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INVERTING OF GENERALIZED RIEMANN-LIOUVILLE
OPERATOR BY MEANS OF INTEGRAL LAPLACE
TRANSFORM

I.I. BAVRIN, O.E. YAREMKO

Abstract. We employ the integral Laplace transform to invert the generalized Riemann-
Liouville operator in a closed form. We establish that the inverse generalized Riemann-
Liouville operator is a differential or integral-differential operator. We establish a relation
between Riemann-Liouville operator and Temlyakov-Bavrin operator. We provide new
examples of generalized Riemann-Liouville operator.
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1. INTRODUCTION

Let f(x) € Ly (0,1), then the function

1 v _1
J* = —— — ) t)dt € Ly (0,1
N@) =5 [ =0 fae L0
is called a fractional integral of order «, see [8, 11, 15]. The fractional integral can be written
as

«

X

@) =t /0 (1—)* " f(ex)de € Ly (0,1).

The latter formula allows one to extend the fractional integration for the case of the functions
w = f (z) analytic in the unit circle B = {z : |z| < 1}. As a result, we arrive at the generalized
Riemann-Liouville operator

Lo lf] (2) :a/o (1= )" f (e2) de. (1.1)

The extension of the notion of fractional integral (1.1) was made by M.M. Dzrbasjan. In the
work [5], the generalized Riemann-Liouville operator was introduced.
We shall say a function w (z) belongs to € if it is nonnegative and continuous on [0, 1) and

w(O):l,/Olw(x)dx<oo,

for all r € [0,1) the inequality

/ 1 w(x)dr >0
holds true. Let w = f (z) be a function ;nalytic in the unit circle B = {z : |z| < 1}.
mm O.E. YAREMKO, INVERTING OF GENERALIZED RIEMANN-LIOUVILLE OPERATOR BY MEANS

OF INTEGRAL LAPLACE TRANSFORM.
(© BavrIN L.I., YAREMKO O.E. 2016.

41


http://dx.doi.org/10.13108/2016-8-3-41

42 1.I. BAVRIN, O.E. YAREMKO

Definition 1.1. The generalized Riemann-Liouville operator is the following operator [5]

Lolfl=FO)+2 [ w(@) ) de

We define the sequence of the numbers
1

Ay =1,A(k) :k/ r*ly (2)dr < 0o, k=1,2,...
0

M.M. Dzrbasjan established the following statements [5]:
i)
L, [zk} = A2%
ii) Let w = f (z) be a function analytic in the unit circle and assume that its Taylor series is
of the form

f(z)= Z apz®.
k=0
Then .
Lo[f1(z) = ) arAp2";
k=0

iii) The operator L, is invertible and
L = —
w [f] (Z) kX:_O Qj Ak )

where

f(z)= Z apzt.
k=0
iiii) If a function w (z) € Q is a continuously differentiable in [0,1) and w (1) = 0, then the
generalized Riemann-Liouville operator is of the form

1
L, [f] = —/ W' (e) f (e2) de. (1.2)
0
The current state-of-art of the fractal analysis and its applications is presented in [15-18].

2. MAIN RESULT

As it was mentioned, the theory of the generalized Riemann-Liouville operator was con-
structed by M.M. Dzrbasjan in work [5]. However, no explicit construction for the inverse
operator was proposed. In order to invert the generalized Riemann-Liouville operator in a
closed form, we propose to employ the integral Laplace transform.

The idea is to continue the scalar sequence

1
A (k) = k;/ r* 7w (v) dr < 00,k =1,2,...
0
into the half-plane p: Rep =0 > gy > 0.

The problem on inverting the generalized Riemann-Liouville operator is solved if the function
A (p) is a Laplace image, and the function

has a power growth, i.e.,
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where L (p) is a slowly varying function [14].

Lemma 2.1. The function

A(p) = p/ol e’ w (e) de

15 well-defined for the values p Rep = 0 > 0o = 0 and serves as the Laplace image of the
function

w (e_t) W (e_t) >0,t€[0,00).
Proof. Tt is sufficient to make a change of the variable & = e~* in the expression for A (p). O

Theorem 2.1. Suppose that all roots of the polynomial Q (p) are located in the left half-plane
and Q (0) # 0 and let the function

1
Q(p) A(p)

be the image of some original w* (t). The the inverse operator for Ly, is of the form

2= (e [[Tverea, 2.1)

Q i — + i_‘_ i 2_|_ + i !
Zdz = Qg alzdz Q9 Zdz Qp Zdz s

numbers ay are the coefficients of the polynomial Q) (p).

where

Proof. The integral component of the operator L' that is, the operator of the form

| @)

is continuous in the space of the functions H (B) U C (B), and this is why

- ol NS L N Q) k]
0=+ N ICINGIP PR TN R PG
This completes the proof. O

Corollary 2.1. The inverse for the Riemann-Liouville operator is either differential or
integral-differential.

Theorem 2.2. Let the functions ﬁ = Q (2) be a polynomial, then the inverse operator for

L., is a differential operator of the form

d
06 =Q (44 ) 7 G (22)
Proof. We have the following identities
Q (Zdi) Zakzk = Zaksz (k) = ZakzkAlk =L [f](2).
z k=0 k=0 k=0 ( )
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3. VARIOUS CASES OF GENERALIZED RIEMANN-LIOUVILLE OPERATORS

3.1. Let w(x) =1—2a" h >0, then

L, [f] :f(O)—i—z/O (1-¢€") f'(az)dezh/o e"1f (e2) de,

and we obtain the operator which differs by a factor from the operator

5= [ e e

studied in the works by L.I. Bavrin [1, 2]. In order to find the inverse operator we note that

h

1
A(p) = P (1 — ") de = ——.
R

Then, taking into consideration that the expression

I h+p
A(p)  h
is a polynomial, by Theorem 2.1 we obtain

= M) Bl

3.2. Let A(p) = [}, %, h; > 0. The original of the function A (p) is of the form
—hyt j
Ze th’_hk%A(p).
k=1 J

ik
By formula ([1.2) we establish the following expression for the operator L,

hj lh—l
L, z—” K f (ez) de.
[f]() jk;hj hk/oe (8)6

At that, the inverse operator L' is a differential operator of the form

m

_ hj + L
L [fl(z) = 1_[]h—0
. J
7=1
The theory of such operators was exposed in the monographs by I.I. Bavrin [1, 2].

3.3. Let us discuss a fractional power of the operator h + zd%. We choose the function A (p) as

ha
Alp) = ——.
(p) )"
Taking into consideration the formula
hY htya-t he
R 1% S —
(@) (h+p)"

in the table of Laplace transformations, according to formula (|1.2)), we establish the expression
for the operator L,:
hO[ (o]
L, [f] (2) = —/ e f (e752) de.
F(@) (e72)

£

After the change of the variable e™¢ = 7, we arrive at the following expression for the operator

L,:

L, [f] (z) = F}EZ) /01 gh1 (m %) o f(ez)de, h>0, a>0.
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Thus, in the definition of the generalized Riemann-Liouville operator we should let

w(z) = % / Cehet (m %) S

a) If « =n € N, then the inverse operator L' is calculated by the formula

d n
Lj'=(h+2—
= (neeg)
i.e., is differential.

b) If o ¢ N, the inverse operator L' is of the form:

= (ha) 116

1 d n+1 1h 1n—a
= 1| h — 1 In- de.
e () [ (ml) e

For instance, as a = %, we obtain the following expression:

(h—irz%); ] () = % (hm%) /Oleh—l (m%) 1] (e2) de.

3.4. Hadamard operator. We consider the class of functions w = f (z) analytic in the unit
circle B = {z : |z] < 1} such that f (0) = 0. We choose the function A (p) as

N

1
A(p) = I?
Taking into consideration the formula
ot 1
M)

from the table of the Laplace transformations, according to formula (2.1]), we get the expression

for the operator L,
1 oo
L, [f] (= :—/ e f(ef2)de, a>0.
A6 = |, &)

¢ = 71, we arrive at the following expression for operator L,

After the change of the variable e~
1 Y 1N f(e2)
L., = — In — L de. 3.2
N6 = [ (w1) e 32)
The right hand side of formula (3.2) defines Hadamard operator [12].
a) If « = n € N, the inverse operator L' is calculated by the formula
L' =Ly,

i.e., is differential.
b) If o ¢ N, then inverse operator L' is of the form:

N6 = 216 = po— g B [ / 1 (m1) Md] |

F'n+1—-a € €

For instance, as o = %, we obtain the following expression:
1 /o1y 2
L2 [f](z) = —L / wl) TLEH )
NZs 0 5 5
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35. IfA(p) = hgﬁpz,, we obtain @ (z) = hQ;;ZQ, and, hence, the inverse operator is a differential
operator of the form
h?+ L3 d
L' =—>2Ly=2—
v R T A

Let us find the direct operator L,. By a formula in the table of the Laplace transformations,
2

hsinht - ——.
h? + p?

According to Theorem 2.1, let us find the expression for the operator L, in formula ([2.1)

L, [f](2) = /000 hsin (he) f (e7°2) de.

As a result, after a change of the variable, we have

Lo 1] (2) zfolﬁsin (hlné) f(e2) de.

€
Remark 1. Here we have ' (z) = —2sin (hInl) and hence, w (z) ¢ Q.
3.6. Fractional power of the operator h2 + L2
We let (2 1 )"
+p
A(p):T, h#0, «o>0.

By a formula in the table of the Laplace transformations,
1
“h (th\“ 2 h2«
R I A
['(e) \ 2 : (h* + p?)
where J, 1 (z) is the Bessel function of order v — 3. By Theorem 2.1 and formula ([2.1]) we find
the expression for operator L,

Ly, [f1(2) = r\(z) /Olg (%ﬂl)a Joot (hln g) f(e2)de.

a) If « = n € N, then the inverse Riemann-Liouville operator is a differential operator of the
form

(h* + L§)"
h2n ’
b) If a ¢ N, then the inverse operator L' is of the form:

L [f](2) = (B + L§)" [f] (2) /1**
_ v o ' -1 In 2 et 2 2\ n+1
T (;L/:—hl —a) /0 ¢ < 2%h > Jn—a+% (hln é) (h + Lo) [f](e2) de,

i.e., is an integral-differential operator.

3.7. We let .
A (p) = \/h+per+r; k,h>0.
In the table of the Laplace transformations we choose the formula

1 1
e ™M —— cos 2Vkt — E———
vt Vh+ zerts

Due to Theorem 2.1 and formula we find the expression for the operator L:

L, f/ \/70052\/@ (e2) de.

L' =




INVERTING OF GENERALIZED RIEMANN-LIOUVILLE OPERATOR ... 47

Taking into consideration the formula

1 1 k
——ch2Vkt — ehte
Tt vVh+z

we find the inverse operator L ':

1
L' f] = h—l—LO ch2 klng-f(ez)da

4. (CONCLUSION

In the work we presented the technique of applying integral Laplace transform in the theory
of the generalized Riemann-Liouville operators. We found the closed formulae for the inverse
of the generalized Riemann-Liouville operators. The main result of the work is the extension
of the scalar sequence

1
A(k:):k:/ rFlw (z)dr < 00,k =1,2,...
0

in the half-plane p : Rep = 0 > 0y > 0. The problem on inversion of the generalized
Riemann-Liouville operator is solved in the case when the function A (p) is the Laplace image,
while the function A™! (p) has a power growth, i.e.,

1
—— =p"L(p), a>0,
A(p) ®)

where L (p) is a slowly varying function [14].

In particular, in the work we presented the theory of fractional powers of the Hadamard
operator; in our notations, this is the operator Ly. We considered the theory of the fractional
powers of the generalized Hadamard operators such as the operator h + Ly, h > 0, and the
operator h% + L2 h > 0.
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