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DISTRIBUTION OF ZEROES TO
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DEDICATED TO 80" BIRTHDAY OF ILF. KRASICHKOV-TERNOVSKII
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Abstract. Asymptotics of the orthogonal polynomial constitute a classic analytic problem.
In the paper, we find a distribution of zeroes to generalized Hermite polynomials H,, »(z) as
m=mn, n— oo, 2= 0(y/n). These polynomials defined as the Wronskians of classic Her-
mite polynomials appear in a number of mathematical physics problems as well as in the the-
ory of random matrices. Calculation of asymptotics is based on Riemann-Hilbert problem
for Painlevé IV equation which has the solutions u(z) = =22+ 0, In Hp, pn11(2)/Hm+1n(2).
In this scaling limit the Riemann-Hilbert problem is solved in elementary functions. As
a result, we come to analogues of Plancherel-Rotach formulae for asymptotics of classical
Hermite polynomials.
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0. INTRODUCTION
Generalized Hermite polynomials H,, ,(z) are defined by the formulae [17], [4]
Hypn(2) = det (Poig(2))1 (1)

where

1 7
P()= 2. 6ilj!

i+2j=s
or, equivalently, as Wronskians of classical Hermite polynomials

Hypn(2) = cpn W (Hp(2), Hppy1 (2), - ., Hign(2))

where H,(z) = (—1)”6'22%6’22, Cm,n are normalization constants.
Like classical orthogonal polynomials, they possess many remarkable properties. For instance,
polynomials p,(z) orthogonal on the real axis with the weight w(x, z,m) = (z — 2)™ exp(—x?)

satisfy the identity [3]
xpn($) = pn+1(x) + an(Z> m)pn(x) + bn(za m)pn—l(x)a
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where
( ) 1d 1 Hn+1,m an+1,mHn—1,m
an(z,m)=—=—1In ,
2dZ Hn’m 2H72Lvm

Another property which will be used in what follows is that the logarithmic derivatives

by(z,m) =

d . Hpni1(2)
— 94 2y ) 2
u(z) z+ o n Hoor o (2) (2)

are rational solutions to the fourth Painlevé equation (PIV)

g (W) 3 2 2 B
ul =t U + 4dzu” + 2(z —a)u—l—% (3)
with the coefficients
a=n—-m, B=-2m+n+1)>
We also mention a recently found application related to matrix models in the statistical
physics. The distribution function for eigenvalues in Gaussian unitary ensemble [10] under

fixing n eigenvalues A\, and m-fold degeneration of (n + 1)-th eigenvalue A, 1 = z reads as

1 0 0 n e
00 0 1<i<j<n k=1

On other hand, statistical sum can be considered as the energy of the ground state of the

wave function for n + 1 Coulomb particles with 1/r% repulsion in an external quadratic field

[10]. At that, it happens [3] that

2
D, (2) = ApnHmn(cz), c= i\/;, A, = const.

Thus, the zeroes of generalized Hermite polynomials correspond to the coordinates of Coulomb
particles in equilibrium state hold by the external quadratic field.

The calculation of asymptotic distribution of orthogonal polynomials go back to the works of
classics in analysis in the end of XIX century, like Darboux, Chebyshev, Steklov and Stiltjes. In
particular, for Hermite polynomials, this distribution is implied by Plancherel-Rotach formulae,

[14], [16, Ch. 8],

2 25+14/nl n 1 3
—2%/2 _ : o - : . -1
e " H,(z) = )i em g {sm [(2 + 4> (sin2¢p — 2¢) + T } + O(n )} :

where z = v2n + 1lcosp, e < p <™ —¢€, n — o0 and

23~%/nl no 1 3
! = —+— ) (sh2¢p -2 —|+0(n!
€ n(Z) (7m)1/4\/m {exp |:(2 + 4) (S ¥ 90) + 4 + (n ) )
where z = v2n + 1chy, e < ¢ < w, n — 00, w is an arbitrary constant.
It follows that zeroes of H,(z) are real and are located in the domain of the characteristic
scale O(v/2n).

In what follows we calculate the distribution of zeroes of polynomials H,, ,(z) as
m=n, n—oo, z=O0(n). (5)

In order to do it, after the example of recent works [I], [2] and [13], we employ rational solu-
tions to equation (3). It is easy to show that the poles of this solution with residues +1
correspond to the zeroes of polynomials H,, ,41, with the poles with residues —1 coincide with
the zeroes of polynomial H,,+1,. Then, using the complete integrability of PIV equation, we
can formulate Riemann-Hilbert problem corresponding to given rational solutions. In order
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FIGURE 1. Zeroes of generalized Hermite polynomials H,, ,(z) for m = n = 10
(left) and for m = 15 and n = 10 (right)

to do it, in Section 1 we calculate monodromy data and a chain of Béacklund transformation
leading to solutions . This matrix problem happens to be very similar to the corresponding
Riemann-Hilbert problem applied for the family of orthogonal polynomials with an exponential
weight (Section 2). The method of asymptotic solving such problems consists in providing
a special parametrix regularizing a power growth at infinity with replacing it by a standard
normalization by the unit matrix. In the present case, this method going back to works by P.
Deift and others [5], is similar to a procedure serving classical Hermite polynomials. We show
in Section 3 that the parametrix is constructed in terms of elementary functions as opposed to
the case of Vorobiev-Yablonski polynomials in PII equation leading to the parametrix in terms
of theta functions [1], [2]. As a result, in Section 4 we recover the lattice of zeroes of generalized
Hermite polynomials in the limit be resolving a system of trigonometric equations.

1. BACKLUND TRANSFORMATION AND CALCULATION OF MONODROMY DATA

The first integrals of PIV equation are monodromy data defined as follows [8, Ch. 5]. We
consider a linear matrix equation w.r.t. an additional parameter A

Uy = A\, 2)0, (6)

where W = W(\, z) is 2 X 2-matrix function, and A(J, z) is rational in A

(1 0 z Y
A () R PR PR

n 1 —uw + 6 —yw/2
A\ 2(uw — 200)y™ ww —6y)

Here u,w and y functions of z satisfying nonlinear equations

d
Az ogy u 2,

d
d_u = —duw + u* + 2zu + 46,
z

duw (7)

— = 2w? — 2uw — 22w + Oy + 0.
dz

Equations (7)) are equivalent to PIV equation for function u = u(z) with the coefficients
a=20,—1, [=—803.
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The monodromy data are defined by Stokes matrix for solutions ¥ to equation @
\Ifj+1(/\72> = qu()\,Z)Sj j = 1,2,3,4. (8)

Here four fundamental solutions ¥; to equation @ are chosen by the condition of analyticity
in A in sector €2,

Q={N—-n/d+nj/2 <arg<nm/d+m7j/2, j=1,2,34},

and the normalization at infinity

i\ z)=(I+00A"))exp { (%2 + z)\) 03} N3 (9)

Ao, AEQ, agz((l) _01)

The main feature of Stokes matrices .S; is that they are independent of z if and only if u, w,
and y satisfy system (7)) or, equivalently, u = u(z) solves PIV equation (3) ([8], [11]). Thus,
scalar entries of these matrices s, $o, s3 and s4

. 1 Sok . 1 0 .
S2k - <O 1 ) 9 SQ]C*I - (SQk_l 1) 9 k - 1727

become motion integrals (first integrals) of PIV equation (3). It is obvious that they are
independent since a second order equation has just two independent first integrals. Indeed, the
monodromy data satisfy the relation [8, Ch. 5],

(1 + s955)e2™0 4 (5154 + (1 4 5354)(1 4 5155)) €™ = 2 cos(276;) (10)
implied by the cyclicity condition in the iteration of monodromy equations
51525384 627ri90003 = TeQﬂieOgSTil, detT = 1.

The inverse problem of monodromy theory for equation PIV is to find ¥, satisfying conditions
and @ with given monodromy data sy, ss, s3, s4 under condition . If such functions
exist, the solution to PIV equation ({3)) is found by formula ([8, Ch. 5])

2
u(z) = —2z — lim (A 0.V 1(A, z) exp {— (% + zA) ag} A‘9°°“3) : (11)
12

A—00

where the subscript 15 denotes the element (1,2) of matrix ¥;.
Proceeding to solving this problem as z — 0o, we first calculate s; for rational solutions .
In order to od it, we employ recurrent relations for generalized Hermite polynomials. All H,, ,

are related by the identities [4]
{ 2mHp i1 0 Hpy 1 = HunH — (HY ) + 2mH?

o 12
2 Hp s H 1 = —Hyo HI, - (HY )+ 201 (12)

with “initial conditions”
Hoo=Hop=Hip=1, H;;=2z (13)
The correpoding solutions to PIV equations a
d Hm,n+1(z)
Umn(2) = =22+ = In Hoin()
also satisfy recurrences called Bdcklund transformations. These are nonlinear transformations
u(z) = R (v (2),u(2), z) mapping solution u(z) into solution u(z) of PIV equation with possible
other coefficients «, f3.

(14)
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We consider a pair of Backlund transformations [4]

(' — V=2B)" + (da — 4 — 2V/=2B)u* — v?(u + 22)°

Ro: = 2u(u? + 2zu + v’ — /—20) ’ (1)
Re: G (v —/=2B)% — (4o + 4 + 2¢/-208)u? — u*(u + 22)?
3 = :

2u(u? + 2zu — u' + /—205)

The composition of transformations Rg = RoR3 happens to map the coefficients («, ) into
(o, —3(4 4+ +/=2P)?), and parameters (6, 0) are mapped into (6 + 2, 6), respectively. It is
easy to check that for rational solutions with coefficients « =n —m, = —2(m +n + 1)?
we finally get the solutions

W(z) = Re (U (2), i (2), 2) = Umi1n41(2).

In terms of W-functions and “equation in \” @, Béacklund transformation correspond to the
left multiplication by matrices rational in v/ (“dressing” of Lax pair [, Ch. 6])

U = Rg(\) V.
For transformations these matrices read as
10
Ry()\) = (o o) A2 4 (i )xl/?,

00 1 % _
R3(>\) = <O 1> )‘1/2 =+ (_yw—@o—Goo _wy2g0—9w> A 1/27

y 2y

— N

Ro()) = Ro(A)Rs(\) (16)

where quantities y, u and w are constant in A and satisfy system @ The straightforward

checking by means of “equation in \” @ shows the equivalence of and .
It is sufficient to calculate s; for the case . We choose m = n = 0, then by equations
and we fins ug(z) = u(z) = —2z. Resolving other equations (7)), we have

y(z) =w(z) =1, u(z)= -2z (17)

Substituting quantities and z = 0 into “equation in \” @, we obtain a triangular matrix

A+ & 1 )
A:( 2 |
0" -

Hence, equation @ is solved explicitly

N2 N2 Tt g
W;(\,0) = A 52 . AEQ,, (18)
0 A2
and the integration is made over the rays argA =5 + 57, j =1, 2, 3, 4.

Theorem 1. Monodromy data s; for “equation in \” (@ with coefficients corresponding
to the solution u(z) = upo = —2z read as

s1=83=0, 8 =2mi, s4=—2mi. (19)
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Proof. Since matrices ¥, (18] are upper-triangular, jump equation (§) has also upper-triangular
solutions. It yields S; = S3 = [ so that for odd j = 1, 3 the monodromy data is zero. To
calculate Sy and Sy, we observe that

‘113 = \IIQSQ - \11151S2 == ‘11152.
Then

ooeﬂ'/éli 52
_ e 2
S = (‘1’3\1’1 1)12 - / ¢ dg,
coedT/4i
where the integration contour passes the origin from above. Thus, the contour for the integral
exponent function in this formula is deformed into the passage of the origin in the negative

direction. It gives so = —2mi. In the same way we calculate sy. O

Let us formulate Riemann-Hilbert problem which will be employed below for calculating the
solutions to PIV equation . We observe first that by Theorem (1| ¥; = Uy and W3 = Uy
since there are no jumps on the rays arg A\ = 37/4 and arg A\ = 7w/4. Moreover, conjugation
condition can be moved from the rays arg A\ = 7/4 and arg A = 57/4 on the real axis that
does not contradict to normalization @

First we make the change of variables taking into consideration large parameters z = O(y/n),
n=m — oo ()

s=avi, A= (E-aVi, =€) (20)

We introduce new matrix functions

)\2
Y+()\, Z) = \IJ4()\, Z) exp {— (7 + Z)\) 03} )\—90003’

22
Y_ (X, 2) = Wy(\, 2) exp {— (7 + Z)\> 03} \~00
Functions Y, and Y_ satisfy the following conditions

1 Matrix function Y, (&, x) is analytic in £ in the upper half-plane Im & > 0,
and Y_(&, x) is analytic in the lower half-plane Im & < 0

2
1 2mie~2nOE)

Vien) =v-(en) () ) ger Yie.o)

valen) = (1406 (5 () €0

Here we have shifted the contour of conjugation R +— R + x since the conjugation matrix is
analytic in the strip [Im&| < |z|, x = O(1). We also observe that normalization condition 3
appears due to n-multiple application of Bécklund transformation to matrices VU, .
Indeed, by the structure of matrices Ro(\) and Rg(A), their product multplies (V)3 by A and
(0)a2 by A

Now the inversion formula for solutions to PIV equation becomes simpler.

Theorem 2. Suppose that matrices Y4 solve Riemann-Hilbert problem . Then the func-
tion

Upn(2) = —21y/n — glim (€0, Y (&,2))y, 2z=mVn, (22)
—00
solve PIV equation (@ corresponding to monodromy data @
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Proof. By matrices Y1 we recover matrices W; satisfying conditions (§8)) and @ with monodromy
data . Then “equation in \” @ holds true and inversion formula is valid; the latter
formula coincides with . O]

2. ORTHOGONAL POLYNOMIALS WITH EXPONENTIAL WEIGHT

Before proceeding to asymptotic study of Riemann-Hilbert problem , let us show its
connection with orthogonal polynomials. Let {#(£)},—, be the set of polynomials H (&) =
€F + ... orthogonal on the real axis with the measure e~V € d¢

/ Hij(OHe(Qe ™V Odg =0, j#Ek,
R

where V(£) = ¢% + ... is a polynomial of even degree. We define the matrices

1 H,(s)e V)

Hq(E) 9 RTCZS
Y@(¢) = v , Img#0, (23)
H -n
Yo-1Hq-1( ’;qﬂzl/ = 13— ds

where constants v,_; are the normalization ones in the orthogonality condition

-1
Vg1 = —2mi (/ ’Hgl(s)e_”v(s)ds> :
R

Matrices happen to solve the following Riemann-Hilbert problem ([9], [5, Ch. 3.2])

o Y9(¢) analytic as Im ¢ > 0, and Y () analytic as Im & < 0

o Y(e) =Y'"(¢) (O ] ) SER Y@ (g)

(9) Sy (€70
D) o) (L), e
In the case V(§) = &* polynomials H,(¢) coincide with Hermite polynomials H,(§) =
(—1)%e ¢ dg ¢~¢* and the Riemann-Hilbert problem can be employed for calculating the asymp-
totics of Hermite polynomials as ¢ = n, n — oo [B, Sect. 7.4]. At that, normalization constants
4 Tead as

q (a=1)/
Vo1 = <Y1(q)>21 — i’ \(/q—ﬁ o (24)
where Y@ (¢) = (I + Y Vel 4 )5(‘14)"3

In the same way one can reproduce Plancherel-Rotach formulae mentioned in Introduction
[5], [12]. Since Hermite polynomials have zeroes only in the real axis, the rows of matrix Y (™)
do not vanish in the upper (lower) half-plane, i.e., the matrices are everywhere non-degenerate
and Riemann-Hilbert problem is uniquely solvable.

The situation becomes much more complicated once the exponential weight becomes de-
pending on a parameter. Indeed, replacing V' (§) by O(&, x) = £ + 2€x, let us consider Cauchy
integrals in the second column of matrix Y ()

1 Ho(s,x)e 420y (—p x)e

Ry = -1
omi i " ds Qi 2 (— — €) (1+0(mn™)), n— oo
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Here we have employed the saddle point method having deformed integration contour to make it
passing through the point s = —z, Imz # 0 so that the saddle point condition 9,(s*+2sx) = 0
is satisfied. Let H,(—xz,x) = 0, then the first row of matrix (23) vanishes as { = —z. Thus,
matrices Yfl) become degenerate at this point and do not solve the Riemann-Hilbert problem.

The described situation is the implication of Birkhoff-Grothendieck theorem on factorization
of a matrix holomorphically depending on a parameter [8, App. B].

3. ASYMPTOTIC “UNDRESSING” OF RIEMANN-HILBERT PROBLEM

In this section we find solution to Riemann-Hilbert problem as n — 00. Despite this
Riemann-Hilbert problem involves upper-triangular matrices only, its solution is not reduced
to a sequence of scalar conjugate problems for analytic functions. The reason is normalization
condition 3. Indeed, we can get rid of the power growth at infinity by introducing the matrices
ffi = Y, diag (2_2”, 22”). Then matrices ?i get the standard normalization by the unit matrix
Y. — I as ¢ — oo. However, a pole on 2n-th order appear at zero. This fact prevents applying
of Cauchy integral to conjugation problem .

To regularize matrices Yy at infinity, we employ another approach created by Percy Deift
and others in [5], [6], [7]. It consists in applying a special parametrix called g-function. In our
case it is an analytic function satisfying the conditions

a

9O = [In(e~ s)pls)ds. a R a=0()

—a

e g.(& = /ln |§—s|p(s)ds:|:7rix5<a/p(s)ds as € € (—a,a), Xe<q is the
—a 5
characteristic function of [£, a] g(&) (25)

9(§) =g+ 0(™"), o0

e 99 is analytic in C\ [~a, a]

e O = (140(), € oo
Function p(s) is interpreted as the probability measure dp = p(s)ds minimizing the functional
F = [ @du(e)+ [ mle— s du(€)duts). @ = const.
R R2

Theorem 3. [I5, Ch. 5] As 970(§,z) > 0, the support of measure du = p(s)ds is located in
the segment supp p € [—a,a]. The relations

20(¢,z) + 2/ In|¢—s|'p(s)ds+ £+ 2> >0, €£€R,
R

20(&,x) + 2/ In|¢ —s| tp(s)ds +ax* =0, €€ [—a,a,
R

hold true, where

(= —2/111 € —s| T p(s)ds — &, —a<¢<a. (26)

—a
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Define the function

p(§) =€ —29(8) + 1, (27)
and a new piece-wise analytic matrix
W(E, ) = eM3Y (€, x)e &7 ¢ e C/R. (28)

Then matrix W solves the following Riemann-Hilbert problem

o W (&, x) is analytic w.r.t. £ in C\ R
ept—p-)  pmnlp+te-)

swaen=wieo (77T CT) cer | wen @
o Wo(&x)=T1+0(1), as € —

Thus, the problem is reduced to the Riemann-Hilbert problem with the standard unit normal-
ization at infinity. As usually, here ¢, and ¢_ are the boundary values on the real axis from
the upper and lower half-plane, respectively. Let us list the properties of these boundary values
as a theorem by P. Deift.

Theorem 4. [5, Ch. 7.5] Boundary values of function ¢ have the properties:

—pr + - .
D) = @ g (© =2 [ plo)ds as¢ e R
3
] £

2) —jlme —ng.(§) = [ p(s)ds 7 as € € [aa

3) szegng—ng—g,—l—fEO as € € [—a,al

N B —Rep =g, —g +(20awE¢ [0

We note that property 2 means that Rep, decays as Im{ — 400 by Cauchy-Riemann
equation u, = —v,, ¢ = u+iv. In the same way, Re ¢_ decays as Im{ — —oo since Imp_ =
—Imp,.

Conjugation matrix involved in ([29)) can be factorized [5, Ch. 7.6]:

elor—v-)  gnlp++e-) _ 1 0 0 e~ np++e-) 1 0
0 e~er—p-) | T\ e2ne- q —eMp+te-) 0 e2ne+ 1) (30)

Thus, problem can be rewritten as

0 e~ ++o-)
=0 (_en(<p++so) 0 )  SER,
(Di(gax)_)jv €_>007
where
1 0
(I):I:(é-uw) = Wi<€,l') <:F€2ng0 1> 3 Im§ 2 0. (31)

By Theorem[d] ¢ +¢_ =0 as £ € [—a, a], while ¢4 4+ ¢_ is non-negative for £ € R\ [—a, al.
This is why Riemann-Hilbert problem for matrices ® and W is introduced as it is shown in
Fig. 2. It is easy to check that all the conjugation matrices beyond the “lens” Re ¢ < 0 marked
by the thick line are exponentially close to the unit one since their off-diagonal elements are of
order O(e"!?). The neighbourhoods of boundary points £ = a and & = —a deserve a separate
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FIGURE 2. Regularization of Riemann-Hilbert problem by Deift-Zhou. The
jump matrices are associated with Stokes lines.

consideration. However, it happens that the values of ® can be analytically continued into
solutions @ for the interior of the “lens” [5, Ch. 7.6].

Thus, the leading term in n, the solution to Riemann-Hilbert problem (31)) is provided by
matrix @ satisfying the model problem

o, = (_01 é), ¢ € |—a,al,
(&) =1, &— oo

(32)

The solution to problem is given by explicit formula [0]

wo-3( ) (070 2) g

To find the leading term of the asymptotics for Y (), z), it remains to calculated quantities
9(€), p(s) and a involved in problems (25, and Theorems [3), [} These quantities are also
given by explicit formula via the approach of [5, Sect. 7.3]. Omitting details, we provide the

result:
1 _
= V@ + T [ (34)
1
+ —_

o) =-mn(c-vVE—@)+(c-vVE-a@), (3)
0= V3. (30)

Calculation of quantities p(§), g(£) and a are based on the explicit solution to scalar Riemann-
Hilbert problem (25)) and on the inversion formula implied by . Indeed, the assumptions of
problem can be easily checked by explicit formulae and .

Combining the formulae obtained above in this section, asymptotics for the solution to
Riemann-Hilbert problems , and , we arrive at the following theorem.

Theorem 5. ([6]) The solution to Riemann-Hilbert problem has the following asymp-
totics
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1) Outside the “lens” Rey < 0:
Y(Az2) = e”&’?’@(5)6”(294)‘73 (I + O(nil) , N — 00,
2) Inside the “lens” Reg > 0:

Y (), 2) = e"30(¢) (6;@ (1)) en(29=bos (I+0(n™"), n-— oo,

where ®(&) is defined by formula , and ¢ and € are introduced by formulae (@ and .

4. INVERSION FORMULA AND ASYMPTOTICS FOR ZEROES

The leading term of the asymptotics for the solution to Riemann-Hilbert problem given in
Theorem [5| allows us to calculate the asymptotics for polynomials H,, ,,(A) with the exponential
weight corresponding to this problem. We begin with case 1), where |¢| > /2, i.e., |2] > v/2n.
In accordance with explicit representation for matrix Y and expression for function
g we have

Hyn(2) = (V)ii(z,2) = @110 (I+0(n™"), &=a, z=uavn,

that gives finally as n — oo and |z| > v/2

T — i T i (@—Va?-2)?
Hyp(z/1) = E < ﬁ) + ( i \/i) . (37)

N

2 [\z+2 r—/2 (x — Va2 —=2)n
In case 2) as |¢| < v/2, the additional matrix factor in Theorem [5| gives
Hyn(2) = (Vi (z,2) = (@11,4.(6) + @rz4 (§)e") 2+ (I + O(n7")
E=x, z=uxvn.

Taking into consideration that ®1; y = @15, by formula and g4 (&) = im fxﬂp(s)ds we
obtain

1 V2 ' 3
Hyn(z/1) b (x— > cos mr/,o(s)dsjLz

r+ V2 4

s (38)

! V2
+ V2 oS mr/ (.S)ds—Z ex n/ln|x—s| (s)ds
5 p || e p

e -2

It follows from asymptotics and that the zeroes of polynomials H, ,(z) are located
in the domain |z| < v/2n. Their location is determined by vanishing of the square brackets in

formula (38]):
V2 1
™ :U—\/§ :
t ds+— | = — . 39
on [ [ ployds + ] <+ﬁ> (39)

Calculating the integral in the argument of tangent, by the expression for p(§) (34]) we obtain
V2

W/p(s)ds = ;x\/2 — 224 (V2 — 1)Arctan S (40)

2 — 12

T

T
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Equalling real and imaginary parts in (39)), we finally get:

3 1 — V2
Re <§x\/2 — 2?24 (V2 — 1) arctan %) = (Re arctan — V2 + 7Tj> :

— a2 n T+ /2

(41)
— V2
+ 7k |,
+2

T
Im arctan

3
Im (ix\/Q — 22 + (V2 — 1) arctan L) =

2 — 2

S|

where j, k € Z.

FIGURE 3. Numerical example of calculating zeroes in the first quadrant x =
z/y/n by formulae (41)) as n =30, 21 < j, k < 30

Remark 1. [t is easy to check that formulae and @ are generalizations of Plancherel-
Rotach asymptotics [14] mentioned in the Introduction. Indeed, for real z and m = 0 by (@
we have H, o(2) = H,(z), where H,(z) are classical Hermite polynomials. A comparison of
Plancherel-Rotach formulae with was made in the monograph by P. Deift [5]. Calculation
of asymptotics for the zeroes of polynomials Hy, ,(z) for arbitrary m,n — oo and m—n = O(1)
can be likely done by a method similar to one presented above.
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