
B,loc(Ω) è ëþáîé îãðàíè÷åííîé Q ⊂ Ω âûâîäèì

îöåíêó

‖a(x, u,∇u)‖LB(Q) =
n∑

α=0

‖aα(x, u,∇u)‖Bα,Q 6 (2.2)

6
n∑

α=0

∫
Q

Bα(aα(x, u,∇u))dx+ n+ 1 6 Â‖B(u)‖1,Q + ‖Ψ‖1,Q + n+ 1.

Äàëåå, ïî ýëåìåíòó a(x, u,∇u) ∈ LB,loc(Ω) äëÿ v(x) ∈ W̊ 1
B(Ω) ñ îãðàíè÷åííûì íîñèòåëåì

îïðåäåëèì ôóíêöèîíàë A(u) ðàâåíñòâîì:

〈A(u), v〉 =

∫
Ω

(
n∑

α=1

aαvxα + a0v

)
dx. (2.3)

Èñïîëüçóÿ íåðàâåíñòâî Ãåëüäåðà (1.5), äëÿ ôóíêöèé u(x) ∈ W̊ 1
B,loc(Ω), v(x) ∈ W̊ 1

B(Ω)

(supp v = Qv) âûâîäèì íåðàâåíñòâà:

|〈A(u), v〉| 6 2
n∑

α=1

‖aα‖Bα,Qv‖vxα‖Bα,Qv + 2‖a0‖B0,Qv
‖v‖B0,Qv 6 (2.4)

6 2‖a(x, u,∇u)‖LB(Qv)‖v‖W̊ 1
B(Ω).

Òàêèì îáðàçîì, èç îöåíîê (2.2), (2.4) ñëåäóåò îãðàíè÷åííîñòü ôóíêöèîíàëà A(u) â ïðî-

ñòðàíñòâå ôóíêöèé W̊ 1
B(Ω) ñ îãðàíè÷åííûìè íîñèòåëÿìè.

Îïðåäåëåíèå 1. Îáîáùåííûì ðåøåíèåì çàäà÷è (0.1), (0.2) íàçîâåì ôóíêöèþ

u(x) ∈ W̊ 1
B,loc(Ω), óäîâëåòâîðÿþùóþ èíòåãðàëüíîìó òîæäåñòâó

〈A(u), v〉 = 0 (2.5)

äëÿ ëþáîé ôóíêöèè v(x) ∈ W̊ 1
B(Ω) c îãðàíè÷åííûì íîñèòåëåì.

Áóäåì ñ÷èòàòü, ÷òî ñóùåñòâóåò òàêîå 0 < ε < 1, ÷òî âûïîëíåíû óñëîâèÿ

Bα(z1+ε) ≺ B0(z), α = 1, 2, . . . , n. (2.6)

Â ðàáîòå [13] äîêàçàíî ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (0.1), (0.2) â ïðîèçâîëüíûõ
íåîãðàíè÷åííûõ îáëàñòÿõ Ω. À èìåííî, óñòàíîâëåíà ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (0.3) � (0.5), (2.6), òîãäà ñóùåñòâóåò îáîáùåí-
íîå ðåøåíèå u(x) çàäà÷è (0.1), (0.2).

Ñòåïåííàÿ îöåíêà ñêîðîñòè óáûâàíèÿ ðåøåíèÿ ïîëó÷åíà ïðè óñëîâèè, ÷òî:

Bα(z) = cα|z|pα , |z| < 1, pα > 1, cα > 0, α = 0, 1, . . . , n. (2.7)

Çàìåòèì, ÷òî äëÿ ïðîèçâîëüíîé N -ôóíêöèè B̃(z) òàêóþ N -ôóíêöèþ ëåãêî ïîñòðîèòü:

B(z) =

{
B̃(1)|z|p, |z| < 1;

B̃(z), |z| ≥ 1,
p =

B̃′(1)

B̃(1)
> 1.

Ïðè ýòîì ôóíêöèè B̃(z), B(z) ýêâèâàëåíòíû.
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Ñ÷èòàåì, ÷òî ïîêàçàòåëè pα, α = 1, . . . , n óïîðÿäî÷åíû: p1 ≥ p2 ≥ ... ≥ pn è ïîä÷èíÿþòñÿ
óñëîâèÿì:

p0 > p1,

n∑
α=1

1

pα
> 1. (2.8)

Òîãäà ÷èñëà qα = p0pα
p0−pα , α = 1, . . . , n, òàêæå óïîðÿäî÷åíû: q1 ≥ q2 ≥ ... ≥ qn. Áóäåì

ïðåäïîëàãàòü, ÷òî
qn > n. (2.9)

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ (0.3)�(0.5), (2.6)�(2.8). Òîãäà ñóùåñòâóåò ïî-
ëîæèòåëüíîå ÷èñëîM1 òàêîå, ÷òî äëÿ îáîáùåííîãî ðåøåíèÿ çàäà÷è (0.1), (0.2) ñïðàâåä-
ëèâà îöåíêà

‖B(u)‖1,Ω(r/2) 6M1

(
rn−qn + ‖ψ + Ψ‖1,Ω(r)

)
, r ≥ 1, (2.10)

â êîòîðîé Ω(r) = {x ∈ Ω | |x| < r}.

Óñëîâèÿ òåîðåìû 2 âûïîëíåíû, íàïðèìåð, äëÿ óðàâíåíèÿ (0.6) c ôóíêöèÿìè

Bα(z) =

{
|z|pα , |z| < 1;
|z|pα−1(ln |z|+ 1), |z| ≥ 1

ïðè ïîäõîäÿùåì âûáîðå pα > 2, α = 0, 1, . . . , n (ñì. ïðèìåð 1).
Äëÿ íåîãðàíè÷åííûõ îáëàñòåé, ðàñïîëîæåííûõ âäîëü âûäåëåííîé îñè, â òåðìèíàõ ñïå-

öèàëüíîé ãåîìåòðè÷åñêîé õàðàêòåðèñòèêè â ðàáîòàõ [17], [18] àâòîðàìè óñòàíîâëåíû ýêñ-
ïîíåíöèàëüíûå îöåíêè ñêîðîñòè óáûâàíèÿ ðåøåíèÿ çàäà÷è (0.1), (0.2) ñ ôèíèòíûìè äàí-
íûìè. Çäåñü óäàëîñü ïîëó÷èòü ýêñïîíåíöèàëüíóþ îöåíêó äëÿ èçîòðîïíîãî ñëó÷àÿ:

Bα(z) = B(z), α = 1, 2, . . . , n, (2.11)

äëÿ íåîãðàíè÷åííûõ îáëàñòåé, ïîä÷èíÿþùèõñÿ ëèøü óñëîâèþ

d(r) = diam γ(r) 6 D, D > 0, γ(r) = {x ∈ Ω | |x| = r}, r ≥ r1. (2.12)

Òåîðåìà 3. Ïóñòü âûïîëíåíû óñëîâèÿ (0.3)�(0.5), (2.6), (2.11), (2.12). Òîãäà ñóùåñòâó-
þò ïîëîæèòåëüíûå ÷èñëà κ,M2, r0 òàêèå, ÷òî ðåøåíèå u(x) çàäà÷è (0.1), (0.2) ïðè âñåõ
r ≥ r0 ïîä÷èíÿåòñÿ îöåíêå

‖B(u)‖1,Ω(r/2) 6M2

(
exp (−κr) rn−1 + ‖ψ + Ψ‖1,Ω(2r)

)
. (2.13)

Ñëåäóåò îòìåòèòü, ÷òî ïîëó÷åííûå â ðàáîòå îöåíêè (2.10), (2.13), ñîãëàñóþòñÿ ñ ðåçóëü-
òàòàìè ñòàòüè [11].

3. Ïîäãîòîâèòåëüíûå ñâåäåíèÿ

Ëåììà 3. Ïóñòü N-ôóíêöèè B0(z), B1(z), ..., Bn(z) ïîä÷èíÿþòñÿ óñëîâèÿì (2.6), òî-
ãäà

Bα(z) ≺≺ B0(z), α = 1, 2, . . . , n. (3.1)

Äîêàçàòåëüñòâî ëåììû ñì. [13, çàìå÷àíèå 6].

Ëåììà 4. Åñëè ôóíêöèè bα(sα) = B′α(sα), sα ≥ 0, α = 0, 1, . . . , n, íåïðåðûâíû è ñòðîãî
ìîíîòîííû, f = (f0, f1, . . . , fn) ∈ LB,loc(Ω), òî ôóíêöèè

aα(x, sα) = B′α(sα) + fα(x) = bα(|sα|)sign sα + fα(x), α = 0, . . . , n,

óäîâëåòâîðÿþò óñëîâèÿì (0.3) � (0.5).

Äîêàçàòåëüñòâî ëåììû ñì. [13, çàìå÷àíèå 5].
Â ýòîì ïàðàãðàôå è íèæå ÷åðåç Ci áóäåì îáîçíà÷àòü ïîëîæèòåëüíûå êîíñòàíòû.
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Ëåììà 5. Ïóñòü N-ôóíêöèè B0(z), B1(z), ..., Bn(z) ïîä÷èíÿþòñÿ óñëîâèÿì (2.6), òîãäà
äëÿ N-ôóíêöèé Tα(z) = Bα

(
Mα(z)

)
, (Mα(z) = B−1

α (B0(z)) ñóùåñòâóþò ÷èñëà c > 0, τ ≥ qn
òàêèå, ÷òî ñïðàâåäëèâû íåðàâåíñòâà

Tα(z) 6 c|z|τ , |z| ≥ 1, α = 1, 2, . . . , n. (3.2)

Äîêàçàòåëüñòâî ëåììû ñì. [14, ëåììà 3.3] .

Ëåììà 6. Ïóñòü N-ôóíêöèè B0(z), B1(z), ..., Bn(z) ïîä÷èíÿþòñÿ óñëîâèÿì (2.7), (2.8),
òîãäà äëÿ N-ôóíêöèé Tα(z) = Bα

(
Mα(z)

)
ñóùåñòâóåò ÷èñëî c > 0 òàêîå, ÷òî ñïðàâåä-

ëèâû íåðàâåíñòâà

Tα(z) 6 c|z|qα , |z| 6 1, α = 1, 2, . . . , n. (3.3)

Äîêàçàòåëüñòâî ëåììû ñì. [14, ëåììà 3.4] .

Ëåììà 7. Ïóñòü ΣR,d � ñôåðè÷åñêèé ñåãìåíò äèàìåòðà d íà ïîâåðõíîñòè ñôåðû ðà-
äèóñà R, d 6 R/8 â ïðîñòðàíñòâå Rn, n ≥ 2. Åñëè N-ôóíêöèÿ B(z) óäîâëåòâîðÿåò
∆2-óñëîâèþ, òî ñóùåñòâóåò ÷èñëî c(n) > 0 òàêîå, ÷òî äëÿ ôóíêöèè v(x) ∈ C∞0 (Rn),
v
∣∣
ΣR,d
∈ C∞0 (ΣR,d) ñïðàâåäëèâî íåðàâåíñòâî∫

ΣR,d

B(v)dS 6 c

∫
ΣR,d

B(d|∇v|)dS, (3.4)

∇′ � ãðàäèåíò ïî êàñàòåëüíîìó íàïðàâëåíèþ.

Äîêàçàòåëüñòâî ëåììû ñì. [19].

4. Äîêàçàòåëüñòâî òåîðåìû 2

Äîêàçàòåëüñòâî. Ïóñòü ξ � àáñîëþòíî íåïðåðûâíàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ ñ êîì-
ïàêòíûì íîñèòåëåì. Ïîëàãàÿ â òîæäåñòâå (2.5) v = ξpu, p ≥ τ (ñì. ëåììó 5), ïîëó÷àåì
íåðàâåíñòâî ∫

Ω

ξp

(
n∑

α=1

aα(x, u,∇u)uxα + a0(x, u,∇u)u

)
dx 6

6 p
n∑

α=1

∫
Ω

|aα(x, u,∇u)||u||ξxα(x)|ξp−1dx = p · J1. (4.1)

Ïðèìåíÿÿ (1.1), äëÿ ε ∈ (0, 1) âûâîäèì

J1 6
n∑

α=1

∫
Ω

ξp
(
Bα(εaα(x, u,∇u)) +Bα

(
u

ε

ξxα
ξ

))
dx 6 (4.2)

6
n∑

α=1

∫
Ω

ξpεBα(aα(x, u,∇u))dx+
n∑

α=1

∫
Ω

ξpBα

(
u

ε

ξxα
ξ

)
dx = J11 + J12.

Îöåíèì èíòåãðàë J12. Ïîñêîëüêó, ñîãëàñíî ëåììå 3, èìåþò ìåñòî ñîîòíîøåíèÿ (3.1),
òî ñïðàâåäëèâû ïðåäñòàâëåíèÿ N -ôóíêöèè B0(z) = Bα(Mα(z)) â âèäå êîìïîçèöèé äâóõ
N -ôóíêöèé Mα(z), Bα(z), α = 1, . . . , n. Ïðèìåíÿÿ (1.1), (1.3), óñòàíàâëèâàåì

J12 6
n∑

α=1

∫
Ω

ξpBα

{
Mα(εu) +Mα

(
1

ε2

|∇ξ|
ξ

)}
dx 6 (4.3)
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6
n∑

α=1

∫
Ω

ξp
(
εC1B0(u) + C1Bα

(
Mα

(
1

ε2

|∇ξ|
ξ

)))
dx = C1

εn∫
Ω

ξpB0(u)dx+ J2

 ,

ãäå

J2 =
n∑

α=1

∫
Ω

ξpTα

(
1

ε2

|∇ξ|
ξ

)
dx, Tα(z) = Bα

(
Mα(z)

)
. (4.4)

Äàëåå, ñîåäèíÿÿ (4.2), (4.3), èñïîëüçóÿ óñëîâèå (0.4), âûâîäèì

J1 6
∫
Ω

ξpε

(
Â

n∑
α=1

Bα(uxα) + (C1n+ Â)B0(u)

)
dx+

+

∫
Ω

ξpΨdx+ C1J2 6 εC2

∫
Ω

ξpB(u)dx+

∫
Ω

ξpΨdx+ C1J2. (4.5)

Èç (4.1), (4.5), ïðèìåíÿÿ (0.3), ïîëó÷àåì îöåíêó

a

∫
Ω

ξpB(u)dx 6 εpC2

∫
Ω

ξpB(u)dx+ p

∫
Ω

ξp {Ψ + ψ} dx+ C1pJ2.

Âûáèðàÿ ε äîñòàòî÷íî ìàëûì, èìååì íåðàâåíñòâî

‖ξpB(u)‖1 6 C3

∫
Ω

ξp {Ψ + ψ} dx+ C4J2. (4.6)

Ïóñòü r0 � ïðîèçâîëüíîå ïîëîæèòåëüíîå ÷èñëî. Çàôèêñèðóåì r > r0, ðàññìîòðèì ñðåçà-
þùóþ ôóíêöèþ ξ(x) = 1

r
(r2 − |x|2) äëÿ |x| < r, ξ(x) = 0 äëÿ |x| ≥ r. Îáîñíóåì êîíå÷íîñòü

èíòåãðàëà J2. Î÷åâèäíî, ÷òî |∇ξ| 6 2, ïðèìåíÿÿ (3.2), (3.3), âûâîäèì íåðàâåíñòâà

J2 6
n∑

α=1

∫
Ω(r)

ξpTα

(
C5

ξ

)
dx 6 C6

∫
Ω(r)∩{x |C5/ξ(x)<1}

ξp−qndx+ C7

∫
Ω(r)∩{x |C5/ξ(x)≥1}

ξp−τdx. (4.7)

Â èòîãå èìååì

J2 6 C8r
n−qn+p, r ≥ 1, r > r0. (4.8)

Î÷åâèäíî, ξ(x) ≥ r − r0 ïðè |x| 6 r0, ïîýòîìó èç (4.6), (4.8) âûâîäèì íåðàâåíñòâî

‖B(u)‖1,Ω(r0) 6 C9

(
r

r − r0

)p (
‖Ψ + ψ‖1,Ω(r) + rn−qn

)
. (4.9)

Ïîëàãàÿ â (4.9) r0 = r/2, óñòàíàâëèâàåì îöåíêó (2.10).

Ñëåäñòâèå 1. Ïóñòü âûïîëíåíû óñëîâèÿ (0.3)�(0.5) c ψ = Ψ = 0 â Ω, (2.6)�(2.9),
òîãäà îáîáùåííîå ðåøåíèå u(x) çàäà÷è (0.1), (0.2) u = 0 â Ω. Äåéñòâèòåëüíî, ïîëàãàÿ
â (4.9) ψ(x) = Ψ(x) = 0, x ∈ Ω, è óñòðåìëÿÿ r ê áåñêîíå÷íîñòè, óñòàíàâëèâàåì, ÷òî
‖B(u)‖1,Ω(r0) = 0 äëÿ ëþáîãî r0 > 0. Îòñþäà ñëåäóåò, ÷òî B0(u) = 0 â Ω, ïîýòîìó u = 0
â Ω.
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5. Äîêàçàòåëüñòâî òåîðåìû 3

Äîêàçàòåëüñòâî. Çàôèêñèðóåì r ≥ max(2r1, r2, 32D) (r1 èç óñëîâèÿ (2.12), r2 áóäåò îïðå-
äåëåíî íèæå). Ïóñòü θ(x), x > 0, � àáñîëþòíî íåïðåðûâíàÿ ôóíêöèÿ, ðàâíàÿ åäèíèöå ïðè
x ≤ r/2, íóëþ ïðè x ≥ 2r, ëèíåéíàÿ ïðè x ∈ [r, 2r] è óäîâëåòâîðÿþùàÿ óðàâíåíèþ

θ′(x) = −δθ(x), x ∈ (r/2, r), (5.1)

(ïîñòîÿííóþ δ îïðåäåëèì ïîçäíåå). Ðåøàÿ ýòî óðàâíåíèå, íàõîäèì

θ(x) = exp (−δ(x− r/2)) , x ∈ (r/2, r),

òîãäà

θ′(x) =
θ(r)

r
=

1

r
exp (−δr/2) , x ∈ (r, 2r). (5.2)

Ïîëàãàÿ â (4.1) ξ(x) = θp(|x|), p ≥ τ , ïðèìåíÿÿ (5.1), (5.2), ïîëó÷àåì∫
Ω

θp

(
n∑

α=1

aα(x, u,∇u)uxα + a0(x, u,∇u)u

)
dx 6 p

n∑
α=1

∫
Ω(r)\Ω(r/2)

|u||aα(x, u,∇u)|δθpdx+

+p
n∑

α=1

∫
Ω(2r)\Ω(r)

θp−1|u||aα(x, u,∇u)|θ(r)
r
dx = pI1 + pI2. (5.3)

Äàëåå, ïîëüçóÿñü (1.1), ïðè ïîìîùè (0.4), (2.11), îöåíèì ïåðâûé èíòåãðàë (ε1 ∈ (0, 1))

I1 6
n∑

α=1

∫
Ω(r)\Ω(r/2)

θp
(
B(ε1aα(x, u,∇u)) +B

(
u
δ

ε1

))
dx 6

6
∫

Ω(r)\Ω(r/2)

θp

(
ε1Â

n∑
α=1

B(uxα) + Ψ

)
dx+ I12, (5.4)

I12 =

∫
Ω(r)\Ω(r/2)

θpB

(
u
δ

ε1

)
dx.

Âûáåðåì ε1 6 a

8Âp
, à òàêæå δ òàê, ÷òîáû δ 6 ε1.

Ââèäó âëîæåíèÿ γ(ρ) ⊂ Σρ,2d(ρ) äëÿ u(x) ∈ C∞0 (Ω) ñïðàâåäëèâî íåðàâåíñòâî

I12 6
δ

ε1

r∫
r/2

θp(ρ)

∫
Σρ,2d(ρ)

B(u)dSdρ.

Ïðèìåíÿÿ íåðàâåíñòâî (3.4) è óñëîâèå (2.12), ïîëüçóÿñü (1.2), âûâîäèì

I12 6
δ

ε1

c

r∫
r/2

θp(ρ)

∫
Σρ,2d(ρ)

B(2d(ρ)|∇′u|)dSdρ 6 C1
δ

ε1

r∫
r/2

θp(ρ)

∫
γ(ρ)

B(|∇u|)dSdρ.

Äàëåå, ñ ïîìîùüþ (1.3) óñòàíàâëèâàåì íåðàâåíñòâî

I12 6 C2
δ

ε1

n∑
α=1

∫
Ω(r)\Ω(r/2)

θp(|x|)B(uxα)dx. (5.5)
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Ïîëüçóÿñü ëåììîé 2, âûïîëíÿÿ ïðåäåëüíûé ïåðåõîä, âûâîäèì íåðàâåíñòâî (5.5) äëÿ ôóíê-

öèè u(x) ∈ W̊ 1
B,loc(Ω). Ñîåäèíÿÿ (5.4), (5.5), âûáèðàÿ δC2 6 ε1

a
8p
, ïîëó÷èì

I1 6
a

4p

∫
Ω(r)\Ω(r/2)

θpB(u)dx+ ‖Ψ‖1,Ω(r)\Ω(r/2). (5.6)

Îöåíèì èíòåãðàë I2. Ïðèìåíÿÿ (1.1), äëÿ ε2 ∈ (0, 1) âûâîäèì

I2 6
n∑

α=1

∫
Ω(2r)\Ω(r)

θpB(ε2aα(x, u,∇u))dx+ n

∫
Ω(2r)\Ω(r)

θpB

(
u

ε2

θ(r)

rθ(|x|)

)
dx = I21 + I22. (5.7)

Îöåíèì èíòåãðàë I22. Ïîñêîëüêó èìåþò ìåñòî ñîîòíîøåíèÿ (3.1), òî ñïðàâåäëèâî ïðåä-
ñòàâëåíèå N -ôóíêöèè B0(z) = B(M(z)) â âèäå êîìïîçèöèé äâóõ N -ôóíêöèé M(z), B(z).
Äàëåå, ïðèìåíÿÿ (1.1), (1.3), óñòàíàâëèâàåì

I22 6 n

∫
Ω(2r)\Ω(r)

θpB

{
M(ε2u) +M

(
1

ε2
2

θ(r)

rθ(|x|)

)}
dx 6 (5.8)

6 n

∫
Ω(2r)\Ω(r)

θp
(
ε2C3B0(u) + C3B

(
M

(
1

ε2
2

θ(r)

rθ(|x|)

)))
dx = C3n

ε2

∫
Ω(2r)\Ω(r)

θpB0(u)dx+ I3

 ,

ãäå

I3 =

∫
Ω(2r)\Ω(r)

θpT

(
1

ε2
2

θ(r)

rθ(|x|)

)
dx, T (z) = B

(
M(z)

)
. (5.9)

Äàëåå, ñîåäèíÿÿ (5.7), (5.8), èñïîëüçóÿ óñëîâèå (0.4), âûâîäèì

I2 6 ε2

∫
Ω(2r)\Ω(r)

θp

(
Â

n∑
α=1

Bα(uxα) + (nC3 + Â)B0(u)

)
dx+

+

∫
Ω(2r)\Ω(r)

θpΨdx+ nC3I3 6 ε2C4

∫
Ω(2r)\Ω(r)

θpB(u)dx+

∫
Ω(2r)\Ω(r)

Ψdx+ C4I3. (5.10)

Âûáåðåì ε2 6 a
4C4p

, â èòîãå ïîëó÷èì

I2 6
a

2

∫
Ω(2r)\Ω(r)

θpB(u)dx+

∫
Ω(2r)\Ω(r)

Ψdx+ C4I3. (5.11)

Ïîäñòàâëÿÿ â (5.3) îöåíêè (5.6), (5.11), ïðèìåíÿÿ óñëîâèå (0.3), âûâîäèì

‖B(u)‖1,Ω(r/2) 6 C5

∫
Ω(2r)

{Ψ + ψ} dx+ C5I3. (5.12)

Îöåíèì èíòåãðàë I3. Ïîëîæèì r2 = 1/ε2
2, òîãäà ïðè r ≥ r2, ââèäó âûïóêëîñòè ôóíêöèè

T (z), ñïðàâåäëèâî íåðàâåíñòâî

I3 6
r2

r

∫
Ω(2r)\Ω(r)

θpT

(
θ(r)

θ(|x|)

)
dx.
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Ïðè |x| ∈ (r, 2r) èìååò ìåñòî íåðàâåíñòâî θ(|x|) 6 θ(r), ïîýòîìó, ïðèìåíÿÿ ëåììó 5, ïîëó-
÷àåì îöåíêó

I3 6
C6

r

∫
Ω(2r)\Ω(r)

θp−τ (|x|)θτ (r)dx 6 C7r
n−1 exp (−δpr/2) . (5.13)

Ñîåäèíÿÿ (5.12), (5.13) âûâîäèì (2.13).

6. Ïðèìåðû

Ïðèìåð 1. Ïóñòü n = 3, p1 = 11/3, p2 = 11/4, p3 = 11/5,

Bα(z) =

{
|z|pα , |z| < 1
|z|pα−1 (ln |z|+ 1) , |z| ≥ 1,

, α = 1, 2, 3.

Ïîñêîëüêó |z|pα−1 6 Bα(z) 6 |z|pα ïðè |z| ≥ 1, òî t1/(pα−1) ≥ B−1
α (t) ≥ t1/pα ïðè t ≥ 1,

α = 1, 2, 3. Îòñþäà ïîëó÷àåì

h(t) = t1/33, 0 < t < 1,

∫ 1

0

t−1h(t)dt <∞,

t131/504 ≥ h(t) ≥ t1/33, t ≥ 1,

∫ ∞
1

t−1h(t)dt =∞,

ïîýòîìó ìîæíî îïðåäåëèòü ôóíêöèè (B∗)−1(t), B∗(z), ïðè ýòîì ñïðàâåäëèâû íåðàâåí-
ñòâà:

(B∗)−1(t) = 33t1/33, 0 < t < 1, 504/131t131/504 ≥ (B∗)−1(t) ≥ 33t1/33, t ≥ 1,

B∗(z) = (|z|/33)33 , |z| < 33, (131/504|z|)504/131 6 B∗(|z|) 6 (|z|/33)33 , |z| ≥ 33.

Âîçüìåì B0(z) = |z|42/11, òàêîé âûáîð ôóíêöèé Bα(z), α = 0, 1, 2, 3, îáåñïå÷èâàåò âûïîë-
íåíèå óñëîâèé (2.1), (2.6).
Ðàññìîòðèì ôóíêöèè a0(x, z) = |z|20/11z + f0(x),

aα(x, z) = fα(x) +B′α(z) = fα(x) +

{
pα|z|pα−2z, |z| < 1
|z|pα−3z ((pα − 1) ln |z|+ pα) , |z| ≥ 1

,

fα ∈ LBα,loc(Ω), α = 0, 1, 2, 3. Ñîãëàñíî ëåììå 4, âûïîëíåíû óñëîâèÿ (0.3)�(0.5). Òàêèì
îáðàçîì, ïî òåîðåìå 1, ñóùåñòâóåò îáîáùåííîå ðåøåíèå çàäà÷è (0.1), (0.2).
Ïîñêîëüêó 1/p1 + 1/p2 + 1/p3 = 12/11 > 1, q3 = p0p3

p0−p3 = 462/89 > 3, òî óñëîâèÿ (2.8),

(2.9) òàêæå âûïîëíåíû. Ñîãëàñíî òåîðåìå 2, îáîáùåííîå ðåøåíèå çàäà÷è (0.1), (0.2) ïîä-
÷èíÿåòñÿ îöåíêå

‖B(u)‖1,Ω(r/2) 6M
(
r−195/89 + ‖ψ + Ψ‖1,Ω(r)

)
, r ≥ 1. (6.1)

Ïðèìåð 2. Ïóñòü n > 2, 2 < p < n,

B(z) =

{
|z|p−1

(
− ln |z|+ p+1

p−1

)
, |z| < 1

2
p−1

+ |z|p−1 (ln |z|+ 1) , |z| ≥ 1.

Ïîñêîëüêó B(z) ≥ p+1
p−1
|z|p−1 ïðè |z| < 1, òî B−1(t) 6

(
p−1
p+1

t
)1/(p−1)

ïðè 0 < t < p+1
p−1

. Êðîìå

òîãî, |z|p−1 6 B(z) 6 p+1
p−1
|z|p ïðè |z| ≥ 1, ïîýòîìó

(
p−1
p+1

t
)1/p

6 B−1(t) 6 t1/(p−1) ïðè

t ≥ p+1
p−1

. Îòñþäà ïîëó÷àåì

h(t) 6 C1t
n−p+1
n(p−1) , 0 < t <

p+ 1

p− 1
,

∫ 1

0

t−1h(t)dt <∞,



ÏÎÂÅÄÅÍÈÅ ÐÅØÅÍÈÉ ÝËËÈÏÒÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ . . . 111

C2t
n−p
np 6 h(t) 6 t

n−p+1
n(p−1) , t ≥ p+ 1

p− 1
,

∫ ∞
1

t−1h(t)dt =∞,

ìîæíî îïðåäåëèòü ôóíêöèè (B∗)−1(t), B∗(z), ïðè ýòîì ñïðàâåäëèâû íåðàâåíñòâà:

C3|z|
n−p
np 6 (B∗)−1(z) 6 C4|z|

n−p+1
n(p−1) , |z| ≥ p+ 1

p− 1
,

C5|z|
n(p−1)
n−p+1 6 B∗(z) 6 C6|z|

np
n−p , |z| ≥ C7.

Âîçüìåì p0 = n(p−1)
n−p+1

,

B0(z) =

{
|z|p0−1

(
− ln |z|+ p0+1

p0−1

)
, |z| < 1

2
p0−1

+ |z|p0−1 (ln |z|+ 1) , |z| ≥ 1.

òàêîé âûáîð ôóíêöèé B0(z), B(z) ïðè p > (1+
√

1 + 4n)/2 îáåñïå÷èâàåò âûïîëíåíèå óñëî-
âèé (2.1), (2.6).
Ðàññìîòðèì ôóíêöèè

aα(x, z) = fα(x) +B′(z) = fα(x) + |z|p−3z ((p− 1)| ln |z||+ p) , α = 1, . . . , n,

a0(x, z) = f0(x)+B′0(z) = |z|p0−3z ((p0 − 1)| ln |z||+ p0). Ñîãëàñíî ëåììå 4, âûïîëíåíû óñëî-
âèÿ (0.3)�(0.5). Òàêèì îáðàçîì, ïî òåîðåìå 1, ñóùåñòâóåò îáîáùåííîå ðåøåíèå çàäà÷è
(0.1), (0.2).
Ñîãëàñíî òåîðåìå 3, îáîáùåííîå ðåøåíèå çàäà÷è (0.1), (0.2) â îáëàñòÿõ, óäîâëåòâîðÿ-

þùèõ óñëîâèþ (2.12), ïîä÷èíÿåòñÿ îöåíêå

‖B(u)‖1,Ω(r/2) 6M2

(
exp (−κr) rn−1 + ‖ψ + Ψ‖1,Ω(2r)

)
, r ≥ r0.
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