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TACKLIND UNIQUENESS CLASSES FOR HEAT EQUATION
ON NONCOMPACT RIEMANNIAN MANIFOLDS

V.F. VIL’DANOVA, F.KH. MUKMINOV

Abstract. We describe uniqueness classes for solution of the Cauchy problem for the
heat equation on a connected noncompact complete Riemannian manifold. For the case of
manifolds with boundary, we assume that the solution satisfies the Dirichlet and Neumann
conditions on the boundary.

Uniqueness classes are determined by a non-negative function growing no faster than the
distance from a fixed point along a geodesics. The classes are similar to uniqueness classes
of Tacklind type for the equation on the real line.
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1. INTRODUCTION

Let M be a geodesically complete non-compact connected Riemannian manifold of dimension
n. Let A be the Laplace operator (or, the same, Laplace-Beltrami operator) on M. As it is
known, in local coordinates x1, zs, ..., x,, Laplacian A reads as

1 <« 0 < 0
n=L Vi )
where g are contravariant components of the metric tensor (in distinction to covariant com-
ponent g;;), g = det ||g;;||. In the cylindrical domain DT = (0,7) x M, we consider the heat
equation:

uy — Au = 0. (1)

The work is devoted to the proof of the uniqueness of the solution to Cauchy problem for
equation in unbounded domain DT. A fundamental work is that by A.N. Tikhonov [I],
where not only the uniqueness class |u(t, z)| < Bexp(b|z|?) was provided for the heat equation
on the real axis, but also there was constructed a non-uniqueness example for the Cauchy
problem. In work [2], S. Téklind specified this result by showing that the uniqueness of the
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solution to the Cauchy problem holds true in the class of functions |u(t, )| < Bexp(|z|h(|x])),
where h(r) is a non-decreasing non-negative function with the diverging integral

l]o% = 4-00. (2)

In what follows, such functions h are called Tacklind functions. At that, for each function with

(e.9]
the diverging integral [ % < 00, there was constructed an example of non-zero solution to
1

the Cauchy problem for the one-dimensional heat equation satisfying the estimate |u(t,z)| <
Bexp(|z|hi(|x])) and the condition u(0,z) = 0.

These results were generalized for a general parabolic equation in R™ in works [3] — [16] and
others. A detailed survey of these works was provided, for instance, in [3]. It was mentioned
in [4] and [5] that in the case of mixed problem, an adequate expression of a uniqueness class
is that in terms of growth of the integrals

/T / u?(t, v)dxdt < Bexp(rh(r)).

0 {Jz|<r}nM

Anisotropic uniqueness classes were considered in works [0], [7]. In the case of the mixed
Dirichlet problem there were found geometric uniqueness classes being wider that the Tacklind
ones if domain M C R™ converges quite fast at infinity (see [3]). The dependence of the
uniqueness classes of lower order coefficients was studied in work [8].
We impose the Dirichlet and Neumann conditions on the lateral boundary of cylinder DT
ou
t, =0; —1 =0. 3
ult, o) NI, (3)
Here v C OM is an arbitrary closed subset, I'y = (0,7") X~y and I's is its complement: 'y = T'\I';.
The initial function

U(O,J?) = 90(37> € LQ,ZC(M)7 (4)
is assumed to be square integrable over each bounded subset ) C M.
Let o(z), x € M, be a positive locally Lipschitz function having bounded level surfaces,
|Vo(x)| <1, o(x) = oo as dist(z, z9) — oo.
We let M(r) = {x € M | o(x) <r}, DI'" = (0,T) x (M(r)\M(p)), (index p = 0 will be
omitted).
Theorem 1. Let u(t,z) be the solution in DT to problem , (@ with the initial condition
u(0,2) = 0. (5)
If there exists a Tdcklind function h(r) such that for each r > 1
[ullbr. < exp(rh(r)), (6)

then u(t,z) =0 in DT.
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2. GENERALIZED SOLUTION TO PROBLEM
Let Db = (a,b) x M, DT = DI. We introduce the following notations in local charts:
" ..
B zyz—l e Z U 830]

It is easy to see that

" Of 0
(V.Vu), = 3 g oS i = (V5 V),

,j=1

The measure on the Riemannian manifold will be denoted by dv.
We introduce the scalar product

(u, w)goa = /(uw + (Vu, Vw),) dvdt.

DT

on the set of compactly supported functions in C'(DT). By CL(DT\I';) we denote the set of
functions in C*(DT) vanishing in the vicinity of I'; and having a compact support. We denote
the completion of this linear space w.r.t. the introduced scalar product by H%'(DT;T}).

A generalized solution to problem . . in DT is a function u(t,z) such that for
each compactly supported Lipschitz function n(z ) the product uny € H*'(DT;T;) satisfies the
integral identity

/ (—uvy + (Vu, Vo)) dvdt = /gp(cc)v(O, z)dv, (7)

where v(t,z) € C3(DT\I'1) is an arbitrary function such that v(7T,x) = 0.
Let us show that we can apply the standard technique of Steklov’s averaging (see, for instance,

[18, Ch. 3, Sect. 2])
h
Ly
=2 u(t +7,x)d
0

to the generalized solution of problem . . . First we observe the boundedness of the
shift operators T,v(t) = v(t + z) and Steklov’s averaging operators in space H%'(DT;T';) under
the assumptions that function v(t) is continued by zero for t <O and t > T — h:

|UHH0 (DT,
|v][ o (pr).- (8)

Let us establish first an integral relation required for future calculations. Replace function v
by v_p, v € CH(DT\I'y) in (7)), it is easy to get the identity

||TZ'U||H0,1(DT) < ‘
<

thHHo,1(DT

/ ((up)v + (Vu)p, Vo),) dvdt = 0, (9)

DT

which is also valid for functions v(t,z) € V, where V is formed by the elements of space
H%Y(DT;T) vanishing as t > T — 6, § > 0 and having a compact support. In particular, if
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n(x) is a Lipschitz function with a bounded support, substituting v = n(x)uj, where (up)" is
function uy continued by zero for ¢ > 7, we obtain

[ |tz + (@ T, | ava o (10)

DT

Let us justify the possibility of passing to the limit as A — 0 in identity to the relation

/(uQ(T, z) — ©*(x))ndy + 2 /(Vu, V(nu)),dvdt = 0. (11)

M D7

In such passage, the compactness of the support of function n allows us to assume that function
un is an element of space H*!(DT;T';). For instance, let us show that

/((Vu)h,V(vh)>ngdt — /(Vu, V) dvdt (12)

DT

as h — 0 and v € V. In order to do it, we consider the expression

/ (Y, V(0n) n — Von)ydudt| / <%, / V(on(t + 2) — vn())dz), dudt

T T

2 0
dz d-
< /E/((VU,V(Uh(t—FZ) _Uh(t))»gdljdt < /E”unHHo’l”Tzvh_UhHHO,l = [’
—h

—h DT
where a compactly supported Lipschitz function 7 is equal to 1 in the vicinity of the support

of function v. We choose an arbitrary ¢ > 0. Employing the equicontinuity of the family of
functions v, and Vv, and choosing a sufficiently small h, as |z| < h, we arrive at the estimate

HTzvh — UhHHOvl(DT) < g (13)

for function v € C3(DE~?). Tt implies the inequality I < Ce. Thanks to the boundedness of
the shift operators and Steklov’s averaging operator, the latter estimate is also true fo functions
v(t,x) € V. Exactly in the same way we can establish the smallness of the quantity

/(Vu, Vo, — V) ,drdt| < Ce

T

for sufficiently small h.
Thus, we have justified passage to the limit . In particular, letting v, = n(z)uj(¢,z) in
we obtain that

/((Vu)h,V(nUZ))gdvdt o /(Vu,V(nuT»gdl/dt, h — 0. (14)
DT DT
Employing , we pass to the limit and come to from . Of course, at that we

employ the belonging u(t, z)n(x) € C([0,T]; Ly(M)), which can be proven by (9)) in a standard
way (see, for instance, [I8, Ch. 3, Sect. 4, Lm. 4.1]).
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3. PROOF OoF THEOREM [1I

We follow the technique of work [5]. The theorem will follow the next statement.

Proposition 1. Let p(z) =0, z € M(R), and u(t,z) be a solution to problem (1)), (). {{))-
Then for each t > 0, r € (0, R|, the inequality

H" (u) < exp (1 — 261t (R —r)?) max H™"(u) (15)

T€[0,t]
holds true, where
H" (u) = / u?(t, r)dv,
M(r)
k1 = 1/(16€?).
Proof. Let r < R, £(7,7, p) be a continuous non-negative function equalling one as 7 < r — p
and vanishing as 7 > r. In the remaining interval it satisfies the condition % = —1/p. We

substitute n(z) = £%(o(z),r, p) in identity (9). Then by the condition ny = 0 and (L1]), one
can get easily the inequalities

/an(T, x)dl/+2/<77Vu,Vu>ngdt
M DT
<2/|<vu,uvn>g|dydt<2/(e§2|vu|2+e Y2 | Ve dvdt
DT

for each r > p > 0. Transforming the latter as e = 1/2, we get

/§2u2(T, x)dy < 4/u2]V§]2dth.
M

DT

Employing the definition of function &, it is easy to obtain the inequality

| : / | v

M(r—p) 0 M(r)\M(r—p)

We write the latter in terms of function H:
A t
H"=P(u) < E/H””(u)dr (16)
0

We observe that choosing € = 1/4, one can also get the inequality

/ uQ(t,a;)dqu% / \Vul*dvdt < —/ / u?dvdt. (17)

M (r—p) DT.r—p r)\M (r—p)

We shall apply inequality inductively for sequence r; = R — kp, 1 = 0,1,2, ...k, where
p = (R —r)/k. Number k will be fixed later. Taking into account that H*"(u) < A =

max H™%(u), we have
T€[0,t]
4At

HY (u) = H'0(u) < 5
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By induction in k£ we establish the inequality

A4Ft
t,r
Employing Stirling’s inequality, by ((18) one can get easily
k ki
Hbrx (U) < Advett < e_kln 4et . (19)

= V2rkp2k ik =
We choose number k so that 4e?t < p*k < 8e?t. Then it follows from that H™* (u) < AeF
Then, (R —r)* = p2/~c2 862tk As k, we choose the smallest natural number obeying this
inequality. Then k > T2° 02k2 > 8e2t(k — 1), and p2k > 4e®t as k > 2. Thus, inequality

8 3
is established for £ > 2. As k =1, it is trivial. n

Corollary. Let u(t,z) be the generalized solution to problem , (@, in DT, T < 1.
Then for each t € (0,T], r € [0, R), the identity

H" (u) < 12exp (—2r1t 7 (R —7)?) max H™®(u) + 141l m) (20)

T€[0,t]
holds true.
Proof. Let v(t, z) be the solution to problem , , with the initial function ¢(z)xamr) €

Ly(M), where xa(ry is the characteristic function of set M(R). By with 7 = 1, it is easy
to prove the inequality

loI + / / Vodvdt < ||y, (21)

0
for v(t, x). It follows that

lll3sry > max H™(v), ¢ € (0,T]. (22)
Function w(t,x) = wu(t,x) — v(t,x) satisfies the assumption of Proposition 1, therefore, for
€ (0,7], r € [0, R) we have
H" (u) < 2H" (w) + 2H"" (v)
<dexp (1 -2kt (R—7)%) {m[%xl H™R(u) + m[%x} HT’R(U)} + 2H"E(v).
T7€(0,t 7€(0,t

Employing , by the latter relation we arrive at inequality . O]

Proof of Theorem 1. We fix arbitrary ¢t € (0,7]. We take arbitary Ry > 1 and estimate
[w(t)]34(r,) 2s follows. Consider the sequence R), = 2* Ry and let

k1 Ry

Aty =——7—, k=1,2,.... 23
k 4 h(Rk)a ) 4y ( )
By the monotonicity of function h(r) we have
Rpt1
Rk+1 - Rk K1 dr
At —_—— = — .
Z k= 2 T h(Ry) 1 h(r)—>oo as p— o0
Ry

Therefore, for each choice of number R there exists a number p such that

Z Aty > t. (24)
k=1
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p

Let p = p(Ry) the smallest among indices p satisfying inequality so that Y At <t. We
k=1

redefine At, ; by the identity

By

At =1 — At —_—— 25
p+1 ; kS 4 h(Rp—H) ( )
We introduce a decreasing sequence of times ty =t, t; = tg — Aty, to =11 — Aty, ...ty =
ty — Aty = 0. In view of ([23), we obviously have inequalities
.%1 2
> 2Rph(Ry), k=1,p+1. (26)
A b
By and @ for k > 1 we get the relations
lu®) s,y < Sk/“u(t)H?\/[(Rk)dt < Spexp(Rieh(Ry)), te (0,77, (27)

where
—2
Sk = 4<Rk - Rk_1> = 16(Rk)_2 < 16(R1)_2 = 5/12

Treating function u(t, z) as the solution to the problem for equation with initial conditions
at t = t1, by means of inequality and the definition of sequence R we obtain the relation

te(ty,to]

()
[t sy < 12exp (—%1 A2t1 ) max {|u(t)[[3sr,) + 14wty

We employ inequalities , :
RQ
Julto) By < Sexp (Bab(0)) = w157 ) + 1) Biga,

< Sexp (—Rih(Ry)) + 1]u(ty)[lsry)-

(28)

Completely in the same way one can prove the inequalities as k = 2, p
2

ot By < Sexp (Rab()) = g ) + 14t R
< Sexp (—Roh(Ra)) + 14]u(t2)l[3s ()
lu(te-1)Rsa, ) < Sexp (= Reh(Ri)) + 14]u(ti)3s(r,)- (29)
Since t,4+1 = 0, by applying , we find that
lultp)3sr,) < S exp (=Rpsih(Rpi1)))
Multiplying (29), k = 1,p + 1, by 14*~! and summing up, for Ry > 1 we obtain

Hu<t>HM(RO < SHexp (=R1h(R1)) + ... 4+ 147 exp (= Bp 1 h(Rpi1))}
< S{exp (—Rih(Ry))... + 147 exp (=2 R1h(R1))} < C1(Ry) ™2

Thus, we have established a non-negative monotonically non-decreasing function [|u(t) H?V[( Ro)
of Ry tends to zero as Ry — oo. Therefore, Hu(t)H?M(RO) = 0 for each Ry > 0. Since ¢t € (0,7
is arbitrary, solution u(¢,z) vanishes identically in D7. ]
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4. UNIQUENESS CLASSES AND EXAMPLES

As the simplest example, we consider the manifold M = R" with the metric
gij = (p(|z])) ™" 655, where &;; is the Kronecker delta, p is a positive continuous function. Heat

equation (1) becomes
n

we = p(|2]) Y (072 (|2)uz ),

i=1
Let 0 = o(|x]). We choose function ¢ so that |Vol|? =

Y

Vo> =) g704,0., =Y g7pos, = p(0')* = 1.
=1

ij=1

Then o(s) = f ( Since o(lz]) < r & |z < ol'(r) = s, then
0 per

DT = {(t,x) € DT | |z| < s} = D”(s). Therefore, condition (6] is written as

2 (|z))dzdt < exp(20(s)h(o(s))).

A\

Let M = R? with the metric g;; = (pi(xi))_l d;j. We choose function o(z) = /f(x1) + v(xa),
2 , 2 5
where f(r <f \/;lfl—) and v( <f dzy ) . Then |Vo|? = ;piai = 1. Heat

0

equation (1) reads as

2 1
U =V P1 ($1)p2(x2) ;( o (l‘l)pQ(ZBQ)UIJx”

and condition @ 1S written as

/ (b 2) dxdt < exp(2(rh(r)).
. pi(

1) pa(2)
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